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Abstract Abel et al. recently defined the generalization of some exponential-
type operators depending on a parameter σ > 0. In this article, we consider
the summation-integral type operator based on semi-exponential Baskakov
operators and with weights based on the semi-exponential Szász operators. In
section 2, we study the approximation properties in the real domain, and in
section 3, we make the convergence estimation in a complex setting.
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1 Introduction

Since the introduction of exponential-type operators four decades ago (see
[21]), no new exponential operators have been presented or explored by the
researchers, despite various extensions being offered and studied (for eg. [1],
[5]). Tyliba and Wachnicki [23] introduced the use of parameter σ > 0 to gen-
eralize exponential-type operators and created semi-exponential equivalents of
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2 V. Gupta and Anjali

the two well-known operators Szász-Mirakyan and Gauss-Weierstrass opera-
tors. Because of their complex nature, limited study has been done on these
operators. Herzog [20] extended the studies and introduced semi exponential
equivalent of Post-Widder operators. Very recently, Abel et al [2] proposed
some other such operators. The semi-exponential Szász-Mirakyan operators
introduced in [2] can be defined by

(Sσng) (u) =

∞∑
j=0

sσn,j (u) g

(
j

n

)
, (1)

where

sσn,j (u) = e−(σ+n)u
((σ + n)u)

j

j!
.

The kernel of these operators satisfy the following differential equation:

u(D + σ)sσn,j (u) = (j − nu)sσn,j (u) , D ≡ d

du
.

The semi-exponential Baskakov operators proposed in [2] are given by

(V σn g) (u) =

∞∑
j=0

bσn,j (u) g

(
j

n

)
, (2)

where

bσn,j (u) =
∑
i+`=j

(n+ i)`
j!

(
j

i

)
σi

uj

(1 + u)n+j
e−σu.

The kernel bσn,j (u) of semi-exponential Baskakov operators satisfy the differ-
ential equation:

u(1 + u)(D + σ)bσn,j (u) = (j − nu)bσn,j (u) , D ≡ d

du
.

We have i = 0 and ` = j in the specific case σ = 0, resulting in the Baskakov
operators.

We now define the summation-integral type operator based on the semi-
exponential Baskakov operators and with weights based on the semi-exponential
Szász-Mirakyan operators as follows:

(Gσng) (u) = (σ + n)

∞∑
j=0

bσn,j (u)

∫ ∞
0

sσn,j(ν)g(ν)dν, (3)

where sσn,j(ν) and bσn,j (u) are as defined in (1) and (2) respectively.
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Hybrid operators in a complex setting 3

2 Convergence estimates in real domain

Lemma 1 For k ∈ N ∪ {0}, if we denote Θσn,k(u) = (Gσnek)(u), then

Θσn,k+1(u) =
u(1 + u)

σ + n
[Θσn,k(u)]′ +

k + 1 + nu+ σu(1 + u)

σ + n
Θσn,k(u),

where ek := ek(t) = tk.

Proof By definition

u(1 + u)(D + σ)Θσn,k(u)

= (σ + n)

∞∑
j=0

(j − nu)bσn,j(u)

∫ ∞
0

sσn,j(ν)νkdν

= (σ + n)

∞∑
j=0

bσn,j(u)

∫ ∞
0

[j − (σ + n)ν]sσn,j(ν)νkdν + (σ + n)Θσn,k+1(u)− nuΘσn,k(u)

= (σ + n)

∞∑
j=0

bσn,j(u)

∫ ∞
0

[sσn,j(ν)]′νk+1dν + (σ + n)Θσn,k+1(u)− nuΘσn,k(u)

= −(k + 1)Θσn,k(u) + (σ + n)Θσn,k+1(u)− nuΘσn,k(u),

implying

(σ + n)Θσn,k+1(u) = u(1 + u)(D + σ)Θσn,k(u) + (k + 1 + nu)Θσn,k(u).

Remark 1 Using Lemma 1, we conclude that for certain constants ℘i, i =
0, 1, 2, ..., ℘i 6= 0Gσn∑

i≥0

℘iei

 (u) = ℘0 + ℘1

(
u+

σu2 + 1

σ + n

)

+℘2

(
u2 +

σ2u4

(σ + n)2
+

2σ(σ + n+ 1)u3

(σ + n)2
+

(n+ 6σ)u2

(σ + n)2
+

4u

(σ + n)
+

2

(σ + n)2

)
+....

