EXISTENCE OF OPTIMAL POSITIVE SOLUTIONS FOR NONLINEAR
EULER-BERNOULLI BEAM EQUATION WHOSE BOTH ENDS ARE
SLIDING CLAMPED
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ABSTRACT. In this paper, we consider the nonlinear boundary value problem
v (@) + (k1 + k2)y" (2) + kakay(z) = M (2,y(2)), = €[0,1],
{M@)—MUJ—ymm)—ymﬂ)—&
where ki1 and kg are constants, A\ is a parameter. Based on this, by using the fixed-point
index theory in cones and upper and lower solution method, the criteria of the existence,

multiplicity and nonexistence of positive solutions are established in terms of different values
of A.

1. Introduction. In this paper, we are concerned with a nonlinear Euler-Bernoulli beam
equation with Neumann boundary conditions (NBVP)
YO (@) + (ks + k2)y () + kikay(2) = M (2. y(@), € [0,1], W)
y'(0) =y'(1) =4"(0) =y"(1) =0, '
where ki and ko are constants, A is a parameter, f € C'([0,1] x R,R). This problem is always used

to describes the sliding braces at both ends of an elastic beam.

With the emergence and development of a large number of edge sciences such as electromagnetic
hydrodynamics, chemistry, hydrodynamics, dynamic meteorology, ocean dynamics and groundwa-
ter dynamics, many new differential equations have appeared. Fourth-order boundary value prob-
lems (BVPs) have been used to describe the deformations of elastic beam. In particular, the elastic
beam equation is also called the Euler-Bernoulli beam equation. As we all know, the following
fourth-order Euler-Bernoulli beam equation problem

{ y W (@) +ny" (2) + Cy(w) = M (2, y(2)), = €0,1], (12)
y(0) =y(1) =¢'(0)=9'(1) =0
has attracted the attention of many scholars, where 7, ( and )\ are parameters, it describes the

deformations of elastic beams with both fixed end-point, see [3, 25, 30, 31]; In particular, the
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2 JINGJING WANG*, CHENGHUA GAO, YANQIONG LU AND XINGYUE HE

equation (1.2) with Lidstone boundary condition

y(0) =y(1) =y"(0) =y"(1) =0 (1.3)

also has received a lot of attention in the last decades, it models the stationary states of the
deflection of an elastic beam with both hinged ends, see [4, 6, 12, 18, 20, 21, 22, 23, 24]
and the references therein. In addition to the mentioned fourth-order problem under the above
boundary conditions, Webb and Infante [29] have also obtained excellent results on the fourth-
order problems with local and nonlocal boundary conditions, and extended this kind of problem

to arbitrary order boundary value problems, see [14].

Some of nonlinear analysis tools have been used to investigate the existence of solutions for the
elastic beam equation with boundary conditions (1.2) and (1.3), such as, lower and upper solutions
[3, 23, 24, 26], monotone iterative technique [2, 13, 28], Krasnosel’skii fixed point theorem
[11, 23, 31], fixed point index [17, 18, 29|, Leray-Schauder degree [1] and bifurcation theory
[20, 21, 25, 27, 30].

On the research of equation (1.2), the existence results can be summarized into two situations.
The first case is single parameter: n = ¢ = 0, A > 0; another situation is double parameter:
7, ¢ # 0, A = 1; In the case of single parameter, there are many results due to its simple structure.

In particular, we found that if n = { = 0, the existence of positive solutions for problem

y W (@) +ny (x) = Cy(x) = f(z,y(x)), = € (0,1) (1.4)

with boundary value condition (1.3) has been studied by Ma and Wang [22]. They showed the
existence of positive solutions under that f(x,y) is either superlinear or sublinear on y by employing
the fixed point theorem of cone extension or compression. When 7, ¢ # 0, A = 1, Li [18] discussed
the existence of positive solution for fourth-order boundary value problem (1.3), (1.4) with two

parameters by fixed-point index theory in cones under the following assumptions:
(F1) f:1]0,1] x [0,00) — [0,00) is continuous;

(F2)n, ¢ e Randy<2m? (2 —%, S+ 5% <1

40 7t
For convenience, we introduce the following notations:
fo = liminf min M, foo = liminf min f(m,y)7
y—0 2z¢€[0,1] Yy y—oo z€[0,1] Yy
f° = limsup max f(x,y)’ f°° = limsup max f(x,y)
y—0 z€[0,1] Y y—oo z€[0,1] Y

The main results of paper [18] are as follows:

Theorem A. Assume (F1) and (F2) hold. Then in each of the following case hold:

(i) fOo<at—nr? —(, foo >mt—qr? = (;
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OPTIMAL POSITIVE SOLUTIONS FOR NONLINEAR EULER-BERNOULLI BEAM EQUATION 3

(11) fO >7T4—777T2—C7 foo <7T4_777T2_C7
the problem (1.3), (1.4) has at least one positive solution.

From Theorem A, we notice that 7* — n7? — ¢ is an eigenvalue of linear boundary value
corresponding to problem (1.3), (1.4), if the strict inequalities in (i) or (ii) of Theorem A are
weakened to nonstrict inequalities, the existence of solution for problem (1.3), (1.4) can not be

guaranteed. In addition to, they derive the following corollary from Theorem A.
Corollary B. Assume (F1) and (F2) hold. Then in each of the following cases hold:
(i) f =0, fo = +oo(superlinear case);

(i) fo = 400, f°° = O(sublinear case),

the problem (1.3), (1.4) has a positive solution.

We summarize the many studies on simply supported beams introduced earlier, from the
conditions given in the article, the parameters 1 and ¢ are satisfied the key condition % + % <1.
Under this condition, we can use the same method as literature [10, 17] to transform the solution
of the boundary value problem into the solution of an integral equation with the help of Green’s
function. A natural question is: when the limiting conditions of parameters n and ¢ change,
that is, the condition (F2) of Theorem A is broken, and more specifically, what is the result of
the existence of the solution of the problem when the method described above cannot be used
smoothly? Further, when the parameter A appears, is it possible to find A* which is exactly the
point at which the solution to the problem does and does not exist? This is the next question we
have to consider, in this paper, we will discuss the problems with three parameters and overcome

these difficulties.

In recently, Vrabel [26] was interested in establishing the existence of solution of the fourth-
order differential equation which models the stationary states of the deflection of an elastic beam,

namely, the ordinary differential equation
y @ (@) + (k1 + ka)y" (z) + kikay(x) = f(z,y()), « € [0,1] (1.5)

subject to the Lidstone boundary condition (1.3), where k1 < ko < 0. It is correspond to
hinged ends when there is no bending moment at the ends, see Gupta [6], Lazer and McKenna
[16]. Recently, Ma [23, 24] are considered with the problem (1.3), (1.5) under the assumption
ki1 <0< ky<m?and 0 < k1 < ko < 72, they proved non-negative of its Green’s function and
established the method of lower and upper solutions for problem (1.3), (1.5).

An interesting question arises, does the equation (1.5) still have a solution when the boundary
conditions are change? By using the fixed point index and the critical group, Li [17] discussed
the existence of positive solutions to the equation (1.5) with Neumann boundary condition, where

k1 4+ k2 = —2 and k1ke = 1. Obviously, this problem is a special case of literature [26]. Same
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research see Yang [32, 33|, Li [19] and the references therein. Then, Guo [10] discussed the
existence of positive solutions for NBVP (1.1), where k1 + ko = n and k1ky = —(, 1, ¢ are positive
parameters and satisfy % + 4 <1, # —%, n > —272. We noticed that although the study of
[10] expanded the work of [17], it still had great limitations on parameters.

Inspired by the above literatures, we aim to investigate the problem of existence, multiplicity
and nonexistence of positive solutions for NBVP (1.1), and our work is still valid for the conclusions
of Ma [23, 24] and Vrabel [26], where f : [0,1] x R — R is continuous, k; and ky are constants,

A is a positive parameter. And we make the following assumptions:
(H1) f(x,y) > 0 for any = € [0,1] and y > 0;
(H2) fo =00 and fo = o0;
(H3) f°=0and f>* =0.
The main results that we will establish are as follows:

Theorem 1.1 Assume that (H1) and (H2) hold. Then there exists \* > 0 such that NBVP (1.1)
has at least two positive solutions for A € (0, \*), at least one positive solution for A = A\* and no

positive solution for A > \*.

Theorem 1.2 Assume that (H1) and (H3) hold. Then there exists A, > 0 such that NBVP (1.1)
has at least two positive solutions for A > A, at least one positive solution for A = A\, and no

positive solution for A € (0, A).

Theorem 1.3 Let p; be the first eigenvalue of the linear boundary value problem

{ YO (@) + (ks + )y () + Fakay(e) = py(e), @ € [0,1], 16)

y'(0) =y'(1) =y"(0) =y"(1) =0,
where p; > 0. Then

(i) if 0 < f>° < fo < +oo, then NBVP (1.1) has at least one positive solution for any

e (8 )

(i) if 0 < f < fwo
Ae (5, 5)

IN

+o00, then NBVP (1.1) has at least one positive solution for any

p1
foo?

