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9 ABSTRACT. We investigate combinatorial, topological, and algebraic properties of certain classes of
o neural codes. We look into a conjecture that states if the minimal open convex embedding dimension of a
— neural code is two, then its minimal convex embedding dimension is also two. We prove the conjecture
" for two interesting classes of examples and provide a counterexample for the converse of the conjecture.
12 We introduce a new class of neural codes, doublet maximal. We show that a doublet maximal code
13 is open convex if and only if it is max intersection-complete. We prove that surjective neural ring
14 homomorphisms preserve max intersection-complete property. We introduce another class of neural
15 codes, circulant codes. We give the count of neural ring endomorphisms for several sub-classes of this
6 class.

17

18 1. Introduction

19

o The Nobel prize in Medicine for the year 2014 was awarded to Neuroscientist John O’Keefe [12]
o for the discovery of place cells (type of neurons) in the rat’s hippocampus. Place cells respond when
o, an animal is in a particular region in its environment (stimuli space). Different place cells respond in
s different regions. The regions in which a place cell responds are called its place field. Place cells and
— their place fields encode binary information about the responses of an animal in a given environment.
— So, the study of binary codes is an essential part of this area of research.

2? We define a neural code ¢’ to be a collection of subsets of the set [n] = {1,2,...,n}. Each element
— of ¥ is called a codeword. Given a collection of place fields one can associate it Wlth a neural code.
*”_ Consider a collection of place fields, % = {Uy,...,U,} in some stimuli space X C R¥. Then the
28

v associated neural code for %/ is defined as

30

2 ) =Sochl| NU\UU#9

— jeo i¢o

33 We call 77 = ﬂ U;j\ U U; the atom of a codeword ¢ € € (% ), and denote Us = ﬂ U;. Fix
;f jeo i¢o jeo

-5 Uo = X. Figure 1 discusses an example to obtain a neural code from a given collection of place fields.
Conversely, given any neural code %, one can associate a collection of regions (subsets of some RF)
that can represent the neural code geometrically. We say that a neural code % is realizable if there

55 €Xists a collection % = {U,,...,U,} withU; C X C R¥, such that € = € (% ). Here, % is called the
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(o

Figure 1. This figure has four place fields in the stimuli space X C R?. The associated
neural code is {0,1,2,3,12,124} Technically the code obtained should have been
written as {0, {1},{2},{3},{1,2},{1,2,4}}. But we abuse the notations for simplicity
throughout the paper.
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16 realization of % and X its stimuli space. Further, we will address neural codes as simply codes for the
17 rest of the paper. Also, we will fix the notation X for the stimuli space of a realizable code.

18 Experimental data [3] showed that the place fields are approximately open convex sets in R2. So,
19 for every realizable code %, there is a natural question to ask about the topological properties of the
20 subsets U; of % . The realization % of a code ¥ is called open convex if each set U; is open convex in
21 R¥. In this case, % is referred as an open convex code. Similarly, we can have a convex or a closed
22 convex code. Next, we discuss about minimal embedding dimension of a code. Let % be a realizable
23 code with X C R¥ as its stimuli space. Then £ is said to be minimal embedding dimension of the code
24 ¢, if there exists no [ < k with a collection %' in R’ such that € (%) = €. Franke and Muthiah [6]
25 provided an algorithm to prove that every code is convex. Cruz et al. [2] showed that if a code % is
26 max intelrsection-cornplete1 then it is both open convex and closed convex.

27 In 2013, Curto et al. [4] explored this topic and brought some algebraic direction to it. They
28 associated a ring structure to a given code % on n neurons, and called it a neural ring Z associated with
29 €. They defined Z¢ as Fa[x1,x2,...,x,] /I where Ifg {f € Fa[x1,x2,...,x,) | f(c)=0forall c €

30 %’}. For any codeword c the characterlstlc function p, % has Hlxl I1 (1 —x;j) as its polynomial form.
at ci=1"¢j=0

. Curto and Youngs [5] discuss ring homomorphisms between two neural rings. They proved that there

5 is a 1-1 correspondence between code maps ¢ : 4 — & and the ring homomorphisms ¢ : Z9 — Z .
o The map ¢q associated with the ring homomorphism ¢ is denoted by g4, and is called the associated
55 code map. They also showed that Ry = Xy if and only if |€| = |Z|. That means, the neural ring
— loses information of the codewords present in the code and only considers the cardinality of the
— code. So, they defined some more relevant conditions on the ring homomorphisms, and called these

5 Maps called neural ring homomorphisms. Further characterized neural ring homomorphisms with the

39
40 1A code % is max intersection-complete if % contains all intersections of its maximal codewords.
ifv=c

42 0 otherwise.

a1 . o 1
—— 2The characteristic function is given by p.(v) =
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associated code maps. Lastly, they connected the idea of codes being open convex with neural ring
homomorphisms.

Curto et al. [4] also defined a neural ideal as Jo = ({p. | ¢ & €’}). Neural ideal is closely associated

to Stanley-Reisner ideal [11]. Jeffs, Omar and Youngs [9] tried to get all ring homomorphisms
from Fa[y1,...,yu] = Fafx1,...,x,] that preserve neural ideals. They showed that only specific ring
homomorphisms satisfy the above condition. Brown and Curto [1] defined periodic codes inspired
by the sound localization system of barn owls. These codes have special patterns that signify the
periodicity of the stimulus. They showed that, except for some special cases, this code need not be
convex. They introduced a concept known as convex closures, a way of adding codewords to make a
code convex. Further, they construct convex closure of periodic codes. We worked with a subclass of
11 periodic codes and called them circulant codes with support p. We count neural ring endomorphisms
12 for numerous codes in this class.
13 In this paper, we have worked with combinatorial and algebraic properties of some specific kinds
14 of codes. In the following two sections, we work with the combinatorial and topological properties
15 of codes. However, the last two sections are exclusively for the algebraic properties. This paper is
16 structured as follows. In section 2, we work with a conjecture given by Franke and Muthiah [6]. We
17 provide a few classes of examples in Proposition 2.2 and Remark 2.4 that satisfy this conjecture. Also,
18 we give a counterexample for the converse of this conjecture. We introduce a new class of codes
19 called doublet maximal codes in section 3. The main result in section 3 is Theorem 3.8, which states,
20 “If a code is doublet maximal, then it is open convex if and only if it is max intersection-complete.”
o1 In section 4, we see the relationship of two codes being max intersection-complete via a code map
2> between them (Theorem 4.9). In the last section, we work with circulant codes with support p. Figure
23 6 summarizes the main results of this section.

jele|~[ofa]s]ofm]-

—_
o

24

o5 2. Convex codes in dimension 1 and 2

%6 Franke and Muthiah [6] worked on convex codes and wanted to give a direct relation between convex

2" and open convex codes. They gave the following conjecture:
28

9 Conjecture 2.1. [6, Conjecture 2] Suppose € is open convex and has a minimal open convex embedding
50 dimension of 2. Then the minimal convex embedding dimension of € is 2.

81 This conjecture seems to hold. We may not yet have a proof for it, but we have two classes of
82 examples that satisfy the conjecture. Further, we will try to see if the converse of this conjecture holds.

33
5, Proposition 2.2. Let % be a code containing subset {i, j,k,0}, where i, j,k € o C [n| and i, j, k are
- all distinct elements in [n]. Then the minimal convex embedding dimension of such a code € is greater
— than 1.

36

37 Proof. Let € be a given code containing {i, j,k,0}. We show that this code cannot be convex
38 realizable in R. If possible, let it have a convex realization % in R. Let [ € {i, j, k}, then we observe
39 that U;N 42%,02/ #0and U N #0asl € o. Since atoms are disjoint U; must contain at least two
40 points. However as U;’s are convex sets in R, they must be intervals.

41 Without loss of generality we may assume that U; is open, U; is clopen (neither closed nor open) and
42 Uy is a closed set. Fix U; = (a;, b;) for some a; # b; € R. Since i jk C 6 € € we have U;NU; N Uy # 0.
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Figure 2. This figure gives us the construction of U;,U; of the Proposition 2.2

This implies that U; N U; # 0. Therefore we choose a; such that a; < a; < b;. Also, as JZ/J@/ # 0,

Slo|o|~|o|a|s|w|n]=

c
- we get u;n ﬂ(Ul)“ =U;N (U U1> =U;\ U U; # 0. Further, this implies U; NU{ # 0. So, we
— I#j I#j I#j

"' must have b; € Uf. We choose b; > b; and construct U; = (a;,b;]. The above construction is shown
2 in figure 2. Now U, must intersect U; N\ U ;. Therefore we choose a; such that a; < ap < b;. As
B = U\ U U; # 0 and with similar calculations as above we see Uy N (U; UU;)“ # 0. So we must
14

= I#k

15 have by lying in (U; UU,)°. Hence choose by > b, and construct Uy = [ay, by|. But this gives us that
® Uj C UjUU, leaving Q/j% = (. That is a contradiction to the fact that j € € = € (% ).

7 Note that we have constructed U; and Uy, to the right of U;. The proof is similar even if we construct
'8 the sets on the left side of U;. Therefore the code cannot be convex realized in dimension 1. Hence the

9 minimal convex embedding dimension is greater than 1. U
20

21 Proposition 2.3. Let ¢ be a code containing the subsets {i, j,k, o; i»Oik, Oji} where i, j, k are distinct
22 elements of [n] and i, j € 0;; C [n] with k ¢ ©;j, and similarly for Oy, Gji. Then the minimal convex
23 embedding dimension for the code €' is greater than 1.

24
- Proof of Proposition 2.3 is similar to proof of Proposition 2.2.

2E Remark 2.4. Thus we establish two classes of examples

27 ¢ 2{i,j.k,o}  (i,j,ke o Cn])
28

oo ¢' 2{i, j,k,0ij, O, 0} (as defined above)

:ﬁ that have minimal convex embedding dimension greater than 1. So, if €’ (or ") has a minimal open
31 convex embedding dimension 2, then € (or €”) is a supporting class of example for the Conjecture 2.1.

% Remark 2.5. Jeffs [7] defined sunflower to be a collection of sets {U,,Us,...,U,} such that U;NU j
> is nonempty and a constant subset for all i # j. The code we obtain from a convex open sunflower
- with n > 3 always contains {1,2,3,123...n}. Hence the codes obtained from open convex sunflowers
% always satisfy the hypothesis of Proposition 2.2. However, the converse may not be true. For example,
— the realization of the code {1,2,3,4,123} is not a sunflower but the code satisfies hypothesis of

— Proposition 2.2.
38

39 Example 2.6. The code ¢ = {1,2,3,123} has a convex realization in dimension 2 (Fig. 3a). The
40 stimuli space of this code is X = Uy UU, U Us. By Proposition 2.2, this code has no convex realization
41 in dimension 1. Thus the code 4" cannot have an open convex realization in dimension 1. Hence
42 the minimal convex embedding dimension must be 2 for the code €. Moreover, the sets U; are open
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2 (Fig. 3a) . Thus the same figure gives us an open convex realization for the code ¢ in dimension 2.

