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10 ABSTRACT. This paper investigates the boundedness of discrete fractional calculus. A finite-dimensional
o real vector space is considered and the p-norm of finite dimensions is used. By utilizing the Minkowski
— inequality on an isolated time scale, the boundedness theorems of fractional sums and differences in both
2 nabla and delta types are provided. The / case is also discussed. If the step—size & tends to zero, the
13 result is consistent with the continuous case.
14
15
16 1 Introduction

7 The boundedness of operators is important in functional analysis. Kilbas [1] gave the classical fractional

'8 integral’s boundedness theorem in the space L, which consists of complex-valued Lebesgue measurable

9 functions f on [a,b] for which | fllz, < eo. The norm || - ||z, is defined as
20

21 b 1/p

21

" 171, = ([ 1rerar) " (1< p <o)
2i a

23 and

24

o 1flleo = ess sup |f(2)].

25 a<t<b

26 The boundedness of the R-L integral was derived as (see Lemma 2.1, pp. 72 in [1])
27

2 (b—a)®

29 laf*flz, < 5 I/,

= INo+1)

% where a > 0 is the fractional order.

' Inview of this point, the boundedness theorem was also discussed for the general fractional calculus
“ in X? [2]. The space X/ (a,b) is defined to consist of those complex-valued Lebesgue measurable
2% functions on [a, b] for which || f||xr < oo, with

35 b di\1/p

. Il = ([ leser )" (1 <p<emcer)

N a

¥ and

38

20 1fllxe = ess sup [[t1°f(2)]] (p = o).

- a<t<b

40
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The general fractional integral is defined by

1
E o, 1 ! oa—1_/
B A0 = Frgy | (60 86 )5,
- where the kernel function g(t) is chosen according to the boundedness theorem (see Theorem 2.4 of

2.

= It can be concluded that the fractional calculus is called to be well-defined if the boundedness
o theorem can hold. Recently, the discrete fractional calculus (see Definition 5) is important for fractional
o difference equations [3, 4]. However, the boundedness of the fractional sums and differences were not
o provided yet. As a result, this paper tries to give the result and the function spaces.

n 2 Preliminaries
12
E Suppose N, := {a,a+1,...} and (hN), := {a,a+h,...}, h >0, a € R. For any v € R, the falling

14 and rising factorial functions are defined by [4]

5 [(r+1)
16 f=——- - teN
16 C(t+1—v) v
17
e v TL(@+v
e p=TY) e,
. 0
o0 and the h-falling factorial function is defined [5]
21 L(£+1)
- v v h

t, =h" ———"——,t€ (hN
2 P T(p+1-v) € 1N

= where I" denotes the famous Gamma function.
- The following proposition of the falling factorial function is useful for the study of the paper.

2E Proposition 1. [6] Leta € R,b € N,,a < b and v > 0. Then the following equation holds

27 0

- b—a+v—1)¥
2 Y (vt Goatv o D
29 T=a—b-+1 v

30 The forward and backward differences are defined as follows
31

o Af(t) = fe+1)—f(1), VI(t) = f(t) = ft—1).
’BE If a function f : (AN), — R, the differences are defined as

34 _ —ft—

= st = LI g gy = JOZ SO

% respectively.
¥ More generally, a time scale T is defined to be any closed subset of R. We define the forward jump

38 operator ¢ : T — T by [7]

® o(t):=inf{s€T:s>1},

40
‘E and the backward jump operator p : T — T by [7]

42 p(t):=sup{seT:s<t},teT.
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Theorem 2. [8] (Holder inequality) Assume f and g : [a,b) — R are rd-continuous functions.

1

2 (i) IfaeR, T=N,and b e N,, then

3 1 1

W b—1 b—1 P (b1 g

- Y lre@ < | Y 1F@)” Y le®l?] ,reN,.
— t=a t=a t=a

6

~ (i) IfaeR, T=(hN), and b € (hN),, then

8 1 1

v = = = ;

o [f(th)g(th)|h < | Y |f(th)|Ph Y lgen)|'h | e (hN),.
— (—a (—a (—a

11 h h h

E where p>1andqg=p/(p—1).