[y

Remark 1.1 Notice that the conditions given by the Theorem 1.3 is to guarantee of the sharp
existence condition for the positive solutions of the problem (1.1). Let k1 + ko = 5, k1 - ko = 4,

consider the following fourth-order Neumann boundary value problem

{ y W (x) + 59" (x) + 4y(x) = Mf(z,y(2)), = €[0,1], (1.7)
y'(0) =y'(1) = y"(0) =y (1) =0, '
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OPTIMAL POSITIVE SOLUTIONS FOR NONLINEAR EULER-BERNOULLI BEAM EQUATION 5

where f(z,s) = s+ a(s) for any x € [0, 1],

2
2 > ) SE(—OO,—l)U(l,+OO),
— 5241
a(s) = 253
—1,1].
S2+1’ SG[ Y }

Clearly, fo = f* = 1, it follows from Theorem 1.3 that the problem (1.7) has no positive
solution. In fact, suppose that A = p; = 4, there is a positive solution y(x) of the problem (1.7),
where p; is the first eigenvalue of problem (1.6). Let p1(x) > 0 is the eigenfunction corresponding

to p1, multiplying the equation of (1.7) by ¢1(x) and integrating on [0,1], we can get

o / e1(s)y(s)ds = pr / 1(8)y()ds + pr / o1(s)aly(s))ds.

0 0

Hence p; fol v1(s)a(y(s))ds = 0, this contradict with the fact

1
p1/0 w1(s)a(y(s))ds > 0.

Corollary 1.1 Assume that f :[0,1] x R — R is continuous, yf(z,y) > 0 for any x € [0, 1] and
y € R. Then

(i) if 0 < f*° < fo < 400, the NBVP (1.1) has at least one positive solution and one negative

solution for any \ € (%, j%);

(i) if 0 < fO < foo < 400, the NBVP (1.1) has at least one positive solution and one negative

solution for any A € (Jf—l, %)

From the previous discussion, we find that the appearance of k1 and ko lead to the absence
of the positivity of Green’s function in NBVP (1.1), which greatly increases the complexity of
the calculation of Green’s function. On this basis, in the second part of this paper, we discuss
the properties of Green’s function in detail according to the different classification of k; and k.
Including the case of k1 < ky <0, k1 <0 < kg < %2 and 0 < k1 < ko < %2, respectively. In the
third part of this paper, based on the second part, the corresponding proofs of Theorem 1.1 and
1.2 are given. And Section 4 shows the results of Theorems 1.3 and Corollary 1.1. In the last part,

some numerical examples are given to verify our conclusion.

2. Preliminaries. Let X = (0,1] be a Banach space, with its usual normal |ly|| =
max{|y(z)|,z € [0,1]} for all y € X.

2.1 Green’s function and its sign properties in case k; < ks <0

From k; < ks <0, let ky = —a?, ky = —3%, where o and 3 are constants greater than zero that
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6 JINGJING WANG*, CHENGHUA GAO, YANQIONG LU AND XINGYUE HE

satisfy & > . Then, the NBVP (1.1) is transformed into the following boundary value problem

{ Y (@) = (02 + By (@) + 0*Fy(x) = [, y(@)), @ € [0,1], (1)
y(0) =y/(1) =y"(0) = y""(1) = 0. |

Define linear operator L : D(L) — X as follows
Ly =y — (o + 8%)y" + a*B%, y € D(L),
where D(L) := {y € C*4[0,1] : 4/(0) = /(1) = 9" (0) = y"(1) = O}.
To get the Green’s function G(z, s) of Ly = 0, we define another linear operator
Lyy :=y" — oy, D(L1) = {y € C*[0,1] : y/(0) = ¢/(1) = 0}

It’s not difficult to calculate that the Green’s function of L1y = 0 is

cosh[a(1 — t)] cosh(as)

(t.5) . ;, 0<s<t<l,
Gi(t,s) = — Qsini.a
cosh[a(1 5 cosh(at), 0<t<s<l
asinh o

Define linear operator

Loy :=y" — 8%, D(Ls) = {y € C*[0,1] : ¢y/(0) = y/(1) = O}.
Then the Green’s function of Loy = 0 is

cosh[S(1 — t)] cosh(Bs)

[Bsinh 3 ;, 0ss<t<1,
Ga(t;8) = = cosh[B(1 — s)] cosh(Bt) 0<t<s<l1
Bsinh 8 , =7

It’s easy to verify that the Green’s function of Ly = Ls o (L1y), and Ly = 0 is
- 1
Gla, s) = / G, )Gh (1, 5)dt, (x,8) € [0,1] x [0, 1]. (2.2)
0

Notice that if @ = 3, then the characteristic equation u* — 2a2u? + a* = 0 of (2.1) has double

roots p1 = a, gz = —a. In this case, the expression of G(z,s) can not be directly obtained from
(2.2).

Therefore, we divide two cases as follows:
Case 1.a=0£>0

In this case,

y(x) = Cq cosh(az) + Cy sinh(ax) + Csx cosh(ax) + Cyx sinh(ax)
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OPTIMAL POSITIVE SOLUTIONS FOR NONLINEAR EULER-BERNOULLI BEAM EQUATION 7

is the general solution of y™ (x) — (a? + 2)y"(z) + a?B?y(z) = 0. It’s easy to compute that

plx) = = COSh(O‘;a); sinh(a2) 45 the solution of initial value problem

{ ©(0) =¢'(1

From the theory of Green’s function, we can obtain the explicit expression of Green’s function
of (2.1) as follows

sinh a cosh[a(1 — s)][cosh(az) — ax sinh(ax)]
203 sinh? o .
a cosh(ax)[cosh(as + ssinh asinh[a(l — s)]] s <
. . 3 2 ) = 4y
Glo,s) = sinh o cosh[a(1 — xz)ﬁcgg}ll ag) — assinh(as)] (2:3)
203 sinh? o )
a cosh(as)[cosh(ax + x sinh asinh[a(1 — x)]] v <s

203 sinh? o

In order to better characterize the properties of Green’s function and verify the correctness
of the results in this paper, the mathematical software Matlab is used to simulate the figures of

Green’s function under different values of o and [ for reference.

Next, we first give the figure of Green’s function when o = 8 of Case 1, at this time, o and

take the concrete real numbers, see illustration Fig. 1.

s 0 o x

(1-a) a = 8= 0.5 in G(z, s) (1-b) a = B8 =2 in G(z, s)

FIGURE 1. Figure of G(z,s) when a = 3 > 0.

Case 2. a> (>0
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8 JINGJING WANG*, CHENGHUA GAO, YANQIONG LU AND XINGYUE HE

In this case, if 0 <z < s < 1, then

— _[* cosh[B(1 — x)] cosh(ft) cosh[a (1 — s)] cosh(at)
Glz,s) _/0 Bsinh 8 asinh o dt
# cosh[B(1 — t)] cosh(Bz) cosh[a(l — s)] cosh(at)
* /I Bsinh 8 asinh « dt
! cosh[B(1 — t)] cosh(Bx) cosh[a(1 — t)] cosh(as)
* /9 B sinh 3 asinh a di
1 —Bsinh B cosh(ax) cosh[a(l — s)] = asinhacosh[3(1 — s)] cosh(Bz)
a2 - B2 [ a3 sinh e cosh 3 + af sinh a cosh g
1 cosh(Bz)cosh[B(1 —s)]  cosh(ax)cosh[a(l — s)]
_042—52[ Bsinh 3 B asinh o }

By a similar calculation, when 0 < s <z <1,

— B 1 cosh[B(1 — x)] cosh(Bs)  cosh[a(l — z)] cosh(as)
Gla,s) = a? — (32 [ Bsinh 8 B asinh o }

Thus the concrete expression of Green’s function of problem (2.1) is

1 cosh[B(1 — s)] cosh(Bz)  cosh[a(l — )] cosh(ax) 0<z<s<]

Glz,s) = a2—ﬁ2[ Bsinh 3 B asinh o }’ r=9 ’
' 1 cosh[B(1 — z)] cosh(Bs)  cosh[a(l — x)] cosh(as) 0<s<g<l
az—BQ[ Bsinh 8 B asinh a }’ =8=Tst

(2.4)
Theorem 2.1 If o, § € (0,400) with « > (3, then the Green’s function of problem (2.1) satisfies

G(z,s) >0, (x,s) €[0,1] x [0,1].

Proof. According to literature [15], we know
Gilt;s) <0, i=1,2, (t,5) € [0,1] x [0,1],

and from (2.2), we can get G(z,s) > 0, (z,s) € [0,1] x [0,1]. O

Then give the figure of Green’s function in Case 2, where «, § € (0,+00) with @ > . In this
case, a and 3 take the specific real numbers, as shown in Fig. 2.