'3 Therefore we have the minimal open convex embedding dimension as 2 for this code.

14
15 Letus now look at the converse statement of Conjecture 2.1 which states that if the minimal convex

15 embedding dimension of a code is 2, then its minimal open convex embedding is also 2. Consider the
;7 code, ¥ =1{0,1,2,3,4,6,45,56,123}. The figure shown below (Fig. 3b) gives a convex realization of
15 the codein R?. Note that in the figure the right-most boundary of Uy is included. Moreover, all the other
19 Sets are open in R?. As {1,2,3,123} C % by Proposition 2.2, ¢ does not have a convex realization in
-0 R. Hence the minimal convex embedding dimension for % is 2. Further, Z = {0,4,6,45,56} C %
5, Jeffs [8, Example 2.1] showed that & cannot be an open convex code. Therefore 4" cannot have an
-» open convex realization. Hence % serves as a counterexample for the converse of the Conjecture 2.1.

23

oy 3. Doublet maximal codes

25 A codeword o is said to be maximal if it is not contained in any other codeword of %’. In other words,
26 _if there exists T € € such that o C 7, then 6 = 7. Maximal codewords play an important role. We will
27 see that atoms corresponding to maximal codewords have special properties. The following lemma
28 gives us one such.

29
0 Lemma 3.1. Let T € € be a maximal codeword, and let € have a convex realization, % ={U;,U,,...,U,}
— inR™, then
s c
32
il C ;
= (1) Uz € (U Uz>
iZt
o (2) If all U;’s are open in R™ (i.e., € is open convex) then szfr% is open in R™.
35

25 Proof. Let € be the given code with the convex realization % = {U;,U>,...,U,} and let X be its
37 stimuli space.

c
38
— (1) If T = [n], then (U U,-) = Up = X. This implies the result is true, trivially. Let T be some

39 \
40 gt c

a4 other maximal codeword in % such that U; & <U U,-) . Then there exists some x € U; and
42 iZt
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x¢ (U Ui> . This implies that x € U U;. Therefore there exists k ¢ T such that x € Uy. Define
a codeifvford B such that B = {i € [n] l|¢zT§Z 7 and x € U;}. Thus clearly 8 # 0. Denote o = TU 3.
Since x € U; for all i € B we have that x € Ug. This implies x € U NUpg = Ug. Also, x ¢ U Ui,
as o contains exactly those i’s for which x € U;. Therefore x € Uy\ U U, = szfa% . Hefcoé: as
A 40, we have T C o € €(%) = €, which contradicts the maxlii?ality of 7. Hence the
proof.

jele|~]o]a]s]e]m]~

—_ | =
|= |3

(2) We know that ,Qif/ = UT\ U U=U:N (U U,-) . Using part (1) we have QQ%:)/ = U;. Since
iZt i€t
finite intersection of open (or closed) sets is open (or closed) we have the proof.

—_
N

—_
w

OJ

—
»

il Remark 3.2. In the case when the code is closed convex the atom of maximal codeword will be a
g closed set. The proof of this is similar to part 2 of Theorem 1.

18 Next, we work with codes called max intersection-complete. Cruz et al. [2] defined max intersection-
19 complete codes as follows.

20 Definition. The intersection completion of a code % is the collection of all non-empty intersections of
21 codewords in € :

-~

22
23 € = {G ’ o= ﬂ v for some non-empty sub-code ¢’ C ¢ } .

24 ves’

*° Denote M (€) to be the collection of all maximal codewords of %’. Note that U o = [n]. A code
26
— ceM(%)

27 —
,s € is said to be max intersection-complete if M (¢) C €. For example, if M(%) = {1,,7,}, then €

oo will be max intersection-complete, if and only if 7, N7, € €.

30  Cruzetal. [2] showed that the codes that are max intersection-complete are both open convex and
?I closed convex. Also, they gave an upper bound for the minimal embedding dimension of such codes.
32 We look at the converse of the theorem, i.e., whether open convex codes are max intersection-complete?
33 The code ¢ = {3,5,12,13,14,45,123,124,145}, is open convex in dimension 1, but it is not max
34 intersection-complete. Figure 4 has further details of this code 4. We observed that having 3 maximal

BE codewords did break the converse. Hence we propose the following result.

36 : .
- Theorem 3.3. Let € be a code that contains the empty set as a codeword along with exactly two
. maximal codewords. Then € is open convex if and only if € is max intersection-complete.

39 Proof. Let M{%€} = {71,72}. We know by Theorem 1.2 of [2] that if ¥ is max intersection-complete
40 then % is both open convex and closed convex. So we already have the proof for the necessary
41 condition. Next, the proof for sufficient condition consider €’ to be an open convex code. We will show

ﬁg that % is max intersection-complete. Let 6 = 11N 1. If 6 = 1,17, =0 then M(¢') = {0} C % . Hence
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Figure 4. This figure gives a code ¢ = € (%) = {3,5,12,13,14,45,123,124, 145}
0 realized by {U;,U,,Us,Us,Us}. The code € is open convex in dimension 1 and
11 123,145 are maximal codewords, whose intersection is 1 and 1 doesn’t belong to %.

12
13 1in this case ¢ is max intersection-complete. Next, assume o # 0. Let % = {Uy,...,U,} be a collection
14 of open convex sets in some R™ such that, ¥ (%) = €. For € to be max intersection-complete, we
15 need to show o € €. Suppose not. Then, as ¢ € € = €' (% ), the atom of o, ,52%;2/ = (. Therefore,

e Uo\ UUi=0 = toc JU;

— j¢o j¢o
18

19 Also, JZZC?/ =Us, for i = 1,2 by Lemma 3.1. Next, we show that Uy, and Uz, form a separation3 of Us.

20 AsT,T, €C =% (%), we have o 7 £ @ and ,;z% “ £ (. Consequently, Uz, and Uy, are non-empty.

21 Further as ,Qf% @7% 0 we have UT N UT = 0. Moreover Us, UT1 and UT are open in R™ as they
=2 _are the finite 1ntersect10n of open sets. Also for i=1,2 we have UT UT N U(7 as Ur CUg. So, UTl
=2 and UT are open in Ug. Therefore it is only left for us to prove that UG = UT1 U UT Observe that

[efe|~]ofo]s]e]n]-
=

—_

24

25 Us = (1U;=(U; 0 [N Uj=UsNUgpo-
26 JET jeo i€
— i¢o

27
26 Similarly U, = Ug MUy . Thus, Uz, U Uz, = (UG N UTl\c,) U (U(, N UT2\G) — Uy <UT1\G U UTZ\(;) .
29

:; Claim. Us C ( t\oUUs \G> Suppose not. Then there exists an x € Uy such that x ¢ < 1 \o YUz \G> .

— So,x¢ U, \o and x U, ,\o- But, from Equation 1, x € U U;. Thus x € Uy for some k ¢ . Note that,
32

il j¢o
33
o k¢ c = ken\oc = ke (n1Umn)\o

g This implies there exists a k € (71\0) U (72\0) such that x € Uy. But this is a contradiction to the fact
36 that x & Ur\o and x ¢ Ur,\c- Hence the supposition is wrong, implying Us © (UTI\G U Ufz\c,) .

37

3g By the claim we get UT] U UT2 = Ugy. This means that UT1 and UT2 form a separation of Ugs. But Us

39 1s intersection of connected sets so it must be a connected set itself. Hence cannot have a separation.
20 Thusc €€ (%)=¢%. O

4“a 3A separation of X is a pair U,V of disjoint nonempty open subsets of X whose union is X. The space X is not connected if
42 there exist a separation.
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Figure 5. This figure gives a code ¢’ = {0,2,4,12,23,45,46}.
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9

E Remark 3.4. The above theorem holds for closed convex. Also, in the proof the only difference is that
11 the separation comes from closed sets.

% Example 3.5. Consider the sets % = {U;,U,,Us,Us,Us,Ug} in R as in Figure 5. Let € =€ (% ) =
v {0,2,4,12,23,45,46}. The code € has 4 maximal codewords. Moreover, % is max intersection-
. complete as well as open convex. But the interesting fact is that one can split the nonempty codewords
. into ¢ = 61U %, where 61 = {0,2,12,23} and 6> = {0,4,45,46}. The codes %) and %> satisfy the
- hypothesis of the Theorem 3.3. This leads us to define a new class of codes called doublet maximal

— codes.
18

E Definition (doublet maximal codes). A code ¢ is called a doublet maximal if M(€') = {7}, the
20 collection of all maximal codewords of &, have the property that for every i € [p] there exists at most
21 one j #isuch that ;N T; # 0.

22
s Example 3.6. (1) Let 61 ={0,2,4,12,23,45,46}. This is a doublet maximal code with two pairs
r of maximal codewords {12,23} and {45,46}.

4
s (2) Let 6, = {0,2,4,12,23}. This is a doublet maximal code with one pair, {12,23} and and one

. singleton, {4} as maximal codewords.

26
— (3) Let 63 = {3,5,12,13,14,45,123,124,145}. This is a non-example. This code has 3 maximal

s codewords with all pairwise intersections being non-empty. Also, from Figure 4 we can see

- that this code is not max intersection-complete.

30 Remark 3.7. The code %] in Example 3.6 is both open convex and max intersection-complete. Naturally,
31 one wants to know if this is true for all doublet maximal codes. We have successfully generalized
32 Theorem 3.3 to all doublet maximal codes. Before we state the generalization we introduce restriction

33 of a code.

34

55 Definition. Let % be a code on n neurons and I' C & . Then the restriction of the code € to I is defined
36

as,
37 Clr={ae%|aCyforsomeyecT}.
QE For example let ¢ = {3,4,12,34,123,345} and I" = {34,123} then €| = {3,12,34,123}.

i% Now, we give the generalization of Theorem 3.3 in the following result.

E Theorem 3.8. Let € be a doublet maximal code with O € € then € is open (or closed) convex if and
42 only if € is max intersection-complete.
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9

1 Proof. Let € be a doublet maximal code. Assume % to be open convex. We will show that & is
2 max intersection-complete. The strategy for proving the sufficient condition is to use Theorem 3.3,
'3 iteratively. We now discuss the details. Let 7 = {U},...,U,} be an open convex realization of € with
4 U;CRF. Let R={(0,7) € M(€) x M(€) | 6N T #0}. Then R defines an equivalence relation on
5 M(%). Let [0]g denote the equivalence class of 6 € M(%’) with respect to R. Then, by the definition
6 of doublet maximal codes, | [0], | € {1,2}. Let |{[0] | 0 € M(%)}| = m. Let us choose some order
Z on {[0]g | 6 € M(%)} and write it as { [61] ..,[6™g } -We further partition % into {%,..., %},

8 where

9

10 %={U;|jie U o

R’

i aelor],

12
13 Note that %' (%;) is an open convex sub-code of € with M (¢ (%)) = [Gi]R. So, € (%) = ‘5|[Gi]R.
14 Observe 0 € €' (%) for all i € [m]. Moreover, € = U™ € (%) since {2, ..., %y} is a partition of % .
15 Foralli € [m],|M(€¢(%))| € {1,2} and 0 € € (%;) implies that each €' (%;) satisfy the hypothesis of
16 Theorem 3.3. Moreover, %' (%;)’s are all open convex. Hence by Theorem 3.3, for all i € [m], € (%) is
17 max intersection-complete.

