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Abstract Abel et al. recently defined the generalization of some exponential-
type operators depending on a parameter o > 0. In this article, we consider
the summation-integral type operator based on semi-exponential Baskakov
operators and with weights based on the semi-exponential Szdsz operators. In
section 2, we study the approximation properties in the real domain, and in
section 3, we make the convergence estimation in a complex setting.

Keywords semi-exponential Baskakov operators - compact disk - exact order
of approximation - quantitative asymptotic formula.

Mathematics Subject Classification (2010) 41A25 - 41A35

1 Introduction

Since the introduction of exponential-type operators four decades ago (see
[21]), no new exponential operators have been presented or explored by the
researchers, despite various extensions being offered and studied (for eg. [1],
[5]). Tyliba and Wachnicki [23] introduced the use of parameter o > 0 to gen-
eralize exponential-type operators and created semi-exponential equivalents of
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2 V. Gupta and Anjali

the two well-known operators Szasz-Mirakyan and Gauss-Weierstrass opera-
tors. Because of their complex nature, limited study has been done on these
operators. Herzog [20] extended the studies and introduced semi exponential
equivalent of Post-Widder operators. Very recently, Abel et al [2] proposed
some other such operators. The semi-exponential Szasz-Mirakyan operators
introduced in [2] can be defined by

(570) (u) = i_oj wa (L), )

where

o (u) — 67(0+n)u ((0 + n) u)j )

Sn,j 4!

The kernel of these operators satisfy the following differential equation:

d
u(D +o)sy ; (u) = (j —nu)sy ; (w), D = -

The semi-exponential Baskakov operators proposed in [2] are given by
o g j
Vzo) 0 =3t s (1), @)
j=0

where

O S e

1
i+0=j J:

The kernel b5, ; (u) of semi-exponential Baskakov operators satisfy the differ-
ential equation:

u(L+u)(D + o) () = (j — mu)hf (), D = -

We have ¢ = 0 and ¢ = j in the specific case o = 0, resulting in the Baskakov
operators.

We now define the summation-integral type operator based on the semi-
exponential Baskakov operators and with weights based on the semi-exponential
Szasz-Mirakyan operators as follows:

(G9) () = o+ Y b7, () [ s (W)g(w)dv, (3)
=0 0

where s7, ;(v) and by, ; (u) are as defined in (1) and (2) respectively.
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Hybrid operators in a complex setting 3

2 Convergence estimates in real domain
Lemma 1 For k € NU {0}, if we denote O;, , (u) = (Gjer)(u), then

_u(l+u)

Z,kﬂ(u) = W[@Z,k(u)]/

E+14+nu+ou(l+u)
+ n,k:(u)’
o+n

where ey, == ey (t) = t*.

Proof By definition

u(l+u)(D +0)60y7 ;. (u)

oo

=(oc+n) Z(] — nu)by, ;(u) /000 Sz,j(y)ukdu

=0

= (o +n)Y b7 ;(u) /w[j — (0 +n)ls] ;()Fdy + (0 +n)67 411 (u) — nudy . (u)
=0 0

(0+mn)> b3 (u) / [sq ;(]'V T dy + (0 +n)O5, 1y (u) — nuOy ;. (u)
§=0 0

—(k+1)0; 1 (u) + (0 +n)O; 11 (u) —nub; ;. (u),
implying
(0 +n)07 jy1(u) =u(l +u)(D +0)07 j(u) + (k + 1+ nu)O7 ;. (u).