Furthermore, if we denote µσn,j(u) = (Gσn(ν − u)j)(u), then by basic com-
putations, for some non-zero constants $j , j = 0, 1, 2, ..., the central moments
satisfy

∑
j≥0

$jµ
σ
n,j(u) = $0 +$1

(
σu2 + 1

σ + n

)

+$2

(
σ2u4

(σ + n)2
+

2σu3

(σ + n)2
+

(n+ 6β)u2

(σ + n)2
+

2u

(σ + n)
+

2

(σ + n)2

)
+ .....
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4 V. Gupta and Anjali

Now, we study the quantitative Voronovskaja-kind estimate which have been
studied in different forms by various researchers (see for instance [6], [11], [12],

[3]). Consider Ĉ[0,∞), the space of real-valued continuous functions g(u) on
[0,∞) such that lim

u→∞
g(u) exists and is finite. Further, for % ≥ 0, consider the

following weighted modulus of continuity:

ω̂(g, %) := sup
u,ν∈[0,∞)

{
|g(u)− g(ν)| : |e−u − e−ν | ≤ %

}
Theorem 1 Let g, g′′ ∈ Ĉ[0,∞). Then, for any u ≥ 0, we have∣∣∣∣n [(Gσng)(u)− g(u)]− (σu2 + 1)g′(u)− u(u+ 2)

2
g′′(u)

∣∣∣∣
≤ |ασn(u)| · |g′(u)|+ |γσn(u)| · |g′′(u)|+ 2 · [2γσn(u) + u(u+ 2) + δσn(u)] ,

where

ασn(u) =
n(σu2 + 1)

σ + n
− (σu2 + 1)

γσn(u) =
n

2
·
(

σ2u4

(σ + n)2
+

2σu3

(σ + n)2
+

(n+ 6β)u2

(σ + n)2
+

2u

(σ + n)
+

2

(σ + n)2

)
− u(u+ 2)

2

δσn(u) =
√
n2 (Gσn(e−u − e−ν)4) (u)

√
n2 (Gσn(ν − u)4) (u).

Proof Using Taylor’s expansion of function g at the point u ∈ [0,∞) gives us
the following:∣∣∣∣n [(Gσng)(u)− g(u)]− (σu2 + 1)g′(u)− u(u+ 2)

2
g′′(u)

∣∣∣∣
≤ |ασn(u)| · |g′(u)|+ |γσn(u)| · |g′′(u)|+

∣∣n (Gσn (h(ν, u)(ν − u)2
))

(u)
∣∣ ,

where h(ν, u) = g′′(ξ)−g′′(u)
2 and ξ lies between u and ν. Using the same type

of technique as applied in [4], we can write

|h(ν, u)| ≤
(

1 +
(e−u − e−ν)2

%2

)
ω̂(g′′, %), % > 0.

On applying the Cauchy-Schwarz inequality and choosing % = 1/
√
n, we get

n
(
Gσn |h(ν, u)| (ν − u)2

)
(u) ≤ 2 [2γσn(u) + u(u+ 2) + δσn(u)] ω̂

(
g′′,

1√
n

)
.

Thus we get the desired result.

Corollary 1 Let g, g′′ ∈ Ĉ[0,∞). Then

lim
n→∞

n [(Gσng)(u)− g(u)] = (σu2 + 1)g′(u) +
u(u+ 2)

2
g′′(u).

Proof follows by Theorem 1, we skip the details.
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Hybrid operators in a complex setting 5

Theorem 2 For g ∈ CB [0,∞) (the class of all continuous and bounded func-
tion on [0,∞)) and for all u ∈ [0,∞), there exists a constant C > 0, such
that

|(Gσng)(u)− g(u)| ≤ ω

(
g,
σu2 + 1

σ + n

)
+Cω2

(
g,

[
2βu3(σu+ 1) + u2(n+ 8σ) + 2u(σ + n) + 3

]1/2
(σ + n)

)
.

The proof of the theorem follows using Remark 1 and proceeding along the
lines of [10, Th. 5], we omit the details.

For s ≥ 4, if Bs[0,∞) = {g : |g(u)|(1+us) ≤ ag,∀u ∈ [0,∞)}, where ag is an

absolute constant depends only on g. Let Cs[0,∞) = C[0,∞)∩Bs[0,∞). For
each g ∈ Cs[0,∞), the weighted modulus of continuity (see[22]) is defined as

Ω(g, δ) = sup
|h|<δ,u∈R+

|g(u+ h)− g(u)|
(1 + hs)(1 + us)

.

Also, C∗,s[0,∞) denotes the subspace of continuous functions g ∈ Bs[0,∞)
for which limu→∞ |g(u)|(1 + us)−1 <∞. We consider the norm by

||g||s = sup
0≤u<∞

|g(u)|
(1 + us)

.

