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Abstract

The main purpose of this paper is to investigate some quasi-Bloch periodic functions in
Stepanov sense and their applications in abstract spaces. We introduce quasi-Bloch periodic
functions such as Stepanov type Bloch periodic functions and Stepanov type pseudo Bloch
periodic functions, and establish some properties of these functions including completeness,
composition and convolution theorems. We also apply the obtained results to investigate the
existence and uniqueness of pseudo Bloch periodic solutions to some semi-linear evolutionary
equations in Banach spaces.
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1 Introduction

The periodicity is a natural and important phenomenon in the real word, and evolution
equations are usually expected to have periodic solutions [IH4]. As it is known, when a peri-
odic function or an anti-periodic function carries different perturbations, it is not necessarily a
periodic function or an anti-periodic function, but may have other recurrence, such as pseudo
periodicity or pseudo anti-periodicity, which was pointed out in [5] as generalizations of period-
icity or anti-periodicity. However the aforementioned functions are usually studied in a bounded
continuous space. If the continuity is weaken to the measurability and integrability in the sense
of Lebesgue, a new generalized periodic function can be obtained [6l, [7]. With the support of
these theories in [6l [7], a large number of studies in abstract spaces have emerged, see for in-
stance [8HI§]. Particularly, Xia [I7] and Alvarez [I§] introduced some new concepts, and further
generalized pseudo periodic functions and pseudo anti-periodic functions from the perspective
of Stepanov boundedness, respectively.
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On the other hand, the Bloch periodic function widely exists in the condensed matter and
solid state physics [20} 21], which includes periodic functions and anti-periodic functions. Similar
to cases for the usual periodic functions, various quasi-Bloch periodic functions under different
perturbations in abstract spaces have been studied [22]. For instance, Hasler and N’Guérékata
[23] considered the perturbation that disappears at infinity and initiated the concept of asymp-
totic Bloch periodic functions. Wei and Chang [25] introduced pseudo Bloch periodic functions.
Salah, Miraoui and Khemili [26] further presented measure pseudo S-asymptotically Bloch pe-
riodic functions in Banach spaces. However the pseudo Bloch periodic function [25] in Stepanov
sense has not been considered yet. Thus we introduce some quasi-Blcoh periodic functions in
Banach spaces called Stepanov type Bloch periodic functions and Stepanov type pseudo Bloch
periodic functions, and establish the completeness, composition and convolution theorems for
such functions. It can be shown that the Stepanov type Bloch periodic function extends the
Bloch periodic function (see Remark and the Stepanov type pseudo Bloch periodic function
generalizes the pseudo Bloch periodic function [25] (see Lemma [3.6]). In addition, it is easy to
see that Stepanov type pseudo periodic functions [I7] and Stepanov type pseudo antiperiodic
functions [18] are special cases of Stepanov type pseudo Bloch periodic functions at kw = 27
and kw = m, respectively. Finally, we investigate the existence and uniqueness of pseudo Bloch
periodic solutions to evolution equations with Stepanov force term in Banach spaces.

The paper is organized as follows. In Section 2, some notations and preliminary results are
presented. In Section 3, we introduce notions of Stepanov type Bloch periodic functions and
Stepanov type pseudo Bloch periodic functions, and explore some further properties. Section
4 is devoted to applications to some evolution equations in Banach spaces. A conclusion is
summarized in Section 5.

2 Preliminaries

Let R and C be the set of all real numbers and complex numbers, respectively. Let (X, ||-||) be
a Banach space and BC(R, X) be the Banach space formed by all bounded continuous functions
f R = X with sup-norm || f||cc = sup,cg ||f(¢)||. The set Co(R, X) consists of all functions
f:R — X with lim;_, || f(¢)|| = 0. The space LP(R, X) denotes the Banach space of p-Bochner
integrable functions defined on R with values in X. The notation L} (R,X) stands for the
set of all measurable functions f : R — X such that the restriction of f to every bounded
subinterval I of R is in LP(I,X). Furthermore, we denote by BC(R x X, X) the set of all
functions f : R x X — X such that f(-,z) € BC(R, X) uniformly for each = in any bounded
subset of X, B(X) the space of all bounded linear operators from X into itself.

The following Definition and Lemma [2.1| can be found in [23] for details.

Definition 2.1 For given w,k € R, a function f € BC(R, X) is called be Bloch periodic if
for all t € R, f(t +w) = e* f(t). We denote by BP, (R, X) the space of all Bloch periodic
functions from R to X.

Lemma 2.1 Let g € BP, (R, X) and € > 0 be given. Then there exist s1, ..., s, € R such that
R =" (s + C.), where O := {t € R : [|g(t) — g(0)|| < €}
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Next, to facilitate the definition of new concepts, we introduce the following spaces.

S
&R, X) := {heBC’(R,X) .Tlgrgoﬂ/_THh(t)Hdt_O},

T—o0

T
SR x X, X) = {h € BO® x X.X): lim ZlT/THh(t,x)Hdtzo

uniformly for x in any compact subset of X }

Definition 2.2 [25] A function f € BC(R, X) is called to be a pseudo Bloch periodic function,
if there exists g € BP, (R, X) and h € &(R, X) such that

f=g+h.
We denote the set of all such functions by PBP, (R, X).

The following contents are specified in [9] 2§].

Definition 2.3 The Bochner transform f°(t,s), t € R, s € [0,1], of a function f : R — X is
defined by f2(t,s) = f(t + s).

Remark 2.1 (i) A function ¢(¢,s), t € R, s € [0,1] is the Bochner transform of a certain
function f,

QO(ZL/, S) = fb(ta S)?
if and only if
(,O(t +T,5— T) = (P(Svt)7
forallt e R, s € [0,1], and 7 € [s — 1, s].
(ii) Note that if f = g+ h, then f° = g® + h’. Moreover, (A\f)? = Af® for any \ € R.

Definition 2.4 The Bochner transform F°(t,s,u), t € R, s € [0,1], v € X of a a function
F(t,u) on R x X, with values in X, is defined by

FO(t,s,u) = F(t + s,u),
for each u € X.

We always let p € [1,00) throughout this paper.

