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MAPS PRESERVING THE TRUNCATION OF OPERATORS ON POSITIVE CONES

YADI SONG AND GUOXING JI

ABSTRACT. Let 7 be a complex Hilbert space with dim.# > 2 and ()" the positive cone of the
algebra of all bounded linear operators on 7#. For A,B € ()", A is called a positive truncation of B
if A = PyBP4, where P4 denotes the orthogonal projection onto the closure of R(A). In this paper, we
determine the structures of all bijections preserving the positive truncations of operators in both directions
on the positive cone B(H)".
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15
16 The preserver problem is one of the important research content of operator algebra, which has attracted
17 extensive attention in academic circles in recent years and has achieved many remarkable results(cf.[1,
18 4]). The aim is to find certain rigid characterizations of isomorphisms of operator algebras. Meanwhile,
19 to describe algebraic or geometric characterizations of operator algebras, many authors consider
20 maps preserving certain properties on some important operator classes. For example, those maps on
21 positive cones of operator algebras preserving certain operator means have been studied recently in
22 [2, 5, 6,7]. Among those topics, it is an important object to characterize those maps which preserve
23 some operator relations. Very recently, preserver problems involving truncation of operators have
24 been considered(cf.[3, 10]). Let .7 be a complex Hilbert space with dim.7# > 2 and let (¢ be
25 the algebra of all bounded linear operators on . For A,B € (), A is said to be a truncation
26 of Bif A = P4BPs~, where P4 and P4+ denote the orthogonal projections from .7 onto the closures
27 of the range of A and A* respectively. Note that the truncation is an elementary relation between
28 two operators. It reveals a certain “size” relation between A and B. How this relation effects the
29 isomorphisms of operator algebras? Authors in [10] gave the forms of all additive surjective maps
30 preserving the truncation of operators in both directions on %(.#). We also characterized the forms
31 of bijective maps preserving the truncation of products of operators on %() in [3]. If we consider
32 A and B are both positive operators, then A is a truncation of B if and only if A = PBP for some
33 projection P. Thus, it is an interesting problem to consider those maps which preserving the truncation
34 of operators on the positive cone of operators. We will consider this problem in this paper.

35 We denote by B(#)" = {A € B(H) : A > 0} the positive operator cone of Z(.#’). For nonzero
36 vectors x,y € J, the symbol x ®y stands for the rank-1 bounded linear operator defined by (x®y)z =
37 (z,y)x for all z € #, where (z,y) is the inner product of z and y. Note that every operator of rank-1
3g can be written in this form. Then P, = x ® x is a rank-1 projection for any unit vector x. For a subset
39
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1. Introduction
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1§ C ., we denote by VS and S the closed subspace generated by S and the orthogonal complement
‘2 subspace of S in .7 respectively. Let &1 (¢) = {P;:x € 5, ||x|| = 1} and let (%), be the set of
‘3 all projections on J¢. For P,Q € #(),, we say P < Q if PQ = QP = P. Two projections P and Q
"4 are said to be orthogonal (in symbol P L Q) if PQ = 0. For A € ()", let 7 (A) denote the set of
5 all positive truncations of A, that is, .7 (A) = {PAP: P € S(),}. In this paper, we denote by R
6 and QT the set of all nonnegative real numbers and the set of all nonnegative rational numbers.

2. Main results

o LetAB€ PB()T. Tt is known that

o2 A = PyBPy <> A®> = ABA
12

3 from [10, Lemma 2.1]. Note that the relationship of truncations of operators is not an order in general.
14 In fact, when A is a truncation of B and B is that of C, it is not true that A is that of C. However we
5 may define a relationship “ <~ in .7 (A) for any A € Z()*, which is useful in our proofs. For
16 Aj,Ay € T (A),if A is also a truncation of A, then we say that A| < A,. We say a nonzero Ag € .7 (A)
17 is minimal if there is not any nonzero A| € .7 (A) with A| # Ag such that A} < Ag. The following

