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s Abstract

The purpose of this work is to provide a rigorous mathematical study for global asymptotic stability (GAS) of a
recognized fractional-order hepatitis B epidemic model, which was proposed in a recent work. We use a simple
approach to establish the GAS of the fractional-order hepatitis B model. This approach is based on extensions
of the Lyapunov stability theory and the fractional Barbalat’s lemma in combination with some nonstandard
techniques for fractional dynamical systems. As an important consequence, the GAS of disease free and disease
endemic equilibrium points is determined fully. The obtained results not only improve but also generalize some
existing works. In addition, a set of numerical experiments is performed to support and illustrate the constructed
theoretical results.
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o 1. Introduction

10 Hepatitis B is an infectious disease caused by the hepatitis B virus (HVB), which can attack the liver and
u can cause both acute and chronic diseases. Nowadays, hepatitis B has become a major global health problem.
2 This leads to urgent requests for strategies and measures to prevent and control the HBV. For this purpose,
13 many mathematicians and epidemiologists have proposed a large number of mathematical models, which are
11 based on epidemiological principles, to discover characteristics and transmission mechanisms of the HBV (see, for
15 instance, [3 10 [TT] 121 [T5] [T6] 17, 20], 221 271, 28] 291 B30, 311 B2 B3] B4, 44, 47]). These mathematical models can
16 provide us with good observations of the mechanism of the transmission of the HBV; consequently, appropriate
v and effective strategies for preventing and controlling the hepatitis B can be suggested.

18 We start this work by considering a recognized hepatitis B epidemic model, which was proposed by Khan et

v al. in [27]. This model is constructed based on some suitable hypotheses of the hepatitis B virus spreading and
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is given by

ds(t) _, _ ASWI®)

dt T 14I) (ko +)50),

d S

R
d%t) = BI(t) +vS(t) — o R(1).

In the model

e the entire population is divided into three classes: susceptible (S) class, infected (I) class and recovered

(R) class;

A is the birth rate;

A is the transmission rate of hepatitis B virus;

e 15 and pq are the natural and disease induced death rates, respectively;

[ is the recovery rate;
e v and v are the vaccination and saturation rates, respectively;

We refer the readers to [28] for more details and qualitative dynamical properties of the model .

Although the model provides a good mathematical model for transmission dynamics of the HBV with
several applications in real-life, it can be improved by using fractional-order derivatives, which have the ability to
describe the memory effect on population dynamic models (see, for instance, [I1 2 8 03] 08|, B5] 42], @6l (1]). In
recent years, many fractional-order models have been proposed and analyzed because of its accuracy compared
to integer-order (ODE) models [ [T9] 25 [48] BI]. Motivated and inspired by the above reason, Hoang and
Egbelowo in [23] proposed a fractional-order hepatitis B epidemic model, which is described by the following

system of fractional differential equations

“Dg,S(t) =A™ — % — (ug +v*)S(),

“D§,R(t) = BOI(t) + v S(t) — ug R(t),

where “Dg, f(t) with a € (0,1) stands for the Caputo fractional derivative of the function f(t) [8| 3, B5] E6).
Note that the derivation of the model can be explained in terms of memory effect on population dynamics
by using the approach used in [I9].

In [23], a threshold quantity for the model was defined by

AQAOC
RE = . 3
O (ug +ve) (g + ps + B2) )
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Also, it was proved that: The model (2)) always possesses a disease free equilibrium (DFE) point Ey = (So, Io, Ro)
for all values of the parameters, whereas, a disease endemic equilibrium (DEE) point E, = (S, L, R.) exists if

and only if Rf > 1, where

A VoA
SO:W7 Iy =0, ROZW, (4)
and
;o AN = (g ) (6 A+ i £ 8%
(g g+ B7) [Aa + e (g + V“)} ’
5. — (u8‘+u?+ﬂ:)(1+7“1*), (5)
Ho

The local asymptotic stability of Ey and E, was established as follows (see Propositions 2 and 3 in [23]):
(i) The DFE point Ej is locally asymptotically stable if R§ < 1.
(ii) The DEE point E, is locally asymptotically stable if RS > 1.

Tt is clear that the stability analysis performed in [23] lacks the global asymptotic stability (GAS) of the fractional-
order model . Motivated by this, in the present work we establish the complete GAS of the model
by using a simple approach, which is based on extensions of the Lyapunov stability theory and the fractional
Barbalat’s lemma (see [I8] A2] 50l [51]) in combination with some nonstandard techniques for fractional dynamical
systems. Here, we first use general Volterra-type Lyapunov functions with undetermined coefficients as potential
candidates. Then, nonstandard techniques of mathematical analysis are used to prove that the time derivatives
of the proposed Lyapunov functions are globally positive define. Finally, the fractional Barbalat’s lemma is
applied to show the convergence of solutions of the fractional-order model. Consequently, the GAS of DEE and
DFE points is analyzed rigorously.

