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2 for applicability of our results.
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1. Introduction

R
@]

' Fractional calculus, dealing with derivatives and integrals to an arbitrary order, has been applied
7 successfully in the modelling of many problems in science and engineering. For the advantages of
'8 the fractional differential equations over the models of integer order, we refer the reader to [1, 2]. Up
19 to a recent time, when we take into account the high importance of oscillation theory, the number of
20" published works about fractional differential and difference equations is still limited, see for example
2119, 10, 11, 12, 13, 14, 15, 16, 17, 18]. There is also very little research on the oscillation theory of
22 fractional integro-differential equations, see [5, 6, 7, 8]. This work investigates the oscillatory behavior
23 of solutions to a fractional Volterra integro-differential equation using the method introduced in [5].
24_We believe that our study will inspire further research on fractional integro-differential equations.

2> To the best of our knowledge, the results of Grace et al. in [9] are considered as the first about the
%6 study of oscillation theory for fractional differential equations, the results in [16] are the first in the
27 frame of discrete fractional calculus, and the article in [17] is the first in the g-fractional case.

28 In [4], Jarad et al. have introduced a nonlocal fractional proportional derivative or generalized
29 proportional fractional (GPF) derivatives in the both Riemann-Liouville and Caputo senses. The GPF
80 derivatives and integrals possess kernels involving exponential functions. The advantage of such newly
1 defined derivatives is that their corresponding proportional fractional integrals possess a semi-group
%2 property in the fractional index & used to replace the iterated number n, and they result in the existing
% Riemann-Liouville and Caputo fractional derivatives for the particular case v = 1.

% In this paper, motivated by [5], we study the oscillation of GPF integro-differential equation of the
% form

= 0 { Dix(1) = r(t) - [ (t,5)A(s,x(s))ds, t >a>0,0<a<1,0<v <1,

% lim,_,,+ I, "x(t) =by,

39

40
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1 where r (the forcing term), ¥, and A are continuous functions, b; € R, and D% and I;fa’v denotes
‘2 the left GPF derivative and integral operators in the Riemann-Liouville setting, respectively.
'3 Throughout this article, we only consider those solutions of Eq. (1) which are nontrivial and
"4 continuable in any neighborhood of infinity. Such a solution is said to be oscillatory if it has arbitrarily
5 large zeros on (0,); otherwise, it is called nonoscillatory. Eq. (1) itself is said to be oscillatory if all
‘6 of its solutions are oscillatory. Or simply, the solution is called nonoscillatory, if it does not change its
7 sign after some time.

8
9 2. Preliminaries

10
—— In this section, we recall some definitions and essential lemmas that will be used to proceed in proving
o the main results in this paper.

—_ | =
—_

'3 Definition 2.1. [4] For v € (0,1], @ € C with Re(ct) > 0, the left GPF integral of 0 is defined by

14

— 1 ro,_ v— —v

5 (2) 1EVO) i= / ) (1 — )19 (5)ds = vV 1% 0 (1)),
16 vel (o)

7 where I is the Riemann-Liouville fractional integral operator ( see [1] ).
18

19 Definition 2.2. [4] For v € (0,1], a € C with Re(@) > 0, the left GPF derivative of Riemann-Liouville
20 type of @ of order « is defined by
21

- DEVO(r) = DMI%Ve(r)
2 (3) _ b /’e ) (¢ 5y g () ds
v VT (n—at) Ja !

% where n = [Re(a)] + 1.
26

22 Definition 2.3. [4] For v € (0,1], o € C with Re(ct) > 0, the left derivative of Caputo type of 8 of
28 order o is defined by

29
29 1 r,
C = (t—s n—a—1nn,
2 @) DEYO0) = et —a) )/a T (1 — gy prv e (s)ds,
32 where n = [Re(@)] + 1.

33
5, Lemma 2.4. [4] Let Re(at) > 0, n = —[—Re(a)], 6 € Li(a,b), I 6(t) € AC"[a,b], and v € (0,1].

55 Then

5 19DV O (1) = 0(1) — 7 (1) Z
37 a a

o =
39 Lemma 2.5. [4] For v € (0,1] and n = [Re(a)] + 1, we have
40

“(6) IV Dot
42 =0 vij!