'8 lemma is elementary.
19

20 Lemma 2.1. If Ay € T (A) is minimal, then Ay is a rank-1 operator.

21
5> Proof. Suppose that rank (Ag) > 2. Then Ag = Py ,APs, with rank(Py,) > 2. Take any unit vector

s XE R(Ap) and put A, = P.AgP; = (Aox,x)Py. It is trivial that A, # Ag. Since Py < Py, Ay = PAP; =
oa PPagAPs Py = PAP,. Thus A, € 7 (A) and A, < Ag, which implies that Ay is not minimal in 7 (A), a
o= contradiction. Hence Ay is a rank-1 operator. O
2

5, Itis known thatif Ay € .7 (A) is minimal, then Ag = (Ax, x)P; for some unit vector x with Ax 7 0.
— However the converse is false in general. The next lemma gives a characterization of minimal

28

5o truncations in T (A). We next put Ay = P.AP, = (Ax,x)P, for any unit vector x with Ax # 0.

% Lemma 2.2. Let A, € T (A). Then A, is minimal if and only if there exists some a > 0 such that
 Ax=ax and Al is injective.

%2

3 Proof. = Assume that A, = P, AP, is minimal in .7 (A). Put M = {x}*. Then M is the orthogonal
34 complement subspace of the one dimensional subspace VV{x}. Thus # = V{x} & M. Assume by way
% of contradiction that there exists a unit vector y € M such that (Ax,y) # 0. Let 5% = V{x,y}. Denote
% by Py the orthogonal projection onto .#5. Then Py APy, € 7 (A). Since (Ax,y) # 0, there exists
57 ascalar 6 € [0,27] such that (Ax,y) = /9| (Ax,y)|. Let j = —e'®y, then (Ax,§7) = —|(Ax,y)| < 0. We

% may assume that (Ax,y) < 0 without loss of generality. Under the decomposition J# = 4 @ /4",

39

40 ajr ap A

a1 A=\ an an Ay |,
* *

42 Az Ay A3
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where aj; = (Ax,x) > 0, axy = (Ay,y) > 0 and aj, = (Ax,y) < 0. Thus

1
2 ajp az 0 air 0 0
i P%AP% = ajp dj) 0 and PxAPx = 0 0 0
h 0 0 O 0 0O
5
- Forany a,b € (0,1) with a® +b* = 1, it is easy to see that
7 a> ab 0
8 (2.2) P=| ab b* 0
9 0 0 O
19 is arank-1 projection such that P < P,,. By an elementary calculation, we have
11
E PAP = PPy APy, P
13 a*ay +2a3bay + d?b*ary,  abay +2a b ay, +ablay 0
14 = | 2d*b2ay, +d’bay +abPary  baxy +2abcapn +a2b*a;; 0
5 0 0 0
16
— an
e a*ayy,  @ba;; 0
8 PPAP.P= | a’ba;, a*b*a;; O
9 0 0 0
- Assume that PAP = PPAP,P. Then we have
oo (2.3) 2aay, + bay, = 0.

?® Since ajy <0and b = (1 — az)%, the equation (2.3) has a positive solution
24

an?

25
~ 4 =y
2o 34 ¢ 4aip? +axn?

27
g That is, if we take a as (2.4) and b = (1 — az)%, then the rank-1 projection P defined in (2.2) satisfies

o9 PAP = PP,AP.P, which shows that PAP < P.AP. It contradicts with the minimality of P,AP, since
30 PAP # P.AP,. It follows that (Ax,y) = 0 for any y € M. Hence Ax = aj;x and A has the matrix
3y representation

32 aj; 0
2 A= :
33 ( 0 A )

SE where Ay = A|y.

35 Suppose on the contrary that there exists a nonzero y € M such that Ay = Ay = 0. Take any

36 P € P () defined as (2.2), then we have PAP = PP.APP # P,AP.. It follows that PAP € .7 (A)

37 and PAP < PAP,. We again obtain that P,/AP, is not minimal, a contradiction. Hence A; is injective.

Z% <= Assume that A has the matrix representation A = < a(l)l AO
2

20 ' =V{x}& M, where M = {x}+ and A, = A|,, is injective.