3

14 Theorem 3. [9] (Minkowski inequality) Let T = Ty x Ty = [a,b) x [c,d) = {(x,y) : x € [a,b) and
15 y € [c,d)}. Assume f: T — R is an rd-continuous function.

6 (i) Ifa,ceR, Ti=N, T, =N, beN,andd € N., then

17

G

X=a

—_

d

Y f(xy)

y=c

p % b %
) <Z< !f(w)l”) , x€Ng, yeN..

y=c \x=

o1 (i) Ifa,c € R, Ty = (hN),, T, = (hN)

22

b e (hN), and d € (hN),, then

c’

s boyld_y PENP?  doy /b P
or Y Y fahyh)n| k| <Y [ Y If(hyh)[Ph | h, xe (hN),, y € (hN),.
p =5 |y=7 =i \*=4

25

2iwherep>1andq:#.
27

25 Definition 4. [10] Ler 1 < p <o and 0 < a < b < . The space L,(T) is defined to consist of those
20 complex-valued Lebesgue measurable functions. The following norms are defined on T.

30 (i) If T=Ngandb e N,, then

31

32

b—1 P
2 HN@=<ZUVW>,f€%J<p<w
I=a

34
35 (ii) If T = (hN), and b € (hN),, then

36

ay —1
37
38 1fllL, = \fh)|Ph] , feL, 1<p<eo

=S
=

o =
40 and

41

_ ||fHoo:€SS sup ’f(t)|7f€Lpap:°°'
42 a<t<b

18 Jan 2024 01:27:57 PST
230730-WuGuoCheng Version 4 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

BOUNDEDNESS THEOREMS AND FUNCTION SPACES OF DISCRETE FRACTIONAL CALCULUS 4

3 Boundedness theorem of fractional sums

where 6(s) = s+ 1 and a € R is fixed.

1
% 3.1 Fractional sums of delta type

Z Definition 5. [4] Let f: N, — R and v > 0 be given. Then the v-th order delta fractional sum of f is
5 given by

i 1 t—v |

7 A;"f(t):F—Z(t—o(s))";f(s), t € Noyy,

? (V) s=a

El

—_
o

5 Theorem 6. For v > 0and 1 < p < e, the delta fractional sum A,V f is bounded in L,(Q1)

13 _ (b—a+v—-1)Y*
o a AyY <

W D 1A fle, T i)

15

16 Where Qi ={a,a+1,--- ,b—1}.

WAl

17
s For p=oo, the delta fractional sum A" f is bounded in L.,

. @ 187 flle < L2 )

20 a e S oy Ml

21

22 Proof. According to the domain of the fractional sum A,V f(¢),letr € {a+V,a+1+V,--- . b—1+V},
23 then

2 b1 1 P 7

- —14v|t—v v— P

25 v (t_G(S))i

— 18" fllz, = o fs)

ze AR T

27 (3)

- -
28
3 :(E

30
5; Replace the variable with 7 =5 —1¢

t v—1
Z (t+v— G( ) £(5)

32

5 ,V (A S (vl P\
y 1A fllz, = (;} T:Za,it ) flt+7) :

% Then, using the Minkowski inequality of Theorem 3, we give

37 0 _ _ P\ 7
® 1A flle, < ) ( T+v 1)71f(t+f) )
39 ! T=a—b+1 \t=a— )

5(4) 0 ( ) 1 b—1 7z
e B —T4+v—1)¥=L [ = o\
‘E _r:;ﬂ-l F(V) (t—;‘t’f(t_l_fﬂ ) '
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By interchange of variables again, we obtain

1
~ 1
— 0 —1)v=L b—1+1 p
B ISP e an et e 0 YNV

4 T=a—b4+1 F(v) s=a

S 1
. 0 —T4+v—1 v—1 [b-1 P
D <y B <s;a|f(S)|”>
% From Proposition 1, we arrive at

o v (b—a+v—-1)>Y¥

? ||Aa f||Lp S F(V—l—l) ||fHLP

E For p = oo,

= (1= o(s))

- v — s) )

. A0 =\ L )/

16 =V (r— v=2

7 © <y ;’((ié) £Gs)]

18 o

" ¥ (1= o(s)*!

