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Abstract

This paper is mainly deals with (µ, ν)−pseudo-asymptotically Bloch τ -periodic
functions in Hilbert spaces. Firstly, the concept of (µ, ν)−Pseudo-asymptotically
Bloch type τ periodic functions is introduced. Secondly, further properties on (µ, ν)−Pseudo-
asymptotically Bloch functions are provided. Finally, using the results obtained, the
existence and uniqueness of (µ, ν)−Pseudo-asymptotically Bloch type periodic solu-
tions for a neutral partial functional differential equation are studied.
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1 Introduction

As an application in many sciences as biology, physics, engineering, the study of Bloch-
periodic solutions can be considered as an important subject in the qualitative theory of
differential equations. It can be seen that Bloch type periodicity has ω-periodicity and
ω-anti-periodicity as special cases. In [3], the author establish a new composition theorem
and a new concept of asymptotically Bloch-periodic functions. The author also investi-
gated the existence and uniqueness of pseudo S-asymptotically Bloch type periodic mild
solutions to some semilinear evolution equations. The notion of S-asymptotically Bloch
type periodicity can be considered as a generalization of S or pseudo S-asymptotic ω pe-
riodicity. Recently, in [4], the author introduce a new notion of S-asymptotically Bloch
type-periodic functions and S-asymptotically ω-anti periodic functions, also he investigate
some fundamental properties on S-asymptotically Bloch type periodic functions. As an
application he prove the existence and uniqueness of S-asymptotically Bloch type peri-
odic mild solutions for some specific type equation that’s semi-linear evolution equations
in Banach spaces.
The concept of pseudo S-asymptotically Bloch type periodic solutions was also presented
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in [5], were the author prove the existence of pseudo S-asymptotically ω-anti-periodic solu-
tions for an example of damped evolution equation, additionally, he discuss the existence
of pseudo S-asymptotically Bloch type periodic solutions to nonlocal Cauchy problem.
For more See also [[6],[7],[8],[9],[10], [11],[12],[13],[23]].
Motivated by the work [1], the key goal of our paper is to study the existence and unique-

ness of (µ, ν)−Pseudo-asymptotically Bloch τ -periodic solutions in Hilbert spaces for the
following nonlinear differential equation:

d

dt
[η(t)−G(t, η(k(t)))] = A[η(t)−G(t, η(k(t)))] +Bη(t) + F (t, η(k(t))), t ∈ R, (1)

where G, F and k are continuous.

In [1], the authors studied the conditions for the existence and uniqueness of (µ, ν)-pseudo
almost automorphic and (µ, ν)-pseudo almost periodic solutions for some neutral partial
functional differential equations in Hilbert spaces.
As an application in the physical sciences, mathematical biology and control theory, the
existence and uniqueness of pseudo-almost periodic solution can be considered like one of
the most attractive topics in the qualitative theory or functional differential equations. In
recent years, the existence of almost periodic pseudo almost periodic solution to different
kinds of differential equations have been investigated in many works, see [[14], [15], [16],
[17], [18], [19], [20], [21], [22] ] and the references therein. The rest of this paper is organized
as follows: the second section is preliminaries including some basic definition, lemma and
notations. Section 3 is based on the compositional theorem and the Banach fixed point
theorem to study (µ, ν)-PAP solution of eq (1). Finally, for illustration we give an example
for evolution equations which include neutral partial functional differential equations.

2 Main definitions

Let B denote the Lebesgue σ-field of R and letM be the set of all positive measures µ on
B satisfying µ(R) = +∞ and µ([a, b]) <∞, for all a, b ∈ R (a ≤ b).
There will be an interest to return on the fundamental notions which are necessary to
introduce the work that follows.

Definition 2.1 Let µ, ν ∈ M. A bounded continuous function f : R → H is said to be
(µ, ν)−Pseudo-asymptotically Bloch τ -periodic functions if

lim
r→∞

1

ν([−r, r])

∫ r

−r
‖f(s+ τ)− eiρτf(s)‖dµ(s) = 0.

We then denote the collection of all above functions by PSABPτ,ρ(R,H, µ, ν).

Definition 2.2 Denoted by BC(R,H) the Banach space constituted by all bounded con-
tinuous functions f : R→ H with sup-norm ‖f‖∞ = sup(‖f(t)‖), t ∈ R.