41 Take any unit vector y ¢ V{x}. Then there exists a unit vector § € M such that \V{x,y} = V{x,&}.

42 Let 5 = V{x,y} = V{x,&} be the 2-dimensional subspace of .7 generated by x and y. Then

) under the decomposition
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1 ai; 0 O
2 PyyAPyy = 0 ax 0 |,whereay = (AE,&) > 0. Then there exist an @ € [0, 1) and a complex
3 0 0 O
4 number A with |A| = 1 such that

2 o Ava(l—a) 0

s P=| Aya(l-a) 1-o 0

7

— 0 0 0

8

9

-
o
Q
i
=

—_
—_

PAP, = PPy APy P, =

)

o o
oo o
oo o

—_
w

—
»

P,AP, = P,P;;AP P,

B a11a2+a22 (X(l—OC) l\/a(l—a)(anaJrazz(l—oc)) 0
= 714/06(1—06)(6111064—6122(1—06)) (11106(1—06)—1—(122(1—06)2 0
0 0 0

-
(é)]

20 a11052 Aaua\/a(l—a) 0
21 PnyAPxPy = lanam anOt(l — (X) 0

22 0 0 0
23 Note that & € [0,1). It follows that P,AP, # P,P,APP,. From the arbitrariness of y we obtain that
24 P.AP, is minimal. O

25
o5  Let @ be a bijection on Z (). We say that @ preserves the truncation of operators if @(A) is the

o7 positive truncation of ¢@(B) whenever A is that of B for any A,B € (). ¢ is said to preserve the
og truncation of operators in both directions if ¢(A) is the truncation of ¢(B) if and only if A is that of B
29 forany A,B € ()" Before giving the main theorem, we firstly show the following lemma.

% Lemma 2.3. Let @ be a bijiection on B()" preserving the truncation of positive operators in both
% directions. Then @ (RTI) =R*I={al :a € R"}.

33 Proof. It is trivial that @(0) = 0. Fix an a > 0. Define a map y : B()t — B(A)" by y(A) =
3¢ @(aA) for any A € B()". Then v has the same preserver properties with @ and w(I) = ¢(al). So
35 in the following we only need to show that there exists a scalar b > 0 such that ¢(I) = bI. Put B= ¢(I).
36 Since B has a minimal truncation, it follows from Lemma 2.2 that the range of B is dense and hence B
sz is necessarily injective. Since .7 (I) = %(7) , and ¢ preserves the truncation of positive operators in
38 both directions, it is trivial that ¢(.7 (1)) = .7 (¢(I)) = .7 (B) and ¢ preserves the minimal truncations
39 in both directions.

40 If P.BP; and P,BP, are two minimal truncations in .7 (B) such that Bx = bx and By = by for some
41 b > 0, then for any unit vector z € V{x,y}, P.BP, € .7 (B) is also a minimal truncation with Bz = bz.
42 Now take a maximal orthogonal family of maximal subspaces {M; C /¢ :i € A} such that P, BP,; is
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1 minimal in .7 (B) for any unit vector x; € M;, Vi € A. Then for any i € A there exists a scalar b; > 0
5 such that BPM,- = PM,-BPMi = biPMi-

Put M = \/{M; : i € A} and Q be the projection onto M. If Q # 0, then BQ = QBQ € .7 (B) and
is nonzero because of the injectivity of B. Thus there exists a nonzero projection P € #(.), such
that (P) = QBQ. It is known that P, is minimal in .7 (I) for any unit vector x € P(7¢) by Lemma
2.1. Fix a unit vector xo € P(5), then ¢(Py,) € 7 (B) is also minimal. Thus there exist a unit vector
ep € A and a scalar by > 0 such that ¢(Py,) = boP.,. By Lemma 2.2 again, we have Bey = bge. Let
'8 My be the maximal subspace of .7 such that Bx = box for any unit x € My. If by # b; for any i € A,
9 then {M;:i € A}U{Mp} is an orthogonal family of subspaces in .7 such that Py, BPy, = b;Py, for any
10 i € AU{0}. This contradicts to the maximality of {M; : i € A}. Hence there exists some i € A such
11 that by = b; and so My = M;. Note that b;P,, = @(Py,) < ¢(P) = OQBQ = BQ in .7 (B). It follows that
12 bi = (QBQey,ep) = 0 since eg € M; C M. This is a contradiction. Hence Q = 0 and JZ = @®;cAM;.
13 Suppose that by # b; for some k,I € A and we take two unit vectors e; € M; for i = k, 1. Denote by
12 O, the projection onto \V{ex,e;}. Then 02BQ» = Q»B € .7 (B). It is known that b;P,, and b P, are the
15 only two minimal truncations in .7 (B) such that b;P,, < 02BQ», i = l,k. Put P, = ¢ 1(Q2B) € T(I).
16 Then rank(P;) > 2 and thus there are innumerable minimal truncations P, € .7 (I) such that P, < P;.
17 This means that there are also innumerable minimal truncations PeT (B) such that P, < (OB, a
1 contradiction. Hence b; = b; for any i, j € A and we denote it by b. Therefore, B = bl. O