Definition 2.5 The space BSP(R, X) of all Stepanov bounded functions, with the exponent
p, consists of all measurable functions f : R — X such that f* € L®(R, LP([0,1], X)). It is a
Banach space with the norm

t+1 1
I£1sr =17l aan =sup ([ 17)IPds)"
teR t
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The notation BSP(R x X, X) represents all functions f : R x X — X, which is Stepanov
bounded uniformly in z € X.

Lemma 2.2 [29] Let f € BSP(R, X), then f* € &(R, LP([0, 1], X)) if and only if for every e > 0,

1

where Mr..(f) = {t € [-T,7): (ff“ Hf(s)HPds); > e}.

3 Generalized Bloch periodic functions in Stepanov sense

In this section, we introduce two kinds of functions which are Stepanov generalizations of
the functions in [25], and explore their properties.
3.1 Stepanov type Bloch periodic functions

Definition 3.1 A function f € BSP(R, X) is called Stepanov type Bloch periodic (or SP-Bloch
periodic) if f® € BP, (R, LP([0, 1], X)).

In other words, a function f € Lfoc(R,X) is said to be Stepanov type Bloch periodic if its

Bochner transform f°: R — LP([0, 1], X) is Bloch periodic in the sense that for given w,k € R,

sup (/:H Hf(s—i—w) - eik‘*’f(s)des>; = 0.

teR

The collection of all such functions will be denoted by SPBP,, (R, X).
Remark 3.1 It is clear that if f € BP, (R, X), then f € SPBP, (R, X) for each 1 < p < 0.

Lemma 3.1 Assume that 1 < ¢ <p <ooand f € SPBP, ;(R,X). Then f € SYBF, (R, X).

1 1
Proof: Since ||f]se = supyeg ([} [1£(5)]19ds) 7 < supyeq ([ 1f(s)|Pds)? = ||f]|sv for q €

[1,p), we have f € BS?(R, X). Similarly, by the definition of SP-Bloch periodic functions, it is
easy to see that

([ W -esefas) < ([

which implies that f* € BP, (R, L4(]0,1], X)). The proof is complete. ]

t

SIS

+1 )
(s + ) = e (s)|"ds )7,

Lemma 3.2 Let f1, fo, f € SPBP,, (R, X). Then the following holds:

(1) fi+ f2€SPBP, (R, X), and cf € SPBP, (R, X) for each c € C.
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(2) The translated f, := f(t +a) € SPBP, (R, X) for any a € R.

(3) The space (SPBP, (R, X),|| - ||s») is a Banach space.

Proof: (1) By the Minkowski’s Lemma, we get

t+1 1
i+ s = s ([ 156 + R(s)Pds)”

teR
t+1 1 t4+1 1
< swp ([ 1aePds) s ([ 1) pds)’
teR t teR t
< Nfillse + el
and
t+1 1
lefllse = sup ([ lefts)pas)’
teR t

IN

s ([ Istopas)’

< elllflls»

which indicates that f; + fa, ¢f € BSP(R, X). Similarly, by Remark and Definition we
have (f1 + f2)°, (cf)® € BP, (R, LP([0, 1], X)).
(2) Obviously, for any a € R,

t+1 A
1fullsr = sup ( / ||f(8+a)llpd5> _ sup<
teR t teR

1

t+a+1 ?
/ IIf(S)de8> — I fllse,

+a

and

t+1 , .
( [ It - e“““fa(s)llpds>

=

LS

t+a+1 )
[ - e“““f(s)l!pds>

t1+1 ) P
/ ||f(s+w)—e”“°’f(s)llpds) ,

it is obvious that f, € SPBP, (R, X) by f € SPBPF, (R, X). Thus SPBP, (R, X) is transla-
tion invariant.
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(3) We can deduce that SPBP, (R, X) is a closed subspace of BSP(R,X). Let {fy,}n C
SPBP, (R, X) be a Cauchy sequence for the norm || - ||s» and f,, = f as n — co. Then for any
€ > 0, there exists a constant N > 0 such that

</tt+1 I fn(s) — f(s)deS); < %

for every n > N and t € R. Notice that
€
1fllse < I = Fullse + [ fnllse < 5 + [l fallse,

then f € BSP(R, X). Next, we show that f° € BP, (R, LP([0, 1], X)), i.e.,

([ s -eseoear) %

<(/ T4 w) — Sl +w)||pds)’l’ +(f s ) - e g (o)lds)

3=

t+1 . . p
([ I - rpeas)
t

) </tt+1 e e W)des) % " </tt+1 | fn(s +w) — Gikwfn(s)”pds) %

([ 1o - f(s)HPds)’l’
< ([T st suts +w>||pds)‘17 ([ 100 - f(S)\pd8>; <

as n — oo. Therefore f € SPBP, (R, X), which implies that the space SPBP, (R, X) is a
closed subspace of BSP(R, X). Thus SPBPF, (R, X) is a Banach space with the norm || - ||gr. =

Theorem 3.1 Let f € BSP(R x X, X). Assume that the following conditions hold:
1) f(t+w,e*z) =e* f(t,z) a.e. t € R and each z € X,
(IT) There exists a constant L > 0 such that for all z, y € X and ¢ € R,
1f(tz) = f(ty)ll < Lilz -yl
Then for each ¢ € SPBP,, (R, X), f(-,¢(-)) € SPBP, 1(R, X).

Proof: For each ¢ € SPBP, (R, X) and all t € R, we have

-

P

</tt+1 Hf(s +w,p(s+w)) — eikwf(S,go(s))Hp ds)
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[

P

<( s ol )~ s ran (o)) as)

-

# ([ s +enton - e sts. ot as)”
<o ([ et el‘ws)H”dS)’l’

# ([ s +enton - e sts. ot as)”
-0,

that is to say that f(t + w,p(t +w)) = e* f(t,o(t)) a.e. t € R and consequently f(-,¢(-)) €
SPBP, x(R, X). »

From the above proof, we can see that (II) can be simplified to the condition (III).

(ITT): there exists a constant L* > 0 such that for all z1, z0 € BSP(R, X) and ¢t € R,

1

(/:H 1 (s, 21(5)) = f(s5, 22())II” d8>; <L </ttﬂ [[21(s) — 22(s)|” d3> ;

Thus, we get the following corollary.