'8 Finally, we will show that % is max intersection-complete. For that, we will show that Aj(?) Cé€.
19 Let M' C M(%). We will consider various cases for M’ and show that in each case, N,y v € €. Note
20 that if |[M’| < 1, there is nothing to prove. Further cases are as follows:

21 Case 1: |M'| > 2. Then by the definition of doublet maximal code N,y v = 0. Since @ € €, we are
22 done for this case.

23 Case2: |M'|=2.LetM = {11,7}.Then N,cpp v = 71 N 7. We have following two sub-cases:

24 Case 2a: There exists an i € [m] such that 71,7, € [Gi] R In this case 71 and 7, are the only maximal
2 codewords of the code €' (%;). Since ¢ (%;) is max intersection-complete, 7, N1, € € (%) C €.
26 Hence the case.

27_ Case 2b: There exist i, j € [m] with i # j such that 7| € [0'], and 7, € [07] . Since i # j we have
28 1N 1y = 0. Thus, in this case, 7| N T, € €. Hence the case.

%9 Therefore, for given any M’ C M(%), Nyepyr v € €. Thus 1\7(?) C ¢. Hence ¢ is max intersection-
30

~_complete.
¥ The proof for the necessary condition comes directly from Theorem 1.2 of [2] which states that if € is
% max intersection-complete then %’ is both open convex and closed convex. 0

33
34 So far, we have studied the type of codewords in a code and captured that essence to connect it with
35 the topological properties of the code, like open convex and closed convex. However, in the remaining
36 part of the paper, we will work in the algebraic direction of codes. We will explore the algebraic tools
37 developed over the past decade to study codes, like neural rings and neural ring homomorphisms. Then
38 connect the code’s algebraic properties to the code’s properties based on the type of codewords, like
39 max intersection-complete. Moreover, in the remaining part of our paper, we will work with the binary
40 form of the codewords instead of the set form used in previous sections. The binary form makes it
41 easier for us to work with neural rings. Also, we will use the same binary form in section 5 where we
42 define specific matrices based on this form. This will help us observe some exciting results.
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1 4. Neural ring homomorphisms and max intersection-complete codes

o 4.1. Background and Preliminaries. In this section, we consider the codewords in their binary form.
e For any ¢ € € we will write ¢ = ¢ ¢, ---¢,, where ¢; is 1 if i € ¢ and 0 otherwise. This is same as
= seeing € C {0,1}". Curto and Youngs [5] gave description of neural ring homomorphisms as follows

‘6 Definition. Let ¥ C {0,1}" and 2 C {0,1}" be codes, and let Zy = F3[y1,...,y,]/lx and Zg =

Z Fa[x1,...,xn]/I2 be the corresponding neural rings. A ring homomorphism ¢ : Z4 — % is a neural
8 ring homomorphism if ¢(x;) € {y; | i € [n]} U{0,1} for all j € [m], where x; = Z Pa. A neural
9 {de2|di=1}

10

11

ring homomorphism ¢ is a neural ring isomorphism if it is a ring isomorphism and its inverse is also a
neural ring homomorphism.

E At the beginning of their paper, Curto and Youngs [5] discuss ring homomorphisms between two
3 neural rings. They proved that there is a 1-1 correspondence between code maps g : € — & and the
4 ring homomorphisms ¢ : Z4 — . The map ¢, associated with the ring homomorphism ¢ is denoted

!5 by g¢. Later, the authors classify all the neural ring homomorphisms using the following theorem:
16
;7 Theorem 4.1. [5, Theorem 3.4] A map ¢ : #y — X« is a neural ring homomorphism if and only if

15 4¢ is a composition of the following elementary code maps:

19 (1) Permutation

00 (2) Adding a trivial neuron (or deleting a trivial neuron)

o1 (3) Duplication of a neuron (or deleting a neuron that is a duplicate of another)
o0 (4) Neuron projection (or deleting a not necessarily trivial neuron)

- (5) Inclusion (of one code into another)

zz Moreover, § is a neural ring isomorphism if and only if q4 is a composition of maps (1) — (3).

Zi Lastly, Curto and Youngs [5] connected the idea of codes being open convex with neural ring
o homomorphisms using the following theorem,

2E Theorem 4.2. [5, Theorem 4.3] Let € be a code containing the all-zeros codeword and q : € — 9 a
29 surjective code map corresponding to a neural ring homomorphism. Then if € is convex (open convex),
30 9 is also convex (open convex) with d(2) < d(€)*.

T Remark 4.3. We observe that the above theorem holds for closed convex codes too. The proof can be
5 obtained similar to the original version given by Curto and Youngs [5].

34 4.2. Main Theorem. Now we will try to connect neural ring homomorphisms with the max intersection-
35 complete property. For the remainder of the section, we assume that % is a code on n neurons and the

36 number of neurons of code ¥ will be specified if and when required.
37
55 Observation 4.4. Let g : € — 2 be a code map corresponding to a given neural ring homomorphism

v O : %9 — R¢.1f 6 C Tin € then g(o) C ¢(7) in .
This observation is fairly computational and can be obtained by applying any of the five maps of
4+ Theorem 4.1 to an arbitrary codeword of €.

‘E 44 (%) is used by the authors to denote the minimal open convex embedding dimension of the code %
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1 Lemma 4.5. Let q: € — 2 be either a permutation, or adding/ deleting a trivial or duplicate neuron,
2 then T € € is a maximal codeword if and only if q(T) € 2 is a maximal codeword.

3 Proof. If q is either a permutation, or adding/ deleting a trivial or duplicate neuron then the correspond-
* ing neural ring homomorphism is an isomorphism. This implies that ¢ is a bijection [5, Proposition
2 23]

®  Let T € % be a maximal codeword. Suppose ¢(7) is not a maximal codeword in 2. Then there
7 exists g(A) € 2 such that (1) € g(4). This implies T C A as ¢ is a bijection. This is a contradiction
® to the fact that 7 is a maximal codeword in %

°  Conversely, if ¢() is maximal codeword in 2. Then one can show that 7 is a maximal codeword in
10 & using ¢~ ! and the same idea as used in the first part of the proof. This works because ¢~ is again
' either a permutation, or adding / deleting a trivial or duplicate neuron and so fits the hypothesis of the

'2 necessary conditions. 0J
13
.2 Lemma 4.6. Let q: ¢ — 9 be a projection. If 6 € 9 is a maximal codeword then there exists a

maximal codeword T € € such that q(T) = ©.

15

16 Proof. Let us assume that ¢ : 4’ — & is a projection map by deleting the last (n™) neuron of codewords
17 of €. Then clearly g a is surjective map. Let 0 = 6,0, --- 0, € Z. Therefore there exists T € € such
18 that ¢(7) = 0. Moreover, we precisely know the choices of 7. It can either be o followed by 1 or 0.
19 Label o := 0,0,---0,_10and B := 6,0,---0,_; 1. Now ¢ may have o or 3, or both as its elements.
20 Clearly, o C f3, therefore the case in which both & and f3 exist in % is redundant. So, we only have the
21 following two cases.

22 Case 1: B € . In this case we claim f3 is a maximal codeword in €. Suppose not. Then there exists
23 y € € such that B C y then by Observation 4.4 we have g(8) C ¢(7y). But as 6 = ¢(f) is a maximal
24 codeword in Z we get ¢(B) = ¢q(y). This implies § = y or o = . This is a contradiction as  C y and
25 o C B and so, ot # 7.

26 Case 2: B ¢ €. In this case we claim that o is maximal codeword and the proof is similar to the
27 previous case.

28 Hence the proof. 0

:2% Remark 4.7. Converse of Lemma 4.6 need not hold. For example consider the code
o % = {100,010,001,011,101,110} and project the code to get 2 = {00,10,01,11}. Clearly, 011 € €
- is a maximal code but ¢g(011) = 01 C 11. This implies that 011 is no more a maximal codeword after
5 projection.

34 Remark 4.8. In this remark we see binary representation of intersection of two codewords. We will
35 use this idea in our next proof. Let &, 8 € ¢ be two codewords and Y= 7, N 7,. Let & = @} - @,
36 B=p---B,and y=17 -7, be their binary representation, respectively. Then we observe that binary

37 . L 1 if aj = B =1
:g representatlon of Y 1s g1ven as: ,}/j =

39

20 Next we have the main result of this section.

0 otherwise.

E Theorem 4.9. Let g : € — & be a surjective code map corresponding to a neural ring homomorphism.
42 Then if € is max intersection-complete, 5o is 9.
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1 Proof. By Theorem 4.2 the surjective code map will be a composition of permutations, adding/ deleting
‘2 atrivial or duplicate neuron, or projection. So, it is sufficient to assume all of them independently and
‘3 prove the above statement. Let a, 8 € 2 be maximal codewords, we need to show that a N f € 2.
‘4 Permutation: As q is a bijection, there exists unique ¢,7 € ¢ such that &« = ¢(o), and B = ¢(7).
5 By Lemma 4.5, 6,7 € ¢ are maximal codewords. This implies by hypothesis A = o6 N7 € ¥ . Let
6 O0=0]0y, T=7T T, and A = A; --- A, be their binary representation, respectively. Further, let

7 p €S, be a permutation. Then we have o = Cp(1)0p(2) " Op(n) AN B = T,1)Ty2) T,y Then let

8 q(o)ng(t)=anB:=y=nr - Y where

9 . .

0 ¥, = 1 ifa;=p;=1 _ 1 if 0, =Ty =1 = Ao
1 0 otherwise 0 otherwise P

% This implies ¥ = A, 1)4,0) - A,y = 4(A) € 2.

14 Adding a trivial or duplicate neuron: As q is a bijection, there exists unique o,7 € % such that
15 og=¢q(0), and B =¢(1). By Lemma 4.5, 0,7 € % are maximal codewords. This implies by hypothesis
68 A=0cnNte€% Letc=0y1---0,, T=1T,---T, and A = A;--- A, be their binary representation,
17 respectively. Then o = 0,0, ---0,d and B = 7,7, - - - T,,e, where, d, e € {0, 1} depending upon the map
18 ifd=e=

19 gq.Itisclearthat o NP = A A,--- A, f, where f = {1 ifd= Ci B 1. As d, e depend on the map
— 0 otherwise

;iqwegetaﬁﬁ =q(A) € 2.

v Deleting a trivial or duplicate neuron: As q is a bijection, there exists unique o,7 € % such that
— ao=¢q(0), and B =¢(1). By Lemma 4.5, 0,7 € ¢ are maximal codewords. This implies by hypothesis
23 — .
oy A=ocNte%. Letc=0y1---0,, T=1T,--T, and A = A;---A, be their binary representation,
e respectively. Then o = 6,0,---0,_; and B =77,---7,_;. Itisclearthat a NP =AA,--- 4, =
e qgA) e 2.