S|o|ols]e]

'° Theorem 2.1. Let ¢ B(A)T — B(H)T be a bijection preserving the truncation of positive
20 operators in both directions. Then there exist & > 0 and a unitary or an anti-unitary operator U on
21? A such that (A) = oUAU* for any A € B(H)T.

23 Proof. By Lemma 2.3, there exists a scalar & > 0 such that ¢(I) = al. Define y(A) = a~'¢(A)
24 for any A € B()", then v and ¢ have the same preserver properties such that y(I) = 1. In
o5 this case, there exists a bijective function f on R™ such that y(al) = f(a)l for any a € R*. Tt
26 follows that f(0) = 0 and f(1) = 1. It is known that y preserves the projections and the order of
27 projections in both directions from Lemma 2.2. Furthermore, ¥ preserves rank-1 projections in both
2g directions. We next show that y(aP) = f(a)y(P) for any a € R™ and any P € 2(). It holds
29 obviously when a = 0 and a = 1, so we need only to prove the corrections for a # 0 and a # 1. It
30 is elementary that y(aP) = f(a)Q,p for some Q,p € P () since aP is minimal in 7 (al). Note
31 that I — P is one co-dimensional. If rank(/ — y(/ — P)) > 2, then there exists a Q € #(J),, such
s2 that y(I—P) S QS 1. ThusI—P < y '(Q) S 1, a contradiction. Hence y(I — P) is also a one
33 co-dimensional projection. That is, y(I — P) =1 — Q for some Q € & (). Put A =aP+ (I — P)
34 and B = y(A). Note that aP € .7 (A) is minimal. So is y(aP) = f(a)Qap € 7 (B). Thus from Lemma
35 2.2 we get that B = f(a)Qup ® B, for an injective operator By on R(I — Qup). We also have that
38 I-Q¢€ .J(B)sincel —Pec J(A).

37 On the other hand, for any unit x € R(I — P), it is trivial that P, < I — P and P, is minimal in .7 (A),
38 then P, = y(P,) < w(I —P) =1—Q and P, is minimal in .7 (B). Conversely, for any unit vector
39 y € R(I—Q), we have P, = P,(I — Q)P, = P,(I — Q)B(I — Q)P, = P,BP,. This means that P, € .7 (B).
20 Thus y~1(P)) € 7(A). We again have y~!(P)) <I—P and y !(P,)) € 7(A) is minimal. This
41 implies that P, € .7 (B) is minimal. Thus / — Q = (I — Q)B by Lemma 2.2. Note that f(a) # 1. Then
42 Qqp(I — Q) =0 so we have Q,p = Q. Hence y(aP) = f(a)Q.
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1 Next we prove that w(P) = Q. Note that Qy(P)Q is a truncation of y(P). Then there exists a
2 1 €0,1] such that Qy(P)Q = uQ. If u =0, then Qy(P)Q = 0. Therefore y(P) <I—Q=y(I—P),
'3 acontradiction. Hence u € (0,1]. Then there exists a A € R™ such that f(A1) = . That is, Qy(P)Q =
2 uQ=f(A)Q. Now vy (uQ) = y~1(f(1)Q) = AP. Since uQ = Qy(P)Q is a truncation of y(P),
5 AP =y !(uQ) is a truncation of P. We thus have A = 1 and u = f(1) = 1. Hence Qy(P)Q = Q,
6 thatis, y(P) = Q. Thus y(aP) = f(a)y(P) and y(aP® (I — P)) = f(a)y(P) ® (I — y(P)) for any
7 Pe P().

g Take any P,Q € () with PQ = 0. Then Q <[ — P and hence y(Q) < y(I — P). This
9 implies that y(P)y(Q) = 0. It follows that y preserves the orthogonality of rank-1 projections in
10 both directions. Moreover, if we assume that P = P, for some unit vector x € 5#, then we have
11 POP = (Qx,x)P, that is, (Qx,x)P is a truncation of Q. It follows that y(PQP) = f({Qx,x))y(P)
12 is a truncation of y(Q) and so y(PQP) = y(P)y(Q)w(P). We will show the conclusion from the
13 following two cases.