Corollary 3.1 Let f € BSP(R x X, X). If (I) and (III) hold, then for each ¢ € SPBF,, (R, X),
f('a 80()) € SpBPw,k(Ra X)

Theorem 3.2 Let p € (1,+00). Assume that f € BSP(R x X, X) and verifies (I) and the
following condition:

(IV) There exists a function [(t) € BS™(R,R") with r > max{p, -5} such that for all z, y € X
and t € R,

1t 2) = F& )| <UDz =yl
Then for each ¢ € SPBP, (R, X), there exists ¢ € [1,p) such that f(-,¢(-)) € SBP, ;(R, X).

Proof: It is easy to get that f € BSY(R x X, X). Next, since r > p/(p — 1), we can find a
constant ¢ € [1,p) such that r = pq/(p—q). Let p’ =p/(p—q), ¢ = p/q, there arep’ > 1, ¢ > 1
and 1/p' +1/¢’ = 1. Then for each ¢ € SPBP,, ;(R, X), we have

</tt+1 Hf(s +w, (s +w)) — eikwf(S,go(s))qus>é

1

q

<( s ol ) - s (o)) s
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[un

Q

+ (/”1 Hf s+w elkw(p( ) — eikwf(s7¢(s)>’)qu>

t+1
§</ s+ngos+w ) — et H )

t

t+1 o t+1 o i
< </ 1% (s + w)ds ) (/ ng s+tw)— e“‘“"gp(t)” ds)

t

t+1 Tt
§</ s—i—wd) (/ Hgos—i—w ef H )

t

et = t+1
([ o) (] v )
tH+w
41
gyuusr(/ liots +) — )" a )

<0,

which implies that f(-,¢(:)) € SIBPF, (R, X). ]

Theorem 3.3 Let f € BSP(R x X, X) satisfying (I) and the following condition:

(V) For each € > 0, there exists a constant § > 0 such that for all t € R and z1, z0 € BSP(R, X)

1

with ( B2 (s )—ZQ(S)HPds)” <3,

(/jJrl 1 f(s,21(s)) — f(s,22(5))||" ds); <e

Then for each ¢ € SPBP, (R, X), f(-,¢(-)) € SPBP, (R, X).

Proof: From the condition (V), we get that for any ¢ € SPBP, (R, X),

(/t+1 Hf s+w, (s +w)) — f(s+w’eikw¢(s))des)é

holds for all £ € R. Next, by the Minkowski’s inequality, we have
t+1 " P %
([ e+t - pis.oten)]"as)
t+1 ” P P
< (/ Hf s+w,p(s+w)) — f(s+w,e “’go(s))H ds)

+ </t+1 Hf (5 +w, eF0(s)) _eikwf(s7¢(s))deS>p

=

=
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[

< (/tt“ "f(8+w,w(s+w)) - f(s+w76ikw¢(s))des>p
<€,

for ¢ € SPBP, (R, X). Thus, f(-,¢(-)) € SPBP, (R, X). ]

Theorem 3.4 Assume that f € BSP(R x X, X) satisfying (I) and the following condition:

(VI) For each € > 0, there exists a constant § > 0 such that for all t € R and any 21, 22 €
1

zquxymm(j“wﬂg—@@wa5<&

</tt+1 1 (s, 21(5)) = f(s,22(8) I ds)ll} < U(t)e,

where ¢ : R — Rt is bounded.

Then for each ¢ € SPBP,, (R, X), f(-,¢(-)) € SPBP, 1(R, X).
Proof: Similar to Theorem we can easily get that

1
P

t+1 )
([ [t ot - esto. o] ) <0

via the condition (VI). This show that f(-,(-)) € SPBP, (R, X) by the boundedness of /. m

Remark 3.2 As can be seen from the proofs in Theorems and the condition
(I) can be weakened by

t+1 , 4 1
sup (/ Hf(t + w, elkwx) — ekaf(t, x)des> =0,
teR \J¢

uniformly in z € X.

We give the following assumptions:

(H1) For strongly continuous functions 7 : [0,00) — B(X), there exists ¢ € L'(RT) such that
IT()] < () for all t € R.

Theorem 3.5 Let p > 1. Assume that (7(¢)):>0 be a strongly continuous family of bounded
linear operators satisfying the assumption (H1), where ¢ is nonincreasing. If f € SPBP,, (R, X),
then

Mw:[%ﬂﬁwﬁ@ﬁeB&ﬂRX)
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Proof: Let R
un(t) = / T(t—s)f(s)ds.

t—n

It follows from f € LP (R, X) that for each n € N and t € R,

loc

t—n+1
[un(t + h) — un ()] S/ ¢t = s)[[f(s +h) — f(s)llds

t—n

t—n+1 %
< é(n—1) </ If(s+h) — f(s)||pds) 50, ash—0.

t—n

This shows that u,(t) is continuous. By the Hélder inequality, we have

t—n+1
[un(®)] < / [Tt —s)f(s)ll ds

t—n
t—n+1 N
<otn-n ([ " 1)
< 602 = DI ls»

since

o0 o0 n—1
S é(n— 1)l fllse < <<z><o> >/ ¢<t>dt> 1 £llsv
n=1 n—=2 n—2

< (&(0) + llellzr) 1fllse < o0,

then >~ | up(t) is uniformly convergent on R. Thus u(t) := ffoo T(t—s)f(s)ds => 7" un(t) €
BC(R, X). In addition,

u(t 4+ w) — e*u(t)|| = H/_:w T(t+w—s)f(s)ds — et /_too T(t—s)f(s)ds

_ H/; T - s) [f(s +w)— e“f“’f(s)} ds

Let Y, (t) = [T Tt — s) [f(s+w) — e’ f(s)]ds, we know that

- Jt—n

t—n—+1 )
1Ya(t)| = / T(t— ) [f(s +w) — €% f(s)]ds

t—n

t—n+1 )
< [T s ) = e s

t—n—+1 )
< 6(0) / 1705+ w) — e f(s)]|ds

t—n

<o) ( | T s ) - e"k“f(s)desy

t—n
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=< 9(0) (/:H | f(s+n+w)— ek f(s + n)des);

<0

by Lemma and f € SPBP, ;(R,X). It follows that Y 2, Y, (t) is uniform convergent to
ffoo T(t—s)[f(s+w)—e™f(s)]ds on R and Yo7 Y, (t) = 0. Thus, u(t) € BP,;(R,X). =

3.2 Stepanov type pseudo Bloch periodic functions

Definition 3.2 A function f € BSP(R,X) is said to be Stepanov type pseudo Bloch pe-
riodic (or SP-pseudo Bloch periodic) if it can be decomposed as f = g + h, where ¢® €
BP, (R, LP([0,1], X)) and h® € &R, LP(]0, 1], X)).