27 <s:a F(V) ||fH°°

21 Due to Proposition 1,

22

_ t—v —
28 (7) Y =

24 s=a F(V) F(V—Fl)7
25 consequently, we give ( ;

26 . f—a)V

= o 1—a)*

27 1A, flleo < NOESY £ leos 7 € Negy

28 from which the proof is completed.
29

O

30 Since the proof of the case p = o is relatively easy, we only discuss the case 1 < p < oo in the rest

37 of this study.

35 Goodrich studied the continuity of solutions to discrete fractional initial value problems [12] where

33 the norm is the absolute value |- |. We investigate the boundedness theorems with the norm || - [|,.

32 They are clearly different. A concept of /7 solution was given in [13] and the norm || - ||, should be

35 used. In addition, we can compare two norms’ roles through the solutions’ dependence.

36 Suppose there exists a unique solution of the initial value problem of the fractional difference

37 equation

QE(S) CAVx(t) =F(x(t+v—1),t+v—1),t ENgyi1_y, 0<V <1,
39 x(a) =C.

40

41

42 1F (e, 1) = F (v, )|, < Llx=ylle,-
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The solution satisfies the fractional sum equation
x(t) =x(a)+ A, Fx(t+v—1),14+v—1), 1 €Ny
Considering a minor change in x(a), we have a new initial value %(a) and
X(t)=%(a)+A),_JF@Er+v—1),t+v—1),1€Nyy1.

The differences between the two solutions from a to b — 1 are estimated by

~
\=}
N

bx(8) = 2(0) Iz, < llx(a) = %(@) ]z, + 1471 (F(x, 14V =1) = F(& 14+ v —=1))lL,.
According to Theorem 6 and the Lipschitz condition, we give

= lx(#) = %(1) |z, < [[x(a) — %(a)|z, + KL[x(2) — %()]|L,

(b—a+v—1)¥
r'(v+1)

.
|=[3]ele]~]ofa]s]e]|r]|~

N

> where K =
16

17

and 0 < KL < 1. As aresult, we arrive at the global estimation from a to b — 1

1
%(10) [lx(t) = 2(1)]|z, = (Z\x ) éW,teNaH.

20
51 On the other hand, if we use the absolute value norm, we have

(D x(r) = %(1)| < (@) — %(a)| + LAY, _ [x(t+v—1) —Z(t+v —1)|.

2% With the delay discrete—time Mittag-Leffler function
25

26 > At —a+kv —k)*v)

— ev(d,(t—o(a))M) = ,0<v<l1,teNgu,

28

2E we give the following Gronwall inequality for the delayed fractional difference equation (8).
30

5, Lemma 7. [14] Let N and L be two non-negative constants. If u : N, — R satisfies

32

33 () n+LAa+1 vl (t_l'v_l)?tENa—H,

34 then u(t) is bounded by
35

36 u(t) < nev(L, (t—o(a)™).

37 .
o As a result, we obtain

o (1) = %(1)| < fa(a) — E@)lev (L. (1 = 7(a) ). 1 € Ny

‘E which is a point-wise estimation result for each time ¢. It can be concluded that they are different and
42 both of the two norms are useful in real-world applications of fractional difference equations.
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1 3.2 Fractional sums of nabla type

2 Definition 8. [4, 11] Let v > 0 be given. Then the v-th order nabla fractional sum of f is given by

3
. 1 t -

4 —v v—1

. V(1) ==~ (t—=p(s))"" f(s), t € Nasr.

B A TR “

5

s

® Theorem 9. For v >0, 1 < p < o, the nabla fractional sum V" f is bounded in L,(,)
9

0 b—a)’

0 \Vamd < (7

: V2" Flley < gy 3y 11

2 where Qp ={a+1,a+2,---,b}.

