Distribution of the primes represented by L%J in short intervals
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ABSTRACT. Let [z]| be the largest integer not exceeding x. For 0 < 6 < 1, let my(x)
denote the number of integers n with 1 < n < 2 such that |x/n] is prime. Recently,
Ma, Chen and Wu obtained the following interesting asymptotic formula

x@

mo(z) = W

0 2
Tog s +0 (x (log ) ) ,

provided that i—? < 0 < 1. They further conjectured that this asymptotic formula can
be extended to all 0 < 6 < 1. In this paper, we give an improvement of their result by
showing that % < 0 < 1 is admissible.

1. Introduction

The investigations of the summations related to rounding up certain arithmetic func-
tions are quite popular in recent years. It seems that this new term wave of enthusiasm
starts from the paper of Bordelles, Dai, Heyman, Pan and Shparlinski [4], where the
following asymptotic formula

S fllafnh =3 I 4 0,

n<lz

is given, provided that f satisfies a broad condition involving the growth of the mag-
nitude of it. Here, as usual ¢ denotes an arbitrary small positive number. As an
application, Bordelles, Dai, Heyman, Pan and Shparlinski obtained that

3 90(&%7?) — kx4 O(x"2), (1.1)

where ¢(n) is the Euler totient function and x = > __ %. As Bordelles, Dai,
Heyman, Pan and Shparlinski commented that the study of the above asymptotic for-
mula is partially motivated by the Beatty |an + (]| sequences and Piatetski-Shapiro
|n¢| sequences which are surely well-known research objects in number theory (see for
example [2] [0, [13] [T4]). However, since the growth of ¢ is out of control regarding the
magnitude condition assumed to f, they failed to offer the corresponding asymptotic

formula of ¢ but only got a slightly weaker result, namely,

crxlogz < Z(p([x/nj) < corlogx

n<x

2010 Mathematics Subject Classification. Primary 11N05; Secondary 11A41.

Key words and phrases. Distribution of the primes; exponential pair; the floor function; Chebyshev
estimate.

*Corresponding author.

13 Nov 2022 23:57:55 PST
221031-Feng Version 2 - Submitted to Rocky Mountain J. Math.



2 GUANG-LIANG ZHOU AND YA-FANG FENG

with two explicitly given constants ¢; and cy. Bordelles, Dai, Heyman, Pan and Shpar-
linski then conjectured that

Z¢(Lx/nj) ~ (2 zlogr, as x — oo.

n<zx
Their conjecture was once considered to be out of reach at the present day but confirmed
by Zhai [17] later. Another example of particular interest is the one for f = A. In [7],
Liu, Wu and Zhang proved the following elaborate asymptotic formula

ZA L$/nJ Z n+1 ( 9/19—&-5)'

n<x n=1

The growth conditions required by Bordelles, Dai, Heyman, Pan and Shparlinski or the
corresponding error terms in their formulae are improved extensively in a large number
of subsequent articles, see [II, 3] [7, [9] [10] 111, 15, 16} 17, 18].

In an other direction, the work of Bordelles, Luca, Moree and Shparlinski [5] about
the Bernoulli polynomials has led to the consideration of truncated distribution of the
primes represented by |z/n]. Let 0 < 8 <1 be a real number and my(z) be the number
of integers n with 1 < n < 2 such that L%J is prime. In [8], Ma, Chen and Wu proved

L
1 -1 af 2’ 23
E _ T ) 2
9 B (log )k o ((10gfv)“1> st (1.2)

mo(x) = k=1
T.Z‘—FO(I@‘(lOg.I)ldlfg) , =1,
Where = (0.489361---, L > 1 is any given integer and
1
T= _
p;ﬂ p(p+1)

For # = 1, their result reduces to an example of the theorem established by Bordelles,
Dai, Heyman, Pan and Shparlinski (equation (|1.1)) with f being the character function
of the primes). It is amazing that the leading term in the asymptotic formula of 7y (z)
is not continuous at the point = 1 when x is a given large number. Ma, Chen and Wu
further proposed the following conjecture:

Conjecture 1.1. For any 0 < 0 < % and given integer L > 1, we have

O DA (e DU 2t
A—6F  (ogay ¢ <<1ogx>L+1> |

In this article, we shall give an improvement of the result obtained by Ma, Chen
and Wu by extending the scope of . Now, let’s state our main result as the following
theorem.