In other words, a function f € Lf’ (R, X) is said to be Stepanov type pseudo Bloch periodic
if its Bochner transform f°: R — LP([0,1], X) is pseudo Bloch periodic in the sense that there
exist two functions g, h : R — X such that f = g + h, where ¢° € BP, (R, LP([0,1], X)) and
h’ € &R, LP([0,1], X)), i.e.,

1 /T t+1 N
lim — p —0.
i /_T (/t 1h(s)] ds> dt = 0

The set of all such functions is denoted by SPPBP,, (R, X).

Remark 3.3 Especially, when h® in Definition belongs to Cy(R, LP([0, 1], X)), we can get
the concept of Stepanov type asymptotically Bloch periodicity (or SP-asymptotically Bloch
periodicity).

Lemma 3.3 Let f € SPPBP, (R, X) be such that f = g+h, where g° € BP,, (R, L?([0,1], X))
and A’ € &(R, LP([0,1], X)), then

{g(t+-):teR}CA{f(t+:):teR} in LP([0,1],X).

Proof: If the assertion is not true, then there exists a constant ¢y € R such that g(top + ) ¢
{f(t+ ") :t € R}. Without losing generality, let ty = 0, we can get that there exists € > 0, such
that

lg(-) = f(t+ )|, > 2, for all t € R.

By Lemma [2.1] we obtain
1Rt +Mp = 1f(E+) =g+ )lp = [fE+-) = gC)llp = lg() = gt +)llp > €
for all t € D, where D := {t € R : ||g(-) — g(t + ||, < €}, R =" (sF + D). Hence,

[Pt + - = si)llp > €,
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for each i € 1,...,m and t € s7 + D.. Now, we define the function @ by

Z\Ih (t+- =)

From the above inequality, we can see that

Q(t+-) >,

for all t € R. On the other hand, by the translation invariance of & (R, LP([0, 1], X)) which has
been proved in Theorem 3.2 of Ref. [I1], we conclude that h®(t — s;) € &(R, L*([0,1], X)) for
alli € 1,...,m, and thus Q° € &(R, L?(]0,1], X)), which is contradiction to Q°(t) > €. So, the
conclusion is true. n

Proposition 3.1 The decomposition of a Stepanov type pseudo Bloch periodic function in
Definition [3.2] is unique.

Proof: Assume that f = g3 + hy = go + ho with ¢¢ € BP,x(R,LP([0,1], X)) and h® €
&(R, LP([0,1], X)) for ¢ = 1,2. Then we have 0 = (g1 — g2) + (h1 — h2) € SPPBP, (R, X)
with (g1 — g2)° € BP, x(R, LP([0,1], X)) and (hy — hs)® € &(R, LP([0, 1], X)). From Lemma
we obtain (g1 — ¢g2)(R + ) € 0. Hence, we have g1 = g2 and h; = ha. =

Lemma 3.4 Assume that f, fi, fo € SPPBP, (R, X). Then the following holds:
(1) f1+ fo € SPPBP,x(R, X).
(2) ¢f € SPPBP, (R, X) for any ¢ € C.
(3) The translated f, € SPPBP, (R, X) for each a € R.

Proof: Let fi = g1 + hi1, fo = g2 + ho, f = g + h where g1, g2, g € SPBP, (R, X), hll’, s,
ht € &(R, LP([0,1], X)). Tt is easy to get that fi + fo, cf € BSP(R, X) and obtain that g; + go,
cg € SPBP, (R, X) by Lemma Similarly, we have

1 T t+1 %
o ([ i+ naeyipas) " a
=T t
IR A ) > 1 [T / ft+1 , 1
< — _
5T (/t [ha(s)l ds) di+on | (/t | ha(s) ]| ds> dt

—0 asT — oo,

1 T /el : le| t+1 H
— ||ch(s)des> dt = (/ ||h(s)”pds> dt -0 asT — oo,
oT | p (/t 2T J_r \J;

that is (k1 + h2)®, (ch)® € &R, LP([0,1], X)). Therefore, fi + fo, cf € SPPBP, (R, X).
(3) It follows from Lemma[3.2]that g, € SPBP, (R, X). In addition, h € &(R, LP([0,1], X))
can be deduced by the proof of Theorem 3.2 in [I1]. Thus, the conclusion is obtained. [

and

23 Oct 2023 08:42:54 PDT
230521-WeiYanyan Version 2 - Submitted to Rocky Mountain J. Math.



Stepanov type pseudo Bloch periodic functions 13

Lemma 3.5 The space (SPPBP, (R, X), || - ||s,) is a Banach space.

Proof: Let {f,} be a Cauchy sequence in SPPBP, (R, X). We write f, = ¢, + hy, with
b € BP,x(R,LP([0,1], X)), kY € &(R, LP([0,1], X)). From Lemma [3.3 we have

1(gms = gma) (¢ +)lp < | (Fima = Frmz) (& + ) llps

that is
Hgm1 - ngHSp < Hfml - fm2HSP7

therefore {g,} is a Cauchy sequence in the Banach space (SPBP, (R, X),| - ||s»). There exists
a function g € SPBP, (R, X), that is ¢ € BP, x(R, L?([0, 1], X), such that ||g, — g||s» — O as
n — oo. Based on the above facts, there exists a function h € BSP(R, X) such that ||k, —h|/sr —
0 as n — oo.

Next, we prove that h® € &(R, LP([0,1], X)), i.e.,

1 /T t+1 N
. T(/t ||h(s)||pds> dt

1 [T t+1 : 1 [T t+1 N
< o |, </t |hn(s) — h(s)||pds) dt + o | </t |hn(s)des> dt
1 /T t+1 5
<l =t o [ ([ ImGe)17as) o

Let n — oo, we get that h® € &(R, LP([0,1], X)) with the help of h® € &(R, L([0,1], X)),

and conclude lim f, = g+ h € SPPBP, ;(R,X). These arguments imply that the space
n—oo

SPPBP, (R, X) is a closed subspace of BSP(R, X). Therefore, SPPBP,, (R, X) is a Banach

space equipped with the norm || - ||s» - ]

Lemma 3.6 Assume that f € PBP, (R, X), then f € SPPBP, ;(R, X). Further, if there is a
constant ¢ satisfying 1 < ¢ < p, then f € SYPBPF, (R, X).