13

. Proof. Use a change of variable T = s —t, then

o 1

15 b 1 ( v—1 P\ P

. _ t—p(s))

16 V.Y flle, :< Y | Y Wf(s)

17 t=a+1 |s=a+1

E b 0 (—’C—I—I)V*l
19 —
20 <t=;r1 T:azélft I'(v) flet)
21

By using of the Minkowski inequality,

22

<=

s B 0 b (—T—i—l)m '

23 VoV fll < T

- VoAl < B (Z rv /Y )

2 O R D :
_ T t+1)P

= P Py <,_a§f'f o )

28

o9 Withs=1¢-+7, we have

<=

30 0 v—1 [ b+t

_ (—t+1)
:1 Vavf p< f !
. v < Y S (2 | <s>|)
33 0 V=T [/ b ’

(—Tt+1)Y

34 < p
- A, T (A'f “”)
36 _(b—a)V
37 —WHJCHLP,

38

— — ﬁ . . .
39 where YO_, b % is a fractional sum and its result reads

40 — -
4 S (D) (b-a)

. T:a;l_b T(v)  L(v+l)
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As aresult,
b—a)”
v < (b=a”
from which the proof is completed. (|

4 Boundedness theorem of fractional differences

— Let us revisit the definitions of the fractional differences.

=3]ele|~]ofa]a|e]|r]-~

E Definition 10. [4] Let f: N, - R, v>0and n—1 < v < n. The v-th order R-L difference of f is
. defined by

= ALF() = A8 " x(1)

E 1 t+v 1

16 _ B .

; F(—V) A;l(t G(s)) x(s)7 re Na-ﬁ-n—v'

'® Definition 11. [4] Let f: N, = R, v>0and n—1 < v < n. The v-th order Caputo difference of f is
27 defined as

21 CAVF(t) = A"V F ()

22 1 t—(n—v)

23 _ _ n—v—1an

o Ty L (T OWTTAY ) e R

25
o5 Theorem 12. Forn—1<v <nand1< p <eo, the R-L difference A f is bounded in L,(£23)

27
— b—a—v—-1)=
2 o, < O

£z,

29

0 \here Qs ={a,a+1,....,b—1—n}.
31

32 Proof. Similarly, the R-L difference can be rewritten as
33

& (1 +n—v —o(s) =

C’i b—1-v P %

35 AY =

SE H afHLp (t—a;l—v s:Za F(—V) f(S) )

?i b—1—n|t+n (t—i—n—V—G(S))*V*l P %

38 =

. (L))

Li B b—1-n i ‘L'—|—I’L—V—1) 1f(t+T)P %
ﬁg B t=a T=a—t V) '
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The Minkowski inequality is employed to give

s

2

° 0 —1- + 1)— v—1 p %
4 —T+n—V—

= 1A fll, < ) < Z flt+1) +
i T=a—b+1+n \I=a—7 ( V)

6 1

3 no (AT (Tt —v — 1))=Y PP

e ft+7)

] Z( L o(-v)

9 0 b—1— 5
10 (—T+n—v—-1)=—"Y— " r
— = fe+n)P | +
" T:a—g‘—’kl—i-n F(—V) f:;T

12 - 1

13 4 ‘H—n— v—1 " p

o 2 = (Z |f(t+f)|”> .

“ =1 (=) =

15

6By interchange of variables, it can be presented as
17

1
— 0 —v—1 [b—1-n+7 P
19 (—T—f—l’l—\/—l)i
= AY < P
20 |87, f:a_%m I'(=v) ( ; ) ) '
21 1
o n ’C+n— _ 1) v—1 [(b—1—n+7 P
e £ (s)I”
23 Z‘ V) ( s:;i-f
24 |
25 0 (crqn—v—1)=v=l [bdon »
- g p
% T=a ;—Hn F(_ Z |f(s>| i
27
28 u ‘C~|—n— b1
25 Z £(s) )
:; 7=1 s=a
- 1
31 n ( T4+n— 1) v—1 P
- < Y Z £ (s)
% T=a—b+1+n (
2 ety
% © T(v+D) b
36
37 the proof is completed. (|

38
30 30 Theorem 13. Forn—1<v <nand 1 < p < o, the Caputo difference A, f is bounded in L,(Q3)

40

41

s 1AL flle, <

(b—a+n—v—-1)=~Y
I'n—v+1)

A" £z, -
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1 5 Boundedness theorem of s-discrete fractional calculus