Remark 1 Using Lemma 1, we conclude that for certain constants g;,i =
0,1,2,.. 2 7& 0

ou? +1
o+n

GZZ@H% (u) = po + 1 <U+

i>0

o?ut 20(c+n+1Du  (n+60)u? du

2

+p2 <u2 + (
o

Furthermore, if we denote pf ;(u) = (G§ (v — u)’)(u), then by basic com-
putations, for some non-zero constants w;, j = 0,1,2, ..., the central moments

satisfy
. ou® +1
ijﬂn,j<u) = wo + w1 ( I )
j=0
ot 20u3 n + 65)u? 2u 2
tw2 5+ 2 ( ﬁ)z + 3 )+
(c+n) (o +n) (0 +n) (c+n) (0o+4n)
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4 V. Gupta and Anjali

Now, we study the quantitative Voronovskaja-kind estimate which have been
studied in different forms by various researchers (see for instance [6], [11], [12],

[3]). Consider C[0, ), the space of real-valued continuous functions g(u) on
[0,00) such that lim g(u) exists and is finite. Further, for ¢ > 0, consider the
uU—r 00

following weighted modulus of continuity:

@(g,0) = s ){Ig(u) —gW)|: e —e7¥| < o}
u,re|0,00

Theorem 1 Let g,g9" € 6[07 o0). Then, for any u > 0, we have

(G2 )] = (o0 + )9/ () — "2 )

< lag ()] - lg" ()] + [ (w)] - 19" ()] + 2 - 297 () + u(u + 2) + 67 (u)],

where

g = "7D (g )

N out 20u3 (n + 68)u> 2u 2 u(u+2)
7"(u)_2.<(U—&—n)2+(0—|—n)2 (0 +n)? (0—|—n)+(a—|—n)2>_ 2

a7 (u) = V/n? (Gg (e — 7)) (u)y/n? (Gg (v — u)*) (u).

Proof Using Taylor’s expansion of function g at the point u € [0, 00) gives us
the following;:

(G20 )] — (o0 + )9/ (0) — “5 2 )

< laf ()l 1g' (W) + [y @) - [g" @) + [n (GF, (v, w) (v = u)?)) (u)

)

where h(v,u) = M and £ lies between v and v. Using the same type
of technique as applied in [4], we can write

(e

R AW
< (142 a0, 00

On applying the Cauchy-Schwarz inequality and choosing ¢ = 1/4/n, we get

n (G |h(v,u)| (v — u)?) (u) < 2[297 (u) + u(u + 2) + 67 (u)] & (g \/15) :

Thus we get the desired result.
Corollary 1 Let g,g" € 6[0,00). Then

U(u + 2) 1

lim n[(Gg)(u) — g(uw)] = (ou® + 1)g'(u) + 9" (u).

n— o0 2

Proof follows by Theorem 1, we skip the details.
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Hybrid operators in a complex setting 5

Theorem 2 For g € Cp[0,00) (the class of all continuous and bounded func-
tion on [0,00)) and for all u € [0,00), there exists a constant C > 0, such
that

ou? +1
o+n

(G59) () — g(u)] < w (g,

2813 (ou + 1) + u2(n + 80) + 2u(0 +n) + 3]1/2>

e
+Cwa (97 (0_ ¥ n)
The proof of the theorem follows using Remark 1 and proceeding along the
lines of [10, Th. 5], we omit the details.

For s > 4, if B%[0,00) = {g : (‘19_&)5‘) < ag,Yu € [0,00)}, where a, is an
absolute constant depends only on g. Let C*[0,00) = C[0, 00) N B?[0, c0). For
each g € C*[0, 00), the weighted modulus of continuity (see[22]) is defined as

B lg(u+h) — g(u)]
Ag.0)= o AT At w)

Also, C**[0,00) denotes the subspace of continuous functions g € B0, 00)
for which lim, o |g(w)|(1 + u®)~! < co. We consider the norm by

lg(u)]
<= su .
gl Ogugoo (14 u®)

Theorem 3 If g € C**[0,00), then we have
Jim [|(G7g) = glls = 0.