It is worth noting that the analysis of GAS of integer-order and fractional-order dynamical systems is very
important but not simple in general. The Lyapunov stability theory and its extensions can be considered as
one of the most successful approaches to this problem [Il (2 8] 39 42] [43]. However, this approach requires
suitable Lyapunov functions but there is no general technique for constructing Lyapunov functions for dynamical
systems. Although many researchers have successfully constructed Lyapunov functions for important differential
equation models (see, for example, [T1 2] 18] B6] B7], B8] [£11), the construction of Lyapunov functions for the
fractional-order model is not a trivial problem. However, by the present approach, we obtain the complete
GAS of the fractional-order model. Moreover, this approach can be extended to study stability properties of
general fractional dynamical systems. It should be emphasized that our approach is differently from the one
used in [25].

As noted before, the model is a generalization of the integer-order HBV model (|1). In [27], Khan et al.
proved the GAS of the DFE point but failed to conclude the GAS of the DEE point of the model . Since
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the GAS of the fractional-order model can imply the GAS of the integer-order model 7 we also obtain
the GAS of the model from the stability analysis of the model . Although Hoang and Egbelowo in [24]
provided a proof of the GAS of DEE point of the model based on the Bendixson-Dulac criterion and the
Poincare-Bendixson theory, this approach is only appropriate for two-dimensional dynamical systems governed
by ODEs and not applicable for the model in particular and for fractional dynamical systems in general.
This means that the present approach is more general and efficient.
The plan of this work is as follows:

Section [2] provides some important basic definitions and preliminaries. The complete GAS of the fractional-
order model is studied in Section Numerical experiments are conducted in Section @ Some remarks and

discussions are presented in the last section.

2. Preliminaries

We first recall from [8] [13], [35] [46] the definitions of the Caputo fractional derivatives and their properties.
Let Q = [a,b] (—o00 < a < b < o0) be a finite interval on the real axis R. The Riemann-Liouwville fractional

integralsI®, f and If* f of order o € C (%(a) > 0) are defined by (see [35 Section 2.1])

1N =i [ Gh (o> @) >0

(a x—t)l-o

and

b
B0 = e [ G dis (@< bR > o)

respectively. The above integrals are called the left-sided and the right-sided fractional integrals.

The Riemann-Liowville fractional derivatives DS,y and Dy y of order v € C (R(a) > 0) are given by

Dz = () @renw - ot () [ oA o= i)+ 15> 0

and

n n b
i@ = (- 52 ) G = roras (1) [ e (0= B@)]+ 1w <)
respectively, where [R(«)] means the integer part of R(«).

The Caputo fractional derivatives of order o € C (R(«) > 0) on [a,b] are defined via the above Riemann-

Liouville fractional derivatives by

oz = (2o - 5 0] o

k=0
and
n=l (k)
g = (05 o - X P00t o)
k=0

respectively, where

n=[R)]+1 for a¢Ny; n=a for «oecN.
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1 These derivatives are called the left-sided and right-sided Caputo fractional derivatives of order a.
Let [a,b] be a finite interval of the real line R and y(z) be a function belonging to the space AC[a,b] of
absolutely continuous functions on [a,b]. As a direct consequence of Theorem 2.1 in [35], the left-sided and
right-sided Caputo fractional derivatives of order 0 < o < 1 are given by (see [35, Section 2.4])

o0 = oy |

and

by (r)dr
CDEn@) = rrm [ B

respectively. In particular, when o = 0 and o« = 1 we have

(“DY+y) (@) = (CDy-y)(z) = y(x)
and
(“Dary) (@) = (CDy-y)(x) = y/ (),

> respectively.

s Remark 1. The notation $ D¢ f(t) is also often used to denote the left-sided Caputo fractional derivative of a
+ function f(t) (see, for instance, [2, 18, [42, [51)).

Property 1. (Linearity property [13]). Let f(t),g(t) : [a,b] — R be such that C D@ f(t) and $Dgg(t) exist
everywhere and let c1,co € R. Then, $ D¢ (c1 f(t) + cag(t)) exists everywhere, hence
¢ Dy (crf(t) + cag(t)) = a D f(t) + e$ Dig(t).

Lemma 1. (Generalized mean value theorem [{5]) Suppose that w € Cla,b] and ¢ Dfw(t) € Cla,b] for 0 < a <

1, then we have

C ) —a)®
F(a)aDt (f)(t ) ’

w(t) = w(a) +
s witha <& <t, forallt € (a,b)].

s Theorem 1. ([13]) Assume that f € C'[a,b] is such that D& f(t) > 0 for all t € [a,b] and all o € (g, 1) with
7 some ag € (0,1). Then, f is monotone increasing. Similarly, if S D¢ f(t) < 0 for all t and o mentioned above,

s then f is monotone decreasing.