Proof: Let f = g+ h where g € BP, (R, X) and h € &(R, X). First of all, it is obvious that
f € BSP(R,X). And from Remark we have that ¢ € BP, x(R, L?([0,1], X)). To prove
this lemma, it suffices to show that h’ € &(R, LP(]0,1], X)). For T' > 0, we have the following
inequality

B

m

1

T 1 P T 1
/ (/ ||h(t+s)des> dt < / (/ sup ||h(t+s)des> dt
7 \Jo -7 \Jo sefo,1]
T v
/ <sup ||h(t+s)||p> dt.
—T \ s€[0,1]

3=

IN
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14 Y. Wei, S. Liu, Y.-K. Chang

Let so € [0,1] such that sup [|h(t + s)|| = ||h(t + so)||. Using the above inequality, it follows
s€[0,1]

1 T
I p < ] p
TlféozT/ (/ [t +5) ‘ds) at < Th—r>2<>2T/_T (i%?u”h(”s)‘> “

1 T
< lim / It + so)|dt
-T
=0

that

3=

by using the fact that & (R, X) is translation invariant. Thus, f € SPPBP, (R, X).
Finally, the proof of f € SYPBP, (R, X) is similar to that of Lemma and the details
are omitted here. |

We also assume that the following condition hold:
(A1) g€ BSP(R x X, X) and g(t + w, e**z) = (¢, z) a.e. t € R and each z € X.

Theorem 3.6 Let f = g+ h € BSP(R x X, X), where g satisfies (A1) and h® € &(R x
X, LP([0,1],X)). Assume that u = o + € SPPBP, ;(R, X) with J := ([T, T]) compact. If
the following condition holds:

(C1) There exists constants Ly > 0 and Lo > 0 such that for all z, y € X and ¢t € R,
1ftz) = fE )l < Lallz —yll, llg(t,2) — gt y)ll < Laflz —y.
Then f(-,u(-)) € SPPBPF, (R, X).

Proof: The function f can be re-written as

Set

F(t) := g(t,a(t), G(t) = f(t,u(t)) = f(t,alt)), H(t):= h(t,a(t)).
It is easy to see that F°(-) = g®(-,ub(-)) : R — LP([0, 1], X), where ¢°(t, u’(t)) = g(t+s,u(t+s)),
t € R, s €10,1]. Similarly,

G*(t) = fo(t,u’(t)) — f°(t, 0" (1), HO(t) = h*(t,a’(t)).

To complete the proof, it is enough to show F(t) € SPBP, (R, X), Gb( ) € &R, LP([0,1], X))
and H®(t) € &R, LP([0,1],X)). Accordmg to (Al) and Theorem (3.1, we have g(t,a(t)) €
SPBP, (R, X), that is F*(t) = gb(t,a’(t)) € BP, x(R, LP([0,1], X)).

Next, we will prove that G°(t) € &R, LP([0,1], X)). In fact, G(t) € BSP(R, X) and

1 /T t+1 -
o T(/t |yG(s)||pds> it
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Stepanov type pseudo Bloch periodic functions 15

1 T

o [ ([ 15t = s.atoiras) i

L. [T t+1 1
1 P
< P .
<o [ ([ isras)” a

Since B° € &(R, LP([0,1], X)), G°(t) € &R, LP([0,1], X)) is true. In the end, we will show that
HO(t) = hO(t,a’(t)) € &(R, LP([0,1],X)). From h € &R x X, LP([0,1], X)), it is obvious that
for any € > 0, there exists Tp > 0 such that

1 T t+1 .
5T (/ \h(s,x)”pds) dt < e, (3.1)
-T t

for each T' > Ty and x € X. Secondly, due to the compactness of set J, one can find finite open
balls B, (k = 1,2,--- ,m) with center z; € J and radius § < € such that J C ;- B. Set
Op ={t € [-T,T] : a(t) € By}, then [-T,T] = -, Ok. Let

k-1
¢ =04y, (‘kaOk\U(’)j, 2<k<m,
j=1

then & N¢; =0 if i # j, 1 <4, < m. Define a function z : [-T,T] — X by z(t) = zj, for
te €, k=1,2,...m, then we have

la(t) — 2(t)]| < 6, t € [-T,T). (3.2)

It follows from the Minkowski inequality that

L (/:H Hh(s,a(s))des) " i

2T | ¢
S (/ " hs,a(s) - bs, (o))" s it ] (/ - Hh(s,f(s))H”dsy ar
. I(T) + I(T), (3.3)
where 1
hn =5 [ i (/ " (s, afs) - (el ds) (3.4
I(T) = % /_i (/;H ||h(s,£(s))|\pds) " (3.5)

Finally, we estimate I; and Io, respectively. It follows from the inequality (3.2]) that

= [ (/ " s, afs)) - hs.a(s)las) i

=T
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16 Y. Wei, S. Liu, Y.-K. Chang

< [ ([ sa - s atnps)

e [ ([ st - gt stpiras)”
<t [ ([T et -aopas) a

1
Lo t+1 i ) 1
e [ ([ e - ) a
§L1-5+L2-5

for all T > Tp. And by (3.1]), we get

t+1
-3 ([ s
1
1 / Zm: / »
=57 |\h(s, zk)||Pds dt
2T J 7 —1 (t,t+1) N Ex
L1 Ti”: >
<mp/ / lh(s,xg)|[Pds | dt
2T Jor = \Jesnne
1 R 1 T t+1 %
<mpr — D
<m0 o /T (/t (s, )] ds> dt
k=1
<m1+% - E. (3 7)
Therefore,
1 T t+1 % )
| ([ s atspipas) " at < g+ Lage v m e
2T J_r \Js
which means that H®(t) = h°(t,a’(t)) € &(R, LP([0,1], X)). The conclusion is proved. -

From the above proof, we get that when f and g satisfy condition (III) with f and g instead
of I, respectively, Theorem is still true.