Proof Following the weighted Korovkin’s theorem due to Gadjiev [13], if g €
C** [0, 00) satisfies

lim |(GFe;) el =0, j=0.1,2,
then we have
Jim [|(G7g) = glls = 0.
Using Remark 1, obviously the result holds for j = 0. Next
lim ||Goer) — e1]ls
n—oo

i o u? N 1 1
= lm [-— su Su
n— 00 (o’ —+ n) Ogufoo 14+ us o+n Ogufoo 14 us

=0.
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6 V. Gupta and Anjali

Finally

Tim_[[(GFe) — el s

o?ut + 20(0 +n+ 1)ud + (n+ 60)u? + 4(o +n)u + 2

n— 00 (a' —+ n)2 s

lim 1 o?ut + 20(0 +n+ 1)ud + (n+ 60)u? + 4(o +n)u + 2
= li

noo (L4 u) (0 +n)?
= 0.

This completes the proof of theorem.

3 Convergence of hybrid operator in complex setting

Overconvergence, or the extension of estimation properties from the real do-
main to the complex domain, occurs in the complex domain. S. Gal [14] did
praiseworthy work on complex operators, presenting results on the overcon-
vergence of various complex operators. In the recent years, several types of
complex integral operators have been explored, we refer to some of the works
in this direction due to Agarwal and Gupta [8], Gal and Gupta [15], Gal
and Tancu [17] and Gal et al [16]. Throughout the paper, we shall denote
ej = ej(z) = 27 for j € NU{0}. Thus, the hybrid operator (3) in complex
setting takes the following form:

(G59) (e1) = (0 + )3 b2, (1) / s (W)g(w)dv,

Jj=0

where

o . (TL—‘rZ)Z ] ) €j —oe
b”,j (61)— Z ]| Z g We 1,

itl=j

Let R > 1 and denote D = {e; € C: |e1]| < R}. Since the definition of the
operator GZ includes the value of function in the interval [0, c0). Consider a
class of functions given by:

Or == {9 : [R,+0) UDr — C|g is continuous in (R,+o0) UDp and
analytic in D pr}.

Obviously, g(e1) = > pe Pk, for all e; € D and g € Uk.

Lemma 2 Assume a function g : [R,+00) | UDr having the following proper-
ties:

1. analytic in Dg i.e. gler) = > peo Prek; €1 € DR
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Hybrid operators in a complex setting 7

2. g(u)| < CeB¥ for all u € [R,+0o0), where B and C are absolute constants,

then V le1] < ¢ with Re(er) > 0, n > (B 4+ ho — 0)/(1 — h), where h =
¢2/(1+¢2) and 1 < ¢ < R, we have

er) = > or(Grer)(en).
k=0

Proof For any natural m, consider
m
gm(er) = 3 pye; if lea] << and g (u) = g(u) if u € (5, +00).
j=0
Since |gm(e1)| < Z;i0|pj|<j = C, V |e1] < ¢ and g € CJs, R] implying

|gm (w)| < C¢ re®¥, ¥ u € [0,+00). This follows that for |e;| < ¢ under the
condition Re(ey) > 0, one has

[(GF.gm)(e1)]
oo . . 7 00
< e§7R|(1 +61)7n| Z (ntl)g (‘7,)0'1|€U€1| ( |€1‘ > (O’+TL>/ e—(e+n)v (
par S i |1+ eq] 0
R (m+i)y (3 4 - leal \? (o +n)H!
e 1 " temoer . — <
o.r|(1+e1) |j2;”§j o \i)? le=] Ttel) (o+n—Byitt =
n—I—z _ - (oc+n)ft
< e 1 —n 1 gey hj R A —
or|(L+e1) |JZ(”J;_J <Z’)U e 7| (0 +n— B+’
where h = 1+ —— < 1, taking into account that for e; = u+ v with u > 0 we
have
lex | 27 u2 + v2 _ u2 + v2 _ &2
T+er|) 14+2u+ @w2+0v2) = 1+ (u2+02) = 1+¢2