2.2 Green’s function and its sign properties in case k; < 0 < ko < ”72

From k1 < 0 < ko < %2, let k1 = —a?, ko = % and o € (0,+0), B € (0,5], Then the NBVP

(1.1) can be written as the following boundary value problem

{ y(4)($) + (ﬁ2 - 012)3///(7") - a2629(l‘) = f(.l?, y(.]?)), T € [0’ 1]’ (2 5)
y(0) = y'(1) = y"(0) =y (1) = 0. |
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x10°

x10°

8.163265325
8.16326532

8.16326533
8.163265315
8.16326532
8.16326531

- 816326531
2 5163265305
@ si6mem 1 5.1632653

8.16326529 8.163265295

8.16326528 8.16326529
8. 163265217 8.163265285
8.16326528

8.163265275

s 0 o x

(2-a) @ = 0.7, = 0.5 x 1072 in G(z, s) (2-b) a =0.7,3 = 0.5 in G(z, s)

FIGURE 2. Figure of G(z,s) when a, 8 € (0, +00) with a > f3.

Define linear operator L : D(L) — X as follows
Ly =y + (8% - o®)y" — a*B%, y € D(L),
where D(L) := {y € C1[0, 1] : y/(0) = /(1) = 4/ (0) = /(1) = O}.
To get the Green’s function @(a:, s) of the operator Ly = 0, define linear operator
Ly :=y" — oy, D(L1):= {y € C*[0,1] : y/(0) = ¢/(1) = 0}

It’s not difficult to calculate Gy (¢, s) is the Green’s function of L1y = 0.

Define a linear operator
Lyy :=y" + B%y, D(Ls) := {y € C*[0,1] : y/(0) = (1) = 0},

then the Green’s function of L3y = 0 is

cos[B(1 — t)] cos(Bs)

Bsin 3  Ussstsl
G3(t7 5) - COS[ﬁ(]. — S)] COS(ﬁt)
Bsin B UstEsst

Obviously, if o > 0, then Gy(t,s) < 0, (t,s) € [0,1] x [0,1]. If 0 < 8 < %, then G3(t,s) > 0; If
B = %, then Gs(t,s) > 0. Especially, G3(t,s) =0 with t =s =0ort =s= 1.

Hence, Ly = L3 o (L1y), the Green’s function of Ly = 0 is

G(zx,s) :z/0 Gs(x,t)Gy(t, s)dt, (z,s) € ]0,1] x [0,1]. (2.6)
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10 JINGJING WANG*, CHENGHUA GAO, YANQIONG LU AND XINGYUE HE

Moreover, if 0 < x < s <1, then

Gz, /Oz cos[B(1 — )] cos(Bt) cosh[a(1 — s)] cosh(at) o

[Bsin 3 asinh «
% cos[B(1 — t)] cos(Bz) cosha(1l — s)] cosh(at)
* /L fsin 8 asinh a dt
! cos[B(1 — t)] cos(Bzx) cosh[a(1 — t)] cosh(as)
+ /S (sinh 3 asinh o dt
_ cosh[a(1 — s)] B cosh(ax)sin 3 cos(Bz)  acos[f(1 — s)]sinha
"~ afsinfBsinha o + 2 afsin S sinh o a? + 32
1 cos(Bx) cos[B(1 —s)] = cosh(ax) cosha(1l — s)]
7a2+52{ Bsin 8 + asinh o }

By a similar calculation, if 0 < s < x < 1, then we can get
1 cos[B(1 — x)] cos(Bs) = cosh[a(l — x)] cosh(ws)
| + J
OCQ + 62
Thus, the concrete expression of Green’s function of problem (2.5) is

1 {cos[,@(l — s)] cos(Bx) N cosh[a(1 — s)] cosh(ax)

—G(z,s) =

Bsin g asinh a

},OSxSSSL

~ CREED) . o
~Glws) =4 —{ﬂ cos[ﬁ(lﬂjgl)?cos(ﬂs) cosh[a(féilg)]oéosh(as) 0<s<g<l
a2+52[ Bsin 8 + asinh o }’ =8=T=4

(2.7)
The properties of Green’s function é(:m s) are given as follows:
Theorem 2.2 If o € (0,+00), € (0, %], then
G(z,s) <0, (z,s) €[0,1] x [0,1].
Proof. When « € (0,+00), # € (0, Z], it can be obtained directly from literature [14] that
Gi(t,s) <0, Gs(t,s) >0, (t,s) €0,1] x [0,1].

Combining (2.3), we know
G(z,s) <0, (z,5) €[0,1] x [0,1].

When a € (0,4+00), 8= 7, we can get G1(t,s) <0 and G3(x,t) > 0.
In particular, Gs(z,t) = 0 if and only if 2 =¢ =0 or & =t = 1. Therefore, if 2 = 0, combining
this with (2.7), we can obtain

1 cos[B(1 —s)]  cosh[a(l — s)]
a? + (32 Bsin 8 asinh o

—G(0,5) = ,0<s<1.

cosx
z sin x

Because zsinx is increasing on z € (0, 5), cosx is decreasing, so is a decreasing function,

cosa - - ” . . . »
<L is positive on = € (0, 5). Apparently, sinhz and cosh z are increasing and positive

on x € (0,400). Therefore, —é(O, s) >0, s € [0,1], then we can get é(O, s) <0, se€l0,1];

however,
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Ifz=1,

_G(1s) = cosh(as)

1 cos(fs)
a? + (B2 [ Bsin 8

Similar to reachable é(l, s) <0, s €[0,1]. Figure 2.2.1 and Figure 2.2.1 are images of fCNJ(O, s)
and —G(1,s) when o = 2, 8= 0.2 x 103, where s € [0,1]. From the images we can see that the

0<s<1.
ozsinha]’ =5

result we want to prove is correct.

108

6.250000015

6.25000001

6.250000005

6.25

-G(0,s)

6.249999995

6.24999999

6.249000085 -

6.24999998
0

0.2

04

s

0.6

0.8

1

6250000015

6.25000001
6.250000005

@

< 6.25

9]

6.249999995

6.24999999

6.249999985

6.24999998
0

02

04

s

06

0.8

1

(3-a) a=2,8=02x10"%in —G(0, s) (3-b) a=2,=0.2x 102 in —G(1, s)

FIGURE 3. Figure of —G(0, s) and —G(1,s) when o =2, 8 = 0.2 x 1073, where s € [0,1].

To sum up,
G(z,s) <0, (z,s) € [0,1] x [0,1].

O

Next, we give in Case a € (0,+00), 3 € (0, %) the figures of the Green’s function, when «a,
take specific real numbers, see Fig. 4 (4-a,4-b). In particular, we also simulated the figures of the

Green’s function of case 3 = 5, where « takes specific real number, see Fig. 4 (4-c,4-d).

Remark 2.1 It is worth noting that we get é(x,s) < 0 with the case of k1 < 0 < kg < ”72. At

this point, if the problem we are studying (1.1) is transformed into the following form

{ YW (@) + (ky + k)y/" (@) + ki koy(e) + Af (2, y(2)) = 0,z €[0,1], 28)

y'(0) =y'(1) =y"(0) =y"(1) =0,
then the results obtained in this paper still held true for the above problems.
2.3 Green’s function and its sign properties in case 0 < k; < ko < ”72
From 0 < ky < ko < %=, let ky = o, ky = 82 and 0 < o < 8 < T, then the NBVP (1.1) can be

written as the following boundary value problem

{ yW(z) + (a? + B2y () + o?B%y(x) = f(z,y(x)),
y/(o) — y/(l) — y///(o) — y///(l) — 0.

Define linear operators L : D(L) — X

x € (0,1), (2.9)

Ly =y + (a® + 8%)y" + a*B%, y € D(L),
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@ 94444486,
o

94444466
625 94444446,
9444442

6.944444

05

s 0 o X

6.9444445

6.9444444

6.9444443

6.9444442

(4-a) « =0.8,8 = 0.5 in —G(z, s) (4b) a =08 x 1072, = 1.5 in —G(x, s)

067 x10°
08E 6.3325744
6.3325742

@ 6.332574

6.3325738

6.3325736
1

s 0 0 X S 0 o X

(4-c) a =08, =T in —G(z,s) (4-d) = 0.8 x 1072, 8 =

FIGURE 4. Figure of —G(x,s) when o € (0, +00), 8 € (0, F)orB=73.

where
D(L) := {y € C*[0,1] : y/(0) = /(1) = y""(0) = y""(1) = 0}.

Jus
2

x10°

6.3325743

6.3325742

6.3325741

6332574

6.3325739

6.3325738

6.3325737

To get the Green’s function G(z, s) of the operator Ly = 0, define another linear operator

Lyy :==y" +a%y, D(Ly) == {y € C*[0,1] : y/(0) = ¢/ (1) = O}.
It’s not difficult to calculate the Green’s function of Lyy = 0 is
cos[a(l — t)] cos(as)

G4(t,5> _ CY_SI }
cos|a(1 ?}?Cos(at)’ 0<t<s<l.

o sinh «

Define the linear operator
Lgy :==y" + 8%, D(Ls) :={y € C*[0,1] : ' (0) = »/'(1) = 0}..
Gs(t, s) is the Green’s function of Lgy = 0.