Theorem 3.7 Let p > 1. Assume that f = g + h € BSP(R x X, X) with g satisfying (Al)
and h® € &R x X, LP([0,1],X)). Suppose further that u = o + 8 € SPPBP, (R, X) with J
compact. If the following condition holds:

C2) There exists two functions ¢(t) and [ € BS"(R,R") with » > max P po1 such that
f g
forall x, y € X and t € R,

1t x) = fEl < L@llz —ylls Ng(t2) = gt y)ll < L @)z =yl
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Stepanov type pseudo Bloch periodic functions 17

Then there exists g € [1,p) such that f(-,u(-)) € SIPBP, (R, X).
Proof: The proof follows a similar procedure in Theorem Do the same decomposition
of f, we can get that g(t,a(t)) € SPBP, ;(R,X) C SYBP, (R, X) by Lemma and The-

orem ie. F(t) = gb(t,a’(t)) € BP,x(R,L9([0,1],X)). Next, we show that G’(t) €
&(R,L4([0,1], X)). It is obvious that G°(t) € BSP(R,X). We have by the Holder inequality

that
t+1 3
( / rG<s>uqu) _

<

[ e - f<s,a<s>>||qu>;

[ o) %

[ ) " ([ istsniesas) !
([ z;<s>ds)i ([ Hﬁ(s)desy

< gl ([ IIB(S)H”d8>; |

where the parameters p’ and ¢’ here come from the proof of Theorem then

s (] e )éd <l [ ([ istsyiea )}’d 0
— S S t < S S t — 0,
2T J_r \Ji 2T J_r \Ji

as T — oo by 8% € &(R, LP([0, 1], X)). Therefore, G®(t) € &(R, L4([0, 1], X)). Finally, we prove
that H®(t) = hb(t,ab(t)) € &(R, LI([0,1], X)). As can be seen from the proof of Theorem
we just need to re-estimate I;(T') here. Iy € BSP(R,R") and [, € BSP(R,RT) can be obtained
by r > p. According to this conclusion and the condition (C2), it is further deduced that for all
T > Ty,

IN

7 N N N

t+1

) =5 | i ([ Ihsaten - nis.atepipas) "
<o [ ([ 160t - 65706 s ) "
T

o [ ([ o600~ atsateiras) s
<o [ ([ wia) - snyas) a

1

T
/ (/tﬂ (Ug(s)llax(s) — z(s )\)pds) dt

ﬂ‘H
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18 Y. Wei, S. Liu, Y.-K. Chang

< [ ([T o) ae S [ ([ o)

<(legllse + Nlgllse)d < (lL5llse + [lgllsw)e.

Thus, combining the above estimate with (3.7)), we get

1 /T t41 :
o [ ([ Intsatenivas) e

1 /T t+1 .
Sor [ ([ inatniras) " a

1
SI(T) + I(T) < (ligllse + llgllsn)e +m' o e,
that is H(t) = hb(t,a’(t)) € &(R, L4([0,1], X)). The proof is complete. [
Theorem 3.8 Let f = g+ h € BSP(R x X, X), where g satisfies the condition (Al) and

ht € &R x X, LP([0,1], X)). Assume that u = a+ B € SPPBP, (R, X) with J compact. If the
following condition holds:

(C3) For each € > 0, there exists a constant 6 > 0 such that

(/ s s) - f(s,22(s))\|”ds); <o (/ " (s 2a(s)) g(s,zxs))npds);’ <e

3=

for all t € R, and any 21, 20 € BSP(R, X) with ( 1 21(s) = 2a()|P ds)

' < 9.

Then f(-,u(-)) € SPPBPF, (R, X).

Proof: Do the same decomposition for f asin T heorem By Theoremand condition (C3),
we can get that F(t) € BP, x(R, LP([0,1], X)). Next, we prove that G(¢) € &(R, LP([0, 1], X)).

1 1
In fact, for each ¢ € R, ( L B(s)1P ds) - ( U u(s) — als)|? ds) ? <5, s €[t t+1] implies
that for all t € R,

</+ ”G“)“”dS); = < / e e - f(s,a<s>>||pds>; <e

So we get M7, o(G) = Mr(f(,u(-)) — f(-,a(-)) € Mrs(8). It follows form Lemma [2.2] that

Thus
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Stepanov type pseudo Bloch periodic functions 19

which show that G®(t) € &R, LP(]0, 1], X)).

Next, we deduce that H?(t) = hb(t,ab(t)) € &R, LP([0,1],X)). Similar to the proof in
Theorem from the compactness of set J and h* € &(R x X, LP([0,1], X)), we can obtain
and (3.7). Here the radilus J is given in condition (C3). It is obvious that implies

that ( B as) —yz(s)updsf <8, s0

huvs;f/i([Hﬂu@a@»—f@w@DW@);w

1 /T t+1 N
L / lg(s, a(s)) — g(s, 2(s))|Pds ) dt
2T J v \Ji
1 T T
— dt — dt
<e 2T | o +e€ ST

<2e.
Therefore, for all T > Ty,

1 T

1
t+1 1
2T (/ Hh(S,a(S))deS> dt < I,(T) + I,(T) < 2¢ .
-T t +

which implies that H®(t) = h®(t,ab(t)) € &R, LP([0,1], X)). Thus the conclusion is proved. m

Theorem 3.9 Let f = g+ h € BSP(R x X, X) with ¢ satisfying (A1) and A’ € &(R x
X, LP([0,1],X)). Suppose that u = a + 3 € SPPBP, (R, X) with J compact. If the following
condition holds:

(C4) For each € > 0, there exists a constant 6 > 0, such that for all ¢ € R and any zi,
1

2 € BSP(R, X) with ( 121 (s) — 2a(s)|P ds)5 <4,

</:+1 [£(s,21(8)) = f(s,22(5))" ds)zl? < U1 (b)e,

</tt+1 lg(s, 21(s)) — g(s, 2’2(8))de5>; < lo(t)e,

where /1 : R — R satisfies % ITT (1(t)dt < co and f3 : R — R™ is bounded.

Then f(-,u(-)) € SPPBPF, (R, X).