Definition 2.3 [2] For given τ, ρ ∈ R, a function f ∈ BC(R,H) is said to be Bloch (or
(ε, ρ)) type periodic if for all t ∈ R, f(t+ τ) = eiτρf(t).
We denote by BPτ,ρ(R,H), the space of all Bloch (τ, ρ) type periodic functions from R to
H.
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In the rest of the work, we will need to use the following hypotheses

(M.1) Let µ, ν ∈M such that

lim sup
r→+∞

µ([−r, r])
ν([−r, r])

<∞. (2)

(M.2) For all τ ∈ R, there exist β > 0 and a bounded interval I such that

µ({a+ τ : a ∈ A}) ≤ βµ(A) when A ∈ B satisfies A ∩ I = ∅.

We have the following theorem:

Theorem 2.1 Let f ∈ BC(R×H,H, µ, ν) satisfy the following conditions :

(A1) For all (t, x) ∈ R×H, f(t+ τ, x) = eiτρf(t, e−iτρx).

(A2) There exists a constant L > 0 such that for all x, y ∈ X and t ∈ R ,

||f(t, x)− f(t, y)|| ≤ L||x− y||

Hypothesis (M.1) is verified and for all B bounded of H, F is bounded on R×B, then for
each φ ∈ PSABPτ,ρ(R,H, µ, ν), f(., φ(.)) ∈ PSABPτ,ρ(R,H, µ, ν).

Proof. Let φ ∈ PSABPτ,ρ(R,H, µ, ν). By a direct calculation

lim
r→+∞

1

ν([−r, r])

∫
[−r,r]

‖f(t+ τ, φ(t+ τ))− eiρτf(t, φ(t))‖dµ(t)

= lim
r→+∞

1

ν([−r, r])

∫
[−r,r]

‖eiρτf(t, e−iρτφ(t+ τ))− eiρτf(t, φ(t))‖dµ(t)

≤ lim
r→+∞

L

ν([−r, r])

∫
[−r,r]

‖e−iρτφ(t+ τ)− φ(t)‖dµ(t)

≤ lim
r→+∞

L

ν([−r, r])

∫
[−r,r]

‖φ(t+ τ)− eiρτφ(t)‖dµ(t) = 0

Lemma 2.1 Let µ, ν ∈M satisfy (M.2). Then the spaces PSABPτ,ρ(R,H, µ, ν) is trans-
lation invariants.

Proof. We prove that PSABPτ,ρ(R,H, µ, ν) is translation invariant. Let f ∈ PSABPτ,ρ(R,H, µ, ν),
we will show that fa : t 7−→ f(t + a) belongs to PSABPτ,ρ(R,H, µ, ν) for each a ∈ R.
Indeed, letting µa = µ(t+ a : t ∈ A) for A ∈ B it follows from (M.2) that µ and µa are
equivalent

1

ν([−r, r])

∫
[−r,r]

‖f(t+ a+ τ)− eiρτf(t+ a)‖dµ(t)

=
ν([−r − |a|, r + |a|])

ν([−r, r])
1

ν([−r − |a|, r + |a|])

∫
[−r+a,r+a]

‖f(s+ τ)− eiρτf(s)‖dµa(s)

≤ ν([−r − |a|, r + |a|])
ν([−r, r])

cst

ν([−r − |a|, r + |a|])

∫
[−r−|a|,r+|a|]

‖f(s+ τ)− eiρτf(s)‖dµ(s)

Since ν satisfies (M.2) and f ∈ PSABPτ,ρ(R,H, µ, ν), we have

lim
r→∞

1

ν([−r, r)

∫
[−r,r]

‖fa(t+ τ)‖ − eiρτfa(t)‖dµ(t) = 0

Therefore, PSABPτ,ρ(R,H, µ, ν) is translation invariant.
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3 Pseudo-asymptotically Bloch -periodic solution

In this section we focus on the study of the existence and uniqueness of (µ, ν)−pseudo-
asymptotically Bloch τ -periodic solution of equation (1). For this, we shall assume the
following hypothesis:

(H1) Let F ∈ PSABPτ,ρ(R,H, µ, ν). The function F is Lipschitz with respect to the
second argument uniformly in t ∈ R, that is, there exist positive numbers LF , such
that for each (t, x), (t, y) ∈ R×H

‖F (t, x)− F (t, y)‖ ≤ LF ‖x− y‖,

(H2) Let G ∈ PSABPτ,ρ(R,H, µ, ν). The functions G is Lipschitz with respect to the
second argument uniformly in t ∈ R, that is, there exist positive numbers LG such
that for each (t, x), (t, y) ∈ R×H

‖G(t, x)−G(t, y)‖ ≤ LG‖x− y‖,

(H3) There exists C ⊂ H, a closed subspace that reduces both A and B. We denote by
PC the orthogonal projection onto C and QC = (I − PC) = PH	C the orthogonal
projection onto H	 C.