Theorem 3 If g ∈ C∗,s [0,∞), then we have

lim
n→∞

||(Gσng)− g||s = 0.

Proof Following the weighted Korovkin’s theorem due to Gadjiev [13], if g ∈
C∗,s [0,∞) satisfies

lim
n→∞

||(Gσnej)− ej ||s = 0, j = 0, 1, 2,

then we have

lim
n→∞

||(Gσng)− g||s = 0.

Using Remark 1, obviously the result holds for j = 0. Next

lim
n→∞

||Gσne1)− e1||s

= lim
n→∞

[
σ

(σ + n)
sup

0≤u<∞

(
u2

1 + us

)
+

1

σ + n
sup

0≤u<∞

(
1

1 + us

)]
= 0.
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6 V. Gupta and Anjali

Finally

lim
n→∞

||(Gσne2)− e2||s

= lim
n→∞

∥∥∥∥σ2u4 + 2σ(σ + n+ 1)u3 + (n+ 6σ)u2 + 4(σ + n)u+ 2

(σ + n)2

∥∥∥∥
s

= lim
n→∞

1

(1 + us)

[
σ2u4 + 2σ(σ + n+ 1)u3 + (n+ 6σ)u2 + 4(σ + n)u+ 2

(σ + n)2

]
= 0.

This completes the proof of theorem.

3 Convergence of hybrid operator in complex setting

Overconvergence, or the extension of estimation properties from the real do-
main to the complex domain, occurs in the complex domain. S. Gal [14] did
praiseworthy work on complex operators, presenting results on the overcon-
vergence of various complex operators. In the recent years, several types of
complex integral operators have been explored, we refer to some of the works
in this direction due to Agarwal and Gupta [8], Gal and Gupta [15], Gal
and Iancu [17] and Gal et al [16]. Throughout the paper, we shall denote
ej := ej(z) = zj for j ∈ N ∪ {0}. Thus, the hybrid operator (3) in complex
setting takes the following form:

(Gσng) (e1) = (σ + n)

∞∑
j=0

bσn,j (e1)

∫ ∞
0

sσn,j(ν)g(ν)dν,

where

bσn,j (e1) =
∑
i+`=j

(n+ i)`
j!

(
j

i

)
σi

ej
(1 + e1)n+j

e−σe1 .

Let R > 1 and denote DR = {e1 ∈ C : |e1| < R}. Since the definition of the
operator Gσn includes the value of function in the interval [0,∞). Consider a
class of functions given by:

fR := {g : [R,+∞) ∪ DR → C | g is continuous in (R,+∞) ∪ DR and
analytic in DR}.

Obviously, g(e1) =
∑∞
k=0 ℘kek, for all e1 ∈ DR and g ∈ fR.

Lemma 2 Assume a function g : [R,+∞)
⋃

DR having the following proper-
ties:

1. analytic in DR i.e. g(e1) =
∑∞
k=0 ℘kek; e1 ∈ DR
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Hybrid operators in a complex setting 7

2. |g(u)| ≤ CeBu for all u ∈ [R,+∞), where B and C are absolute constants,

then ∀ |e1| ≤ ς with Re(e1) ≥ 0, n > (B + hσ − σ)/(1 − h), where h =√
ς2/(1 + ς2) and 1 ≤ ς < R, we have

(Gσng)(e1) =

∞∑
k=0

℘k(Gσnek)(e1).

Proof For any natural m, consider

gm(e1) =

m∑
j=0

℘jej if |e1| ≤ ς and gm(u) = g(u) if u ∈ (ς,+∞).

Since |gm(e1)| ≤
∑∞
j=0 |℘j |ςj := Cς , ∀ |e1| ≤ ς and g ∈ C[ς, R] implying

|gm(u)| ≤ Cς,Re
Bu, ∀ u ∈ [0,+∞). This follows that for |e1| ≤ ς under the

condition Re(e1) ≥ 0, one has

|(Gσngm)(e1)|

≤ Cς,R|(1 + e1)−n|

 ∞∑
j=0

∑
i+`=j

(n+ i)`
j!

(
j

i

)
σi|e−σe1 |

(
|e1|
|1 + e1|

)j
(σ + n)

∫ ∞
0

e−(σ+n)ν · (σ + n)j

j!
νjeBνdν


= Cς,R|(1 + e1)−n|

∞∑
j=0

∑
i+`=j

(n+ i)`
j!

(
j

i

)
σi|e−σe1 |

(
|e1|
|1 + e1|

)j
· (σ + n)j+1

(σ + n−B)j+1
<∞

≤ Cς,R|(1 + e1)−n|
∞∑
j=0

∑
i+`=j

(n+ i)`
j!