(%Y 0)(at)
veiT(a+1—j)

(t—a)*.

n—1
D] VO ) d)jev%(tia).
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1 Proposition 2.6. [4] Let a,p € C such that Re(o) > 0 and Re(p) > 0. Then, for any v € (0, 1], we

2 have
@
- r=1 - I'(p) vl —1
a,v v i — P 1) — vt _ ,\0+P
B (7) (e v'(t—a)lP) T+ a)vae (t—a) , Re(ot) >0,
6
S0
5 v Y p-1y veT(p) Yl \p-l-a
E (8) DY (e v i(t—a)l )= Tp—a) a)e (t—a) , Re(a) > 0.

!9 Proposition 2.7. [4] Let a, p € C such that Re(o) > 0 and Re(p) > 0. Then, for any v € (0,1] and

" n = [Re(a)] + 1, we have
12

% ) CDEV (V! (1 —a)P ") = mevv'f@ —a)P7'"% Re(p) > n.
E Lemma 2.8. [3] If S and T are nonnegative, then

g(IO) SO+ (c—1)T°—0ST° 1 >0,0>1,

E and

2 an $°—(1-0)T°—0ST° 1 <0,0 <1,

21 with equality holds if and only if S =T.

22

ZE 3. Oscillation criteria for the GPF integro-differential equations in the Riemann-Liouville
24 setting

Zi Throughout this paper, we assume that the following conditions are satisfied without further mention:
— (Ol r:(a,o) = R,¥: (a,) X (a,) — R are continuous with ¥(¢,s) > 0 for ¢ > s;

s (02)thereexist &, &) : (a,00) = [0, 00), which are continuous functions such that ¥(r,s) < & (#) &2 (s)
oo forall r > s;

5 (03)Ac:(a,) xR — R with A(t,x) := g1(,x) — g2(7,x) is continuous such that g1,g> : (a,) x
5; R — R are continuous and that xg;(,x) >0, (i = 1,2) for r > a and x # 0;

5 (04 there exist real constants p,€ and ¢1,¢> : (a,%0) — (0,°0) continuous such that

33 21(t,x) > q1(¢)xP and g1 (t,x) < qa(t)x%,t > a, x #0.

34
35 Theorem 3.1. Assume that conditions (O1)-(03) are satisfied with go = 0. If for every constant k > 0

36

7 (12) limsup &Y [r(t) — k& ()] = o
38 t—yoo

39 and

2 a3) liminf 1%V [r(¢) + K (1)] = —oo,
41 t—>o0

ﬁg then every solution of Eq. (1) is oscillatory.
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1 Proof. Assume that x(¢) is a nonoscillatory solution of Eq. (1) with g, = 0. Without loss of generality,
2 let’s say that x(¢) > 0 for r > T for some sufficiently large 77 > a. Hence, (O3) implies that g; (¢, x(¢)) >
3 0fort > T;. Now, from Eq. (1), we have

DIVx(t) = r(t)— / W) A(s,x(s)) ds
T t
(14) = r(t)— W(t,s)g1(s,x(s))ds — . W(z,s)g1(s,x(s))ds.
Letting x := min{A(t,x(r)) : £ € [a,T}]} <0 and k := —x [ & (s)ds > 0, it follows from (14) that
D%Vx(t) < r(t) + k& (2).

Using the monotonicity property of Io"", we see that

=
[@[R[=][3]e]e|~]o]a]s

—
»

I DEVx(t) < LEV[r(e) + k& (1),
o and hence, from (5),

o by vl _

17 (15 HH< ——— v (1 a)l— ol I1%Vr(t k t)|.
“as ) < s T =) ) +K61 )
E In view of (13), it follows from (15) that

20 liminfx(r) = —oo,

21 f—roo

22 which contradicts the assumption that x(z) > 0 eventually. The proof is similar if x(¢) is eventually
23 negative. 0

% Theorem 3.2. Assume that conditions (O1)-(0O4) are satisfied with p > 1 and € = 1. If further, in
o addition to the conditions presented in Theorem 3.1, we assume that

J— 0o L (1=8) (4 _ g\a—1 ps 1 P

27 eV t—s = -

25 (16 /a var(<a> | /a W(s,u)q) " (u)g5 " (u) duds < o,
29 then every solution of Eq. (1) is oscillatory.