If
(n—l—z) i) ,—0oe1|p] . O—+nj+1
o= 3 Ce (ot -

! o+n
i+0=j J +

we have by ratio test

(n+4), (5+1\ i

Civ1 _ Live=grt Git (4 )0 ot g Vi 2 Jjo
- - n—+1 i - - N

¢ ZH-@:]( ]')p()g oc+n—3

o Bt+ho—o
Therefore (GG gm)(e1) is well-defined for n > 2£29=2

Denoting

g(u)
m-+1

gm.k(e1) = prey if |er| << and gk (u) = if u € (g, 00),
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8 V. Gupta and Anjali

By the linearity property, we have

(Ggm)( Zm (Gex)(en),

it is enough to show that lim (G" m)(€e1) = (GZg)(e1). However, this follows
m—r

immediately from the followmg obvious relations:

L. lm [lgm —gll =0
m—r 00
ii. [|gm — gllBo,400) < llgm — 9llc

i [(G7gm)(er) — (G7g)(e1)] < Mcnollgm — gllc,

where
) ¢J >
0 e [

and || - || Bo,+o0) denotes the uniform norm on CB(R™).

Mo =

7j=01i+l=j5

Theorem 4 (Upper bound) For R € (3,+00), if a function g € Ug satisfies
the following properties:

1. there exist M > 0 and A € (£,1), with |pg| < 1“(22&7?;);—1)’ for all k =
0,1,..., (which implies |g(e1)| < MeAlerl for all e; € Dp)

2. |g(u)| < Ce®¥, for all u € [R,+00),

Further if 1 << <s+1< % and h = \/<?/(1 +¢?), then for all |e;| < ¢ with

Re(e1) >0, n €N and n > 2H9=2 we have

(Cg)(er) — gler)| < —sA

o+n’
where Cc 4 = MY 22 (s +1)A)* < .
Proof Using the recurrence relation of Lemma 1, we get

+ k+ne, +o(e; +e
Tulen) = T2 por (e 4 EEIA T Ol

+n o+n

nk: 1(61)

From this, we immediately have

o e1 + ey k+nei +o(er +e2)
Oy k(e1) —e, = 0+41[nk 1(er) —ep—1]" + P [©7 k—1(e1) — ex—1
2k — 1)+ (k—1)e; + oe
_+( )+ ( Je1 2, .

o+n

(4)
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Hybrid operators in a complex setting 9

Now for 1 < ¢ < R, if we denote the norm-||g||c := Im‘a<x lg(e1)| in C(D.),
€16

where ®. = {e; € C : |e;| < <}, then by applying the Bernstein’s inequality
Le. |Pl(e1)| < §||P;€||§7 V |e1| <<, where Py(e1) is a polynomial of degree < k
and using (4), we obtain

167k — e
s(1+9) .0 k=1 nc+k+oc(l+s), .
S oc+n ”@n,k—l - ek—l”g + c+tn ”@n,k—l — ek_1||§
2% — 1)+ (k—1Dc+o¢2
LR+ (= Dorod oy

o+n
which implies
1075 = exll

_ _ 2
< <<+ (2k —1) +c(k—1) + o5
o+n

(2k — 1+ op) -
T oxn )’ 1095 k-1 — ex—1llc +

2k —1) 4 (k= 1)s +0c? ,_,
. l@° —en_ .
)16 - encall+ L L
(2k71+0p)pk

o+n

<p <1 + :
where p :=¢ + 1.

In the following, we prove the result by the principle of mathematical in-
duction with respect to k (n must be arbitrarily fixed), this recurrence implies

I'(2k+op+ 1)pk

1105 —exlls < forall k>1,n>1.

g+n
The left side is % and the right side is Hllﬁ# for k = 1. We
indeed can claim the required inequality for £ = 1. The above recurrence

relation suggests that if it is true for k, then we have

(2k+op+1)\ I'Ck+op+1) k+2k+0p+1 1
o+n oc+n oc+n '

107 k1 — ers1lls < p (1 +

It remains to show that

(1+ (2k+0p+1)).F(2k+ap+1)pk+1+2k‘+ap+1pk+1 < F(2k+0p+3)pk+1,
o+n o+n o+n o+n

or after simplifications, equivalently to

2k 1
<1+ (::’;H> T2k +op+1)+ 2k +op+1) < T'(2k+op+3).
It is clearly sufficient if we will show that
I'k+op+1)+1<TI'(2k+0op+2).