9 Consider a general dynamical systems governed by the Caputo fractional differential equations of the form

g)D?y(t) = f(ta y)7 y(tO) = Yo, [eAS (0, 1) (6)

1 Definition 1. ([{Z]). The constant y* is an equilibrium point of the Caputo fractional dynamical system @ if
u and only if f(t,y*) =0.

12 We now present some concepts of stability for the system (@ (see [TI, 13, [18], 39} (411, [42] 43]).
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Definition 2 (Concepts of stability). The equilibrium point y* = 0 of the system @ is said to be

(i) stable if for every e > 0 and tg € Ry there exists 0 = §(e,tg) > 0 such that for any yo € R™ the inequality
lyoll < & implies that [ly(t;to, yo)|| < € for t = to;

(1) local asymptotically stable if it is stable and there exists some vy > 0 such that lim,_, ||y(t)|| = 0 whenever

lyoll <;

(1) globally asymptotically stable if it is stable and lim;_, o ||y(t)|| = 0 for all yo satisfying ||yo|| < oo.

Definition 3. (Class-K functions [26]) A continuous function a : [0,t) — [0,00) is said to belong to class-K if

it is strictly increasing and a(0) = 0.

Lemma 2. (A relationship between positive define functions and class-K functions [[9]) A function V(z,t) is

locally (or globally) positive definite if and only if there exists a class-KC function ~1 such that V(0,t) =0 and
Vi(z,t) 2 n(lzl)
YVt > to and Vx belonging to the local space (or the whole space).

Theorem 2. (Fractional Lyapunov direct method by using the class-KC functions [{2]) Let x = 0 be an equilib-
rium point for the non-autonomous fractional-order system @ Assume that there exists a Lyapunov function

V(t,y(t)) and class-K functions «; (i = 1,2,3) satisfying:

ar(flyll) < V(t,y) < aa(llyl)

and
CDly(t) < —as(|lyll)

where B € (0,1). Then the system @ is asymptotically stable.

Theorem 3. (Lyapunov stability and uniform stability of fractional order systems [18]) Let x = 0 be an equi-
librium point for the non-autonomous fractional-order system @ Let us assume that there exists a continuous

Lyapunov function V (y(t),t) and a scalar class-KC function v1(.) such that, Vy # 0

Ty < V(y(t),t)

and

“Dly(t) <0, with e (0,1]

then the origin of the system @ is Lyapunov stable (stable).

If, furthermore, there is a scalar class-K function v5(.) satisfying

V(y(@),t) < 72(llyl)

then the origin of the system @ is Lyapunov uniformly stable (uniformly stable).
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1 Theorem 4. (Fractional order Barbalat’s lemma [50, Theorem 3]) If a scalar function V(t,y(t)) is positive
> semi-definite and the Caputo fractional derivative of V (t,y(t)) along the solution y(t) of the system @ satisfies
s EDV(tyt) < —o(ly@®)]]), where (.) belongs to class-K, then y(t) — 0 ast — +oo if y;(t) i =1,2,...,n are

4 uniformly continuous.
5 The following results are very useful in studying stability properties of the system (@

s Corollary 1. ([50, Corollary 3]) If a scalar function V (t,y(t)) is positive semi-definite and the Caputo fractional
v derivative of V(t,y(t)) along the solution y(t) of the system (6) satisfies { DV (t,y(t)) is negative semi-define,
s then y(t) — 0 ast — +oo if f;(t,y(t)) i =1,2,...,n for the system (6)) are bounded.

o Lemma 3. (A fractional comparison principle [{3, Lemma 6.1]) Let x(0) = y(0) and g)Dfx(t) > tC;DtBy(t),
1w  where B € (0,1). Then x(t) > y(t).

u Lemma 4. ([5)]). Let z(t) € RT be a continuous and derivable function. Then, for any time instant t > to

t *
WD |x(t) =2 — 2 mgf)] < (1 - %)CODfx(t), * e RY, Vae(0,1). (7)
2 3. Stability analysis
13 In this section, the GAS of the fractional-order model is studied. First, it is important to note that the

1 two first equations of do not depend on R; consequently, we only need to consider the following sub-model:

AXST
C na « « a
Dg .S =A 771+’ya17(u0+1/)5,

AYST o o o
T5q0T (1§ + ps + )1

(8)

CD3+I -

15 The model always possesses a DFE point EO = (So, Ip) for all values of the parameters, meanwhile, it has a
s DEE point E, = (Ss, L) if and only if Rg > 1, where (So, Iy) and (Ss, 1) are given by and (B]), respectively.

v Lemma 5. Let (S(O),I(O))T € RS be an initial data for the initial value problem and (S(t),[(t))T be the

18 corresponding solution. Then, S(t),I(t) > 0 for all t > 0. Furthermore, we have the following estimates

ACK
limsup S(t) < ——,
t—o00 ,uo + v

liminf [S(¢) + I(t)] > m, (9)

t—o0

lim sup [S(t) + I(t)] < 72,

t—o0

10 where
A* A
«a @ a a al’ N2 = : «a a a a al’
max{uo + v, pg +pt+ B } mln{#o + v opg +ps B }

m =

Proof. First, from we have

C na a C na
DMS‘S:O =A% >0, D0+I‘I:0 =0,
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for all S,I > 0. Let (5(0), I(O))T be any initial data belonging to Rj. Then, the corresponding solution
(S (t), I (t))T cannot escape from the hyperplanes of S = 0 and I = 0, and on each hyperplane the vector field
is tangent to that hyperplane or points toward the interior of R%. This means that (S(t), I(t))T eR?.