14 Case 1dim.J7Z = 2.

15 Let {ej, ex} be an arbitrary orthonormal basis of 7. Take any pair of rank-1 projections E|, E;
16 with Ej LE,. Without loss of generality, we may assume that

17
E E1:<(1)8>andE2:<8(1)>

19

20 under this basis.

o1 Since y preserves the rank-1 projections as well as the orthogonality of rank-1 projections in both
2> directions, we may assume that ¥ (E;) = E; and y (E;) = E, by considering a unitary transformation
23 if necessary. In this case, for any P € 2| (J¢), there are a,b,c,d € [0,1] and A, u € C with a® 4+ b? =

24 ¢ +d?>=1and|A|=|u| = 1 such that

25 2 2

— ([ a Aab [ ¢ ucd
z% (2.5) P= < [ > and y(P) = ( fcd o )
28 Thus

= ) )
29 [ a 0 9 [« 0 i

i ElPE1—< 0 0>—aE1andE1l//(P)E1_< 0 0>—cE1

U and y (E1) y(P)y (E1) = W(E\PE)) = y (E1) = f (a®) E1 = ¢®Ey. This implies that f (a?) = 2.
% We also have f (bz) = d” in the same way. It follows that

% (2.6) fl-a)=1-=1-f(a).

35

3E Now for any ¢ > 0,

37 4 3

Se rusie= (52, ot )

39

2o and

41 4 34

—8) W(P)Y(tE)y(P) = < ﬁ23£§fgt) " dz;((;)) ) — 1) y(P).
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i Itfollows that y(P(tE|)P) = y (a’*tP) = f (at) w(P). Since P(tE )P is a truncation of tEy, y(P(tE; ) P)
? is also a truncation of W(¢tE;) = f(¢)E;. By using of (2.7) and (2.8) we have
2 £ (@) y(P) = y(P(E))P) = y(P)y(LE ) y(P) = f() (P) = f(a®) f(t)y(P).
- Therefore for any 0 < a < 1 and ¢ > 0, we have f ( ) ( ) ). This means that
fy) =fx)f(), YO<x<1,y>0.
It follows that f(x~') = f(x)~! and f(x?) = f(x)? for any x > 0. Now for any 1 < x <y,

f@w=f§ﬁr=ﬂ§vo%=f@ﬁ@*ﬁ@f=f@ﬁ@ﬁ%@f=f@ﬁ@)

‘co‘oo‘\l‘m‘m ~

—_
o

1 since y~ I < 1. Thus

12 fy) = F()f (), vx,y > 0.

13 Moreover, f(3) =3 and f(1—d?) = f(1—a)(1+a)) = f(1 —a)f(1+a) = 1 — f(a)* = (1 —

14 f(a))(14 f(a)) for and 0 < a < 1 by (2.6). We again have f(2) =2 and f(1+a) = 1+ f(a) for
15 any 0 < a < 1. Let x,y be real numbers with x >y > 0. Then x~'y < 1 and f(x+y) = f(x)(1+
gf(x ) = f(x) + f(y) and f(2x) = f(2)f(x) = 2f(x). It follows that f(r) = r for any r € Q.
17 Assume {x, } 1 ,{yn}n-y € QT withx, <x <y, and x, — x,y, — x(n — o). Note that x, = f (x,) <
18 f(x) <yn=f(yn). Thus f(x) =x,Vx € RT.