It is easy to verify Ly = L3 o (L4y), then the Green’s function of Ly = 0 is

1
G(z,s) :z/0 G3(x,t)Gy(t, s)dt, (z,s) € ]0,1] x [0,1].
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OPTIMAL POSITIVE SOLUTIONS FOR NONLINEAR EULER-BERNOULLI BEAM EQUATION 13

Notice that if @ = 3, then the characteristic equation u* + 2a%u? + a* = 0 of (2.5) has double

roots p1 = avi, pe = —ai. In this case, the expression of G(z, s) can not be directly obtained from
(2.6).

Therefore, we divide two cases as follows:
Case 3. a=p3< 7%

In this case, y(x) = Cy cos(ax) + Cs sin(ax) + Csz cos(ax) + Cyx sin(ax) is the general solution

sin(az)—az cos(ax) .

of y () + (a® + B2)y" (z) + a?B?y(x) = 0. It is easy to compute that p(z) = ZHar)_agcosian) g

the solution of initial value problem

{ oW (z) + 202" (z) 4+ atp(x) = 0, x € [0,1],
©(0) = ¢'(1) = =0 :

Then, we can obtain the concrete expression of Green’s function of problem (2.5) as follows

sin acos[a(1 — s)][cos(ax) + ax sin(ax)]

(
acos(ax)[cos%gg S—H};s?nasm[ (1-9)] s <
Glo,s) = sin v cos[a(l — argﬁzcos as) + assin(as)] o (211)
a COS(O&S)[COS?CVIL'S Sinx sin o sin[a(1 — z)])
203 sin? o =S

Next, we first give the figure of Green’s function when o« = § in Case 3. In this case a and

take the concrete real numbers, as shown in Fig. 5.

x10%

x1020
6.249999

6.2499992
6.2499989

6.249999
62499988
& 62499088
z \ {6.2400087
& 6.2499986

6.2499984 I 6.2499986

6.2499982 6.2499985

6.249998
1

6.2499984

6.2499983
05

6.2499982
s 0 o X

(5-a) o= § =05 x 1073 in G(x, s) (5-b) a = B = 1.5 in G(z, 5)

FIGURE 5. Figure of G(z,s) when o = 3 < 7.

In particular, if « = f = 7, thent = s =0 or t = s = 1, G(x, s) contains zero.

Case 4. 0<a<fB <%
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14 JINGJING WANG*, CHENGHUA GAO, YANQIONG LU AND XINGYUE HE

In this case, if 0 <z < s < 1, then

Gl 5) = /Ox cos[a(1l — s)] cos(at) cos[B(1 — )] cos(Bt) it

asin o Bsin g
* cos[a(l — s)] cos(at) cos[B(1 — t)] cos(Bx)
+/z asin o Bsin g8 dt
! cos[a(1 — t)] cos(as) cos[B(1 — t)] cos(Bz)
+/S asin o [sin 3 di
1 Bsin B cos(ax) cos[a(l — s)]  asinacos[B(1 — s)] cos(Bz)
- B2 — a2 [ afsinasin 8 B afsin asin 5
1 cos(ax) cos[a(l —s)]  cos(Bz)cos[B(1 — s)]
_62—042[ asin o B Bsin 8 }

Similarly, if 0 < s < z <1, then

1 {cos[a(l — )] cos(as)  cos[B(1 — )] cos(ﬂs)]'

Gz, 5) = B2 — a? asin o Bsin 8

So the concrete expression of Green’s function of problem (2.5) is

1 cos[a(l — s)]cos(ax)  cos[B(1 — s)] cos(Bx) 0<p<s<]
G(z,5) = BQ—QQ[ asin o B Bsin 3 ’ ST=ss ’ (2.12)
s 1 cos[a(l — z)]cos(as)  cos[B(1 — z)] cos(Bs) 0<s<z<l :
BQ—QQ[ asin o B Bsin 3 }’ =T

The properties of Green’s function G(z, s) are given as follows:

Theorem 2.3 If 0 < a < < 7, then

G(z,s) >0, (x,8) €]0,1] x [0,1].

Proof. According to literature [15], we know that
Gi(t,s) >0, i=3,4, (t,s) € [0,1] x [0,1].
Combining (2.6), we can obtain

G(z,s) >0, (z,s) € [0,1] x [0,1].

If 0 < a < =7, then we can get G4(t,s) > 0 and G3(z,t) > 0. Especially, G3(x,t) = 0 if and
only if z =t =0 or x =¢ = 1. Therefore, when x = 0, by combining (2.12), we can obtain

1 [cos[a(l —s)]  cos[B(1 —s)]

G(0,5) = B2 — a2 asin o Bsin 3

,0<s< 1.

cos T
z sin x

Because xsinz is increasing on x € (0, ), cosz is decreasing, so
Therefore G(0,s) > 0, s € [0,1];

is a decreasing function.
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OPTIMAL POSITIVE SOLUTIONS FOR NONLINEAR EULER-BERNOULLI BEAM EQUATION 15

When z =1,
1 cos(as)  cos(Bs)

B2 —a?l asina Bsin 8

G(1,s) = },OS.sgl.

Similarly, we can get G(1,s) > 0, s € [0,1]. Figure (6-a) and Figure (6-b) are images of G(0,s)
and G(1,s) when a = 0.2 x 1073, 8 = 1.5, where s € [0,1]. From the images we can see that the

result we want to prove is correct.

1111111114 £ 1411111114 5

1111111113 1.111111113 /

\
1111111112 \\ 1111111112

S % 2
[0} N (0]

1111111111 111111111

111111111 \ 111111111 i
5% P4

1111111109 A5 i 1.111111109

1111111108 L = 1.111111108
0 0.2 04 06 0.8 1 0 0.2 04 06 0.8 1

s s

(6-a) a =0.2x 1073 B = 1.5 in G(0, s) (6-b) =02 x 107% 8= 1.5in G(1,s)

FIGURE 6. Figure of G(0,s) and G(1,s) when a = 0.2 x 1073, 3 = 1.5, where s € [0, 1].

To sum up,
G(z,s) >0, (x,s) € [0,1] x [0,1].

0O

The figure of Green’s function at 0 < a < < 7 in Case 4 is given. At this point, o and 3
take the concrete real numbers, as is shown in Fig. 7 (7-a,7-b). In particular, the figure of Green’s
s

function at 0 < o < = 7 is also simulated, as shown in Fig. 7 (7-c,7-d).

Remark 2.2 It should be noted that in the three cases discussed in this section, if the parameter
k1 = 0 or ks = 0, the operator Ly has eigenvalue \y = 0 and Ly = 0 has nontrivial solution
y = C (C #0). Therefore, according to the Fredholm alternative theorem, there is no solution to
the problem (1.1), so the parameters in this paper meet the requirement that k1ko # 0 are always
valid. In particular, the parameter ki = ko = %2, ift=s=0ort=s=1, then G(z,s) contains
Zero.

2.4 Some lemmas

Based on the sign of Green’s function of NBVP (1.1), without loss of generality, we discuss the
case of k1 < kg < 0.

Obviously, y(x) is a solution of the problem

{ y W (@) + (ky + ka2)y" (2) + kikay(z) = h(z), = €[0,1],
y'(0) =4'(1) =y"(0) =y (1) =0,
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x10°
156093895

x10° 0.82

1.560939 15600389

0.78
1.5609389 1.56093885

w 0.76

x
& 15609388 {
1.5609388 074

15600387
156003875 -2

1.5609386
1 1.5609387

1.56093865

(7-a) @ = 0.8 x 1073, 8 = 1.0005 in G(z, s) (7-b) «=0.8,8 = 1.5 in G(z, s)

x10 4.052847354

4.052847355 4.052847352

—~ 4.05284735
@

G(x,

4.052847348
4.052847345

4052847346
4.05284734
1

4.052847344

4.052847342

s 0 o X

(7-¢) «=0.1x10"°%,8=Z in G(z,s) (7-d) a=1,8= % in G(=,s)

FIGURE 7. Figure of G(z,s) when0 <a<f < and0<a<f= 7.

then )
a) = | Gl oh(s)ds, x € o.1]
0
where G(z, s) is given by (2.4).

From Theorem 2.3, there exist 0 < m < M such that

m= min G(x,s), M = max G(x,s).
z,s€[0,1] z,s€[0,1]

Consider 4-dimensional Banach space
E={yeC'0.1]:4(0) =y'(1) =y"(0) =y"(1) = 0}
with the norm ||y|| = maxo<z<1 |y(x)| for all y € E and the cone P in E given by
P={ye By = 0.y() > 3yl

For u,v € E, we write v < v if u(z) < wv(z) for any z € [0,1]. For any r > 0, let
B, ={ye E:|y|l <r}and 0B, = {y € E : |ly|| = r}. We denote 0 is the zero element in
E.
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OPTIMAL POSITIVE SOLUTIONS FOR NONLINEAR EULER-BERNOULLI BEAM EQUATION 17

Lemma 2.1 Define operators K,f,A: E — E, by

(Ky)(x) = /0 G(z,s)y(s)ds,y € E,xz € [0,1]; (2.13)
(fy) (@) = f(z,y(z)),y € E,z € [0,1];
A= Kf. (2.14)

Then K(P) C P, A(P)C Pand K: E — E, A: E — E are completely continuous.