(H4) A,B are the infinitesimal generators of C0-groups of bounded linear operators (T (t))t∈R,
(R(t))t∈R, respectively, such that there exist M1,M2,M3, δ1, δ2, δ3 > 0 with

‖T (t− s)PC‖ ≤M1e
−δ1(t−s) for all t ≥ s,

‖R(t− s)QC‖ ≤M2e
−δ2(t−s) for all t ≥ s,

and
‖R(t− s)BQC‖ ≤M3e

−δ3(t−s) for all t ≥ s.

(H5) R(A) ⊂ R(PC) = N(QC).

(H6) R(B) ⊂ R(QC) = N(PC).

(H7) For i ∈ {1, 2}, ki : R→ R is continuous and increasing.

(H8) For i ∈ {1, 2}, there exist a functions λi : R→ R+ continuous, such that

dµki(s) ≤ λi(s)dµ(s), where µki(E) = µ(k−1i (E)) for all E ∈ B(R),

and

lim sup
r→+∞

ν([−Ri(r), Ri(r)])
ν([−r, r])

M(Ri(r)) <∞,

where Ri(r) = |ki(−r)|+ |ki(r)| and M(Ri(r)) = sups∈[−Ri(r),Ri(r)] λi(s).

Lemma 3.1 Assume the assumption (H8) is satisfied. If u ∈ PSABPτ,ρ(R,H, µ, ν),
then η(ki(.)) ∈ PSABPτ,ρ(R,H, µ, ν) for i ∈ {1, 2}.
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Proof. Let u ∈ PSABPτ,ρ(R,H, µ, ν), we need to prove that [t→ η(ki(t))] ∈ PSABPτ,ρ(R,H, µ, ν).
From (H8) for i ∈ {1, 2}, we have

0 ≤ 1

ν([−r, r])

∫
[−r,r]

‖η(ki(s+ τ)− eiρτη(ki(s)))‖dµ(s)

=
1

ν([−r, r])

∫
ki([−r,r])

‖η(s+ τ)− eiρτη(s)‖dµki(s)

≤ 1

ν([−r, r])

∫
[−Ri(r),Ri(r)]

‖η(s+ τ)− eiρτη(s)‖dµki(s)

≤ 1

ν([−r, r])

∫
[−Ri(r),Ri(r)]

‖η(s+ τ)− eiρτη(s)‖λi(s)dµ(t).

≤ M(Ri(r))

ν([−r, r])

∫
[−Ri(r),Ri(r)]

‖η(s+ τ)− eiρτη(s)‖dµ(t).

Then we have two cases:
Step 1: If for i ∈ {1, 2} we have Ri(r)→ α∗ <∞ as r → +∞, then

1

ν([−r, r])

∫
[−r,r]

‖η(ki(s+ τ)− eiρτη(ki(s)))‖dµ(t)

≤ Mα∗

ν([−r, r])

∫
[−α∗,α∗]

‖η(s+ τ)− eiρτη(s)‖dµ(t)

≤ Cst

ν([−r, r])
→ 0 as r → +∞.

Step 2: If for i ∈ {1, 2} we have Ri(r)→ +∞ as r → +∞, then

0 ≤ 1

ν([−r, r])

∫
[−r,r]

‖η(ki(s+ τ)− eiρτη(ki(s))))‖dµ(t)

≤ M(Ri(r))

ν([−r, r])

∫
[−Ri(r),Ri(r)]

‖η(s+ τ)− eiρτη(s))‖dµ(t)

≤ M(Ri(r))
ν([−Ri(r), Ri(r)])

ν([−r, r])
1

ν([−Ri(r), Ri(r)])

∫
[−Ri(r),Ri(r)]

‖η(s+ τ)− eiρτη(s))‖dµ(t).

Since u ∈ PSABPτ,ρ(R,H, µ, ν) and lim sup
r→+∞

M(Ri(r))
ν([−Ri(r), Ri(r)])

ν([−r, r])
<∞, we have

lim
r→+∞

1

ν([−r, r])

∫
[−r,r]

‖η(s+ τ)− eiρτη(s)‖dµ(t) = 0.

Therefore [t→ η(ki(t))] ∈ PSABPτ,ρ(R,H, µ, ν) for i ∈ {1, 2}. Thus the result holds.