- Projection: We just extend the idea from deleting a trivial or duplicate neuron in view of Lemma 4.6.
o That is if o and B are maximal codewords in Z there exist maximal codewords 0,7 € % such that
. g(o) = o and ¢(t) = B. Rest follows.

o Hence the proof. 0

31 Remark 4.10. The converse of Theorem 4.9 need not be true. For example consider the codes
32 ¢ ={100,010,001} and 2 = {00,10,01}. Consider the projection map g : € — 2,100 — 10,010
33 01 and 001 — 00. The map g satisfies the hypothesis of the converse. But % is not max intersection-
34 complete. This led us to think that converse will hold when the code map corresponds to a neural ring
35 isomorphism. That is in fact true and hence we have the following corollary.

36 . . .
- Corollary 4.11. Let g : € — 2 be a code map corresponding to a neural ring isomorphism. Then €
a is max intersection-complete if and only if ¥ is max intersection-complete.

39 The proof for the sufficient condition of the corollary is exactly the proof of Theorem 4.9. Further as ¢
40 corresponds to a neural ring isomorphism, ¢ is bijective and g ' 9 — € also corresponds to a neural
41 ring isomorphism. So the proof of the necessary condition of the corollary comes by considering the
42 map ¢~ ! instead of ¢ in Theorem 4.9.
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In the next section, we ask interesting questions like counting the number of possible neural ring
endomorphisms for some specific class of neural rings. Thus the next section is going to be more in an
algebraic and combinatorial direction.

5. Counting Neural ring endomorphisms

o ||| w|m |~

— Denote NRE{Z¢} to be the collection of all neural ring endomorphisms on Z. Our first natural
5 Question is the structure of NRE{% }. We observe that NRE{%+ } has a monoid structure with binary
o operation as the usual function composition. The second natural question we ask is the cardinality
o of NRE{Z} for a given code & on n neurons. The motivation for this question has simply been to
., study the object NRE{Z%} for a given code €. So, this section is devoted to finding the cardinality of
o NRE{ %} for a specific class of codes €. Our specific class of interest is “circulant codes” (refer to
. Section 5.2). This class is, in fact, a subclass of periodic codes introduced by Brown and Curto [1].
. Calculating the cardinality of the entire class may be a larger and a difficult question; instead we will
5 work on a smaller subclass “circulant codes of support p” (refer to Section 5.2). We show that it is
— enough to work with this subclass to be able to give the answers for the larger question. To establish

., this sufficiency condition, we have the following observation.

'8 Observation 5.1. Let " be a code obtained from % after applying any of the elementary code maps
i (1) to (3) of Theorem 4.1. We observe that there is a one-one correspondence between NRE{Z } and
20 NRE{Z4}. Let q: € — €' be any of the elementary code maps (1) to (3) of Theorem 4.1. Then by
! Theorem 4.1 we have that the corresponding neural ring homomorphism, Oy : Hgr — R is in fact a
2 neural ring isomorphism. Define the correspondence as the conjugation by o !, i.e.,

24 @ : NRE{Z%y} — NRE{Z%'}

2 -1
o ¢— o, opoay.

?”_The image of a map ¢ € NRE{Z} under the map ® is defined by compositions of neural ring
2 endomorphisms and is thus again a neural ring endomorphism. The map & is a bijection with its
?°_inverse being conjugation by 0. Therefore we have |[NRE{Z }| = |[NRE{Z%y"}|. Moreover, ® is a

30 . . . . . .
— monoid isomorphism since it preserves composition and identity.
31

32 We will save this observation for section 5.2 specifically remark 5.7.

33

34 5.1. Classification of ring endomorphisms on neural codes. Let ¢ = {c,c,,...,c,} be a code
35 on n neurons and ¢; = ¢;;¢p - c;, be the binary representation of ¢;, where ¢;; € {0,1}. As dis-
36 cussed in the introduction, Curto et al. [4] defined the neural ring associated to a code €, as
87 Ry =TFalx1,x2,...,x,) Iz Where Iy = {f € Fa[x1,x2,...,x,] | f(c) =0 forall c € ¢'}. The elements
38 of #Z can be expressed as polynomials, with the understanding that a polynomial is a representative
39 of its equivalence class mod Iy. Furthermore, there is a ring isomorphism between %« and ring of
40 functions from ¢’ to [F,. Note that the ring of functions from ¢’ to IF; is also a vector space over [F5.
41 Thus a canonical vector space structure is induced on Z«. The elements of the ring Z« can thus be
42 seen as functions from ¢ to F». For all i € [m], p., : € — F> denotes the characteristic function given
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by,

1 ifv=g¢
(V) = foranyv € €.
Palv) {0 otherwise, Y

In polynomial notation,

pe; = [T [T —x)

C,'j:1 Cik=0

ofe|~fofafs]e]r]-

Further, throughout this section we write p., as just p;. Moreover, the set of characteristic functions
10 1pi|i€ [m]} form a basis of the vector space Zy over IF,. Therefore, Z is a m— dimensional vector
1 space over [F. Hence Z is isomorphic to m copies of s i.e, Zy =, @ --- @, as a vector space

; m—times

5 over 5.

., Denote RH{Z} to be the collection of all ring homomorphisms that preserve unity from % into
5 itself. Note that RH{Z } is a semi-group with the composition of functions as the binary operation.
o In 1974, Maxson [10] explored the semi-group of endomorphisms of a ring. He proved that the

., semi-group of endomorphisms of > & -- - G, is the set of all the partial functions from [m] into itself

m—times
% and the endomorphisms which preserve unity corresponds to all the functions from [m] into itself.
5o Observe that the cardinality of the set of all partial functions from [m] to itself is (m+1)" and the
,, cardinality of the set of all functions from [m] to itself is m™. Therefore | RH{ % }| = m"
—  Let us now describe an arbitrary map ¢ € RH{Z }. The map ¢ is a ring homomorphism. Moreover,

— q) will also be a linear map. So, to understand the map ¢ it sufficient to know the value of ¢ on

zi basis elements {p; | i € [m]}. Let ¢ map p; to Z a;;p;, where a;; € Fy. Therefore we say that ¢ is

25 Jj=1
o5 determined by these vectors a; (¢ < {ai}ie[m]), where a; = (a;1, a5, ... ,q;,) € F5'. Since the map ¢ is

>, aring homomorphism, it will preserve the multiplication of % . We will now obtain conditions on
g Vvectors a;, so that ¢ preserves multiplication. We use the following facts given in [5]:

29

30 0 ifi#j i

— 1) pip; = 2 i=lg .
n (1) pip; {p,- i ()l;p s
32

33 We fix the notation |a;| for the number of one’s occurring in q;.

34 . . . ..
. Remark 5.2. In this remark we will derive some conditions on the vectors a; defined above.

M) o(pe(p) = Zailpl Z ajkPr = Z bi;.p,, where b;;, = a;.a;,.
k=1 r=1

37 =1

38 ., S

o (2) When i # j € [m] we have ¢ (p;)¢(p;) = ¢(pip;j) = ¢(0) = 0. Therefore Z bijkpr = 0. So,
> k=1

40 b;jx = 0 for all k, whenever i # j.

a (3) Suppose for some i,k € [m] let a; = 1. Then for all j # i € [m], we have from observation (2)
42 0 = b;jx = ajxa k. This gives aj; = 0. This means for a given coordinate k € [m], we have at
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most one vector ¢; such that a;; = 1. So, the number of ones in all g;’s together is at most m.
m

Therefore Z la;| < m.
i=1

(4) Weknow that Y pi =1z, = ¢ (12, ) = (Z pl> = Z ¢(pi) Z Z ap;=), Y a4;ip;=

i=1 i=1j= ]111

Z a;py+ Z appPy+--+ Z a;,P,,- Comparing coefficients on both sides we get Z ag =1
i=1 i=1 i=1
for all k € [m]. This means for a given coordinate k € [m], we have at least one vector g; such

jele|~]o]a]s]e]m]~

m
that a;; = 1. So, the number of ones in all g;’s together is at least m. Therefore Z la;| > m.
i=1

—_ = =
SRS

m
This and observation (3) gives us Z la;| = m
i=1
(5) If there is a vector a; with |a;| = . Then observation (4) guarantees that there will be at least
r— 1 number of j’s such that a; is a zero vector. Furthermore, if we assume that there exists an
i € [m] such that |a;| = m, i.e., a; is an all ones vector, then for all j # i we have a; is a zero

17 vector.

—_
w

—
»

-
(é)]

-
(o]

% We will now define three different classes of maps in RH{ % }.

2E Definition. (1) Basis permutation maps (BPM): We call an element ¢ € RH{Z} a basis

21 permutation map if for all i € [m], |a;| = 1. There are m! number of such maps. We will denote
22 BPM{Z } as the set of all basis permutations maps from % into itself.

23 (2) Unity maps (UM): We call an element ¢ € RH{Z«} a unity map if there exists i € [m] such
24 that |a;| = m. From Remark 5.2 all the other vectors determining ¢ will then be zero vectors.
25 Therefore there are exactly m such maps. We will denote UM{ % } as the set of all unity maps
26 from Z into itself.

27 (3) Non-BPM and non-UM: These are the maps in RH{Z% } other than basis permutations and
28 unity maps. So, cardinality of the set containing non-BPM and non-UM is then equal to
2E m™ —m! —m. Let y be a map in this class. As y is not a BPM there exists at least one i € [m]
30 such that |a;| > 2. Therefore at least one other vector a; associated to Y must be a zero vector.
31 So, we refer to this class as non unity maps with at least one a; = 0.

% Note that when m = 1, the cardinality of RH{%} is exactly 1, which is the identity map. Clearly
o by definitions, this identity map will be both BPM and unity map. Also, note that in this case there are
— no non-BPM and non-UM. When m > 1, it is evident from the definition of these three classes of maps
5o that they form a classification of RH{Z}.

3z Example 5.3. Let € be a code on n neurons with |%’| = 3. We know that {p,, p,, p3} generates Z.

38 We give examples of three different ring endomorphisms one from each class on Z.
39 (1) Let a; = (0,1,0), az = (0,0,1) and a3 = (1,0,0). The map ¢ given by {a;}c[3 is a basis

40 permutation map. Moreover, ¢ maps basis as follows: p; — pa2, p2 — p3, p3 — P1.
4 (2) Leta; =(0,0,0), ay = (1,1,1) and a3 = (0,0,0). The map ¢ given by {a;}c[3 is a unity map.
42 Moreover, ¢ maps basis as follows: p; — 0, po = p1 +p2+p3=1%,, p3+— 0.
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(3) Leta; = (1,0,1), az = (0,0,0) and a3 = (0,1,0). The map ¢ given by {a; }c[3 is a non-BPM
and non-UM . Moreover, ¢ maps basis as follows: p; — p1 + p3, p2 — 0, p3 — p».

Remark 5.4. Let ¢ € RH{Z+ } be a unity map. Recall that x; = Z pi. Then ¢ (x;) € {0,1} for all
cij=1

J € [n]. This is because ¢(p;) € {0,1} for all j € [m]. Therefore irrespective of the code, all unity

maps are neural ring endomorphisms. In particular, | NRE{%4 }| > m.