(
j

i

)
σi|e−σe1 |hj · (σ + n)j+1

(σ + n−B)j+1
,

where h =
√

ς2

1+ς2 < 1, taking into account that for e1 = u+ iv with u ≥ 0 we

have (
|e1|
|1 + e1|

)2

=
u2 + v2

1 + 2u+ (u2 + v2)
≤ u2 + v2

1 + (u2 + v2)
≤ ς2

1 + ς2
.

If

cj =
∑
i+`=j

(n+ i)`
j!

(
j

i

)
σi|e−σe1 |hj · (σ + n)j+1

(σ + n−B)j+1
,

we have by ratio test

cj+1

cj
=

∑
i+`=j+1

(n+i)`
(j+1)!

(
j+1
i

)
σi∑

i+`=j
(n+i)`
j!

(
j
i

)
σi

· h(σ + n)

σ + n−B
≤ 1, ∀j ≥ j0

Therefore (Gσngm)(e1) is well-defined for n > B+hσ−σ
1−h .

Denoting

gm,k(e1) = ℘kek if |e1| ≤ ς and gm,k(u) =
g(u)

m+ 1
if u ∈ (ς,∞),
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By the linearity property, we have

(Gσngm)(e1) =

m∑
k=0

℘k(Gσnek)(e1),

it is enough to show that lim
m→∞

(Gσngm)(e1) = (Gσng)(e1). However, this follows

immediately from the following obvious relations:

i. lim
m→∞

‖gm − g‖ς = 0

ii. ‖gm − g‖B[0,+∞) ≤ ‖gm − g‖ς

iii. |(Gσngm)(e1)− (Gσng)(e1)| ≤Mς,n,σ‖gm − g‖ς ,

where

Mς,n,σ = (σ + n)

∞∑
j=0

∑
i+l=j

(n+ i)l
j!

(
j

i

)
σi

ςj

(1 + ς)n+j

∫ ∞
0

∣∣sσn,j(ν)
∣∣ |dν|,

and ‖ · ‖B[0,+∞) denotes the uniform norm on CB(R+).

Theorem 4 (Upper bound) For R ∈ (3,+∞), if a function g ∈ fR satisfies
the following properties:

1. there exist M > 0 and Λ ∈ ( 1
R , 1), with |℘k| ≤ M·Λk

Γ (2k+σρ+1) , for all k =

0, 1, ..., (which implies |g(e1)| ≤MeΛ|e1| for all e1 ∈ DR)

2. |g(u)| ≤ CeBu, for all u ∈ [R,+∞),

Further if 1 ≤ ς < ς + 1 < 1
Λ and h =

√
ς2/(1 + ς2), then for all |e1| ≤ ς with

Re(e1) ≥ 0, n ∈ N and n > B+hσ−σ
1−h , we have

|(Gσng)(e1)− g(e1)| ≤ Cς,Λ

σ + n
,

where Cς,Λ = M
∑∞
k=1((ς + 1)Λ)k <∞.

Proof Using the recurrence relation of Lemma 1, we get

Θσn,k(e1) =
e1 + e2
σ + n

[Θσn,k−1(e1)]′ +
k + ne1 + σ(e1 + e2)

σ + n
Θσn,k−1(e1).

From this, we immediately have

Θσn,k(e1)− ek =
e1 + e2
σ + n

[Θσn,k−1(e1)− ek−1]′ +
k + ne1 + σ(e1 + e2)

σ + n
[Θσn,k−1(e1)− ek−1]

+
(2k − 1) + (k − 1)e1 + σe2

σ + n
ek−1.

(4)
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Hybrid operators in a complex setting 9

Now for 1 ≤ ς < R, if we denote the norm-‖g‖ς := max
|e1|≤ς

|g(e1)| in C(Dς),

where Dς = {e1 ∈ C : |e1| ≤ ς}, then by applying the Bernstein’s inequality
i.e. |P ′k(e1)| ≤ k

ς ‖Pk‖ς , ∀ |e1| ≤ ς, where Pk(e1) is a polynomial of degree ≤ k
and using (4), we obtain∥∥Θσn,k − ek∥∥ς
≤ ς(1 + ς)

σ + n
‖Θσn,k−1 − ek−1‖ς

k − 1

ς
+
nς + k + σς(1 + ς)

σ + n
‖Θσn,k−1 − ek−1‖ς

+
(2k − 1) + (k − 1)ς + σς2

σ + n
ςk−1,

which implies∥∥Θσn,k − ek∥∥ς
≤
(
ς +

(2k − 1) + ς(k − 1) + σς2

σ + n

)
· ‖Θσn,k−1 − ek−1‖ς +

(2k − 1) + (k − 1)ς + σς2

σ + n
ςk−1

≤ ρ

(
1 +

(2k − 1 + σρ)

σ + n

)
· ‖Θσn,k−1 − ek−1‖ς +

(2k − 1 + σρ)

σ + n
ρk,

where ρ := ς + 1.
In the following, we prove the result by the principle of mathematical in-

duction with respect to k (n must be arbitrarily fixed), this recurrence implies

||Θσn,k − ek||ς ≤
Γ (2k + σρ+ 1)

σ + n
ρk for all k ≥ 1, n ≥ 1.