This last inequality holds true(can be proved by mathematical induction) for
all k, n € N.
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10 V. Gupta and Anjali

From the supposition on g, using Lemma 2 we may write

B+ho—o

(GZg)(e Z ©rO; i (e1), for all e; € Dr, Re(e;) >0, n > T

k=0

which immediately from the hypothesis on g implies for all |e;| < ¢ with
Re(e1) >0and n > (B+ho —o0)/(1—h),

(Grg)(er) —g(er) SZMHQ k(e1) — exl

oo k

= I'k+op+1) oc+n
2 =

a—i—n - _U—i—n

where C¢ 4 1= MY 5 (pA)* < oo for all 1 < ¢ < p < %, taking into account
the uniform convergence of the series > - ; s® in any compact disk contained
in the open unit disk.

Theorem 5 (Voronovskaja result) For R € (3,+0), if a function g € Ur
satisfies the following properties:

1. there exist M > 0 and A € (5, 1), with |pg] < WPH)’ VEk=0,1,..

2. |g(u)| < Ce®¥, V¥ u € [R,+),

Also, if 1 < ¢ < p <t h=./2/(1+c2) and o > 2, then ¥ |e1| < ¢ with

Re(ey) > 0 and n > max { Bﬁ}l"h*”, 11151?:}31) - a}, we have

gea+1 es +2e; CZ an(9)
o _ _ e < ket b
‘(Gng)(el) gler) = ) — ooy @) = T
where
ce =M — < 00,
camlo 1;2 2k: + op+1) M- A+ 1] A+ =
and

Breo = k*(s +2)? + k (386° +¢*(68 — 3) — 11¢ — 8)
+2 (0%t —06® + (1 —0)s® + 3¢ +2) + I'(2k + op + 1).
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Hybrid operators in a complex setting 11

Proof By using Lemma 2, we can write (Gg)(e1) = >_p—, 9r©3 1 (e1). Also

cea+1 , ez +2e _0'62—|—1 1+2 _
- 9(61)+72(U+n)9 (1) =" kaek T VP Zk’ 1)prer—1
1
= — k 1 2)(k—1 —1-
ey S o 1)+ e 20 D
Thus
o _ 70'624’1, 762+2€1 1
'(Gnm () glen) - T2 o) - 220 e
i oo ) e [2k(oes 4+ 1)+ k(k — 1)(e1 +2)] ep_1
— F F 2(oc +n) '

By Lemma 1, for £ = 1,2, ..., we have

k+ (oc+n)eg +oey
o+n

el + ez
o+n

On (1) = [O7 k-1 (e)) + nog—1(e1):

If we denote

[2k(cea+ 1)+ k(k—1)(e1 +2)] ex—1
2(c+mn)

Zinler) =67 p(e1) —ex —

9

then the polynomial =7, (e1) < deg k and subsequently we obtain

e1+ e k+ (o0 +n)es + oes —

Snler) = S )] + IR S (o) + T en),
where

(k—1ex—2 T, 2
Tk,n,o’(el) = W k (61 +2)° + k‘(30€3

+eg(60 —3) — 1ley — 8) +2(0%ey — gez + (1 — o)eg + 31 +2) |,
for all £ > 2.