@|~|ofofs]e|r]~

In the following subsection, we will restrict ourselves to codes on n neurons with cardinality m = n.
o The rationale for this restriction is our focus on a specific class called ‘circulant codes with support p’.

19 5.2. Circulant codes. Let 9 = {d,,d,,...,d,} be any code on n neurons. For all i € [n] let d; =
" dydp -+ - dj, be the binary representation of d;. The correspondent matrix of the code Z is defined as
12 an n x n matrix with entries d; ;- A circulant matrix of order n is a square matrix which has a property

13 that each row is same as its previous row, just shifted to the right by one element, and the last element

14 gets shifted to the first position. Any circulant matrix A has the following general form:
15

= ai ar - ay
; A= a, dap - dp—1
18

19 a az - @

20 So we can observe from the general form above that one row is enough to determine the entire circulant
21 matrix.

22 Consider the codeword ¢; = 10---0, i.e., 1 followed by n — 1 zeros. Shift 1 to the right to generate
23 the next codeword. Iterate this process and get the remaining n — 2 codewords. In other words ¢; will
24 be a codeword containing 1 in i place and 0 elsewhere. Let 4 = {¢; 1 be the code with codewords
25 obtained as above. The correspondent matrix of the code % is a circulant matrix. Next, consider
26 ¢ =1100---0 and similarly obtain a code ¢” using the above process. The correspondent matrix of
27 the code ¢ is also circulant. We give a generalized definition of such codes.

28
2o Definition (Circulant code). A code % on n neurons is called circulant code if the correspondent

0 matrix of the code & is circulant.

ii Note that the definition automatically gives that || = n.

32
- Definition (Circulant code with support p). A code € ={c,¢y,...,c,} onnneurons is called circulant
—— code with support p (1 < p <n) if € is a circulant code and ¢, = 11---10---0 with p consecutive
45 ones followed by n — p zeros.

BE Remark 5.5. Note that for a circulant code with support p, all the codewords ¢; have |supp(c;)| = p,
37 where supp(c;) is the support of the codeword c; = ¢;jcjy . .. ¢;, Which is the set {j € [n]] ¢ = 1}.
38 Observe that a circulant code with support p is always a circulant code but not the other way around. For
39 example, consider the code ¢ = {101,110,011} and ¢” = {110,011, 101} with elements reordered.
40 Then ¢ is a circulant code on n = 3 neurons with support p = 2 whereas, %" is no more a circulant
41 code with support p = 2. Also, note that we do not consider p = n as in that case ¢ = {11---11} isa
42 code with cardinality 1. Furthermore, we are interested only in the codes on n neurons with cardinality
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1 n. An important point to note here is that we have fixed the order of the elements in a circulant code
> with support p.

2 Example 5.6. The following are few examples of circulant codes with support p.

(1) The code {100,010,001} is a circulant code with support p = 1 on n = 3 neurons.
(2) The code {1001,1100,0110,0011} is a circulant code with support p = 2 on n = 4 neurons.

Remark 5.7. As mentioned in the beginning of this section, our aim is to investigate NRE{Z% } and
give its cardinality for circulant codes. To count NRE{Z } for a circulant code 2, we first convert the
given code to a circulant code with some support p and label it as ". We can do this via a permutation
o map. Moreover, using Observation 5.1 we get |[NRE{Z4 }| = |[NRE{Z }|. So, it is enough to work

11 with circulant code with support p.

? A given map ¢ € RH{Zy } belongs to NRE{Zy } if for all i € [n], ¢ (x;) € {x;|i € [n]} U{0,1}. So

e need to understand what x;’s are in the circulant codes with support p. First, we note that the
- number of p;’s in the expression of x; comes from the number of 1°s in i column of the correspondent
o matrix of the code. For a circulant code, the correspondent matrix is a circulant matrix. Also, in a
p— circulant matrix, the row sum and column sum for all rows and columns is a constant. Therefore we
o get that in a circulant code of support p, the number of terms in x; is the same for all i € [n]. In fact
o each x; will be a sum of p terms. Furthermore, we can see that x; will have p consecutive terms taken
— circularly. For example, we observe that when n = 6, p = 4 we get x5 = ps + Pg + p1 + p2. We will

5, how introduce a notation to write this rigorously. Given any m € Z define m as

20 - {n if m = kn, where k € Z
m =

je|e]~]ofo]s

—_

23 mmod n otherwise.

24 _ . . . .
e Note that 7 = n when m is a multiple of n and it is m mod n otherwise.
e Therefore, for i € [n] we write

_ p—1
27 %= ) P

28 k=0

29 Moreover, p; and Piry—7 are respectively the first and last (or pth) term in the expression of x;.

30 Let ¢ be a circulant code with support p on n neurons. In the remaining part of this section we
31 will count the number of neural ring endomorphisms of ¢ for p € {1,2,3,n— 1}. We are still working
32 on remaining cases for 3 < p < n— 1. We have proposed conjectures for 3 < p < n— 1 towards the
33 end of this section. Figure 6 summarizes this section. The upcoming result talks about the count of

34 NRE{Z} for circulant codes with support p=1and p=n—1.

=n!+n.

z% Proposition 5.8. If ¢ is a circulant code with support p =1 or n— 1, then |[NRE{ % }

37 Proof. Casel: p=1

33 When p = | we have x; = p; for all i. Let ¢ € BPM{Z«}. Then given any p; there exists some p;
so such that ¢(p;) = p; for i, j € [n]. Therefore for all i € [n] we have ¢ (x;) = ¢(p;) = p; = x; for some
40 j € [n]. This implies that ¢ € NRE{Z% }. Moreover, we already know that UM{%y} C NRE{%¢}
41 for any code €. So, we have BPM{ %} UUM{ %4} C NRE{Z}. It is left to show that given any
g non-BPM and non-UM, it is not in NRE{Z% }. Let y be a non-BPM and non-UM with {a; }c|, as
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1 its representing vectors. We know that there exists j € [n] such that |aj| =k, where 2 <k <n—1.
» Consider,

j v(x;) =vw(p)) = iaﬂpz = Z pr-

= As la;| = k we see that y(x;) has k terms in its expression. Slnce 2<k<n—1wehave y(x;) ¢
° {xili € [7)}U{0,1} . Therefore ¥ & NRE{Zy}. Hence BPM{ %y} UUM{%¢} = NRE{Zy} and
— the result follows.

% Case2: p=n—1
9 n—2
1o When p=n—1 for i € [n] we get x; = Z Py Firstly observe that if ¢ € BPM{Z4} then ¢ (x;)

% will also have exactly n — 1 terms. Secondly, the combination of » number of p;’s taken n — 1 at a
13 time without repetition is " ! = n choices. Further all these n choices are included in x;’s as
= n—
" they are exactly n distinct of them. Therefore there exists j € [n] such that after rearrangement of
E terms in the expression of ¢ (x;) we get ¢(x;) = x;. This implies ¢ € NRE{Z« }. Hence we have
BPM{%%} UUM{Z¢} C NRE{Z¢}. It is once again left to show that y, a non-BPM and non-UM
— isnotin NRE{Z¢}. Let {a;};c[, be the vectors that represent . As we noticed in Case 1, there exists
— j€[n]suchthat aj| =k (2<k S n—1). Assume that there are r vectors {ay,,a, .. .,a,, } which take
r

20 the other n — k ones, i.e., Z |a,i| =n—k. So remaining n —r — 1 vectors, say {a;,as,,...,a;, , }
. are zero. From Remark 1512 we get n—r— 1 > 1, and this implies that r < n— 1. As we have
?_ mentioned earlier that all the term combinations are present in x;. This implies there exists j € [n]
?® Such that Xj=pPn+Pr,+--+Ppr+py+Py+py, , - This implies y(x;) will have r terms in
21 its expression. As 0 < r <n—1 we have y(x;) & {x; | i € [n]} U{0,1}. Therefore y ¢ NRE{Z}.
~— Hence BPM{ %4} UUM{ %4} = NRE{Z%¢} and the result follows. O

2l Remark 5.9. Consider the circulant code % = {1001,1100,0110,0011} on n = 4 neurons with support
28 p = 2. For this code we observe that x| = p; + P2, X2 = p2 + P3, X3 = P3 + p4 and x4 = Py + P1.
29 We observe that for this code there are some maps which are BPM’s but not NRE’s. For example,
30 consider the map ¢ given on the basis: ¢(p;) = p1,0(p2) = p3,0(p3) = P2,0(ps) = p4. Clearly
31 ¢ € BPM{% }. However, it is not a neural ring endomorphism as ¢ (x;) = ¢ (p; +p2) = p1 +p3 ¢
%2 {xi|li € [4]} U{0,1}. Furthermore, for this code ¢, | BPM{% }| = 24. However, we only found 8
33 basis permutation maps that are neural ring endomorphisms. The other interesting fact is that there
3 are some non-BPM and non-UM’s which are present in NRE{%y }. By brute force we computed that
% there are 24 such non-BPM and non-UM and it gives us that |[NRE{Z¢ }| = 36 > 4!+ 4. Also, we
% observe that the BPM’s in NRE{% } is 8 =2-4 = p-n, for p =2 and n = 4. We tried to see whether
37 this is true for all n, and we successfully obtained the following result:

8
5o Lemma 5.10. If € is a circulant code with support p = 2 then the total number of basis permutation
4o Mmaps present in NRE{Z% } is 2n.

E Proof. Let ¢ € BPM{Z%}. It is enough to see the restriction of ¢ to basis elements to determine the
42 entire map. For this reason we now start counting where ¢ can map each p;. We begin with p;. As p,
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1
- [ NRE( )
3 > 1 > nl+n. Theorem 5.8
4 3n nisoddandn>1  Theorem 5.15
5 ) s {36 n=4. Remark 5.9
6 3n42? (g) ! nisevenand n>4. Theorem5.16
7 . 3n n=3d+1,d>1 Remark 5.23
8 %”(.121 circulant | . 3n n=3d+2,d>0 Remark 5.23

code, on n

9 ‘ ’ ") 270 n==6 Remark 5.23
10 neurons with s (1
10 15n+3 (7)! n=3d,d>?2. Theorem 5.24
11 support p 3 .
. c 3n n=pd+1 Proposition 5.20
2 Dlpm =1 3n n=pd+2 Proposition 5.21
8 I J— 3n n=pd+r, r>?2. Conjecture 5.22
14
— n n
15 L} (p2+p—|—3)n—|—p2 () ! Conjecture 5.25
16 p
17
18
19 > n—1 > n!l4n. Theorem 5.8
20 : : .
. Figure 6. The above figure represents the count of neural ring endomorphisms for a
> circulant code on n neurons with support p, where p € [n— 1].
23

o, canmap to p; forany i [n], we get that p; has n choices. Assume that p, is mapped to p ; for some
o5 J €[n]. Sincex; = p; +p, and ¢ (x;) € {x; | i € [n]} (Foramap ¢ € BPM{Z%+ } we have that ¢(x;) and
o6 i have same number of terms, leading to ¢ (x;) € {0, 1}). Therefore ¢ (x,) = ¢(p; +p,) = p;+ ¢ (p2)-
5, So, for ¢(x;) € {x; | i € [n]}, we must have ¢(p,) = P57 or p;—- Therefore ps has 2 choices when
25 P1 is fixed. On fixing p, — pi— we similarly get two choices for p; i.e., p3 — p; or pj=;- But as
20 9(p1) = p; we cannot have ¢(p3) = p;. Also, p3 will still have 1 choice when ps — py7. Therefore
30 P3 has exactly one choice when p; and p, are fixed. So, in total we will have 2n choices. Hence the
3¢ result. O