The left side is σς2+1
σ+n and the right side is (ς+1)Γ (σρ+3)

σ+n for k = 1. We
indeed can claim the required inequality for k = 1. The above recurrence
relation suggests that if it is true for k, then we have

||Θσn,k+1 − ek+1||ς ≤ ρ

(
1 +

(2k + σρ+ 1)

σ + n

)
· Γ (2k + σρ+ 1)

σ + n
ρk +

2k + σρ+ 1

σ + n
ρk+1.

It remains to show that(
1 +

(2k + σρ+ 1)

σ + n

)
· Γ (2k + σρ+ 1)

σ + n
ρk+1 +

2k + σρ+ 1

σ + n
ρk+1 ≤ Γ (2k + σρ+ 3)

σ + n
ρk+1,

or after simplifications, equivalently to(
1 +

(2k + σρ+ 1)

σ + n

)
· Γ (2k + σρ+ 1) + (2k + σρ+ 1) ≤ Γ (2k + σρ+ 3).

It is clearly sufficient if we will show that

Γ (2k + σρ+ 1) + 1 ≤ Γ (2k + σρ+ 2).

This last inequality holds true(can be proved by mathematical induction) for
all k, n ∈ N.
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10 V. Gupta and Anjali

From the supposition on g, using Lemma 2 we may write

(Gσng)(e1) =

∞∑
k=0

℘kΘ
σ
n,k(e1), for all e1 ∈ DR, Re(e1) ≥ 0, n >

B + hσ − σ
1− h

,

which immediately from the hypothesis on ℘k implies for all |e1| ≤ ς with
Re(e1) ≥ 0 and n > (B + hσ − σ)/(1− h),

|(Gσng)(e1)− g(e1)| ≤
∞∑
k=1

|℘k|.|Θσn,k(e1)− ek|

≤
∞∑
k=1

M
Λk

Γ (2k + σρ+ 1)

Γ (2k + σρ+ 1)

σ + n
ρk

=
M

σ + n

∞∑
k=1

(ρΛ)k =
Cς,Λ

σ + n
,

where Cς,Λ := M
∑∞
k=1(ρΛ)k < ∞ for all 1 ≤ ς ≤ ρ < 1

Λ , taking into account
the uniform convergence of the series

∑∞
k=1 s

k in any compact disk contained
in the open unit disk.

Theorem 5 (Voronovskaja result) For R ∈ (3,+∞), if a function g ∈ fR
satisfies the following properties:

1. there exist M > 0 and Λ ∈ ( 1
R , 1), with |℘k| ≤ M·Λk

Γ (2k+σρ+1) , ∀ k = 0, 1, ...

2. |g(u)| ≤ CeBu, ∀ u ∈ [R,+∞),

Also, if 1 ≤ ς < ρ < 1
Λ , h =

√
ς2/(1 + ς2) and σ ≥ 2, then ∀ |e1| ≤ ς with

Re(e1) ≥ 0 and n > max
{

B+hσ−σ
1−h , Λ(ς+1)

1−Λ(ς+1) − σ
}

, we have

∣∣∣∣(Gσng)(e1)− g(e1)− σe2 + 1

σ + n
g′(e1)− e2 + 2e1

2(σ + n)
g′′(e1)

∣∣∣∣ ≤ Cσς,Λ,M(g)

(σ + n)2
,

where

Cσς,Λ,M(g) = M

∞∑
k=2

(k − 1)[Λ(ς + 1)]kBk,ς,σ
Γ (2k + σρ+ 1)

+
2M

[1− Λ(ς + 1)] · [Λ(ς + 1)]σ
<∞,

and

Bk,ς,σ = k2(ς + 2)2 + k
(
3βς3 + ς2(6β − 3)− 11ς − 8

)
+2
(
σ2ς4 − σς3 + (1− σ)ς2 + 3ς + 2

)
+ Γ (2k + σρ+ 1).
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Proof By using Lemma 2, we can write (Gσng)(e1) =
∑∞
k=0 ℘kΘ

σ
n,k(e1). Also

σe2 + 1

σ + n
g′(e1) +

e2 + 2e1
2(σ + n)

g′′(e1) =
σe2 + 1

σ + n

∞∑
k=1

k℘kek−1 +
(e1 + 2)

2(σ + n)

∞∑
k=2

k(k − 1)℘kek−1

=
1

2(σ + n)

∞∑
k=1

k℘k [2(σe2 + 1) + (e1 + 2)(k − 1)] ek−1.