Proof. By the definitions of m and M, it follows that

Ay(z) = / Gla,)f(s,y(s))ds > m / f(s,y(s))ds, x € [0,1],

Ay(z) = / G, )£ (s,y(s))ds < M / F(s,y(s))ds,x € [0,1].

Accordingly,

m m
Ay(z) > 2 Auz) = 211 Al
y(iﬂ)_Mmrg[gﬁ} y() MII yll

So A(P) C P, by using the Arzela-Ascoli theorem, A is a completely continuous operator.
By using similar method it yields that K(P) C P and K : E — FE is completely continuous. O

It is evident that y € P is a fixed point of the operator AA if and only if y is a solution of
NBVP (1.1). K defined by (2.13) is an important operator in our later discussion. We present

some properties of it as follows.
Lemma 2.2 The spectral radius r(K) > 0 and there exist £ € E with £ > 0 on [0,1] such that

K¢ = r(K)¢ and fol &(s)ds = r(}(). Moreover, p1 = T(]k) is the first positive eigenvalue of the
linear NBVP (1.1) and

1 1

/0 (Ky)(s)€(s)ds = ;711 /0 y(s)€(s)ds, Wy € E. (2.15)
Proof. Define the cone Py ={y € E : y(z) > 0,V z € [0,1]}. Then the cone P, is normal and
has nonempty interiors int Py. It is clear that Py is also a total cone of E, that is, E = Py — Py,
which means that the set Py — Py = {u — v : u,v € Py} is dense in E. It follows from Lemma 2.1
that K is strongly positive, that is, K(y) € intP, for y € Py\{6}. Obviously, K(Py) C Py. By
the Krein-Rutman theorem ([5], Theorem 19.3; [34], Theorem 7.C), the spectral radius r(K) > 0
and there exists g € F with & > 0 on [0,1] such that K& = r(K)&. Let £ = fo

r(K) [y €o(s)ds”
Obviously, £ > 0 on [0,1], K& = r(K)¢ and fol &(s)ds = ﬁ
Notice that K& = r(K)E is equivalent to the following NBVP

€D (@) + (k1 + ka)E" () + kikof(x) = ——£(z), z € [0,1],

r(K)
§'(0) = ¢'(1) = £"(0) = £"(1) = 0,
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18 JINGJING WANG*, CHENGHUA GAO, YANQIONG LU AND XINGYUE HE

r(K)
of K, we know that there exist n € Py and a constant ¢ > 0 such that ¢Kn > n on [0,1]. Then p;

we can obtain that p; = is an eigenvalue of the linear NBVP (1.6). From the strong positivity

is the first positive eigenvalue of the linear problem (1.6).

Since €(0) = €/(1) = €”(0) = £"(1) = 0, that we have
p1 /0 (Ky)(s)&(s)ds = /O (Ky)(5){€W () + (k1 + k2)€” (s) + k1ka&(s) }ds
- / E(s)(Ky) D (s)ds + (ks + ko) / £(s)(Ky)" (s)ds
0 0
1
ks / £(5)(Ky)(s)ds

1
- / y(s)E(s)ds.
Then (2.15) holds. a

The proof of the main theorems are based on the fixed point index theory. The following three

well-known theorem in [5, 7, 34] are needed in our argument.

Lemma 2.3 Let E be a Banach space and X C E be a cone in E. Assume that () is a bounded open

subset of E. Suppose that A : XN — X is a completely continuous operator. If i)?faﬂ |Az| > 0
xeXN

and pAx # x for x € X NOQ, u > 1, then the fixed point index i(A, X NQ, X) =0.

Lemma 2.4 Let E be a Banach space and X C E be a cone in E. Assume that §) is a bounded
open subset of E. Suppose that A: X NQ — X is a completely continuous operator. If there exist
xo € X\{0} such that v — Az # pxg for all z € X N 0N and p > 0, then the fixed point index
i(4,XNQ,X)=0.

Lemma 2.5 Let E be a Banach space and X C E be a cone in E. Assume that Q) is a bounded
open subset of E with § € Q. Suppose that A : X NQ — X is a completely continuous operator.
If Ax # pa for all v € X N OQ and p > 1, then the fixed point index i(A, X N, X) = 1.

3. Proofs of Theorems 1.1 and 1.2. Firstly, we introduce the following notations:
® ={(A\,y): A>0, yis a positive solution of NBVP (1.1)};
A ={X\ > 0: there exist y such that (A, y) € ®};
A =supA, A\, =inf A.
Lemma 3.1 Assume that fo = co. Then ® # ().

Proof. Let R > 0 is a fixed number. Then we can choose Ay > 0 small enough such that

Ao(supye prg,, lAY[) < R. It is easy to see that

MoAy # py, Yy € PNOBR,pu > 1.
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OPTIMAL POSITIVE SOLUTIONS FOR NONLINEAR EULER-BERNOULLI BEAM EQUATION 19

By Lemma 2.5, it follows that
i(AA, PN Bg,P)=1. (3.1)

From fy = oo, it follows that there exists r € (0, R) such that

flx,y) > )\—y, Yy el0,r],z €10,1], (3.2)

where p; > 0 is given in Lemma 2.2. We may suppose that A\gA has no fixed point on P N 0B,..

Otherwise, the proof is finished. Now we shall prove

where £ is given in Lemma 2.2. Suppose on the contrary that there exist y; € PN9IB, and u; > 0
such that y; = AgAy1 + 1€, Then gy > 0. Multiplying the equality y3 = AgAy1 + p1€ by € and
integrating on [0,1], by using (2.8) and (3.2), it follows that

/Olyl(s)ﬁ(s)ds_ /1(>\0Ay1)( s)ds + / £(s)

/ fls, (s 8)d8+u1/ §*(s)ds
/ 1(8)€ %+M{/§

which contradicts £ > 0 on [0,1]. Thus, (3.3) holds. It follows from Lemma 2.4 that

i(A\oA, PN B,, P) = 0. (3.4)

According to the additivity of the fixed point index, it follows from (3.1) and (3.4) that
i(MoA, PN (Br\B,),P) = i(\oA, PN B, P) — i(\oA, PN B,,P) = 1,
which implies that the nonlinear operator A\gA has one fixed point yo € P N (Br\B,).
Therefore, (Mg, yo) € D, i.e. D # (. ]
Lemma 3.2 Assume that (H1) and (H2) hold. Then A is a bounded set.

Proof. Let (\,y) € ®. It follows from (H1) and (H2) that there exists C > 0 such that
f(x,y) > Cy for all y > 0 and x € [0,1]. By Lemma 2.1, we obtain that K= : E — F is
the inverse mapping of K, and (K~'y)(z) = A(fy)(x) for = € [0,1]. Since AKfy = y, we assume
that y(zo) = ||y|| = max,cpo1) ly(x)| for zo € [0,1]. Then,

I Iyl > 1 yll > (K~ y) (o) = Af(zo, y (o)) = AC]yll,

where ||[K 1| = SUDP|y(|=1 | K~1y||. By Matrix theory([8], Vol.2, Page105, Theorem 13, [9], Page87,
Theorem 6), || K| = p1. Thus, A < p;C~ L. a
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Lemma 3.3 Assume that (H1) and (H2) hold. Then (0,\*) C A. Moreover, for any A € (0, \*),
NBVP (1.1) has at least two positive solutions.

Proof. For any fixed A € (0, \*), by the definition of A*, there exists Ao € A such that A < Ay < \*
and (A2,%2) € ®. Fixed R < minge(o1¥2(2). From the proof of Lemma 3.1, we see that there
exist A1 < \,R > r and y; € PN (Bg\B,) such that (A\;,1) € ®. It is easy to see that
0 <y1(z) < ya(x), z €]0,1]. Then by (H1), we have

Y\ (@) + (k1 + k2)yl () + kakayn (2) = M f (2, 31(2)) < M (2,31 (2)), = € [0,1]

and
y§4) () + (k1 + k2)ys (z) + krkayz () = Ao f (z,y2(2)) > Af (@, y2(x)), = €[0,1]. (3.5)

Now, we consider the modified boundary value problem

{ y W (@) + (k1 + k2)y" (2) + kikay(z) = Mfi(z,y(2)), = €[0,1], (3.6)
y'(0) =y'(1) =4"(0) =y (1) = 0, '

where
f@,p1(2), ylz) <wyi(z)
filz,y) =9 fl@y(@), @) <ylz) <ya(z),
f(@,y2(2)), y(x) > yao(2).