Theorem 1. Let § be a number with —5(=0.4736842---) < 0 < 1 and L > 1 be a given
integer. Then

To() =

bl

=1

B L (=) k—1) af x?
@) =2 gy <1ogx>k+0<<1ogx>L+1)’
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where the implied constant depends on 6, L and the real number e > 0 which is contained
in Lemma [1l.

2. Proof of Theorem [II

From now on, let z be a large positive number. Let ¢ > 0 be an arbitrary small
positive number which may not be the same throughout our paper. Let N and P be
the set of positive integers and prime numbers, respectively. The notation p will always
denote a prime number. Let m(x) be the number of primes up to x and

An) = {logp if n = p®,

0 otherwise

be the Mangoldt function. For any real number ¢, let

p(t)=t—|t] —1/2.
For0O<D <z, D<t<2Dandd ¢ —N, let

sz, D,t) = Y Ad) (d+5>

D<d<t

We need some auxiliary results before the proof of Theorem [I]
Lemma 1. Let § € —N be a fized constant. For D <t < 2D and D < x*/3, we have

x1/2+sD71/6 ZfD < 1‘3/7,
Y5(w, D,t) <. { a3+ D9 f 237 < D < 26/13,
PUSHE D12 p 6/13 < ) < 42/3

Proof. From [7, Proposition 4.1] with (k,\) = (', \') = (1/2,1/2), we have
E5($,D,2D) <. ° (I1/6D7/12 + D5/6 +ZL’1/3D2/9 + l’l/QD_l/G)

for D < x3/%. In fact, by carefully checking the proof of [7, Proposition 4.1], we still
have

Ss(w, D,t) <z a® (MDD 4 D6 4 g BD0 4 g2 D70)
for D < 23/%. The lemma then follows from direct discussions. O

For D <z and § € —N, let

Fs@, D)=y p<pi(5).

D<p<2D

Lemma 2. Let § ¢ —N be a fized constant. For D < /3, we have
p/2ep=1/6 4 D2 if D < 2%/7,

F5(x, D) <. /3D 1+ DV2 f 43T < D < 26/13,
x1/6+sD7/12 —|—D1/2 ifl’ﬁ/lg <D< I2/3.
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Proof. For 0 < D <z, D <t <2D and § € —N, let

Gs(x, D,t) = Y 9(d) (p+5)

D<p<t
where
I(n) = {logp ifn= p is a prime,
0 otherwise.

Note that

ST A () = 3 e () + O (1),

5 d+9 d+6

<d<t D<d<t

so we have

Ys(x,D,t) = L5(z, D, t) + O (D'?) (2.1)
for any D <t < 2D. Integrating by parts, we have

%s5(x, D, 2D P gs(x, D, t
y(;(x,D) — 6('T7 ) ) / (5(x7 9 )
log2D p  t(logt)?
Our lemma follows from equation ([2.1)) and Lemma 1| by routine computations. O

Lemma 3. [§, Lemma 2.3] Let § < —1 be a real number and let L be a positive integer.
For x > 3, we have

s (k1) 2P P+
27V == Gy <logx>”0(<logx>L>’

p>x

where the implied constant depends only on L and [5.

Lemma 4. Let 0 be a positive number with 0 < 8 < 1 and L > 1 be a given integer.

Then
k ! a? z?
of——__

pZIl 0
where the implied constant depends only on L and 6.