Proof: Decompose the function f(-,u(-)) similar to that in Theorem [3.6 we can get that F*(t) €
BP, (R, LP([0,1], X)) by Theoremand (C4). Next, we prove that G°(t) € &(R, L*([0,1], X)).
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20 Y. Wei, S. Liu, Y.-K. Chang

B =

It is known from the condition (C4) that for each ¢t € R, (ftﬂ u(s) — a(s)]|P ds) < 0,

t
s € [t,t + 1] implies that

([ |G(s)|pd8>; = ([ 1stuton - 165 a(s))des); ne

So MT7g1(t)6(G) = MT7g1(t)6(f(',U(')) — f(-,a(+)) € Mrs(5) is hold. Combine Lemma and
B? € &R, LP([0,1], X)), we have that

7
lim — dt = 0. (3.8)
T—o0 2T Mg, (1)e(G)

Therefore,

1 (T t+1 H
T T(/t HG(S)des> dt

1 t+1 % 1 t+1 %
=57 (/ HG(S)des) dt + o </ HG(S)HchS) dt
21 g g, ye(@) \Jt 21 Jler )\ My, 10 (G) \

G
<H #p/ dt+;T/ 0 ()dt
Mz 4, (1)e(G) (=T TN\M7 ¢, (1) (G)
1Glls» / € / 4
< dt + — 41(t)dt,
2T M0, (1)e(G) 2T J-r

which show that G®(t) € &(R, L?(]0,1], X)) by the condition (C4) and the equation (3.8)). In the
end, we use techniques in Theorem to show that H®(t) = hb(t,a’(t)) € &(R, LP(]0, 1], X)).
1

For a(t) and Z(t) satisfying 1) < ttH la(s) — z(s)||P ds)g < ¢ is also true. Let the radius 0
be given in (C4), then we get that

=T

nm <y [ ([ 16at) - 65706 s ) "
b [ (] totssaton - gt "
T
Sﬁ .

It follows from (3.7)) and (3.3) that for all T' > Tj,

(1(t) + Co(t)) dt.

A ; ¢ /T "
L / Ih(s, a(s))|[Pds | dt < L(T) + L(T) < / (01(8) + bo(t)) dt + m™5 - .
2T | 7 \J; 2T J-r
Therefore, H®(t) = h®(t,a’(t)) € &(R,LP([0,1], X)) is true under the condition (C4). This
completes the proof. |

23 Oct 2023 08:42:54 PDT
230521-WeiYanyan Version 2 - Submitted to Rocky Mountain J. Math.



Stepanov type pseudo Bloch periodic functions 21

Remark 3.4 It is easy to get that the condition (A1) in Theorems and can be
replaced by g € BSP(R x X, X) and

3 =

t+1
sup (/ Hg(t + w, eikwx) — eik‘”g(t,x)des> =0,
teR \J¢

uniformly in z € X.

Theorem 3.10 Let (7 (¢))¢>0 be a strongly continuous family of bounded linear operators sat-
isfying the assumption (H1), where ¢ is nonincreasing. If f € SPPBP,, (R, X), then

u(t) = /t T(t—s)f(s)ds € PBP, ,(R, X).

Proof: Let f(t) = g(t) + h(t) € SPPBP, (R, X) with ¢* € BP, (R, LP([0,1], X)) and h® €
&(R, LP([0, 1], X)), then

t t
u(t) = /_ T(t—s)g(s)ds+ /_ T(t — s)h(s)ds := K(t) + E(t).

From Theorem we can get that K(t) € BF, (R, X). E(t) € BC(R, X) can be conducted
similarly. Next, we show that

1 T
Jim 5 [ IE@]a =0,

Consider the integrals

t—n+1
B(t) = /t T(t — )h(s)ds,

—-n

it follows that

t—n-+1

B0l < 000 -1 ([ uh<s>||pds)’l’

<oo ([ o)’
<o0) ([ " ns - n>||Pds)’l’ ,

then

1 T ¢(0) T t+1 %
_ Eh < A7 _ p , T ,
r el < S0 [ ([ i - wiras) a0, as o o0

by the translation invariance of &(R, LP(]0,1], X)). Hence, E,, € (R, X), their uniform limit
E € £(R, X). The proof is complete. [
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22 Y. Wei, S. Liu, Y.-K. Chang

4 Bloch periodic solutions

In this section, we mainly investigate the existence and uniqueness of (pseudo) Bloch periodic
mild solutions to a semi-linear evolution equation and a fractional integro-differential equation
with Stepanov type force term respectively.

We first consider the existence and uniqueness of Bloch periodic mild solutions to the fol-
lowing well-known semi-linear evolution equation

u'(t) = Au(t) + f(t,u(t)), t € R, (4.1)

where the nonlinearity f € BSP(R x X, X) is a given function with suitable properties and
A:D(A) C X — X is a densely closed linear operator which generates an exponentially stable
Co-semigroup {Z(t)}+>0, i.e. there exist constants M, o > 0 such that

|T(t)|| < Me 7", for each t > 0.

Definition 4.1 A function u : R — X is called a mild solution of (4.1)), if it verifies

u(t) = / T(t—s)f(s,u(s))ds, t € R.

Theorem 4.1 Assume that f € BSP(R x X, X) and satisfies (I) and (II) in Theorem [3.1| with
% < 1. Then the equation li has a unique mild solution in BPF, ;(R, X).

Proof: Define the operator P : BP, (R, X) — BPF, 1(R, X) by

(Pu)(t) = / T(t—s)f(s,u(s))ds. (4.2)

Ifu € BP,x(R,X) C SPBP, (R, X), from Theorem [3.1} it is not difficult to see that f(-,u(-)) €
SPBP, (R, X). And by Theorem we get that Pu € BP, (R, X), so P is well defined.
For any u, v € BP, ;(R, X)
t
[(Pu)(t) — (Po)(®)]l </ 120t — ) (f (s, uls)) — f(s,0(s))ll ds

—00

t
<ML / e 7= Ju(s) — v(s)| ds

< ML/ e 7 u(t —s) —v(t — s)|| ds
0

ML
< —lu =
g

by the Banach contraction mapping principle, P has a unique fixed point in BP,, (R, X), which
is the unique mild solution to the equation (4.1)). [
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Stepanov type pseudo Bloch periodic functions 23

Theorem 4.2 Let f € BSP(R x X, X) satisfy (I) in Theorem and (IV) in Theorem
Then the equation (4.1) has a unique mild solution in BP, ;(R, X) provided that [/{||sr <
1

1—e™ 7 roo 0 1 1 _
o (17640(,) , Where iy = 1.