Clearly, the function Af; is bounded for « € [0,1]. Define the operator A; : E — E by

(Ary)(@ Q/stﬁwyUMswemH

Then A; : P — P is completely continuous and y(z) is a solution of (3.6) if and only if y = y(z) € E
is a fixed point of operator AA;. It is easy to see that there exists 1o > |ly2]| such that |[AAy|| < ro
for any y € E. It follows from Lemma 2.5 that

i(AMy, PN B,,,P) =1. (3.7)

Choose
U={yeP:y) <y() < y(x),Va € [0,1]}

We claim that if y € P is a fixed point of operator AA;, then y € U. We first prove that y(z) < ya(z)
on [0,1]. Suppose on the contrary that there exist some z € [0,1] such that y(z) > ya(z). Thus,
there exists xo € [0,1] such that

(o) ~ vo(wo) = max {u(x) ~ a(x)} > 0,

7 Mar 2023 04:03:37 PST
221115-Wang Version 2 - Submitted to Rocky Mountain J. Math.



OPTIMAL POSITIVE SOLUTIONS FOR NONLINEAR EULER-BERNOULLI BEAM EQUATION 21

Consequently, we have

(y — y2) D (@0) + (k1 + k2)(y — y2)" (o) + k1ka(y — y2) (x0)
=M f1(z0,y(z0)) — Af (0, y2(70))
<A f(zo,y(x0)) — Af (w0, y2(w0)) = 0.

It’s easy verify that there exists h € C]0, 1] satisfying h(xz) < 0, h(z) #Z 0 on any subinterval
and h(zg) # 0 such that the linear boundary value problem

{ (y = y2)@ () + (ky + ka2)(y — y2)" () + krka(y — y2)(2) = h(z), = €[0,1],
(v —92)'(0) = (y —2)'(1) = (y = y2)"(0) = (y —y2)""(1) = 0

has a unique solution

(y—y2)(z) = | G(z,s)h(s)ds <0.

Especially, (y — y2)( = fo (zo,8)h(s)ds < 0. This is a contradiction. It follows that
y(x) < ya(x) on [0,1].

Using the similar methods, we can prove that y(x) > yi(x) on [0,1]. By virtue of the claim, the

excision property of the fixed point index and (3.7), we can obtain

i(AA1,U, P) = i(AA1,PN B,,,P) = 1.

From the definition of A;, we know that A; = A on U. Then,
i(AA,U,P) = 1. (3.8)

Hence, the nonlinear operator AA has at least one fixed-point v; € U. That is, v () is a positive
solution of NBVP (1.1). This means (A,v1) € ® and (0, A*) C A.

Now, we find the second positive solution of NBVP (1.6). By foo = oo and the continuity of
f(x,y), there exists C' > 0 such that

flz,y) > 20Xy —C, Vy >0,z €[0,1]. (3.9)

Set @ = {y € P:y = Ay + 7 for some 7 > 0}, where £ is given in Lemma 2.3. We claim
that Q is bounded in E. In fact, for any y € €, there exists 7 > 0 such that y = Ay + 7€ > \Ay.
Then, by (3.9), we have

y(x) = 2p1(Ky)(z) — AC(Kvo)(x), = € [0,1],

where vg(z) = 1. Multiplying the above inequality by £(z) and integrating on [0,1], it follows from
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Lemma 2.3 that
/ y()€(s)ds > 2y / (Ky)(s)€(s)ds — AC / (K vo) (3)€(s)ds
0 0 0
1
= 2/0 y(s)E(s)ds — AC.

This implies that fol y(s)€(s)ds < AC. Let § = mingepo,1){€(2)} > 0. Thus, [|y|| < A6~*C. Then
we can conclude that Q is bounded in E. Therefore there exists Ry > max{||yz|, \*d"1C} such
that

y # Ny + 7€, Yy € PNOBg,, ™ > 0.

This together with Lemma 2.4 implies that

i(AA, PN Bg,,P) =0, (3.10)

Using a similar argument as in deriving (3.4), we have
i(AM,PNB,,,P)=0,

where 0 < ry < mingepo,17{%1(x)}. Then according to the additivity of the fixed point index, by
(3.8) and (3.10), we deduce that

i(AA, PN (Br,\(UU B,,)), P)
—i(AA, PN Bg,,P) —i(M\A,T, P) —i(AA, PN B,,,P) = —1,

which implies that the nonlinear operator AA has at least one fixed point v € PN(Bg,\(UUB,,)).
Therefore, NBVP (1.1) has another positive solution. a

Lemma 3.4 Assume that (H1) and (H2) hold. Then A = (0, \*].

Proof. In view of Lemma 3.3, it suffices to prove that A* € A. By the definition of \*, we can
choose {\,} C A with A\, > ’%(n =1,2,---) such that A\, — A* as n — co. By Lemma 3.3, we
can choose y, C P\{0} such that (A,,y,) € ®. Then from (H2) and the continuity of f, we know

that there exist ¢ > 22 and d > 0 such that f(x,y) > ¢y — d for any y > 0 and z € [0, 1]. Then
by

cA* d\*
 (Kyn)(@) - 5

yn(2) = (AnAyn)(z) 2 (Kvo)(x), = € [0,1],

where vg(z) = 1. Multiplying the above inequality by £(z) and integrating on [0,1], it follows from
Lemma 2.2 that

*

T [ s -5

/O ()€ (s)ds > /O (Kvo)(s)E(s)ds
. 1 . (3.11)
= [ e - 5

C2;
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Now we show that {y,} is bounded. Suppose on the contrary that there exists a subsequence
of {yn} (still denoted by {y,}) such that y,(z¢) — +00 as n — oo for some zg € [0, 1]. By (3.11),

we have
cA Sy < cA
2p1 2p1

1) [ wsts)as <

Yn(20)€(0)(

which contradicts y,(z9) — +00 as n — co. Hence, {y,} is bounded. Since E is a Banach space
and A is a compact operator, there exist a subsequence of {y,} (still denoted by {y,}) and y* € P
such that y, — y* as n — oco. By yn, = A\yAyn, n — oo, we obtain that y* = A*Ay*. Since
Yn(T) = Ay fol G(z,s)f(s,yn(s))ds > )‘;m (2, yn(x)) for all x € [0,1], then by {y,} C P\{0} we
know that 1 > % . ﬂ%&()z)) for all z € [0,1]. Tt follows from f,, = oo that y* € P\{6}. So,
A e A |

Proof of Theorem 1.1. Theorem 1.1 really follows from Lemmas 3.1-3.4.
Lemma 3.5 Assume that (H1) and (H3) hold. Then NBVP (1.1) has at least one positive solution

for A large enough and has no positive solution for A small enough.

Proof. Let r > 0 be fixed. From (H1) and the definition of cone P, it follows that there exists
C > 0 such that f(z,y(z)) > C for all z € [0,1] and y € PN OB,. Then for any fixed A >
y € PN OB,, one has

”
— and

1
AMAy)(z) = )\/O G(x,8)f(s,y(s))ds > AmC > r, z €[0,1].

This gives that infycpnop, [|Ay|| > 0 and pAAy # y for y € PN OB, > 1. By Lemma 2.4, it
follows that
i(AA, PN B,,P) =0. (3.12)

From f*° = 0, there exists R > r such that

1 m
< — —
Fe.y) < 5579 Yy € [57R. 00,2 € [0,1]

Then for y € PN JBg, by the definition of cone P, one has

m m
. My m
Jé}éﬁ}{y(x)} > MllyH 'l

and so

NA(@) = A [ Gl f(5.9(0)ds < AM gzl < R € 0.1]

It follows from Lemma 2.5 that
(M, PN Bg,P)=1. (3.13)

According to the additivity of the fixed point index, by (3.12) and (3.13), we have

i(AA, PN (BR\B,), P) = i(AM, PN B, P) — i(AA, PN B,, P) =1,
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which implies that the nonlinear operator AA has at least one fixed point y € P N (Bgr\B,).
Therefore, NBVP (1.1) has at least one positive solution.

Next, we prove the nonexistence result. From (H3) and the continuity of f(x,y) with respect
to y, there exists C7 > 0 such that f(z,y) < Cyy for any € [0,1] and y > 0. Assume that NBVP
(1.1) has one positive solution y(z) for A small enough such that AMC; < 1. Then

1 1
Il =13 | Gla) (s, s))dsll < AMCs [ y(s)as < AMCs gl < [,
0 0

which is a contradiction. O

Lemma 3.6 Assume that (H1) and (H3) hold. Then 0 < A, < 0o and (A, +00) C A. Moreover,
for any A € (A, +00), NBVP (1.1) has at least two positive solutions.