Lemma 3.2 [1] Assume the assumptions (H1)-(H6) are satisfied, then each solution of
Eq.(1) can be expressed as:

η(t) = G(t, η(k1(t))) +

∫ t

−∞
R(t− s)BQCG(s, η(k1(s)))ds

+

∫ t

−∞
T (t− s)PCF (s, η(k2(s)))ds+

∫ t

−∞
R(t− s)QCF (s, η(k2(s)))ds
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Proof. In the proof, we proceed by the same reasoning as in [1] and we keep the notation of
the functionsQCF (s, η(k2(s)))) and PCF (s, η(k2(s)))) as a functions in PSABPτ,ρ(R,H, µ, ν)
instead of QCϕ(s, η(k2(s)))) and PCϕ(s, η(k2(s)))) in addition we eliminate the component
PCψ(s, η(k2(s))) and QCψ(s, η(k2(s))). So we get the result.

Lemma 3.3 Let µ, ν ∈ M satisfy (M2). Assume the assumptions (H1)-(H8) are
satisfied. If u ∈ PSABPτ,ρ(R,H, µ, ν), then Γu ∈ PSABPτ,ρ(R,H, µ, ν), where

Γη(t) = G(t, η(k1(t))) +

∫ t

−∞
R(t− s)BQCG(s, η(k1(s)))ds

+

∫ t

−∞
T (t− s)PCF (s, η(k2(s)))ds+

∫ t

−∞
R(t− s)QCF (s, η(k2(s)))ds

Proof. Let u ∈ PSABPτ,ρ(R,H, µ, ν), we have Γ : PSABPτ,ρ(R,H, µ, ν)→ C(R,H) and

Γη(t) = Γ1η(t) + Γ2η(t) + Γ3η(t),

where

Γ1η(t) =

∫ t

−∞
T (t− s)PCϕ(s, η(h(s)))ds+

∫ t

−∞
R(t− s)QCϕ(s, η(h(s)))ds

Γ2η(t) = G(t, η(k1(t)))

and

Γ3η(t) =

∫ t

−∞
R(t− s)BQCG(s, η(k1(s)))ds.

First, from lemma 2 and theorem 1, we have Γ2u ∈ PSABPτ,ρ(R,H, µ, ν).
We prove that Γ1η(t) ∈ PSABPτ,ρ(R,H, µ, ν). For that, we let Γ1η(t) = I2(t) + I3(t),

where I2(t) =
∫ t
−∞ T (t− s)PCF (s)ds and I3(t) =

∫ t
−∞R(t− s)QCF (s)ds. We only prove

that I2(t) ∈ PSABPτ,ρ(R,H, µ, ν) since the proof for I3(t) is similar to that of I2(t).

lim
r→+∞

1

ν([−r, r])

∫
[−r,r]

‖I2(t+ τ)− eiρτI2(t)‖dµ(t)

= lim
r→+∞

1

ν([−r, r])

∫
[−r,r]

(
‖
∫ t+τ

−∞
T (t+ τ − s)PCF (s)−

∫ t

−∞
eiρτT (t− s)PCF (s)ds‖dµ(t)

)
= lim

r→+∞

1

ν([−r, r])

∫
[−r,r]

(
‖
∫ t

−∞
T (t− s)PCF (τ + s)−

∫ t

−∞
eiρτT (t− s)PCF (s)ds‖dµ(t)

)
≤ lim

r→+∞

1

ν([−r, r])

∫
[−r,r]

(∫ t

−∞
M1e

−δ1(t−s)‖PCF (s+ τ)− eiρτM1e
−δ1(t−s)PCF (s)ds‖dµ(t)

)
= lim

r→+∞

1

ν([−r, r])

∫
[−r,r]

∫ t

−∞
M1e

−δ1(t−s)‖PCF (s+ τ)− eiρτPCF (s)‖dsdµ(t)

= lim
r→+∞

1

ν([−r, r])

∫
[−r,r]

∫ t

−∞
M1e

−δ1(t−s)|PC |‖F (s+ τ)− eiρτF (s)‖dsdµ(t)

≤ lim
r→+∞

M1

∫ +∞

0
e−δ1(s)

( 1

ν([−r, r])

∫
[−r,r]

‖F (τ + (t− s))− eiρτF (t− s)‖dµ(t)
)
ds
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It’s follows from lemma 2.1 and the Lebesgue dominated convergence theorem that I2(t) ∈
PSABPτ,ρ(R,H, µ, ν). Finally, Proceeding as Γ1u, one can show that Γ3u ∈ PSABPτ,ρ(R,H, µ, ν).
In view of the foregoing, it is apparent that Γu = Γ1u+Γ2u+Γ3u ∈ PSABPτ,ρ(R,H, µ, ν).
This completes the proof.