30

31 Proof. Assume that x(¢) is a nonoscillatory solution of Eq. (1) with x(¢) > 0 for# > 7}. From conditions
3 (03)-(04) with p > 1 and € = 1, we have

33

2 DE0) < )+ K& (1) + [ Ple.9)[aa(s)x(s) = g1 (99 ()]s,

35 1

- 1
% for some k > 0. If in (10), welet 6 = p, S =g{ x, and T
37

Il
7 N
AR
_Q
[\*)

LS
._-b‘l‘

N———
R
4
=
=
(¢}
=
<
(¢}
(6]
(¢}
-t

38 -
w (7 ¥ =g <(p—1DpTrq "ay

40 and hence

“as) DEVA(1) < r(t) + k&) + [ B(1,)(p— D)pTq) P (s)g] ' (s)ds.

il T
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Applying the operator I;"" to (18), we see that

TN (1 —a) - 10V [r(r) + k& (1))

W(s.u)(p—1)p 7 q) ? (gl " (u)duds.

voT (o) T
(19)

By applying the limit inferior on both sides of (19) as t — o, and using (13) and (16), we get

ofo|~fofo|sfe]n]|=
a\
3
(o
<
—
=~
1Y
R
—
~
5N
SN—
R
_

o htrgglfx(t) = —oo,

—_

E which contradicts the assumption that x(¢z) > 0 eventually. This completes the proof. 0J
2
13 Theorem 3.3. Assume that conditions (O1)-(04) are satisfied with p =1 and € < 1. Further, if in

addmon to the conditions of Theorem 3.1, we suppose that

—_

14

15 ev (t—s) al IL
E(ZO) /a V“F /‘Psu (u)g, ¢ (u)duds < oo,

% then every solution of Eq. (1) is 0sczllat0ry.

E Proof. Suppose that x(¢) is a nonoscillatory solution of Eq. (1). Say that x(z) > 0 for t > T;. From
20 conditions (O3)-(04) with p =1 and € < 1, we have
21

. DEV(0) < )+ K& 0+ [ 9(09) a5 (5)—an ()9 .

23
- 1

1 —1\ &1
Z% for some k > 0. If we take in (11), 0 =€,S=¢g5x, and T = <}3q1q28 ) , then we get

2(21) gx° —qix < (1—8)8ﬁ61f%q21%8,

2E and hence ) . 1

“ DEx(e) < rle) +KE 1) + [ Wle.9) (1~ e)em g T (5)a] " (5)

31 The rest of the proof is similar to that in Theorem 3.2, and hence we omit it. O

32

o Theorem 3.4. Assume that conditions (O1)-(04) are satisfied with p > 1 and € < 1. Further, if
v in addition to the conditions of Theorem 3.1, we assume that there exists a continuous function
o St R — (0,0) such that

v—1
36 ev (- Nt —s)21 s = P
- -1 o
@) | et el (067 (wyduds <
% and
i% o= S)(t—s)o‘_1 s & =
F(23) /a VT (a) /a‘P(s u)geT (u)g, © (u)duds < oo,

ﬁg then every solution of Eq. (1) is oscillatory.
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1 Proof. Assume that x(¢) is a nonoscillatory solution of Eq. (1) with x(¢) > 0 for ¢t > T;. Using the
> same procedure as above, from conditions (03)-(04) with p > 1 and € < 1, we see that

3 1

- DEVR{r) < ) +KE 0+ | We.s)ls(s)x(s) i (5) (9)]ds
— 1

5 1

5 + | R9)[ga()x(s) — 6 (s)x(s))ds,

— 1

7

5 for some k > 0. Taking ¢>(s) = ¢(s) in (17) and g1 (s) = ¢(s) in (21), we get

9 L

o D) < ) +kE 0+ [ Hes)p=1p g P ()7 (5)ds
" t 1

- + [ w1 - et (s)al * () ds

- 1

% The rest of the proof is similar to that in Theorem 3.2. O

15 The following example clarifies Theorem 3.1.

,; Example 3.5. Consider the integro-differential equation with Riemann-Liouville GPF derivative

18 1/3.1/2 e 11?3 _ !
. (24) DO/ / x(r) = W — (P 4202 +21)e ’—|—2t—t/0 sx(s)ds,
20 lim, o 127" ?x(t) = 0.

21
>, Comparing with Eq. (1) with g, = 0, we have

= a=tv=L i p =0 (t,x) (t) e 127 (422 421)e " +21,¥(1,5) =1
=, V==,a= =0, ,X)=X,r = =—— — e 5 ,8) =1S.