Proof. By virtue of Lemma 3.5, we can easily obtain that 0 < A, < oo. For any fixed
A € (A4, +00), we prove that A € A. By the definition of \,, there exists A\; € A such that
A <A1 < Xand (A, y1) € ®. Let r > 2|y, || be fixed. From the proof of Lemma 3.5, we see that
there exist Ay > A\, R > r and yo € PN (Bg\B,) such that (\a,92) € ®. By the definition of cone
P, it is easy to see that 0 < y;(x) < y2(x) for all x € [0,1]. Define

V={yeP:yx) <y(z) <y(zx), Ve € [0,1]}.
An argument similar to the one used in deriving (3.8) in the proof of Lemma 3.3 yields
(A, V, P) = 1. (3.14)

Hence, the nonlinear operator AA has at least fixed point v; € V. Then v (z) is a positive solution
of NBVP (1.1). This gives (A, v1) € ® and (A, +00) C A.

Now we find the second positive solution of NBVP (1.1). From f° = 0, there exists 0 < rg <

i such that
mgl[gll]{y(x)} such tha

1
f(xay) < mlﬁ Vy € [0,7‘0],33 € [07 1]

Then for y € PN 0B,,, we have

MAy)(z) = /\/O G(z,s)f(s,y(s))ds < AMﬁHyH <rg,x € [0,1].

It follows from Lemma 2.5 that
i(M,PNB,,,P)=1. (3.15)

Using a similar argument as in deriving (3.13), we have

i(AA, PN Bg,, P) =1, (3.16)
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where Ry > ||y2||. According to the fixed point index, by (3.14)-(3.16), we have
iAA, PN (VUB,,),P)
=i(AA, PN Bg,, P) —i(AA,V,P) —i(M, PN B,,, P) = —1,

which implies that the nonlinear operator AA has at least one fixed point vy € PN (B, \(VUB,,)).
Thus, NBVP (1.1) has another positive solution. a

Lemma 3.7 Assume that (H1) and (H3) hold. Then A = [\, 400).
Proof. The proof is similar to Lemma 3.4, so we omit it here. O
Proof of Theorem 1.2. Theorem 1.2 directly follows from Lemmas 3.5-3.7.

Remark 3.1 The results of Theorem 1.1 and 1.2 are satisfied for the case of 0 < k1 < ko < ”72.
Besides, the conclusion of Theorem 1.1 and 1.2 for k1 < 0 < ko < %2 also apply when NBVP (1.1)
is converted into the problem (2.8) as Remark 2.1. On account of the proof is similar to Theorems

1.1 and 1.2, so we omit it here.
4. Proofs of Theorem 1.3 and Corollary 1.1.

Proof of Theorem 1.3. (i) Fix A € (%, fp—jo) Then fo > & and f> < &. By fo > &, there
exists r; > 0 such that
P1

fz,y) > U Vye [0,7],z € [0,1].

Suppose that AA has no fixed point on P N 0B,,. Otherwise, the proof of (i) is finished. From
(3.4), we have
i(A\A, PN B,,,P) =0. (4.1)

On the other hand, by f* < & and the continuity of f(z,y), there exist C' > 0 and o € (0,1)
such that
Fey) < B2y +C, ¥y e 0, 400),2 € ,1] (42)
Define
W ={y € P:y=s\Ay for some s € [0,1]}.

Now we show that W is bounded in E. For any y € W, then there exists s € [0,1] such that
y = sA\Ay. By (4.2), we have y = sAAy < p1o Ky + A\C Kvg, where vg(z) =1,z € [0,1]. Thus

(I — K1)y < CKwy, (4.3)

where K7 = p1oK and I is the identity operator. Since 7(K;) = p1or(K) < 1, the inverse operator
(I — K;)~! exists and is given by (I — K;)™! = I + Ky + K? + - - -. This together with K;(P) C P
yields that (I — K;)~Y(P) C P. Now, from (4.3), we have y < (I — K1) "'CKwvy. Hence, W is
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bounded. Then there exists 1 > max{ri,sup,cy [|y[|} such that
y # s\Ay, Yy € PNOBg,,s € [0,1].
This and Lemma 2.5 imply that ¢(AA, PN Bg,, P) = 1. Taking (4.1) into account, we have
i(AA, PN (Bgr,\B,,), P) =1,

which means that AA has at least one fixed point in P N (Bg,\B,,). That is, NBVP (1.1) has at

least one positive solution.

(i) Fix A € (£+, 4%). Then fO< B and foo > 8. By f° < &, there exist € € (0,1) and 73 > 0
such that
fe.y) < B =2y, vy € [0,ra] € [0, 1], (4.4)
Now we prove
My # py, y € PNOB,,,u > 1. (4.5)

If (4.5) holds, then there exist g > 1 and yo € P N dB,, such that AAyy = poyo. Then, by (4.4),

we have

1
() <NAw)(@) < [ Glo.s) (sl
<p1(1-— E)/O G(z,s)yo(s)ds,x € [0,1].

This gives p1(1 —&)Kyo > yo. Multiplying this inequation by & and integrating on [0,1], it follows
from (2.9) that

(1-¢) / yo($)E(s)ds = pr (1 — <) / (Kyo)(s)E(s)ds > / yo(5)€(s)ds.

This together with fol yo(s)€(s)ds > 0 implies that ¢ < 0, which contradicts the choice of €, and
so (4.5) holds. Tt follows from Lemma 2.5 that

i(A\, PN B,,,P) = 1. (4.6)

By fo > 8, using a similar argument, we have i(AA, PN (Bg,\By,), P) = —1, which implies that
AA has at least one fixed point in PN (Bg,\B,). Therefore, NBVP (1.1) has at least one positive

solution. O

Proof of Corollary 1.1. (i) Fix A € (
x € [0,1] and y € R, we know that A(P)

at least one positive solution.

,Jﬁ%). In view of the fact that yf(z,y) > 0 for any

&
fo
C P. It follows from Theorem 1.3 that NBVP (1.1) has
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Set fo(z,y) = —f(z,—y),V(x,y) € [0,1] x R. Define operators fa, Ay : E — E, respectively, by

(f20) () = fa(z,y());
Ay = Kf5.

Obviously, A3(P) C P. From the proof of Theorem 1.3, it is easy to see that AAs has at least one
fixed point yo € P\{0}. Then, NA(—yo) = NKf(—yo) = AK(—f2)yo = —(A2)yo = —yo. That is,
AA(—yo) = —yo. Hence, NBVP (1.1) has at least one negative solution.

The proof of (ii) is similar and omitted. O

Remark 4.1 Note that the results of Theorem 1.3 and Corollary 1.1 are satisfied for the cases
of 0 < k1 < kg < %2. In particular, the conclusion of Theorem 1.3 and Corollary 1.1 for
k1 <0< ko< %2 also apply when NBVP (1.1) is converted into the problem (2.8) as Remark 2.1.

On account of the proof is similar to Theorem 1.3 and Corollary 1.1, so we omit it here.
5. Some examples and branching figures of solutions.

In this part, in order to verify the correctness of the main conclusions are obtained, we give
some corresponding numerical examples and figures of the solution branches, so as to judge the

number of solutions more directly.

Example 5.1 Let k1 + ko = 5, k1 - ko = 4, consider the following fourth-order Neumann boundary

value problems

{ y W (2) + 5y (x) + dy(x) = Af (2, y(x)), = €[0,1], (5.1)
y’(O) _ y/(1> _ y///(()) _ y///(1> =0, ’
where ,
4800min{2\/ﬁ,\/§}» y€[0,1],
f(z,y) =< 2400, y € (1,24],
%min{w%,(y—l?))?}, y € (24, +00)

for any x € [0, 1].

Next, we verify the contents of the condition (H2). Apparently, we get fo = foo = 00, it’s
follows from Theorem 1.1, then there exists A* > 0 such that problem (5.1) has at least two
positive solutions for A € (0, \*), at least one positive solution for A = A\* and no positive solution

for A > \*. For an overview of the branching of the solution, see Figure (8-a).

Example 5.2 Consider the following fourth-order elastic beam boundary value problems

{ y D (@) + 52y (2) + Try(e) = M (2,y(@), = €[0,1], (5.2)
y'(0) =y'(1) = y"(0) = y"(1) =0
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with Neumann boundary condition, where

[ [n(y+e—1)2+sin®1](e® +sin ZF), y € [0,1],
flay) = { (% + sin2)(e” + sin %), € (1,00)

for any x € [0,1], and ky + ko = T4+

ko = T, Clearly, f° = f> = 0, satisfy the condition of
Theorem 1.2, then there exists A\, > 0 such that problem (5.2) has at least two positive solutions
for A > A, at least one positive solution for A = X\, and no positive solution for A € (0, ). For

an overview of the branching of the solution, see Figure (8-b).

(i (i
0 yh 2 0 A A
(8-a) Example 5.1 (8-b) Example 5.2
(i (i}
0 A P A 0 P P 4
Jo . I Jo
(8-c) Example 5.3 (8-d) Example 5.3

FiGUrE 8. Figure of example 5.1-5.3.