Thus ∣∣∣∣(Gσng) (e1)− g(e1)− σe2 + 1

σ + n
g′(e1)− e2 + 2e1

2(σ + n)
g′′(e1)

∣∣∣∣
≤
∞∑
k=1

|℘k|
∣∣∣∣Θσn,k(e1)− ek −

[2k(σe2 + 1) + k(k − 1)(e1 + 2)] ek−1
2(σ + n)

∣∣∣∣ .
By Lemma 1, for k = 1, 2, ..., we have

Θσn,k(e1) =
e1 + e2
σ + n

[Θσn,k−1(e1)]′ +
k + (σ + n)e1 + σe2

σ + n
Θσn,k−1(e1).

If we denote

Ξσk,n(e1) = Θσn,k(e1)− ek −
[2k(σe2 + 1) + k(k − 1)(e1 + 2)] ek−1

2(σ + n)
,

then the polynomial Ξσk,n(e1) ≤ deg k and subsequently we obtain

Ξσk,n(e1) =
e1 + e2
σ + n

[Ξσk−1,n(e1)]′+
k + (σ + n)e1 + σe2

σ + n
Ξσk−1,n(e1)+Υk,n,σ(e1),

where

Υk,n,σ(e1) =
(k − 1)ek−2
2(σ + n)2

[
k2(e1 + 2)2 + k(3σe3

+e2(6σ − 3)− 11e1 − 8) + 2(σ2e4 − σe3 + (1− σ)e2 + 3e1 + 2)

]
,

for all k ≥ 2.

Utilizing estimate from the proof of Theorem 4 with 1 ≤ ς < R, we get

|Θσn,k(e1)− ek| ≤
Γ (2k + σρ+ 1)

σ + n
(ς + 1)k.

For σ ≥ 2, it follows that∣∣Ξσk,n(e1)
∣∣ ≤ ς2

σ + n

(
1 +

1

ς

) ∣∣[Ξσk−1,n(e1)]′
∣∣+(k + (n+ σ)ς + σς2

σ + n

) ∣∣Ξσk−1,n(e1)
∣∣+|Υk,n,σ(e1)| .

Now we estimate |[Ξσk−1,n(e1)]′| for k ≥ 2. First

|[Ξσk−1,n(e1)]′| ≤ k − 1

ς
||Ξσk−1,n||ς
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≤ k − 1

ς

[
||Θσn,k−1(e1)− ek−1||ς +

∣∣∣∣∣∣∣∣ [2(σe2 + 1)(k − 1) + (k − 1)(k − 2)(e1 + 2)] ek−2
2(σ + n)

∣∣∣∣∣∣∣∣
ς

]

≤ k − 1

ς

[
(ς + 1)k−1Γ (2k + σρ− 1)

σ + n
+
ςk−2(k − 1)

[
2(σς2 + 1) + (k − 2)(ς + 2)

]
σ + n

]

≤ (k − 1)(ς + 1)k−1

ς(σ + n)

[
Γ (2k + σρ− 1) + 2(σς + 1)(k − 1) + 3(k2 − 3k + 2)

]
≤ 2(k − 1)(ς + 1)k−1Γ (2k + σρ− 1)

ς(σ + n)
.

Thus
ς2

σ + n

(
1 +

1

ς

)
|[Ξσk−1,n(e1)]′| ≤ (ς + 1)kΓ (2k + σρ+ 1)

(σ + n)2

and

|Ξσk,n(e1)| ≤ (ς + 1)kΓ (2k + σρ+ 1)

(σ + n)2
+

(
k + (n+ σ)ς + σς2

σ + n

)
|Ξσk−1,n(e1)|+|Υk,n,σ(e1)|,

∀ |e1| ≤ ς, k ≥ 2 and σ ≥ 2.

For k ≤ n and |e1| ≤ ς, using σς2 + k ≤ n, we immediately have

|Ξσk,n(e1)| ≤ (ς + 1)kΓ (2k + σρ+ 1)

(σ + n)2
+ (ς + 1)|Ξσk−1,n(e1)|+ |Υk,n,σ(e1)|,

where

|Υk,n,σ(e1)| ≤ (ς + 1)k

(σ + n)2
Λk,ς,σ,

and Λk,ς,σ is defined as

Λk,ς,σ := k2(ς + 2)2 + k(3σς3 + ς2(6σ − 3)

−11ς − 8) + 2
(
σ2ς4 − σς3 + (1− σ)ς2 + 3ς + 2

)
.