24 3T e J21(5/3)

25

s Conditions (O1)—(03) are satisfied and condition (13) does not hold. We have

27 e 112/3 s

~ (25 Ft) >~ — (42024 2t)e™, £ > 0.

% *) 2 V2I(5/3) ( )

29 Aoolvi 1/3,1/2

30 Applying the operator [ to (25), we see that

(6 1Py 3 et~ V2 ot - V2 s 2V2

W ‘ - I(13/3) I'(10/3) r(7/3)’

v Taking limit inferior on both sides of (26) as t — oo, one can easily see that the right hand side is zero,

—— so we get

35

3 (27) liminf 1)/ >'/2r(t) > 0.

37 e

3s Using Proposition 2.6 (b), it is easy to verify that x(¢) = e’ is a nonoscillatory solution of Eq. (24).

39 Here,

— 3

40 : 2/3.1/20 1.\ _ 1 5/3 ,—t _

= lim t)=1 t =0.

41 t—1>r(§1+ 0 (e71) t—1>r(§1+ I'(8/3) ¢

zg Note that here Kk = k = 0.
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1 The following example clarifies Theorem 3.2.

2 Example 3.6. Consider the integro-differential equation with Riemann-Liouville GPF derivative

=28
Dg/zvl/ng):;‘\/@ PP (e (—4—t(4+z(2+t))))_;/0’3[X@_X(S)] ds.

s
lim, o+ 11/2 1/2 x(t)=0.

Comparing with Eq. (1), we have

je|e]~]ofo]s

ya=br=0,g1(t,x) =x,g(t,x) =~

r 4\/5 e ! 3/2
o AV

14 W(r,s) =ts.

15 Conditions (O1)-(04) are satisfied with € = 1, p =2 and q;(t) =t , ¢2(t) = t. However, condition
16 (16) is not satisfied since

17
. 2
2 \/j b 6,5t
18 lim \/> < su4du> ds = lim L~ / Y€ s =oo.
19 b—soo TA\/t—s b 5 Jo \t—s

— (2ot

_._.
N
N |

—
N

—
~

~—

—|—l‘(4+€ (—4—t(4+l(2+t))))7

= Using Proposition 2.6 (b), it is easy to verify that x(z) is a nonoscillatory solution of Eq. (28).

2 Here,
22
o . 1/271/2<t26—t) — 16\/5 . S/Ze—t —0.

23 lim /
27 t—0t 0 15\/%[~>O+

2 4. Oscillation criteria for the GPF integro-differential equations in the Caputo setting

26
»7 In this section, we study the oscillation of the GPF integro-differential equations in the Caputo setting

og of the form

“ (29 CDVx(r) = r(r) — [L(1,5)A(s,x(s)) ds,
30 Dk,Vx(Cl):bkG}R,]{:()717_._7,/l_17

°! Where n = [a], €D is defined by Eq. (4), DY = DYDY ... D", and DY is the proportional derivative.
32 ——

- k-times
% Below, we provide corresponding results for Eq. (29). Since the arguments resemble the case of

% Riemann-Liouville, we will only prove the first of the following theorems.

35
36 Theorem 4.1. Assume that conditions (01)-(03) are satisfied with g, = 0. If for every constant k > 0
37 (30) limsupt! ™%V [r(t) — k& (1)] = oo

38 [—yo0

SE and

40 NP

6D htrgglftl IV (1) 4 k&1 (1)] = —oo,

ﬁg then every solution of Eq. (29) is oscillatory.
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1 Proof. Assume that x(¢) is a nonoscillatory solution of Eq. (29) with g, = 0. Without loss of generality,
> assume that x(z) > 0 for ¢ > T}. Proceeding as in the proof of Theorem 3.1, we get

s 23 DEVx(t) < r(t) + k&1 (1)

5 Applymg the operator I, to (32), we see from (6) that

? —n —n Y=L(1—a *le,Vx(a) j —n

- () < etV ) %Tj!(t—a)fwl 1%V[r(1) + k&1 (1)]

- =

8

i n—ln—1njv

9 Yelgq) (1@ |D/Vx(a) j—n+1 | Jd-n ja,v

= < v —_— —(t— t L () kG (¢
E < e ()L P e e ) k80
" n—1 AY

o D A

12 < ﬂ(n —a)/ T IOV () + K (1)), 1> T > Th.