82 Remark 5.11. So far (Propositions 5.8 and Lemma 5.10) we have counted the number of basis
33 permutation maps that are neural ring endomorphisms for a circulant code with support p = 1,2 and
34 n— 1. We have obtained this count to be n!,2n and n! respectively. We could further see that for p = 3,
35 the total BPM in NRE{Z4 } is 2n. The pattern remains the same as p increases, which we prove in

%6 Theorem 5.13. But we first establish a lemma that we require to prove this theorem.
37
g Lemma 5.12. Let € be a circulant code with support p (2 < p <n—1) on n> 2 neurons and let

3E ¢ € BPM{Z4 } "NRE{Z¢ }. If ¢(p1) = p; for some j € [n] then ¢(p>) € {pjﬁ, pﬁ}.
% Proof. Suppose not. Let ¢(p2) = p7z, where k € [n]\{1,n—1}. Now,
42 O(x1) =0(P1+pat---+pp) =pj+Prp+9(03) +--+¢(p,)-

42
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1 As ¢ is a neural ring endomorphism ¢ (x;) € {x; | i € [n]} i.e., there exists [ € [n] such that ¢ (x;) = x;.
‘2 Therefore for all i € [p]\[2] we get ¢(p;) = p;, such that p,, is present in the expression of x; and r; # j
'3 or j+ k. Suppose p; be the first term in the expression of x; or in other words let x; = x;. Consider,

¢(x2) =@ (x,+p; —py)
=0(p1+p2t - Pptppi1 = P1) = (X1 +Ppr1 —p1)
=xj+0(Pp1) =P,
:PjJTH'"‘+Pm+"'+Pm+¢(ppp+1)-

10 As ¢(xy) € {x; | i € [n]} it must be a sum of some p number of consecutive p;’s. This forces ¢ (pp+1) =

11 Pjor 9(pp+1) = pj5,- But the former one is not possible as ¢(p;) = p;. Therefore p,+1 — pir.
1> Next, similarly calculating we get

13 ¢(x3):Pm+"‘+Pj+ﬁ+Pm+"'+Pm+¢(l)p+2)-

oo |~fofo]s]

% For ¢ (x3) to be some x,, we would require ¢ (p,12) = Pz 8 Pypg is the missing term in the expression
16 of ¢(x3). But, then we would end up getting ¢ (p,42) = ¢(p2), which is a contradiction. Therefore
17 X; 7 xj. We would get a similar contradiction even if p; was the last term in the expression of x;. Now
15 suppose that p; is in between term in the expression of x;, i.e., let

19 xl:pl+"'+pj+pﬁ+"'+pﬁ+"'+pm'

20

2TThen,

22 O (x,) :Pl+“'+Pm+"‘+Pﬁ+"‘+Pl+p7_1+¢(Pp+l)'

23 This implies for ¢ (x,) € {x; | i € [n]}, we need ¢(p,. ;) = p;. But this would give us ¢(p;) = ¢ (p,1)
24 which is a contradiction. Hence the proof. O

25
. Theorem 5.13. Let € be a circulant code with support p (1 < p < n) on n > 2 neurons. The total

- n! ifp=landp=n—1
27 number of basis permutation maps present in NRE{Z%} is given by /p P .

28 2n ifl<p<n-—1

29 Proof. Case 1: p =1 or n— 1. In this case we get the result using Proposition 5.8.
% Case 2: p =2. This is Lemma 5.10.

s p—1

32 Case3:2<p<n—1.Asp<n—1landforalli€ [n| wehavex;= ) p;, this gives us the following
33 , =0

m equations

35 X =P1+pPrt- -+ Pp,

% Xp =Py +P3t+Ppiis

37

% X3=P3+ Pyt -+ Ppio

39 Let ¢ € BPM{Z¢ } be a neural ring endomorphism. As seen in the proof of Lemma 5.10, it is enough
40 to see the restriction of ¢ to basis elements. We begin with p;. As p; can map to p; for any i € [n],
41 we get that p; has n choices. Assume that p; is mapped to p; for some j € [n]. By Lemma 5.12 ¢
42_Maps p; to either P71 Of P In other words ¢ (p,) is mapped to the basis element that is adjacent to
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(p;)- Similarly p; can have 2 possibilities, i.e., it can be mapped to basis elements that are adjacent to

¢

¢(p2). Fix py = pyy, then p3 = pi5 or p3 — p;. But the latter is not possible as ¢(py) = p;. Even
if pp, — pi— we get that p; can only be mapped to Pi= for the same reason. Therefore p; has only
one choice to get mapped, whenever ¢(p;) and ¢(p,) are already fixed. Further for i € [n]\[3] we see
p; has just 1 choice for to be mapped to. So, the total choices for ¢ to be an neural ring endomorphism
isnx2x1x---x1=2n. Hence the result. O

el fafafe|r]-

We know that |[NRE{% }| = n! + n for circulant codes with support p =1 and p =n—1 by
° Proposition 5.8. Now by Theorem 5.13, we get that |INRE{Z% }| > 3n for all circulant codes with
2 support p on n > 2 neurons. Further, we investigate how non basis permutation and non unity maps
— behave on circulant codes with support 1 < p < n— 1. Before that we will introduce some notations.
% Let yi = p; +p;, + -+ p; be some combination of k number of p;’s. We will use [lvi|| as the

-, hotation to indicate the number of distinct p;’s in the expression of y;. Therefore ||yi|| = k for the
4 above expression of y;. Similarly, ||x;|| = p for a circulant code of support p since x; = Z P

15 k=0
16 We already know by definition that any ¢ € RH{Z} is in NRE{%} if for all i € [n] we have
17 0(x;) € {x;| j € [n]}U{0,1}. With the notation ||.|| the necessary condition for ¢ € RH{Z} to be
18 in NRE{Z¢} is: for all i € [n] we must have ||¢(x;)|| € {0,n,]||x;||} for some j € [n]. Further, the
19 necessary condition for a map ¢ € RH{%} on circulant codes & with support p to be in NRE{Z }

i will be ||¢ (x;)|| € {0,n, p} for all i € [n]. Note that for all i € [n] we have ¢ (p;) = Za,jpj Y p;

ajj=1

22

2 Thus [|0/(9,)]| = lai]. Also, [[6 (x| = Z lo l+k)H—

? We have already seen that [ NRE{ % }| > > 3n as it consists of 2n basis permutation maps (Refer Lemma
e 5.10) and n unity maps. In the next theorem we will show that | NRE{% }| = 3n for circulant code
o with support p = 2 when #n is odd. But we first establish a lemma that we require to prove this theorem.

x|

og Lemma 5.14. Let € be a circulant code with support p =2 and let ¢ be a non-BPM and non-UM with
29 {ai}ic[n) as the corresponding vectors of ¢. Suppose ¢ € NRE{Z } then |a;| € {0,2} for alli € [n].

30 Proof. First we claim that for all i, we have |a;| < 2. Suppose not. Then there exists j such that
31 |aj| =k>2. Alsoas ¢ is a non unity map we have k < n. We know thatx; = p; +PrT By the necessary

32 condition for ¢ € NRE{Z%y}, we have that ||¢(x;)|| = 0,2 or n. But ||¢(p;)|| = |a;| = k > 2. So, the
33

n only possibility is that ||¢ (x;)|| = n. Therefore |a-~ +1] 1@ (p77)l| =n—k. Also, as |aj|—|—’a ‘ n,
35 we get that |a;| = 0, for all ¢; # a; and a; # a;;7. As |a;=;| = 0, we have ¢ (pjfl> = 0. So,

36

37 ¢>(] 1) ¢(;F+pj) ¢(%)+¢(pj):¢(pj)-

38

30 Therefore H(Z) ( X7 1) H =||¢(pj)|| =k#0,2 0ornas2 < k < n. This is a contradiction to the necessary

40 condition of ¢ € NRE{Z }. Hence the claim.
41 Further we show for all i € [n], |a;| #= 1 Suppose, there exists j € [n] such that |a;| = 1. As
2 Jaj| = 19(p)ll =1, gives us || (x;)]] 0. Also, for all i € [a], |ai| <2 so we have || (x,)]| = [a;] +
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i |azrl =1+ lagep| < 1+2 = 3. Therefore |[¢(x;)|| # n, since n > 3. Thus the necessary condition
E gives us that ||¢ (x;)|| = 2. So, Hq)(pH—I)H = 1. Iteratively, for all i € [n] that ||¢(p;)|| = 1 = |a;|. This
i implies that ¢ € BPM{ %}, which is a contradiction. Hence the proof. O

— Theorem 5.15. Let € be a circulant code with support p = 2. If n is odd then |NRE{Z }| = 3n.

= Proof Clearly n cannot be 1 as p = 2.

— Casel:n=3

i As p =2 =n—11in this case. By Proposition 5.8 we already know that NRE{Z,} =n!+n=3!43=
® 3.5 Hence the proof.

2 Case2:n>3

"% In this case, we are only left to show that there are no more neural ring endomorphisms.