HMH

Proof. 1t is plain that

1 1 20—2
2 1) 2 arn HO )

ple—e 1-6 p
1 1 26—2
- Z_z_zp2<p+1)+0(x )
p>al—0 p>al—0
1
_ Z —2+O(£B29_2).
p
p>xl—0
The lemma follows from the former one via substitutions of by ' % and s = —2. O
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Lemma 5. [I, Proposition 3.1] Let f be a positive-valued function on N and D a
parameter with D < x. Then,

D2
> flam= X fa X vo(r(5) (1+2).
D<n<z d<z/D z/(d+1)<n<z/d
Let’s turn back to the proof of Theorem [I}

Proof of Theorem[1. For 6 > 9/19, we spilt the sum 7y(z) into the following two shorter
sums

7-‘-9(56) = Sl + 527

Z 1 and S = Z 1.

n<z9/19 29/19 << b
lz/n]EP lz/n)€P

Trivial estimate leads to the bound

Si< Y 1<t

n<z9/19

where

By Lemma 5, we can rewrite S as

52 _ Z Z 1+ O($29—1)

21 =0 <p<g10/19 z/(p+1)<n<z/p

5 GO ) e
e 3 s Y s Rile) — Rola) + OGP,

e Pt e p(p 1)

Rs(x)= Y p<pf;5) (6=0or1).

wl—@gpgzlo/llé

where

It is easy to see that 27! <« xG*E for any § < 1 and it is clear that
T Z 1 <z Z << 2919
p>m1o/19 p+ >x10/19

From Lemma [ we have
L

(=) Yk —1) af ?
> p+1 P (1-6) (10g$)’“+0((10g$)“1>‘

p>xl— 9 k=1

To complete the proof of our theorem, it remains to show that

Rs(z) < 2%(log z)~E+Y)
for 6 = 0 and 1. For any positive integer 7, let D; = £'%/1927% Since § > 9/19, then
D; < 21019 <« 223 for all 1 < i < Vl_ogg/;g long + 1. By Lemma

Ri@l< Y. H.D)

6—9/19
1<i<| ——t log | +1
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<. Z <l’1/2+5D;1/6 I x1/3+sD?/9 X $1/6+5Di7/12 X Dz'l/2>
1<i< L% logz | +1
& a0F2/0) 4 g ON19%e ) 1919% <y 2% (log :c)’(L“)

valid for 9/19 < 6 < 16/19. Combined with the effective range < 0 < 1 of Ma—Chen—
Wu, we get the theorem. O

3. A weighted summation

In this section, we shall give a weighted version of the results obtained by Ma, Chen
and Wu. The asymptotic formulae of the sum below is investigated:

z):= Y A(le/n))

n<a?
Theorem 2. Let 6 be a number wzth 15 < 0 < 1. For any any integer A > 1, We have
Ag(z) =27 + O (2% (log x) ™),

where the implied constant depends on 6, L and the real number e > 0 which is contained
in Lemma 1.

It is worth mentioning that Theorem [2] cannot be derived by Theorem [1] directly via
integration by parts. Parallel to Lemma [4] we have the following weighted one.

Lemma 6. Let 6 be a positive number with 0 < 8 < 1 and A is any given positive
number, we have

A A
xdgg d(d(iol) =2+ 0 (2°(logz)™ "),

where the implied constant depends only on A and 6.

Proof. Let ¢(z) =3 _, A(n). Then for any A > 0 we have
V(@) =2+ 0 (z(logz) ™)

via the prime number theorem. It is plain that

log =
* ¥ e zddﬂ o(:5).
N A(d) 201
xd§9 2+ 1) +O(m logx)

(z*'logz) . (3.1)

d>x1-0

A(d
= T 5

d>x1-0

We need to deal with the summation ), 1 4 dg) Integration by parts gives

A(d )1
Zg_m @D()

a2 2

1—-6 zl—0

—=dt

x

) o0 1

-1 0-1 -

B 0 1 2 —dt + O Sa—adt
#7140 (2" (logx) ™) + /t i (/xl-maogw )

d>x1-0
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z
n

<1
=240 (mel(log )~ + (log x)A/ t—2dt)
210
=21+ 0 (2 ' (logz) ™). (3.2)
Now the lemma follows from equations (3.1)) and (3.2]) immediately. O
Proof of Theorem [ The proof of
Ag(z) = 2% + O (2% (log x) ™) (3.3)
is similar to the proof of Theorem [I] by replacing Lemma [4] with Lemma [6] O
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