Iy =

14 (33)

> Now, from (31), it follows that

e liminft' ~"x(r) = —oo,

17 —ryo0

1 which is a contradiction to that x(7) > 0 eventually. Hence, the proof is complete. (]

' Theorem 4.2. Assume that conditions (01)-(04) are satisfied with p > 1 and € = 1. In addition to the
20 .. i

— conditions of Theorem 4.1, if

21

J— (t 5) _ Jo—1 s 1 _p

22 i [l I —s) =

5 (34) tlgl;lot n/a V‘XF(O!) /a ‘P(s,u)ql (M)QZ ( )duds < oo,

"z then every solution of Eq. (29) is oscillatory.
25
s Theorem 4.3. Assume that conditions (O1)-(04) are satisfied with p =1 and € < 1. In addition to the

condmons of Theorem 4.1, if

27

28 . te (1—s) al e L
29 (35) lim ¢ 7”/ V“F /‘I’s u)g; ' (u)gy ¢ (u)duds < oo,
J— a

30
o then every solution of Eq. (29) is oscdlatory.

'—‘m

32 Theorem 4.4. Assume that conditions (O1)-(04) are satisfied with p > 1 and € < 1. In addition to the
33 conditions of Theorem 4.1, assume that there exists a continuous function g : R — (0, e0) such that
34

o e U v)(t_s)oc—l s 1 p

35 1i l—n/ e /‘I—‘ T—p 51 o
> (36) lim ¢ ; VT (a) ; (s,u)q, " (u)gP~T (u)duds <
37 and

:g ) B te (t—s) f—s a—1 s e 1

w G lim /1" / vaé(a)) / W(s,u) e (u)qd* (u) duds < oo,

Li then every solution of Eq. (29) is oscillatory.

ﬁg The following example clarifies Theorem 4.1.
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Example 4.5. Consider the integro-differential equation with Caputo GPF derivative

s

2

S Cny3/2,1/2 2 4 3 2 —t !

4 (38) Dy~ x(t) = —¢ Vi—(t* +3t° 46t +6t)e”" 4 6t —t/o sx(s)ds,

5 x(0) =0,x'(0) =0.

6

- Comparing with Eq. (29) with go = 0, we have

? 3 1 2 —t 4 3 2 —t

o a=3,v=7.,a=by=b =0,r(t) = e Vi— (1" +36 + 61"+ 6t)e”" +6t,
% g1(t,x) = x, and ¥(z,s) = ts. Conditions (O1)—(03) are satisfied, and condition (31) does not hold.
— We have

12

13 2

B (39 r(t) > \/;ef\/i— (t*+362 + 6> 4-61)e", 1 > 0.

14

3/2,1/2
0

% Applying the operator to (39), we see that

7 13/2,1/2},0) > 2t — 48v/2 11/2 —t 36v2 92,1 _ 24v2 1/20-1 _ 12v2 {312t

80 r(13/2) r(11/2) r(9/2) I(7/2)
19

20 \/%e—fﬂ (1024¢7/2 4 4224¢°/2 4 12672¢3/2 422176t /2 — 3465)

21 = —

o 3465

o3 and hence

24 32,12 \/%e"t (1024¢7/2 4 4224¢°/2 4 126723/ 422176t /2 — 3465)
25 U () > — :
e 3465

- (40)

2E If we apply limit inferior on both sides of (40) as t — oo, then we get

29
SCY lilrgglft_llg/ 212:00) > 0.

% Using Proposition 2.7, one can easily prove that x(r) = t>¢~" is a nonoscillatory solution of Eq. (38).

= S. Conclusion

34

SE Local fractional proportional derivatives, say of order v € [0, 1], were used in [4] to generate nonlocal
36 fractional proportional derivatives by adding a second index « instead of the number n which represents
37 the number of iterations in the fractionalizing process. The produced nonlocal fractional proportional
38 operator ,D*V, either in the Riemann-Liouville or the Caputo sense, includes the exponential function
39 in the kernel. In this work, we have investigated and analyzed such a kernel to study the oscillation
40 of certain nonlocal fractional proportional integro-differential equations. The case in which v =1
41 reduces to the Caputo and Riemann-Liouville fractional operator ones and hence the results in [5] are

ﬁg recovered. We have presented some examples to illustrate the applicability of our results.
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