% Let ¢ be a non-BPM and non-UM with {ai}ie[n] as the vectors that represent it. Suppose ¢isa
13 neural ring endomorphism. By Lemma 5.14 we have that |a;| € {0,2} for all i € [n]. So, Z |a;| is an
14 i=1

I n

5 even number. From Remark 5.2, Z |a;| = n. This forces n to be even. This is a contradiction to the

16 i=1
;7 hypothesis that n is odd. Therefore ¢ ¢ NRE{Z% }. Hence the proof. O

18 In the view of Theorem 5.15 we further count the cardinality of NRE{Z%y } when n is even. In
9 Remark 5.9 we have seen that for of a circulant code % with support p = 2 on n = 4 neurons we have
20 |NRE{9?<,;}| = 36. We will now look for n > 6 in the following theorem.

o, Theorem 5.16. Let € be a circulant code with support p =2. If n > 4 is even then |[NRE{Z%y }| =
23 o3 3N + 22 (2>

— Proof Let n = 2k for some k > 2. We first count the total number of non-BPM and non-UM that are
Zi in NRE{Z }. Let ¢ be a non-BPM and non-UM with {a,},e [n] s its representing vectors. By Lemma
27 5.14 for all i € [n] we have |a;| € {0,2} Suppose if |a;| = 2 = |a; 7], then [|§(x;)|| = 4. This contradicts
e the necessary condition of neural ring endomorphism as n > 4. This implies no two consecutive
o a;’s have the same value, i.e., |a;| # |a; 7| for any i € [n]. Thus if |a;| = 2 then for all m € [k] we
— get |az,—1| = 2 and |ay,| = 0. Similarly, if |ay| = 2 for all m € [k] we get |ay,| = 2 and |az,—1| =0
o Therefore when ¢ € NRE{Z% } there are broadly two types of choices for the vectors that can represent
. it. Let us fix one type of choice and count how many such neural ring endomorphisms it corresponds
— to. By the choice of all |a;| we see that for all i € [n], ||@(x;)|| = 2. This implies for all i € [n] there
% exists J € [n] such that ¢ (x;) = x;.
Z% Assume |a;| = 2. Consider,

Z% O(x;) =0(p;+py) = Z apjpj+ Z Qjpj= Z aijpj=¢(p
i=1

%8 Let ¢(x;) =x; (say) for some i € [n]. Then o(py) =x; and clearly p; has n choices. Similarly, whenever
= |aj] =2 we get that p; —x; = p i+ Pt In general, ¢ maps every basis element to 0 or a consecutive’

L sum of basis elements. In this case as |az,,—1| = 2 and |ay,,| = 0 for all m € [k] we have ¢(p,,,) = 0 for

42 SWe consider p,, +P; as a consecutive sum
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1 all m € [k]. So, we need to only figure out ¢ (p,,,_;)- As we have already fixed when m = 1, we look at
2 m =3, i.e., we need to find where p; is mapped by ¢. Let, if possible p3 — X Where 0 < r <nand
? r is odd. Firstly, note that as ¢ (p;) = x; = p; + p7 and x7 = P77+ Pra xl+ oo = Py P

4 wehave r ¢ {1,n—1}. So now as r > 3 we observe that the number of p;’s that are in between p;

5 and p is r — 2. Note that once the ¢ (p2,,—1) is chosen for all m € [k — 1]\ [2] there will still be one

6 p; in between p 7 and p; as r — 2 is odd. In other words this process will exhaust all the sum of
7 consecutive basis. Now we have to map p,, | as |a,—1| = 2. But there is no more sum of consecutive

'8 basis left, meaning there is no choice for ¢(p,_ ;). Therefore p3 cannot map to x— when r is odd.

° Thus ¢ : p3 — x;75 for some even r > 2. This clearly gives 5 — 1 =k —1 choices for p; to be mapped
o by ¢. Similarly we observe that p5 will have k —2 choices. At the end we see that p,,_; has only 1

— choice. Thus in total we get n(k — 1)! as the number of possible ¢ that can neural ring endomorphism
17 when |a;| = 2.

—  Similarly, we get n(k — 1)! as the number of possible ¢ that can neural ring endomorphism when
— |a2| = 2. Therefore total number of non-BPM and non-UM that are in NRE{Z¢ } is 2n(k—1)! =

6 2n <g — 1) =22 ( 2) I. By Lemma 5.10 we already know the count of BPM that are in NRE{% } to
F be 2n. Finally adding the n unity maps we get the result. 0

1 Combining the results of Theorem 5.15 and 5.16 together, we have
19

20 NRE! % 3n ifnisoddandn > 1
21 | {#e}l = 3n 422 (g)' if nis even and n > 4,

22
o3 Where % is a circulant code with support p = 2.

52 Theorem 5.15 and 5.16 gave us a hint that GCD(p,n) could play a vital role in deciding the count
25 of NRE{Z}. With brute force we found that for a circulant code with support p =3 onn =3k+1
s and n = 3k + 2, the non-BPM and non-UM that are in NRE{% } is zero. This leads us to think that
57 the non-BPM and non-UM in NRE{Z } is zero when GCD(p,n) = 1. We show this statement has an
og affirmative answer (Proposition 5.20 and Proposition 5.21). But we first prove a couple of lemmas that
o9 Wwe require in the proof of the above statement. We will also introduce some new notations to help us
30 simplify these propositions’ proof.

' Lemma 5.17. Let € be a circulant code with support p > 1 with GCD(p,n) = 1 and ¢ € RH{Z4}

*2_ be a non-BPM and non-UM. For all i € [n] if ||¢(x;)|| € {0, p,n} then ||¢(x;)|| # n.
33

s+ Proof. Let ¢ be a non-BPM and non-UM such that for all i € [n], [|¢(x;)|| € {0, p,n}. Let {a;}ic|y
35 be the vectors that represent ¢. Suppose there exists j € [n] such that ||¢(x;)|| = n. Without loss of
s generality let us assume j = 1. As x; = p1 +---+p, we get n. = [|¢(x))|| = |a;| +|ap| +- - +a,|.
37 This implies for all k € [n]\[p] we have |a;| = 0. Let / € [p] be the smallest such that |q;| # 0. Hence
8 n=|¢0x)|| = lay[+--- +a,|.

39 Consider,

40
O DI =19l =(laa] + -+l -+ lapl ) = (lal -+ lay |+ gl -+ + |z

41
|4+ +|a——

42 =lay[+---+la;_4| -

(‘aerl I+p— 1’)
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1 =lai|+--+|a;_] (Since |a;| = 0 for all k € [n]\[p])
2 =0 (Since [ is the smallest integer such that |q;| # 0).
3

-, So, we get [|¢(x;)|| = n. Next, we have |a; |+ +|a,| <nas |a)| # 0. Moreover, 0 < |a; |+ -+

. |la,| < n, if not |@;| = n and that is not possible as ¢ is not a unity map. Consider,

6 19 Cere DIl =lapir [+ +lap 4+ la

R =laj |+ +la,)| (Since |a;| = 0 for all k € [n]\[p])
8 .

o = 0 <|[|¢(x;)|| <n (Since 0 <|a |+ +]a,| <n)

10 Also, by the hypothesis ||¢ (x;1.1)[| € {0, p,n}. Hence [|¢ (x7) || = p and n—p = [ (x))[| — |16 (x)I| =
1 |ai| = |ag,]- Now, if I+ p € [n]\[p], then [a;,[ = 0. Orif [+ p € [p] we observe that [+ p =
2 [+p—n<lasp<n. Thusif |am| # 0, it contradicts the minimality of /. Both the cases results in

13 |az,| = 0 and this implies |a;| = n — p. Let m € [p]\[/] be the smallest such that [a,,| # 0. Note that as
14 P

15 |aj|=n—pand Z lai| = n we get 0 < |a,| < p. Suppose |a,,| = k < p then

o i=1

17 19 O | =lama [ 4+~ +lap] + - + lag]

18

m
. =n— lai
i=1

20
22 Therefore it ensures |a,,| = p. Thus |a;| = 0 for all i € [n]\{l,m}.
>3 Note that,

24 Xerr = Prmp T PR P P

25

2% — |10 C=p) | = lamra=pl + -+l + -+ lagm=| = lai| = n— p.

2Z Also, for ||¢ (xz77=p)|| € {0, p,n} we must have n = p or 2p, or p = 0. But as GCD(p,n) = 1 and
28 p > 1 none of them is possible. Therefore it is a contradiction to the hypothesis. Hence ||¢ (x;)|| # n
29 for any i € [n]. 0

;i Lemma 5.18. Let € be a circulant code with support p > 1 with GCD(p,n) = 1 and ¢ € RH{Z}
., be anon-BPM and non-UM. For all i € [n] if ||¢(x:)|| € {0, p,n} then ||¢(x;)|| = p-

33 Proof. Let ¢ be a non-BPM and non-UM such that for all i € [n], ||¢(x;)|| € {0, p,n}. Let {a;}c|y
34 be the vectors that represent ¢. By Lemma 5.17 we already know that ||¢ (x;)|| # n. It is only left to
35 show that 0 is also not possible. Let if possible there exists j € [n] such that ||¢(x;)|| = 0. In fact,
36 there exists k € [n— 1] such that |[¢ (x777)[| # 0. Thus |[¢ (x;77)|| = p, as it cannot be n using Lemma
37_5.17. Choose the smallest k such that |[¢ (x7)[| = p, i.e., |[¢(x755;)[| = O for all m < k. Also, as

i
% ~1 ol

% X = ) Prim We have 0 =[[¢ (xy=r)ll = Y. laj=ry|- Therefore az—;| = 0 forall
40 m=0 0

., m€{0}U[p—1]. Consider

“ Xk = Pkt T Py = X1~ Pir1 T Pk T
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1 So,p= o el = 119 =) | = lag=] + a7 =] = laj5—1l- Next, we choose the smallest
2 1> 0 such that |[¢(x;757)[| = p and repeating the process as above we get |a577,—7| = p and

3 other |a;|’s correspondlng to p;’s that are in the expression of x; - are 0. Therefore for all i € [n] we

[~ o |o]s

get la;| € {0,p}. As Z |a;| = n and Z la;| = dp, this implies p|n and GCD(p,n) = p # 1. This is a

i=0 i=0

contradiction to our hypothesis that GCD(p,n) = 1. Hence the result. O

g In other words Lemma 5.18 says that if ¢ a non-BPM and non-UM satisfies the necessary condition to
? be a neural ring endomorphism then || (x;)|| = p for all i € [n].

19 Observation 5.19. Consider % to be a circulant code with p>1and GCD(n,p) =1 withn = pd +r,
— where 0 <r< p.Let ¢ € RH{Z¢} be a non-BPM and non-UM such that for all i, ||¢ (x;)|| € {0, p,n}.
" Then by Lemma 5.18 for all i € [n] we get |[¢(x;)|| = p. Let {a;};c[,) be the vectors that represent ¢.
3 In this observation we organize these vectors into batches of p’s. Then we relabel the set {a;} ic[] to

14
5 write them as {Bi1,-.. Bip, o1 - Bops -+, Bar - - Bap: Basnyrs - - Bravyrts where Bij = ag_yy . ; for

16 i€l[d],j€[p]and [3 d+1)j adpﬂ for all j € [r]. Considering the vectors {f;;}’s instead of {ay}’s
17 will help us simplify writlng the proofs of the next two results. We will now observe some facts about
18 Bi;’s and use these facts directly in the proofs.

19

20
21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

p p

M Y Bl =Y lajl = [o(x)]| = p.
=1 j=1

(2) Similarly, for all i € [d], Z Bij| =

Jj=
(3) Note that, [[¢(x2)|| = |a2] + Hlapri] = B2l 4+ [Bip| + B2l
(4) Since, [|¢(x1)[| = [[¢(x2)|| = p and [[¢ (x1)[| — || (x2)|| = |Bi1] — [B21]. Hence, [Bi1] = |Ba1]-
(5) Similarly using [|¢ (x1)|[ = |[¢ (x3)|| = p we get |Bi2| = |B22]-
(6) Extending the above observation, for all j € [p] we get |B1;| = |Ba)].
(7) Similarly, for all i € [d] we get |Bi1| = |Bi1].
(8) Furthermore, for all i € [d] and j € [p] that |B;;| = |Bij]
(9) Also, wheni=d+1, |Bi;| = |Bas1);| for all j € [r].
(10) Consider,

Z|al|_ZZ|ﬁ1J|+Z’Bd+1 ’-P‘H‘Z‘Bdﬂ

i=1j=
and Z|a,-|:n — Z|ﬁ(d+1)j|:n—pd:r.
i=1 Jj=1

(11) Thus, Z |Bij| =rforallie [d+1]. (Using 5, 6 and 7)
j=1
(12) Since, [[¢ (x1)|| = [|¢ (xa)[| = p and [|9 (xa) [[ =1 (x1)[] = | Bias1)-| = B1p|- Hence, |Bias1),| =
|[31p|-
(13) Similarly using |9 (r1)[| = 16 (e[| = p for all j € 0U[r— 1] we gt [Big- 11| = [Biip |
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1 In the next two propositions we will show that the count of NRE{Z } is 3n for any circulant code &
2 with support 2 < p < n—1 with GCD(p,n) = 1 forn = pd+ 1 and pd + 2.