From the first equation of we obtain

“Dg, S <A — (ug +v*)S.
Consider an auxiliary equation
CD3+Z = A" — (u§ +v*)z, 2(0) > 5(0).

This equation has a unique positive equilibrium point z, = A%/(u§ +v*). It is easy to show z, is globally
asymptotically stable. Hence, lim;_, 2(t) = z.. Combining this with Lemma [3| (the fractional comparison
principle) we obtain

A(X
limsup S(t) < limsupz(t) = 2, = ———.
t—>oop (t) < t—>oop ®) toug e

Similarly, by adding side-by-side the first and second equations of , we have

AY —max {u§ + v, u§ +puf +B2HS + 1)
<D (S+1)
< A® —min {p§ +v*, pf +ps + BHS + 1),

which follows the last two estimates of @D The proof is complete. O

Remark 2. If S(0) = 0, then the first equation of implies that
DG S|,_, =A*>0.

So, there exists a number t, > 0 such that S(t.) > 0. Therefore, without loss of generality, it is sufficient to
consider S(0) > 0. Similarly, if 1(0) = 0 then I(t) = 0 is a unique solution of the second equation of (§). In
this case, it is easy to verify that lim;_, . S(t) = Sp. Combining the above observations with Lemma@ it suffices
to study dynamical properties of the model on a feasible set given by

(e

Q*={(S,I))S,I>0, S< <S+I<n2}. (11)

py v

Before establishing the GAS of , we need the following auxiliary result.

Lemma 6. Consider the function

£(S) =S —Soln (50) —So, S, S0 € (0,7). (12)

Then, we have

f(s) > %(S —89)% forall S,Sy <€ (0,n].
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Proof. Using the Taylor’s formula for the function f, we obtain
F(S) = f(So) + f'(So)(S — So) + f"(£s)(S — So)?,
where £g is a point between S and Sy. Due to the fact that
f(So) =0, f(S)=0, f'(S)=—2%2=—7

we have

1 The proof is complete. O

In the following theorems, we will use the Iy norm, i.e., if y = (y1,y2)7 is any vector in R?, then the norm of

lyll = \/v% + v3.

> Theorem 5. The DFFE point EO of the model 15 globally asymptotically stable whenever Ry < 1.

y is given by

s Proof. First, we rewrite in the form

& *) (S-S AT
CDSY_,_S:S 7(/‘0"’”)( 0)7 7
S 14 ~ol (13)
A*ST
C o ,
Dy I = TrT (1§ + ps + B°)1.
+ Next, consider a Lyapunov function V : 2* — R defined by
S
V(S,I)=|S—=5SyIn T —So| +1. (14)
0
Thanks to Lemma [6 we have
S — Spln (S) —So > S—g(s —Sp)? forall (S,I)ec Q.
So 3

On the other hand
I>n 1% forall (S,I)eQ".

Consequently,
S
V(S,I) > max{ng, n;l} [(S — S0)% + 17].
2
So, if setting
S _
71(2) = nax {ga U 1}227
Up)

then 71 (.) belongs to class-K functions and the function V' given by satisfies

V(y) > n(lyll), v:= (S~ 5o, I).
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1 Using Property |1} Lemma [4| and we obtain

“Dpg v =°Dg, [5 —So—Soln <§Oﬂ +9Dy. I

S -5 o o
<SS enns) o (oo
—(pg +v*) (S = So) AT A*ST
—(S—S _ _ o «@ T
( 0) g 1401 ey, (ug + ns +6%)
(1§ + 1) (S = 80)* | | XSy (ke + i +
== ap — (o + i +87) |1
S 1+l (15)
< g ?g + (XS = (i + s + 8|1
us +v) (S — Sp)? o o o
G ?g = (kg + pf + B%) (Ro — 1)1
pe +v) (S — Sp)? o o o
S—(O 732 — (6 + uf +8%)(Ro — DI
Ma+ya (S_SO)2 a « « —
S—( 0 m —(Mo +puf + 8 )(Ro—l)U21[2~
2 Since R§ < 1, the function V' defined by satisfies Theorem |3| Consequently, EO is stable.
Note that S(t) and I(t) are bounded. So, the fractional Barbalat’s lemma (Lemmall) follows that
i (S(t), I(t)) = Eo = (S0,0).
s Hence, Eo is globally asymptotically stable. This is the desired conclusion. O
+ Theorem 6. If R§ > 1, then the DEE point E, of the model is globally asymptotically stable.
s Proof. Note that the DEE point E, exists if and only if R§ > 1. We transform to the form
(A g
C na « «
D0+S:S ?—W_(NO +v )
O A A S
B S S 1+~ 14+~ )|
. (A8, —8)  A(-L)
a SS. (T +~y2D)(1+L) |
[ A0S
C Nna a a «
Do I =1 W—(ﬂo‘*‘m +5%) (16)
_ g A*S A*S,