Thus for k ≤ n+ 1, we get

|Ξσk,n(e1)| ≤ (ς + 1)|Ξσk−1,n(e1)|+ (ς + 1)k

(σ + n)2
Bk,ς,σ,

where
Bk,ς,σ := Λk,ς,σ + Γ (2k + σρ+ 1).

But Ξσ0,n(e1) = Ξσ1,n(e1) = 0, for any e1 ∈ C and thus, by expressing the last
inequality for 2 ≤ k ≤ n+ 1, we can easily derive step by step the following

|Ξσk,n(e1)| ≤ (ς + 1)k

(σ + n)2

k∑
j=2

Bj,ς,σ ≤
(k − 1)(ς + 1)k

(σ + n)2
Bk,ς,σ.
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It follows that∣∣∣∣(Gσng) (e1)− g(e1)− σe2 + 1

(σ + n)
g′(e1)− e2 + 2e1

2(σ + n)
g′′(e1)

∣∣∣∣
≤

n+1∑
k=2

|℘k| · |Ξσk,n(e1)|+
∑

k≥n+2

|℘k| · |Ξσk,n(e1)|

≤ 1

(σ + n)2

∑
k≥2

|℘k|(k − 1)(ς + 1)kBk,ς,σ +
∑

k≥n+2

|℘k| ·
[
|Θσn,k(e1)− ek|+

∣∣∣∣ [2k(σe2 + k) + k(k − 1)e1] ek−1
2(σ + n)

∣∣∣∣]

≤
∑
k≥2

|℘k|(k − 1)(ς + 1)kBk,ς,σ
(σ + n)2

+
∑

k≥n+2

|℘k| ·

[
(ς + 1)kΓ (2k + σρ+ 1)

σ + n
+

[
2k(σς2 + k) + k(k − 1)ς

]
ςk−1

2(σ + n)

]

≤
∑
k≥2

|℘k|(k − 1)(ς + 1)kBk,ς,σ
(σ + n)2

+
∑

k≥n+2

2 |℘k|(ς + 1)kΓ (2k + σρ+ 1)

σ + n

≤
∑
k≥2

|℘k|(k − 1)(ς + 1)kBk,ς,σ
(σ + n)2

+
∑

k≥n+2

2M[Λ(ς + 1)]k

σ + n

≤ M

(σ + n)2

∑
k≥2

[Λ(ς + 1)]k(k − 1)Bk,ς,σ
Γ (2k + σρ+ 1)

+
2M[Λ(ς + 1)]n+2

(σ + n)(1− Λ(ς + 1))

≤ M

(σ + n)2

∑
k≥2

[Λ(ς + 1)]k(k − 1)Bk,ς,σ
Γ (2k + σρ+ 1)

+
2M

(σ + n)2[1− Λ(ς + 1)] · [Λ(ς + 1)]σ
,

for all σ+n > Λ(ς+1)
1−Λ(ς+1) , where for Λ(ς+1) < 1, we certainly have a convergent

series

∞∑
k=2

|℘k|(k − 1)(ς + 1)kBk,ς,σ, and we utilised the inequality (which can

be readily demonstrated by mathematical induction)

λσ+n+2 ≤ λσ+n+1 ≤ 1

σ + n
, for all σ + n >

λ

1− λ
,

applied for λ = Λ(ς + 1) < 1.

Theorem 6 (Exact order) Under the same assumption of Theorem 5, sup-
pose a polynomial g has non-zero degree, then for all 1 ≤ ς < ς + 2 < R, we
have

‖(Gσng)−g‖ς+ ∼
1

σ + n
, for all n > max

{
(B + hσ − σ)

(1− h)
,

Λ(ς + 1)

1− Λ(ς + 1)
− σ

}
,

where ‖g‖ς+ = sup{|g(e1)| : |e1| ≤ ς, Re(e1) ∈ [0,∞)}.