2 Definition 14. [5, 15] Let f : (hN), — R and v > 0 be given. Then the v-th order h sum of f is given

ks

& ) nod

%, hkﬁﬂ”:fﬁjz( G (sh))y—f(sh), o (sh) = (s+1)h, 1 € (hN),,, -

o =t

% Definition 15. [5, 15] Let f : (hN), — R and n—1 < v < n. Then the v-th order R-L h-difference of
o f is defined by

10 ity vel

o WAL G- F(sh), 0(5h) = (s+ D, 1 € (i), sy

12
E Definition 16. [5, 15] Let f : ( N), = R and n—1 < v < n. Then the v-th order Caputo h-difference
14 of f is defined by

15 t
g WAL (1) = =) Y. (t—o(sh))=—2Nf(sh), o(sh) = (s+ 1), 1 € (MN), (1 yy-

18 . . . . .
o We use the same idea for boundedness of the discrete fractional calculus on the isolate time scale
. N,. So we extend it to the case of (hN), directly and give the following theorems without proof.

21 Theorem 17. For 0 < v and 1 < p < oo, the V-th order h-sum ,A;" f is bounded in L,(€24)

22

< _ (b—a+Vvh—h)y

23 ||/’1Aa foLp ~ F(V+ 1) h ||fHLp7
24

25 - where Q4 ={a,a+h,...,b—h}.

26 Theorem 18. Forn—1 < v <n, 1 < p < oo, the R-L h-difference ,A f is bounded in L,(Qs)
27 —v
- (b—a—vh—h) Y
.l [nde fllz, < D) h
29

30 where Qs ={a,a+h,...,b—h—nh}.

" Theorem 19. Forn—1<v <nand 1< p < oo, the Caputo h-difference S A f is bounded in L,(Qs)
32

33

n—v
C AV (b—a+(n—v)h—h),
> A <

35

36

£z,

ARSI, -

6 Boundedness theorem of the continuous fractional calculus

37 The boundedness results can be reduced to that of the continuous fractional calculus (see Lemma 2.1
% of [1]).

39

20 Theorem 20. Forn—1<v <n, h— 0and1 < p < oo, the R-L integral is bounded in L,(Qs)

4 (b a)¥

A IV <
42 Ha t fHLp F(V"— 1)

A1z, -
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Proof. We have
lim A,V f(t) = ol f(2)
h—0

and

(b—a+Vvh—h);
N £l -

I’ <l

The approximation formula of the Beta function holds
CNEY)

B(x,y) = =——<=~
e I(x+y)

Clx)y ™,
when y is large and x is fixed.
The approximation formula can be rewritten as
[(x+y)
I'(y)

1

.
[=|e]efe|~|o]afs]e]|r]|~

—_
N

~ Y

.
@]

14 therefore R
15 [(Z=4=2 1)
— lim(b—a+vh—h)Y=limh" h

hl—r>r(l)< a+t )h hl—% r(% +1— v)

— b— h—h

18 zlimhv(a—i_—v—l—l—v)v

9 h—0 h

o =(b—a)".

o1 As a result, we obtain

oo v (b—a)"

22 lal fllz, < meHLp,

23 . .

r from which the proof is completed. 0

2E Theorem 21. Forn—1<v <nand 1 < p < e, the Caputo derivative SD} f is bounded in L,(Q)

26 n—v
— C Vv (b_a) (n)

D <— 2 .
7 150! Pl < 1=y e
28
29 Conclusion

30
o The boundedness of discrete fractional calculus is given in this paper. It is discussed in space L,(T)
5, onan isolated time scale which unifies both the continuous and discrete—time cases: For 4 = 1, the

s results can be reduced to the standard discrete fractional calculus; For /4 tends to zero, the boundedness

5, theorem meets that of the fractional calculus [1] in L), [a, D] space. The discrete fractional calculus’s
55 definitions are provided with the function space L,(T) in which the bounded theorems can hold. In
% addition, we use the boundedness theorem in dependence of solutions on initial values. These results
-~ are useful for numerical analysis and stability theory of fractional difference equations. We will

37

- consider these possible applications in future work.
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