1+l B 1+l

[A\(S = S,) + Ay (ST, — IS,)
(14+~2I) (1 +~oL,)

A8 = 8 A0S — 8) + A 8L~ 1)

a (1 +~2T)(1 + L) '

10
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1 We consider a Lyapunov function V* : Q* — R, as follows

VS, I)=mn [S— Se — Sy In (i)] + 72 [I—I* —IL:In (II*)], (17)

> where 7, and 7 are undetermined positive real numbers.

By Lemma [f] we deduce that there is a scalar class-K function v, such that
Y(lz]) £V*(z), z:= (S-S, I-1,).
s Using Property |1} Lemma 4| and we have the following estimate

I
CD&V*ﬁ%m;ks*,am(5>}+mcwﬁPL<1un<[ﬂ

*

S — S, o I—1, N
ST—g (CD0+S) + 72 (CDOJJ)
A¥(S, —S) (T — 1)
=7n(5 -5, _
! 4 S5 (L +~oD)(1 471
+TU_I)AWS—SQ+XWWAS—&y+W¢w4@_U (18)
S T+ 7D +7L)
AQ 9 )\a,yas* )
= TTlgg \W TP T I-1,
T e ey Ry s U Ry 2 A
A%+ AL A%
M - S-S - 1)
T2(1+'ya[)(1+rya]*) Tl(l+7a1)(1+7al*)]( )( )
If 7 and 7 satisfy
T2 -7 =0,
(L+yoD)(1+92L) (L +y2D)(1+y21)
or equivalently to
_ e,
1 = o T2,
then from we have
A~ PR
T (e AL
A¥ A2y S
<t 5_5*2_7_ * I—I*2
=TS : 20+Wmm+¢m% )

+ This estimate means that the function V' defined by satisfies the Theorem This implies that E, is stable.
On the other hand, the boundedness of S(t), I(t) and the fractional Barbalat lemma (Theorem [4)) follow that

lim (S(t), I(t)) = E. = (S., L.).

t—o00
s Therefore, the GAS of E, is shown. The proof is completed. O

6 Combining Theorems 5| and |§| we obtain the complete GAS of the full model .

7 Theorem 7. The DFFE point of the model is globally asymptotically stable whenever Ry < 1, whereas, the

s DEE point is globally asymptotically stable whenever Rf > 1.

11
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1 As an important consequence of Theorems [f] and [6] we obtain the following result on the GAS of the ODE
> model .

s Corollary 2. The DFFE point of the ODE model s globally asymptotically stable if the basic reproduction
AA

(1o + v) (po + p1 + B)
s Proof. To prove the GAS of the DFE point, we consider a Lyapunov function of the form:

4+ number Ry :=

< 1 and the DEFE point is globally asymptotically stable if Ry > 1.

Vi(S,1) = [S — So— Spln (50)] 41 (19)

s Meanwhile, the GAS of the DEE point can be obtained by using a Lyapunov function

Vo(S,I) =7 [s S, — S.1In (5)] +T2<II* — L. lnII), (20)
where
T = 7)\ T2.

7 After that, the GAS of the ODE model will be obtained by repeating the proofs of Theorems and@ O

¢ 4. Numerical experiments

0 In this section, we report some numerical examples to support the theoretical results. For this purpose, we

1w consider the fractional-order model with the parameters given in Table

Table 1: The values (per day) of the parameters used in numerical examples.

Case A v v B A 140 11 Q@ Source RE GAS

1 0.5 0.8 0.004 09 0.005 0.001 0.05 090 Assumed 0.5198 Ey = (59.9213, 0, 208.6582)
0.5 0.8 0.004 09 0.005 0.001 0.05 095 Assumed 0.5234 Ey = (77.4399, 0, 289.0158)
0.5 0.8 0.004 09 0.005 0.001 0.05 099 Assumed 0.5254 Ey = (95.0211, 0, 374.8517)
0.8 0.1 0.005 03 0.01 0.001 0.005 0.90 Assumed 3.5432 E, = (26.3177,1.5536, 375.5126)
0.8 0.1 0.005 03 0.01 0.001 0.005 0.95 Assumed 3.9334 E, = (30.9603, 1.7256, 532.0641)
0.8 0.1 0.005 03 001 0.001 0.005 0.99 Assumed 4.2697 FE, = (35.2526, 1.8652, 701.9766)

S Ot e W N

u In Table [1} the term "GAS” stands for the globally asymptotically stable equilibrium point.