% Proposition 5.20. Let € be a circulant code with support 2 < p <n—1. If GCD(p,n) =1 and
- n=pd+1then INRE{Z¢}| = 3n.

E Proof. Let ¢ € RH{Z} be a non-BPM and non-UM with {a; };c|, as its representing vectors. Label
7 the vectors {a;}c[, as in Observation 5.19 and rewrite them as {f;;}ic(a] je[p] U {B(a+1);} jelr- Let
8 if possible ¢ € NRE{Z¢}. Then by Lemma 5.18 for all i € [n] we get ||¢(x;)|| = p. Now using

9 Observation 5.19 we will list some facts on f3;;’s which help us prove this theorem,
10

11 (1)Z|ﬁd+1 | =r,and as r = 1 we have |By1)| = 1.

o =
s @ Forallze[d] we have |Bi1| = [Bgq1y1] = 1.

" (3) Also, for all i € [d] we have |B;,| = ’3(d+1)1\ =1.

- (4) Consider,

e p =10l = |Basol+ B+ +Bip-1)l

i p—1 p—1

e =1+1+ Y [Bijl = Y |Bl=p-2.

9 j=2 j=2

20

o (5) Also,

2? p—1

o5 P =190l = [Bapl + [Basy1 |+ |Bur| + Zz 1Bijl = Bip—1)l
3 =

24

— =1+14+1+p=2—=1Bip-1)| = [Bip-1)l = 1.

26 (6) Further, from Observation 5.19 |B;(,—1)| = |Bi(,—1)|, for all i € [d]. Thus |B;,—1)| = 1.

27 (7) Similar to the discussion done for ||¢(x,)|| in point (4), we repeat it for ||¢(x,—1)|| to get

28 p—2

29 Z |B1j| = p— 3. Repeating the calculations done in point (5), now for ¢(x,_>), and using
30 =2

a1 i~

v Z|ﬁ1]|_p 3WCgCt|B1p 2|_1

. =2

33 (8) Slmllar to point (6), we get |B;(,_»)| = 1 for all i € [d].

?i (9) Iteratively, we will get [B;,— | = 1 forall j€[p—1].

From the above points we get that all |Bij|’s are one. Since we obtained the f3;;’s after re-labeling
_ the vectors a;’s, so automatically |a;| = 1 for all k € [n]. But this is a contradiction to the fact that ¢
37 is a non-BPM and non-UM. Therefore ¢ & NRE{Z }. This implies that none of the non-BPM and
% non-UM are in NRE{ % }. Moreover, by Theorem 5.13 we already know the count of BPM that are in

. NRE{Z} is 2n. Finally adding the n unity maps we get the result. O
0

E Proposition 5.21. Let € be a circulant code with support 2 < p <n—1. If GCD(p,n) =1 and
42 n = pd+2 then [NRE{Z4}| = 3n.
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i Proof. Let ¢ € RH{Z¢} be anon-BPM and non-UM with {a;}c[, as its representing vectors. Label
2 the vectors {a;};c[, as in Observation 5.19 and rewrite them as {B;;}ic (4], je[p) YU {Ba+1)j} jep)- Letif
‘3 possible ¢ € NRE{Z }. Then by Lemma 5.18 for i € [n] we get ||¢(x;)|| = p. By Observation 5.19,

4 .

<@ 1Bip| = [Bla+1)2| and |By(p—1)| = |Ba+1)1| for all i € [d].

E Consider,

7

B 0=100n3)l[ =9 (nm-2)ll

9 p=3 p=3

w0 = Bapl Bl +Basnol + X 18— (1Bl + 1Bl + X 1Bul+1Bip-2)])

— j=1 j=1

11

o = |Bapl = 1Bi(p—2)|- = |Bi(p—2)| = |Bap

'3 Furthermore, using Equation (2), |By(,—2)| = |Bap| = |B(g-+1)2|- Similarly using || (x,—4)|| —[|® (x,—3)|| =
14 2

15 0 we get 1Bi(p—3)| = [Ba(p—1)| = |Ba+1)1|- Once again using Observation 5.19, Z |B(a+1);| = 2. There-
16 J=1

i, fore, we have there possibilities: [By41)1] = [Bas1)2| = 1 or [Bgsiyi| =2 and [Bgy1y2| =0 or

18 B+l =0and [By.1)2| = 2. Accordingly, we get the following two cases.

19 Case 1: |Byi1)1] = [Bar12l =1

20 In this case B (,—2)| = |Ba+1)2l = 1 and |By(,—3)| = |Ba+1)1| = 1. On extending we get [B;(,— ;)| = 1
21 forall j € [p]. This implies |B; ;| = 1 for all j € [p]. Therefore by observation 5.19 for all i € [d] and
22 j € [p] we get |B;;| = 1. Moreover, as |B(441)1| = [Ba+1)2| = 1 we have all |;;[’s as one. Since we
23 obtained the fB;;’s after re-labeling the vectors a;’s, thus automatically |ax| = 1 for all k € [n]. This
24 implies ¢ is a BPM and that is a contradiction as we have chosen ¢ to be a non-BPM and non-UM .
25 Hence this case cannot occur.

26
o7 Case 2: By 11l =2,Bar1yel =00r |Baiiil =0:[Bariel =2

o5 We will work with |Biy11)1| = 2,|B(4+1)2| = 0 and the other case is similar to this. In this case we
2e &et[Bi(p-2)l = [Bat1)2l = 0and |By(,—3)| = |Ba+1)1| = 2. On extending we get By, j)| € {0,2} for
— p

o j=1
32 This implies 2|p and in turn 2| GCD(p, n). Therefore we get GCD(p,n) > 2 which is a contradiction.

33 Hence this case cannot occur either.

%0 all j € [p]. This implies |By;| € {0,2} for all j € [p], and p = ||¢(x1)|| = Y |B1,| = 2k for some k.
31

al Thus ¢ cannot be in NRE{Z }. By Theorem 5.13 we already know the count of BPM that are in
o NRE{Z} to be 2n. Finally adding the n unity maps we get the result. O

87 Combining the results of Propositions 5.20 and 5.21 for a circulant code ¢ with support2 < p <n—1
% we get that |[NRE{%4 }| = 3n for n = pd + r where r € {1,2} and GCD(p,n) = 1. Our next aim was
%9 to generalize the above Propositions 5.20 and 5.21 for any r such that n = pd +r and 0 < r < p. At
40 this moment we do not have the proof of the generalization, but we strongly believe in the following

41 conjecture.
42
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1 Conjecture 5.22. Let € be a circulant code with support 2 < p <n—1. If GCD(p,n) = 1 and
2 n=pd+rwith2 <r< p, then [NRE{Zy }| = 3n.

% Remark 5.23. Note that, if the circulant code with support p = 3 is such that GCD(n,3) = 1 then
— n=23d+1 or n =3d + 2 for some suitable choice of d. So, if n > 4, Propositions 5.20 and 5.21
i gives us that |[NRE{Z }| = 3n. Moreover, by Proposition 5.8 if n =4 as p =3 =n—1 we get
— |NRE{%<5}| =n!+n =28. Note that when p = 3 we are now only left with n = 3d case. By brute
" force we counted that INRE{Z4}| =270 where % is a circulant code on n = 6 neurons with support
% p = 3. In the next theorem we will work with n = 3d where d > 2.

10 Theorem 5.24. Let € be a circulant code on n neurons with support p = 3. If n = 3d, where d > 2
11 then - 15n+32(ﬁ>!.

12 3

E Proof. Let us first count the total number of non-BPM and non-UM that are in NRE{Z4 }. Let ¢ be a
14 non-BPM and non-UM with {a; };c|, as its representing vectors. As observed in the proof of Theorem
15 5.16 we have cases in which there ex1sts i € [3] such that |¢;| = 3 and for all j € [3]\{i},|a;| = 0. Also,
16 as there is another partition of 3 which is not all ones (namely 3 =2 4 1) we get more cases which
17 will corresponds to |aj| = 2,|az| = 1, |a3| = 0 and its possible permutations. Thus in total we will have
18 these 2 broader class of cases. Let us fix one type of choice and count how many such neural ring
19 endomorphisms it corresponds to. By the choice of all |a;| we see that for all i € [n], ||¢ (x;)|| = 3. This
20 implies for all i € [n] there exists j € [n] such that ¢ (x;) = x

5
zL Case 1: (|a1’7 |a2|7 ‘(13|) = (370’0) or (‘al" ‘az‘, ’a3‘) = (07370) or (’01’, |a2’> |a3’) = (07073)'

5 Let us consider the sub-case when (|a;|,|az|,|a3|) = (3,0,0).

— This case is similar to case 1 as in the proof of Theorem 5.16. Firstly it is clear that ¢ (p;) has n choices
— and ¢(p2) ¢ (p3) = 0. Next, for ¢(p4) we have to choose from all the triplets that are left. So we

- get 5 - 1) choices. Further completing the process we get the total maps that are in NRE{ % } as

Z"X(g‘l) (5-2)x1=3(3)"

20 -5 The other 2 subcases will be similar to the above case. Hence Case 1 gives us 37 (3) ! non-BPM and
30 non-UM maps that are in NRE{% }.

~ Case2: Forsomei,j € [3].i jlet || =2 and |a;| = 1

., Thenby permuting i, j € [3] we get 6 sub-cases. Consider the sub-case when (|a;|, |az|, |a3]) = (2,1,0).
v In this sub-case firstly we get that ¢ (p;) can take any consecutive sum of basis elements and so it has
.5 " choices. Let 0(p1) = p1+p7- Nextas ¢(x1) € {x;} it ensures that ¢(p>) can either be p;—— or
% Pz We already know that ¢ (p3) = 0. Further we observe that this process fixes a unique choice for
., remaining ¢ (px) for k € [n]\[3]. Hence this sub-case gives us 2n non-BPM and non-UM that are in
- NRE{Z4}.

o The remaining 5 sub-cases will be similar to the above sub-case. Hence we get 12n non-BPM and
4o non-UM that are in NRE{Z4}.

E As described in the previous proofs we get 3n BPM and UM maps that are in NRE{ % }. Hence the
42 result. O
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1 Looking at the pattern from Theorems 5.16 and 5.24 we end our paper with the following conjecture.

2 Conjecture 5.25. Let € be a circulant code with support p. If 3< p<n—1 and p|n then |[NRE{%¢ }| =
3

— n
s (PP+p+3)n+p? (p)!.
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