Theorem 3.1 Let µ, ν ∈ M satisfy (M1)and (M2). Assume the assumptions (H1)-
(H8) are satisfied. Then the Eq.(1) has a unique (µ, ν)−Pseudo-asymptotically Bloch
τ -periodic solution on R provide that[

LF

(M1

δ1
+
M2

δ2

)
+
(
LG +

M3LG
δ3

)]
< 1.

Since
[
LF

(
M1
δ1

+M2
δ2

)
+
(
LG+M3LG

δ3

)]
< 1, then Γ is a contraction map on PSABPτ,ρ(R,H, µ, ν).

Where LF and LG are the Lipschitz conditions of F resp. G. Therefore, Γ has unique fixed
point in PSABPτ,ρ(R,H, µ, ν), that is, there exists unique u ∈ PSABPτ,ρ(R,H, µ, ν) such
that Γu = u. Thereafter, Eq.(1) has unique (µ, ν) Pseudo-asymptotically Bloch τ -periodic
solution.

4 Example

As an application for Theorem 3.1, we consider the following equation



d

dt
[x(t)− g1(t, (x(t− r1), y(t− r1)))] = A0[x(t)− g1(t, (x(t− r1), y(t− r1)))]

+f1(t, (x(t− r2), y(t− r2))), t ∈ R
d

dt
[y(t)− g2(t, (x(t− r1), y(t− r1)))] = B0[y(t)− g2(t, (x(t− r1), y(t− r1)))]

+f2(t, (x(t− r2), y(t− r2))), t ∈ R,

(3)

where A0 is the infinitesimal generator of a C0-group (T0(t))t∈R on an Hilbert space
H1 such that ‖T0(t)‖ ≤ M1e

−δ1t for all t ∈ R+, B0 is the infinitesimal generator of
a C0-group (R0(t))t∈R on an Hilbert space H2 such that ‖R0(t)‖ ≤ M2e

−δ2t for all
t ∈ R+, r1, r2 ≥ 0, f1, g1 : R × H → H1 and f2, g2 : R × H → H2 are continuous
where H = H1 ×H2.

Let η(t) =

(
x(t)
y(t)

)
. Then the system (3) can be represented as

d

dt
[η(t)−G(t, η(k1(t)))] = A[η(t)−G(t, η(k1(t)))] +Bη(t) + F (t, η(k2(t))), t ∈ R, (4)

in the Hilbert space H, where

A =

(
A0 0
0 0

)
, B =

(
0 0
0 B0

)
, k1(t) = t− r1, k2(t) = t− r2,

G(t, η(k1(t))) =

(
g1(t, (x(k1(t)), y(k1(t))))
g2(t, (x(k1(t)), y(k1(t))))

)
,

and

7

13 Apr 2024 15:17:31 PDT
230505-Rebey Version 2 - Submitted to Rocky Mountain J. Math.



F (t, η(k2(t))) =

(
f1(t, (x(k2(t)), y(k2(t))))
f2(t, (x(k2(t)), y(k2(t))))

)
,

where D(A) = D(A0)×H2 and D(B) = H1 ×D(B0).

If we put C = H1 × {0}, we can see that C is a closed subspace of H. We have R(A) ⊂
H1 × {0} = C and R(B) ⊂ {0} ×H2 = C⊥.
We have A,B are the infinitesimal generators of C0-groups of bounded linear operators
(T (t))t∈R, (R(t))t∈R, respectively, such that M1,M2,M3, δ1, δ2, δ3 > 0, with

‖T (t− s)PC‖ ≤M1e
−δ1(t−s) for all t ≥ s,

‖R(t− s)QC‖ ≤M2e
−δ2(t−s) for all t ≥ s,

and
‖R(t− s)BQC‖ ≤M3e

−δ3(t−s) for all t ≥ s.