12 We now apply a simple numerical method, namely the fractional Euler method (see [2Il [40]), which uses
13 the step size h = 1072 to solve the model (). The solutions of the model are depicted in Figures In
11 these figures, each blue curve depicts a phase space corresponding to a specific initial data, the green arrows
15 represent the evolution of the model and the red circles refer to the position of the globally asymptotically stable
16 equilibrium points. It is clear that the solutions are stable and converge to the equilibrium points; consequently,

v the GAS of the model is shown clearly.
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1 From the numerical examples, we can see the affect of the fractional-order o on the behaviour of the HBV
> model. Hence, the fractional-order model is more flexible than the ODE one (with a = 1) thanks to the

s appearance «. This may be useful in studying the parameter estimation problem with real data.

Figure 1: The phase spaces of the model with the parameters given in Case 1.
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Figure 2: The phase spaces of the model with the parameters given in Case 2.
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Figure 3: The phase spaces of the model with the parameters given in Case 3.
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Figure 4: The phase spaces of the model with the parameters given in Case 4.
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Figure 5: The phase spaces of the model with the parameters given in Case 5.
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Figure 6: The phase spaces of the model with the parameters given in Case 6.

15

15 Jan 2023 00:45:19 PST
220623-Hoang Version 2 - Submitted to Rocky Mountain J. Math.



1

2

3

20

21

22

23

24

25

26

27

28

29

30

5. Conclusions and discussions

In this work, we have provided a rigorous mathematical study for the GAS of the fractional-order hepatitis
B epidemic model . Here, the GAS of the model was established by a simple approach, which is based
on extensions of the Lyapunov stability theory and the fractional Barbalat’s lemma in combination with some
nonstandard techniques for fractional dynamical systems. The main result is that the GAS of the disease free
and disease endemic equilibrium points was determined fully. Finally, the theoretical results were supported and
illustrated by a set of numerical experiments.

The Lyapunov functions proposed in Theorems [5| and [6] are still appropriate to study the GAS of the ODE
model . As an important consequence, we also obtain the complete GAS of the model . Hence, the
obtained results provided an important improvement for the results formulated in [23] and [27].

It is well-known that the Lyapunov stability theory and its extensions can be considered as one of the most
powerful and effective approaches to study the asymptotic stability of dynamical systems governed by ordinary
and fractional differential equations. Therefore, the present approach in this work can be also suitable for other
mathematical models having the same characteristics as the model .

It was proved in some previous works that fractional-order derivatives can have certain disadvantages and
limitations when modeling real-world phenomena and processes (see, for instance, [0 [7, [3]). However, as
emphasized above, the fractional-order model proposed in this work is more flexible than the ODE one (with
a = 1) thanks to the appearance a. In future works, we will consider disadvantages and limitations of the
fractional-order model and how to overcome them.

In the near future, we will extend the approach and results in this work to study stability properties of
fractional-order differential equation models arising in real-world applications. Also, dynamics of the model
in the context of other fractional derivatives, such as the Riemann-Liouville fractional derivative [I3] [46], the
Caputo-Fabrizio fractional derivative [9], new fractional derivatives with non-local and non-singular kernel [5],
new fractional derivative involving the normalized sinc function without singular kernel [52] and so on will be

studied.
Acknowledgments

We would like to thank the editor and anonymous referees for useful and valuable comments that led to a
great improvement of the paper.

References

[1] R. P. Agarwal, D. O’Regan, S. Hristova, Stability of Caputo fractional differential equations by Lyapunov
functions, Applications of Mathematics 60 (2015) 653-676.

[2] N. Aguila-Camacho, A. M. Duarte-Mermoud, J. A. Gallegos, Lyapunov functions for fractional order sys-

tems, Communications in Nonlinear Science and Numerical Simulation 19(2014) 2951-2957.

16

15 Jan 2023 00:45:19 PST
220623-Hoang Version 2 - Submitted to Rocky Mountain J. Math.



20

21

22

23

24

25

26

27

28

29

30

3]

[12]

[13]

[14]

[16]

[17]

S. Ahmad, M. Rahman, M. Arfan, On the analysis of semi-analytical solutions of Hepatitis B epidemic
model under the Caputo-Fabrizio operator, Chaos, Solitons & Fractals 146 (2021) 110892.

R. Almeida, Analysis of a fractional SEIR model with treatment, Appl. Math. Lett. 84, 56-62 (2018)

A. Atangana, D. Baleanu, New fractional derivative with non-local and non-singular kernel: Theory and

application to heat transfer model, Thermal Science 20 (2016) 763-769.

A. Atangana, A. Secer, A Note on Fractional Order Derivatives and Table of Fractional Deriva-
tives of Some Special Functions, Abstract and Applied Analysis, 2013, Article ID 279681,
https://doi.org/10.1155/2013 /279681.