19 Forany P € (), P and y(P) can be represented as (2.5), then Tr (E;P) = Tr(y (E,) y(P)) =
20 @*. Now for any rank-1 projection E = e®e € (), we may take an orthononal basis {ej,e;}
21 of ¢ with e = e. Then E; = E. Thus for any projections E,P € & (), we have Tr(EP) =
22 Tr(y(E) y(P)). By the Wigner’s theorem in [9], there exists a unitary or an anti-unitary operator U
23 such that

24 w(P) =UPU*, YPe P(H).

2 Case?2dim.Z > 3.

% Since y preserves the orthogonality of rank-1 projections in both directions, there exists a unitary or

2’ an anti-unitary operator U such that

Z% y(P)=UPU" for any P € P\ (H)

30 by the Uhlhorn’s theorem in [8].

31 Now in both cases, we define ¢ (A) = U*y(A)U forany A € SB(#)". Then ¢ and y have the same
32 properties such that ¢ (P) = P for any P € 2, (#). We note that f(a) = a for all a € R™. In fact, we
33 similarly obtain this fact by taking E|,E, € &7 () with E| LE, when dim .7 > 2 as in the proof of
34 Case I.

35 LetAe B(A)". Since PAP, = (Ax,x)P, is the truncation of A for any unit vector x € 7, ¢ (P.AP;)
36 is the truncation of ¢ (A) and ¢ (PAP;) = f((Ax,x))¢ (P;) = f((Ax,x)) P, = (Ax,x) P = (¢ (A)x,x) Py
37 Hence

s (Ax,5) = (9(A)x, )

%9 for any unit vector x € #. Thus ¢(A) = A and w(A) = UAU*. Consequently,

40

o ¢(A) = aUAU" for any A € B(H)".

42 (]

_A_A

16 Feb 2023 22:13:56 PST
220330-GuoxingJi Version 2 - Submitted to Rocky Mountain J. Math.



I
[2[@[s][=]3]e]e]~]o]a]s]e]|r]|-~

—_
o

16
17
18
19
20

21

22
23
24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

16 Feb

Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

MAPS PRESERVING THE TRUNCATION OF OPERATORS ON POSITIVE CONES 8

Acknowledgment The authors are deeply grateful to the referees for their valuable comments which
helped to improve the manuscript.

References

[1] M. Bresar, P. Semrl, Linear preservers on B(X), Banach Center Publ., 38(1997), 49-58.

[2] Y. Dong, L. Li, L. Molnéar, N-C. Wong, Transformations preserving the norm of means between positive cones of
general and commutative C*-algebras, J. Operator Theory, 88(2022), 365-406.

[3] X.Jia, W. Shi, G. Ji, Maps preserving the truncation of products of operators, Ann. Funct. Anal., 13(2022), Article
number: 40.

[4] C.Li, S. Pierce, Linear preserver problems, Amer. Math. Monthly, 108(2001), 591-605.

[5] L. Li, L. Molnér, L. Wang, On preservers related to the spectral geometric mean, Linear Algebra Appl., 610(2021),
647-672.

[6] L. Molnar, Maps on positive cones in operator algebras preserving power means, Aequationes Math., 94(2020),
703-722.

[71 L. Molnar, Maps on positive definite cones of C*-algebras preserving the Wasserstein mean, Proc. Amer. Math. Soc.,
150(2022), 1209-1221.

[8] U. Uhlhorn, Representation of symmetry transformations in quantum mechanics, Ark. Fys., 23(1963), 307-340.

[9] E. Wigner, Group theory and its application to the quantum theory of atomic spectra, Academic Press Inc., New York,
(1959).

[10] J. Yao, G. Ji, Additive maps preserving the truncation of operators, J. Math. Res. Appl., 42(2022), 8§9-94.

SCHOOL OF MATHEMATICS AND STATISTICS, SHAANXI NORMAL UNIVERSITY, XIAN, 710119, PEOPLE’S REPUB-
LIC OF CHINA
E-mail address: 15651783951Q@163.com

SCHOOL OF MATHEMATICS AND STATISTICS, SHAANXI NORMAL UNIVERSITY, XIAN , 710119, PEOPLE’S REPUB-
LIC OF CHINA
E-mail address: gxji@snnu.edu.cn

2023 22:13:56 PST

220330-GuoxingJi Version 2 - Submitted to Rocky Mountain J. Math.



	1. Introduction
	2. Main results
	References