Utilizing estimate from the proof of Theorem 4 with 1 < ¢ < R, we get

I'k+op+1)

1)k.
o+n (§+ )

|65 k(e1) —ex| <

For o > 2, it follows that

o+n S o+n

Now we estimate |[=7_, , (e1)]'| for & > 2. First

25 Jul 2023 01:31:49 PDT
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12 V. Gupta and Anjali

k—17T, 2(ces 4+ 1)(k — 1)+ (k — 1)(k — 2)(e1 + 2)] ex—s
<2 s (en) = excall + | o =i
E—=1|(+ DI 2k +0op—1) N F2k—1)[2(02 + 1) + (k— 2)(s + 2)]
S o+n o+n
(k _gl(l(gjn;)k_l [[(2k +0p— 1) +2(0c + 1)(k — 1) + 3(k* — 3k + 2)]
_2k=1)(s+ DEI0(2k +op — 1)
- (o +mn) '
fhus 2 1 (c+1)Fr 2k +op+1)
S —o e\l S ap
e (R | SRR s
and
o +D*rRk+op+1) (k+(n+o)s+0®\ _,
R e e e = SR e

Ve <¢,k>2and o> 2.

For k < n and |e;| < g, using 06 + k < n, we immediately have

(s+ D2k +op+1)
(o +mn)?

|ZEn(en)] < + (¢ + DIET1n(e)] + [Thn,o(e1)];

where
k

(c+1)
Yineo < —= ko,
| k,n, (en)| < (0 +n)2 ks,

and Ay ¢ » is defined as

Apeo =Kk (s +2)* + k(306 +¢*(60 — 3)
—11¢ —8) + 2 (0%* —0¢® + (1 — 0)s® + 3¢ +2)..

Thus for k < n+ 1, we get
—o —o (c+1
|‘:k,n(el)| < (< + 1)|:k71,n(61>| + (J +Tl)2 »SH

where
Bk}7(7g' = Ak,g‘,a + F(2k +op+ 1)

But =, (e1) = £7,,(e1) = 0, for any e; € C and thus, by expressing the last
inequality for 2 < k < n + 1, we can easily derive step by step the following

o (c+DF &y (k= 1)(s +1)*
(SR nlen)] < mgﬂ% S e

k.50
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Hybrid operators in a complex setting 13

It follows that

0'62+]. / 62+261 "

(GR9) (e1) —g(e1) — R (e1) — 2o n)? (e1)
n+1
< ekl 1ET )+ D ekl - 157 ()]
k=2 k>n+2
1 2k(oes + k) + k(k — 1)eq]| ep—
szmkl — s+ 1) Broo+ Y loxl- [Ian(61)6k+ 2h(oe; ;(UJr(m Jer e 1]
E>2 E>n+2
<y || (k ¥ Brco £ Y o + DI 2k +op+1) N [2k(0c? + k) + k(k — 1)g] k1
k>2 (o + ") k>n+2 ot+n 2o +n)
_ k k
<Z|m| D+ )" Brco 3 2|l (s + 1) D2k + op+ 1)
k>2 a+n) k>n+2 o+n
<:§:|@H )thgo_% E: 2M[A(s + 1))
k>2 (@ Jr n) E>n+2 g+n
Z A+ D]*(k—1)Brc.o 2M[A(s + 1)]7+2
a+n2 2k:+ap+ 1) (0 +n)(1—A(c+1))
Z A+ DRk —1)Byco N 2M
(0 +n)? 2k+0p+1) (0 +n)2[1 — A(s + 1)] - [A(s + )]’

forallo+n > %, where for A(¢+1) < 1, we certainly have a convergent

series Z lok|(k — 1)(s + 1) By c.o, and we utilised the inequality (which can

k=2
be readily demonstrated by mathematical induction)