A. Atangana, Fractional Operators and Their Applications, Fractional Operators with Constant and Vari-

able Order with Application to Geo-Hydrology, 2018, 79-112.

M. Caputo, Linear models of dissipation whose @) is almost frequency independent-1I, Geophysical Journal

International 13(1967)529-539.

M. Caputo, M. Fabrizio, A new definition of fractional derivative without singular kernel, Progress in

Fractional Differentiation and Applications 1(2015) 73-85.

L. C. Cardoso, R. F. Camargo, F. L. P. dos Santos, J. P. C. D. Santos, Global stability analysis of a
fractional differential system in hepatitis B, Chaos, Solitons & Fractals 143(2021) 110619.

L. C. Cardoso, F. L. P. Dos Santos, R. F. Camargo, Analysis of fractional-order models for hepatitis B,
Computational and Applied Mathematics 37(2018) 457-4586.

J. Danane, K. Allali, Z. Hammouch, Mathematical analysis of a fractional differential model of HBV infection

with antibody immune response, Chaos, Solitons & Fractals 136(2020) 109787.

K. Diethelm, The Analysis of Fractional Differential Equations: An Application-Oriented Exposition using
Differential Operators of Caputo Type, Springer 2010.

K. Diethelm, Monotonicity of functions and sign changes of their Caputo derivatives, Fractional Calculus

and Applied Analysis, https://doi.org/10.1515/fca-2016-0029.

A. Din, Y. Li, Q. Liu, Viral dynamics and control of hepatitis B virus (HBV) using an epidemic model,
Alexandria Engineering Journal 59(2020) 667-679.

A. Din, Y. Li, A. Yusuf, Delayed hepatitis B epidemic model with stochastic analysis, Chaos, Solitons &
Fractals 146 (2021) 110839.

A. Din, Y. Li, T. Khan, K. Anwar, G. Zaman, Stochastic dynamics of hepatitis B epidemics, Results in
Physics 20(2021) 103730.

17

15 Jan 2023 00:45:19 PST
220623-Hoang Version 2 - Submitted to Rocky Mountain J. Math.



20

21

22

23

24

25

26

27

28

29

30

[18]

[19]

[20]

[21]

[29]

[30]

M. A. Duarte-Mermoud, N. Aguila-Camacho, A. J. Gallegos, R. Castro-Linares, Using general quadratic
Lyapunov functions to prove Lyapunov uniform stability for fractional order systems, Communications in

Nonlinear Science and Numerical Simulation 22 (2015) 650-659.

U. Ghosh, S. Pal, M. Banerjee, Memory effect on Bazykin’s prey-predator model: Stability and bifurcation
analysis, Chaos, Solitons and Fractals 143 (2021) 110531.

F. Gao, X. Li, W. Li, X. Zhou, Stability analysis of a fractional-order novel hepatitis B virus model with
immune delay based on Caputo-Fabrizio derivative, Chaos, Solitons & Fractals 142(2021) 110436.

R. Garrappa, Numerical Solution of Fractional Differential Equations: A Survey and a Software Tutorial,

Mathematics 2018, 6, 16; doi:10.3390/math6020016.

K. Hattaf, N. Yousfi, Global dynamics of a delay reaction-diffusion model for viral infection with specific

functional response, Computational and Applied Mathematics 34(2015) 807-818.

M. T. Hoang, O. F. Egbelowo O.F, Dynamics of a Fractional-Order Hepatitis B Epidemic Model and Its
Solutions by Nonstandard Numerical Schemes. In: Hattaf K., Dutta H. (eds) Mathematical Modelling
and Analysis of Infectious Diseases. Studies in Systems, Decision and Control, vol 302. Springer, Cham.

https://doi.org/10.1007 /978-3-030-49896-2_5.

M. T. Hoang, O.F. Egbelowo, On the global asymptotic stability of a hepatitis B epidemic model and
its solutions by nonstandard numerical schemes, Boletin de la Sociedad Matemédtica Mexicana 26(2020)

1113-1134.

P. T. Karaji, N. Nyamoradi, Analysis of a fractional SIR model with General incidence function, Applied
Mathematics Letters 108 (2020) 106499.

H. K. Khalil, Nonlinear Systems, third edition, Prentice Hall, 2002.

T. Khan, Z. Ullah, N. Ali, G. Zaman, Modeling and control of the hepatitis B virus spreading using an
epidemic model, Chaos, Solitons and Fractals 124 (2019) 1-9.

A. Khan, G. Hussain, M. Inc, G. Zaman, Existence, uniqueness, and stability of fractional hepatitis B

epidemic model, Chaos 30(2020) 103104.

T. Khan, A. Khan, G. Zaman, The extinction and persistence of the stochastic hepatitis B epidemic model,

Chaos, Solitons & Fractals 108(2018) 123-128.