Since Eq.(4) is equivalent to Eq.(3), so we only need to study the existence and uniqueness
of (µ, ν)−Pseudo-asymptotically Bloch τ -periodic solutions to Eq.(4). In order to study
this problem, we now require that

F (t, η(k2(t))) =

(
f1(t, (x(k2(t)), y(k2(t)))))
f2(t, (x(k2(t)), y(k2(t)))))

)
=

(
sin (
√

2(t− r2))x+ e−(t−r2)
2
y

cos (t− r2)x+ e−(t−r2)
2
y

)
,

and

G(t, η(k1(t))) =

(
g1(t, (x(k1(t)), y(k1(t))))
g2(t, (x(k1(t)), y(k1(t))))

)
=

(
cos (
√

2(t− r1))x+ e−(t−r1)
2
y

sin (t− r1)x+ e−(t−r1)
2
y

)
,

where f1 : R × H → H1 is continuous and there exist positive number Lf1 such that for
each (t, y), (t, z) ∈ R×H

‖f1(t, y)− f1(t, z)‖ ≤ Lf1‖y − z‖,

f2 : R × H → H2 is continuous and there exist positive number Lf2 such that for each
(t, y), (t, z) ∈ R×H

‖f2(t, y)− f2(t, z)‖ ≤ Lf2‖y − z‖,

g1 : R × H → H1 is continuous and there exist positive number Lg1 such that for each
(t, y), (t, z) ∈ R×H

‖g1(t, y)− g1(t, z)‖ ≤ Lg1‖y − z‖,

g2 : R × H → H1 is continuous and there exist positive number Lg2 such that for each
(t, y), (t, z) ∈ R×H

‖g2(t, y)− g2(t, z)‖ ≤ Lg2‖y − z‖,

Now, we consider the measure ν where its Radon-Nikodym derivative of ρ1(t) = t2ecos(t), t ∈
R, and the measure µ where its Radon-Nikodym derivative of

ρ2(t) =

{
et if t ≤ 0,
1 if t > 0.
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Since ν([−r, r]) =

∫ r

−r
ρ1(t)dt, µ([−r, r]) =

∫ r

−r
ρ2(t)dt and lim supr→+∞

µ([−r, r])
ν([−r, r])

< ∞,

then (M1) is true. From [18], µ ∈M satisfies (M2). For r > 0, we have

2r3

3e
≤ ν([−r, r]) ≤ 2er3

3
,

then ν ∈ M. Furthermore cos(τ + θ) ≤ 2 + cos(θ) for all τ ∈ R and θ ∈ A, which
implies that ν(τ + A) ≤ e2ν(A) and view to remark 3.4 in [18], we can conclude that ν
satisfies (M2). Taking τ = π and ρ = 1, it’s easy to show that F (t, η(t)) and G(t, η(t))
are in PSABPτ,ρ(R,H, µ, ν). Since PSABPτ,ρ(R,H, µ, ν) is invariant by translation, then
F (t, η(k2(t))) and G(t, η(k1(t))) are also in PSABPτ,ρ(R,H, µ, ν).
For i ∈ {1, 2}, we put ki(t) = t − ri, where ri ≥ 0. Then ki is continuous and strictly
nondecreasing.

Now let u ∈ PSABPτ,ρ(R,H, µ, ν) and prove that u ◦ k is ∈ PSABPτ,ρ(R,H, µ, ν).

lim
r→+∞

1

ν([−r, r])

∫ r

−r
‖η(ki(t+ τ1))− eiρτη(t)‖dµ(t)

= lim
r→+∞

1

ν([−r, r])

∫ r

−r
‖η(t− ri + τ1)− eiρτη(t− ri)‖dµ(s)

= lim
r→+∞

1

ν([−r, r])

∫ r

−r
‖η(t+ τ1 − ri)− eiρτη(t− ri)‖dµ(s)

= lim
r→+∞

1

ν([−r, r])

∫ r

−r
‖η(t− ri + τ)− eiρτη(t− ri)‖dµ(s) = 0

Now let

λi(t) =


eri if t ≤ −ri,
e−t if − ri < t ≤ 0,
1 if t > 0.

Since for i ∈ {1, 2}, we have ki(t) = t− ri, then for r > ri ≥ 0, we have

Ri(r) = |ki(r)|+ |ki(−r)| = | − r − ri|+ |r − ri| = r + ri + r − ri = 2r.

Moreover M(Ri(r)) = sups∈[−2r,2r] λi(s) = eri and since ν([−r, r]) ≥ 2r
e , for r > 0, then

we have

lim
r→+∞

ν([−Ri(r), Ri(r)])
ν([−r, r])

M(Ri(r)) = lim
r→+∞

ν([−2r, 2r])

ν([−r, r])
eri

≤ lim
r→+∞

4er

2r
eeri

= 2e2+ri <∞.

This implies that the assumption (H7-H8) is satisfied.
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