1
NotnF2 < yetntl <~ forallo4+n > ——,
og+n 1=

applied for A = A(¢+1) < 1.
Theorem 6 (Exact order) Under the same assumption of Theorem 5, sup-

pose a polynomial g has non-zero degree, then for all1 < ¢ < ¢+2 < R, we
have

1 B + ho — Alc+1
1(GRg) —gllc+ ~ ,fOTalln>max{( +ho o) (+1) —U},
o+n

(1—-h) "1-A(+1)
where ||g||+ = sup{|g(e1)] : ler] <5, Re(er) € [0,00)}.
Proof For all n € N with n > B and |e;| < ¢ with 0 < Re(e;) < oo, we get

(G0)(er) — gler) = (22200 ey

| e e +

(o +n)? ((Gm(el) ~gler) — LT iy - Mg”(eﬁ) }

+ oc+n 2(c +n)

o+n
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Applying the inequality
[Slle+ = 1T+ < IISlle+ = [T+ | < 1S + T+,

we obtain

(62 + 261)9//

(oea +1)g + 5

1
o _ > _ -
1(GRg) = glle+ = ——— {

1
o+n

¢t

_l+oe (e2 + 2e1)g”

otn? 2(c +mn)

(0 +n)?

(Grg) — g

)

ot

Since g is a polynomial of degree > 1in D g, we get H (14+o0e2)g’ + W’%l)g”

V

0. Indeed, supposing the contrary, it follows that

Mg”(el) =0, forall |e;| <, Re(e;) >0. (5)

(1+o0e2)g'(e1) + 5 > 0.

Let us take

9(61) = Z PKEk,
k=0

where g, k = 0,1, ... are constants, then

g(e1) =Y kprer1, g"(e1) = Y k(k — Dprer_2.
k=1 k=2
Substituting these values in (5), we get
01 + 4paer + (993 + o2 + p18)es + (1604 + 3p3 + 2p28)ez + -+ = 0.

This indicates that g(e1) = gg, which is contrary to the hypothesis. Now using
Theorem 5, we have

(Gag) —g— (1 + 062)gl _ (62 + 261)9”

(o +n)’ oc+n 2(c+mn)

< €7 4m(9)s
§+

(B+ho—0o) A(s+1)
(I—h) > I=A(+D)

no(g, o, <) satisfying ny > max { (33’1_‘7}50), 11‘%&_?1) - 0}. such that V n > ng,

for all n > max{ 0}. Thus, there is a number ng =

we have

(62 _;261)91/

’(1 +oes)g +

§+
2 (1+oes) , (e2 + 2e1)g”
— . G°q) —qg— 1772 I R Nt Ve
- (0 +n)”|[(Grg) —g - g'(2) 2otn) |
1 9
> = (1+0€2)g/+ MQ” ,
2 2 "
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which implies that

(62 _;261)g//

)

1
] L

1(Ghg) —glle+ = 5

¢t

for all n > nyg.

B+ho—o A o
For max{( (Jg_h) ), 1_55(3_)1) —a} <n <ng—1, we get [[(G79) — gllc+ >
32 ..(9)

Tl ith 57,,(9) = (o +n) - (Gg) — gller > O (since [(GFg) — gller =0’
true for a particular n only if the polynomial f has degree < 1, contradicting

the hypothesis on g).

As a result, we now have

HZ(g)
oc+n’

I1(GRg) — glle+ >

for all n > max { (rB(Jrl}i”h;U), 11155(21_)1) - a}, where

. 1 61(61 + 2)
:}ff(g) = ,Bm,,}n A N {‘rf:’,n(g)a sy Zno—l(g)ﬂ 5 (60 + 062)9/ + #gn )
n0712n>max{%,%70} ¢t

which paired with Theorem 4, establishes the required conclusion.

Remark 2 Various researchers have explored different approximation proper-
ties in real case for exponential operators, semi exponential operators and their
hybrid variants, we mention some of their works here [7,9,18,19]. Here in the
present study, we examined the approximation properties for the summation-
integral type operator (3) in the real domain and in the complex domain.
Further, some efforts can be made to compare the considered operators (3) in
complex domain with the corresponding classical operators in real case.
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