T. Khan, Z. Qian, R. Ullah, B. A. Alwan, G. Zaman, Q. M. Al-Mdallal, Y. E. Khatib, K, Kheder, The
Transmission Dynamics of Hepatitis B Virus via the Fractional-Order Epidemiological Model, Complexity

2021, Article ID 8752161, https://doi.org/10.1155/2021/8752161.

18

15 Jan 2023 00:45:19 PST
220623-Hoang Version 2 - Submitted to Rocky Mountain J. Math.



20

21

22

23

24

25

26

27

28

29

[31]

[32]

33]

[41]

[42]

[45]

T. Khan, R. Ullah, G. Zaman, The Analysis of Hepatitis B Virus (HBV) Transmission using an Epidemic
Model, Natural and Applied Sciences International Journal 2(2021) 70-79.

T. Khan, S. Ahmada, G. Zaman, Modeling and qualitative analysis of a hepatitis B epidemic model, Chaos
29(2019) 103139.

T. Khan, G. Zaman, A. S. Alshomrani, Spreading dynamic of acute and carrier hepatitis B with nonlinear

incidence, PLoS ONE 13(4): €0191914. https://doi.org/10.1371/journal.pone.0191914.

T. Khan, G. Zaman, M. I. Chohan, The transmission dynamic of different hepatitis B-infected individuals

with the effect of hospitalization, Journal of Biological Dynamics 12(2018) 611-631.

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and Applications of Fractional Differential Equations,
Elsevier Science, Inc., Volume 204, 1st Edition, 2006.

A. Korobeinikov, Lyapunov Functions and Global Stability for SIR and SIRS Epidemiological Models with
Non-linear Transmission, Bulletin of Mathematical Biology 30 (2006) 615-626.

A. Korobeinikov, Lyapunov functions and global properties for SEIR and SEIS epidemic models, Mathe-
matical Medicine and Biology 21 (2004) 75-83.

A. Korobeinikov, G. C. Wake, Lyapunov functions and global stability for SIR, SIRS, and SIS epidemio-
logical models, Applied Mathematics Letters 15(2002) 955-960.

J. La Salle, S. Lefschetz, Stability by Liapunov’s Direct Method, Academic Press, New York, 1961.

C. Li, F. Zeng, Finite difference methods for fractional differential equations, International Journal of

Bifurcation and Chaos 22 (2012) 1230014.

Y. Li, Y. Chen, I. Podlubny, Mittag-Leffler stability of fractional order nonlinear dynamic systems, Auto-
matica 45 (2009) 1965-1969

Y. Li, YQ. Chen, I. Podlubny, Stability of fractional-order nonlinear dynamic systems: Lyapunov direct
method and generalized Mittag-Leffler stability, Computers & Mathematics with Applications 59 (2010)
1810-1821.

A. M. Lyapunov, The general problem of the stability of motion, International Journal of Control, Taylor

& Francis, 1992.

K. Manna, S. P. Chakrabarty, Global stability of one and two discrete delay models for chronic hepatitis B
infection with HBV DNA-containing capsids, Computational and Applied Mathematics 36(2017) 525-536.

Z. M. Odibat, N. T. Shawagfeh, Generalized Taylor’s formula, Applied Mathematics and Computation 186
(2007) 286-293.

19

15 Jan 2023 00:45:19 PST
220623-Hoang Version 2 - Submitted to Rocky Mountain J. Math.



1 [46] I.Podlubny, Fractional Differential Equations, Academic Press, San Diego, 1999.

> [47] S. A. A. Shah, M. A. Khan, M. Farooq, S. Ullah, E. O.Alzahrani, A fractional order model for Hepatitis B
3 virus with treatment via Atangana-Baleanu derivative, Physica A: Statistical Mechanics and its Applications

. 538 (2020) 122636.

s [48] J. Singh, D. Kumar, Z. Hammouch, A. Atangana, A fractional epidemiological model for computer viruses

6 pertaining to a new fractional derivative, Applied Mathematics and Computation 316 (2018) 504-515
7 [49] J. E. Slotine, W. Li, Applied Nonlinear Control, Prentice Hall, 1991.

s [50] F. Wang, Y. Yang, Fractional order Barbalat’s lemma and its applications in the stability of fractional order

0 nonlinear systems, Mathematical Modelling and Analysis 22 (2017) 503-513.

10 [51] C. Vargas-De-Leon, Volterra-type Lyapunov functions for fractional-order epidemic systems, Communica-

u tions in Nonlinear Science and Numerical Simulation 24 (2015) 75-85.

»  [52] X. Yang, F. Gao, J. A. Tenreiro Machado, D. Baleanu, A new fractional derivative involving the normalized

13 sinc function without singular kernel, The European Physical Journal Special Topics 226(2017) 3567-357.

20

15 Jan 2023 00:45:19 PST
220623-Hoang Version 2 - Submitted to Rocky Mountain J. Math.



	Introduction
	Preliminaries
	Stability analysis
	Numerical experiments
	Conclusions and discussions