Proof For all n ∈ N with n > B and |e1| ≤ ς with 0 ≤ Re(e1) <∞, we get

(Gσng)(e1)− g(e1) =
1

σ + n

[
(1 + σe2)g′(e1) +

(e2 + 2e1)

2
g′′(e1)

+
1

σ + n
· (σ + n)2

(
(Gσng)(e1)− g(e1)− (1 + σe2)

σ + n
g′(e1)− (e2 + 2e1)

2(σ + n)
g′′(e1)

)]
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Applying the inequality

‖S‖ς+ − ‖T‖ς+ ≤ | ‖S‖ς+ − ‖T‖ς+ | ≤ ‖S + T‖ς+ ,

we obtain

‖(Gσng)− g‖ς+ ≥
1

σ + n

[∥∥∥∥(σe2 + 1)g′ +
(e2 + 2e1)

2
g′′
∥∥∥∥
ς+

− 1

σ + n
· (σ + n)2

∥∥∥∥(Gσng)− g − 1 + σe2
σ + n

g′ − (e2 + 2e1)g′′

2(σ + n)

∥∥∥∥
ς+

]
.

Since g is a polynomial of degree≥ 1 in DR, we get
∥∥∥(1 + σe2)g′ + (e2+2e1)

2 g′′
∥∥∥
ς+
>

0. Indeed, supposing the contrary, it follows that

(1 + σe2)g′(e1) +
(e2 + 2e1)

2
g′′(e1) = 0, for all |e1| ≤ ς, Re(e1) ≥ 0. (5)

Let us take

g(e1) =

∞∑
k=0

℘kek,

where ℘k, k = 0, 1, ... are constants, then

g′(e1) =

∞∑
k=1

k℘kek−1, g
′′(e1) =

∞∑
k=2

k(k − 1)℘kek−2.

Substituting these values in (5), we get

℘1 + 4℘2e1 + (9℘3 + ℘2 + ℘1β)e2 + (16℘4 + 3℘3 + 2℘2β)e3 + · · · = 0.

This indicates that g(e1) = ℘0, which is contrary to the hypothesis. Now using
Theorem 5, we have

(σ + n)2
∥∥∥∥(Gσng)− g − (1 + σe2)g′

σ + n
− (e2 + 2e1)g′′

2(σ + n)

∥∥∥∥
ς+
≤ Cσς,Λ,M(g),

for all n > max
{

(B+hσ−σ)
(1−h) , Λ(ς+1)

1−Λ(ς+1) − σ
}
. Thus, there is a number n0 ≡

n0(g, σ, ς) satisfying n0 > max
{

(B+hσ−σ)
(1−h) , Λ(ς+1)

1−Λ(ς+1) − σ
}

. such that ∀ n ≥ n0,
we have∥∥∥∥(1 + σe2)g′ +

(e2 + 2e1)

2
g′′
∥∥∥∥
ς+

− 1

σ + n
· (σ + n)2

∥∥∥∥(Gσng)− g − (1 + σe2)

σ + n
g′(z)− (e2 + 2e1)g′′

2(σ + n)

∥∥∥∥
ς+

≥ 1

2

∥∥∥∥(1 + σe2)g′ +
(e2 + 2e1)

2
g′′
∥∥∥∥
ς+
,
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which implies that

‖(Gσng)− g‖ς+ ≥
1

2(σ + n)

∥∥∥∥(1 + σe2)g′ +
(e2 + 2e1)

2
g′′
∥∥∥∥
ς+
,

for all n ≥ n0.

For max
{

(B+hσ−σ)
(1−h) , Λ(ς+1)

1−Λ(ς+1) − σ
}
< n ≤ n0 − 1, we get ‖(Gσng) − g‖ς+ ≥

Fσς,n(g)

σ+n with Fσς,n(g) = (σ+n) · ‖(Gσng)− g‖ς+ > 0 (since ‖(Gσng)− g‖ς+ = 0 is
true for a particular n only if the polynomial f has degree ≤ 1, contradicting
the hypothesis on g).

As a result, we now have

||(Gσng)− g||ς+ ≥
Hσ
ς (g)

σ + n
,

for all n > max
{

(B+hσ−σ)
(1−h) , Λ(ς+1)

1−Λ(ς+1) − σ
}

, where

Hσ
ς (g) = min

n0−1≥n>max{ (B+hσ−σ)
(1−h) ,

Λ(ς+1)
1−Λ(ς+1)

−σ}

{
Fσς,n(g), ...,Fσς,n0−1(g),

1

2

∥∥∥∥(e0 + σe2)g′ +
e1(e1 + 2)

2
g′′
∥∥∥∥
ς+

}
,

which paired with Theorem 4, establishes the required conclusion.

Remark 2 Various researchers have explored different approximation proper-
ties in real case for exponential operators, semi exponential operators and their
hybrid variants, we mention some of their works here [7,9,18,19]. Here in the
present study, we examined the approximation properties for the summation-
integral type operator (3) in the real domain and in the complex domain.
Further, some efforts can be made to compare the considered operators (3) in
complex domain with the corresponding classical operators in real case.
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