Example 5.3 Let ky + ky = 470 k) - ky = —

%ﬁ, consider the following fourth-order Neumann

boundary value problem
{ Y (@) + Y (@) — Ty () +Af<x y(x)) =0, wel0,1], (5.3)
y'(0) =y'(1) =¢"(0) =y"(1) =

where
f(l' y): ln(y+1)+|x—1|, (NS [071]3
’ y?le — 1 +logy(, 1y y +yn2, ye (1,+00)
for any x € [0,1], and obviously, we can get f(x,y) is a continuous function. Further, we get
fo=f%= 00, f° =0 and fs = In2. By the calculation, we can easily verify that there is

a positive solution y(x) of the problem (5.3), where p; is the first eigenvalue of boundary value
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problem
{ y (@) + Iy (@) — Ty(a) + pry(e) =0, x € [0,1]
y'(0) =y'(1) =y"(0) =y" (1) = 0.
Clearly, we get 0 < f*° < fy < 400, it follows from Theorem 1.3 that the problem (5.3) has at
least one positive solution for any \ € (%7 f%); and when 0 < f° < f., < 400, then problem
(5.3) has at least one positive solution for any A € (%, %) For an overview of the branching of

the solution, see Figure (8-c) and Figure (8-d).

Acknowledgements. The authors would like to express sincere thanks to the anonymous referee

for his/her carefully reading the manuscript and valuable comments and suggestions.

REFERENCES

1. Aftabizadeh, A.R.: Existence and uniqueness theorems for fourth-order boundary value problems. J.
Math. Anal. Appl. 116, 415-426 (1986)

2. Alves, E., MA T.F., Pelicer, M.L.: Monotone positive solutions for a fourth order equation with
nonlinear boundary conditions.(English summary) Nonlinear Anal. 71, 3834-3841 (2009)

3. Cabada, A., Enguica, R.R.: Positive solutions of fourth order problems with clamped beam boundary
conditions. Nonlinear. Anal. 74, 3112-3112 (2011)

4. Cid, J.A., Franco, D., Minhs, F.: Positive fixed points and fourth-order equations. Bull. Lond. Math.
Soc. 41, 72-78 (2009)

5. Deimling, K.: Nonlinear Functional Analysis, Spring-Verlag, Berlin, 1987.

6. Gupta, C.: Existence and uniqueness theorems for the bending of an elastic beam equation. Appl.
Anal. 26, 289-304 (1988)

7. Guo, D.J., Lakshmikantham, V.: Nonlinear Problems in Abstract Cones, Academic Press, New York,
1988.

8. Gantmacher, F.R.: The theory of matrices, Vols. 1, 2. Translated by K. A. Hirsch Chelsea Publishing
Co., New York 1959 Vol. 1, x+374 pp. Vol. 2, ix+276 pp.

9. Gantmacher, F.R., Krein, M.G.: Oscillation matrices and kernels and small vibrations of mechanical
systems, Revised edition. Translation based on the 1941 Russian original. Edited and with a preface by
Alex Eremenko. AMS Chelsea Publishing, Providence, RI, 2002. viii+310 pp.

10. Guo, J.M., Guo, C.X., Li, H.P.: Existence and multiplicity of solutions for fourth-order Neumann
boundary value problem with parameters. Journal of Biomathematics. 26, 34-42 (2011)(In China)

11. Graef, J.R., Yang, B.: Existnence and nonexistence of positive solutions of fourth order nonlinear
boundary value problems. Appl. Anal. 74, 201-214 (2000)

12. Hernandez, G.E., Manasevich, R.: Existence and multiplicity of solutions of a fourth order equation.
Appl. Anal. 54, 237-250 (1994)

7 Mar 2023 04:03:37 PST
221115-Wang Version 2 - Submitted to Rocky Mountain J. Math.


熊孩子他哥
Highlight


30 JINGJING WANG*, CHENGHUA GAO, YANQIONG LU AND XINGYUE HE

13. Habets, P., Ramalho, M.: A monotone method for fourth order boundary value problems involving
a factorizable linear operator. Port. Math. 64, 255-279 (2007)

14. Infante, G., Pietramala, P.: The displacement of a sliding bar subject to nonlinear controllers,
Differential and Difference Equations with Applications. Springer-Verlag, 429-437 (2013)

15. Jiang, D.Q.: Existence of positive soluitions for Neumann boundary value problems of second order
differential equations. J. Math. Res. Exposition. 20, 360-364 (2000)

16. Lazer, A. C., McKenna, P. J.: Large-amplitude periodic oscillations in suspension bridges: some new
connections with nonlinear analysis. STAM Rev. 32, 537-578 (1990)

17. Li, F.Y., Zhang, Y.B., Li, Y.H.: Sign-changing solutions on a kind of fourth-order Neumann boundary
value problem. J. Math. Anal. Appl. 344, 417-428 (2008)

18. Li, Y.X.: Positive solutions of fourth-order boundary value problems with two parameters. J. Math.
Anal. Appl. 281, 477-484 (2003)

19. Li, Z.L.: Positive solutions to fourth-order Neumann boundary value problem. Ann. Differential
Equations. 26, 190-194 (2010)

20. Ma, R.Y.: Nodal solutions for a fourth-order two-point boundary value problem. J. Math. Anal.
Appl. 314, 254-265 (2006)

21. Ma, R.Y.: Nodal solutions of boundary value problems of fourth-order ordinary differential equations.
J. Math. Anal. Appl. 319, 424-434 (2006)

22. Ma, R.Y., Wang, H.Y.: On the existence of positive solutions of fourth-order ordinary differential
equations. Appl. Anal. 59 225-231 (1995)

23. Ma, R.Y., Wang, J.X., Long, Y.: Lower and upper solution method for the problem of elastic beam
with hinged ends. J. Fixed Point Theory Appl. 20 (2018), Paper No. 46, 13 pp.

24. Ma, R.Y., Wang, J.X., Yan, D.L.: The method of lower and upper solutions for fourth order equations
with the Navier condition.(English summary) Bound. Value Probl. 2017, Paper No. 152, 9 pp.

25. Ma, R.Y., Yan, D.L., Wei, L.P.: Multiplicity of nodal solutions for fourth order equation with
clamped beam boundary conditions. Electron. J. Qual. Theory Differ. Equ. 2020, Paper No. 85, 14 pp.

26. Vrabel, R.: On the lower and upper solutions method for the problem of elastic beam with highed
ends. J. Math. Anal. Appl. 421, 1455-1468 (2015)

27. Wang, J.J., Gao, C.H., Lu, Y.Q.: Global structure of positive solutions for semipositone nonlinear
Euler-Bernoulli beam equation with Neumann boundary conditions. Quaest. Math. 1-29 (2022)

28. Wang, J.J., Gao, C.H., He, X.Y.: A monotone iteration for a nonlinear Euler-Bernoulli beam equation
with indefinite weight and Neumann boundary conditions. Open Math. 20, 1594-1609 (2022)

29. Webb, J. R. L., Infante,G.: Semi-positone nonlocal boundary value problems of arbitrary order.
Commun. Pure Appl. Anal. 9, 563-581 (2010)

30. Yan, D.L., Ma, R.Y., Wei, L.P.: Semi-positone nonlocal boundary value problems of arbitrary order.
Math. Notes 109, 962-970 (2021)

31. Yao, Q.L.: Positive solutions for eigenvalue problems of fourth-order elastic beam equations. Appl.
Math. Lett. 17, 237-243 (2004)

7 Mar 2023 04:03:37 PST
221115-Wang Version 2 - Submitted to Rocky Mountain J. Math.


熊孩子他哥
Highlight

熊孩子他哥
Highlight


OPTIMAL POSITIVE SOLUTIONS FOR NONLINEAR EULER-BERNOULLI BEAM EQUATION 31

32. Yang, Y., Zhang, J.H.: Infinitely many mountain pass solutions on a kind of fourth-order Neumann
boundary value problem. Appl. Math. Comput. 213, 262-271 (2009)

33. Yang, Y., Zhang, J.H.: Nontrivial solutions on a kind of fourth-order Neumann boundary value
problems. Appl. Math. Comput. 218, 7100-7108 (2012)

34. Zeidler, E.: Nonlinear Functional Analysis and Its Applications, I. Fixed-Point Theorems, Springer-
Verlag, New York, 1985.

DEPARTMENT OF MATHEMATICS, NORTHWEST NORMAL UNIVERSITY, LANZHOU 730070, PEOPLE’S REPUBLIC OF CHINA
Email address: WJJ950712@163.com

DEPARTMENT OF MATHEMATICS, NORTHWEST NORMAL UNIVERSITY, LANZHOU 730070, PEOPLE’S REPUBLIC OF CHINA
Email address: gaokuguo@163.com

DEPARTMENT OF MATHEMATICS, NORTHWEST NORMAL UNIVERSITY, LANZHOU 730070, PEOPLE’S REPUBLIC OF CHINA
Email address: linmu8610@163.com

DEPARTMENT OF MATHEMATICS, NORTHWEST NORMAL UNIVERSITY, LANZHOU 730070, PEOPLE’S REPUBLIC OF CHINA
Email address: hett199527@163.com

7 Mar 2023 04:03:37 PST
221115-Wang Version 2 - Submitted to Rocky Mountain J. Math.