Proof: Define the operator P as in . If ue BP, ,(R,X) C SPBP, ;(R, X), from Theorem
it is not difficult to see that f(-,u(-)) € SPBP, (R, X). And by Theorem [3.5] we get that
Pu € BP, (R, X), so P is well defined.

For any u, v € BP, ;(R, X), we have

t

[(Pu)(t) = (Po)®)Il < / 1@ = ) (f (s, u(s)) = f(s,v(s))[l ds

—0o0

<M /_ e=7E=91(s) lu(s) — v(s)|| ds

0 t—k+1 =
éﬂfEZ(/‘ ef““*ﬁw) el [l — o]
k=1 W1

—k

e — 1 o
SM’Q/ > e s flu— vl
roo 1

1 _6—7’00' e _
<M’ Tze sl — ]|
0 k=0

M 1 — e 09 %
)" il =l

T 1l—e°

1 1 _ . . . . . .
where o Tr = 1. By the Banach contraction mapping principle, P has a unique fixed point in

BP, (R, X), which was the unique mild solution to the equation (4.1)). [

Next we investigate the existence and uniqueness of pseudo Bloch periodic mild solutions to
the following fractional integro-differential equation, which was initially studied in [32]

t

D%u(t) = Au(t) + / a(t — s)Au(s)ds + f(t,u(t)), (4.3)

—0o0

where f € BSP(Rx X, X) satisfies some additional conditions, A generates an a-resolvent family
{Sa(t)}1>0 on a Banach space X, a € L}, .(R4), @ > 0 and the fractional derivative is understood
in the sense of Weyl.

Given a function f : R — X, the Weyl fractional integral of order a > 0 is defined by
D= f(t) := ﬁffoo(t — 5)%1f(s)ds, t € R, when this integral is convergent. The Weyl
fractional derivative D®f of order a > 0 is defined by D f(t) := %D_(”_O‘)f(t), t € R, where
n = [a] 4 1. Tt is known that D®*D~%g = g for any a > 0, and D" = < holds with n € N. We

tn
can see more details in [30].
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Definition 4.2 [32] Let A be a closed and linear operator with domain D(A) defined on a
Banach space X, and a > 0. Given a € L} (R,), we say that A is the generator of an a-

loc
resolvent family, if there exist w > 0 and a strongly continuous function S, : [0,00) — B(X)

such that {H/\TQ(A) : ReX > w} C p(A), the resolvent set of A, and for all z € X,

B 1 ( A

o 14+a(\) M1 4a(N)
where G denotes the Laplace transform of a. In this case, {S(t)}+>0 is called the a-resolvent
family generated by A.

(A — (1 4+a(\)A) - A)_lx = / e NS, (t)xdt, Rel > w,
0

Definition 4.3 A function v : R — X is said to be a mild solution of (4.3)) if

t
u(t) = / Sa(t —s)f(s,u(s))ds, teR,
—00
where {S4(t) }+>0 is the a-resolvent family generated by A, whenever it exists.

Theorem 4.3 Assume that f = g+ h € BSP(R x X, X) where ¢ satisfies the condition (A1)
and h* € &(R x X, LP([0,1], X)). If (C1) in Theorem and the following condition hold:

(H2) the operator A generates an a-resolvent family {S,(t)}+>0 such that ||So(t)| < ¢a(t) for
all t € R, where ¢, (-) € L*(RT) is nonincreasing.

then the equation (4.3) has a unique mild solution in PBP,, (R, X) provided that L1 ||¢a|1 < 1.
Proof: Define the operator F : PBP, (R, X) = PBP, ;(R, X) by

(Fu)(t) = / Sult — ) (s, u(s))ds, ¢ € R. (4.4)

—00
Let u = a + 8 € PBP,;(R, X), where « € BP, ;(R,X) and h € &(R,X). By Definition
a is continuous, then a([—T,T]) is compact. So, J is a compact set. In addition, u €
PBP,x(R,X) C SPPBP, x(R, X), from Theorem [3.6] it is not difficult to see that f(-,u(-)) €
SPPBP, (R, X). By Theorem [3.10, Fu € PBP, ;(R, X), so F is well defined.
Now for u, v € PBP, (R, X), we have

t

Wfﬂﬂﬂ—(fwﬁﬂhé/‘IWA@—SNf@ﬂKS)—f@ﬂdﬁmds

<L [ ult=s)lu) — vl ds
<L [ ono) fult = 5) = oft = 5)] s
< L=l [ onle)is

< Lil[galla]lu = v]|.

This prove that F is a contraction, so by the Banach fixed point theorem there exists a unique
u € PBP, (R, X) such that Fu = u. [
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Theorem 4.4 Let f = g+ h € BSP(R x X, X), where g satisfies the condition (A1) and
hb € &(Rx X, LP(]0,1],X)). Assume that conditions (C2) in Theorem and (H2) in Theorem
3| hold. Further suppose that ¢g := Y (ba( ) < 00, then equation has a unique mild
solutlon in PBP, ;(R, X) whenever ¢ < . HS7

Proof: Define the operator F as in (4.4)). It is followed by Theorem and that F is well
defined. Let u, v € PBPF, (R, X), we have

t

[(Fu)(t) = (Fo)@)] < / [Sa(t —5) (f(s,u(s)) — f(s,v(s))] ds

—00

< / bt — 5)1y(5) [u(s) — v(s)]| ds

t—k+1
<[ eult=9isislu—o|

k=17t"F

o0 t—k+1 o
< ( R s)ds) TR
k=1 \Jt—=k

1
sz( / 1<z>ao<s>ds) TR
2

=1

<¢a +Z¢a > HlfHSr HU_UH
< (z%(k)) lisllge llu — ol
k=0

< ¢o llsllgr 1w =,

where % + % = 1, which shows that F is a contraction, so by the Banach fixed point theorem

there exists a unique u € PBP,, (R, X) such that Fu = u. n

Theorem 4.5 Let p > 1 and f = g+ h € BSP(R x X, X), where g satisfies the condition (A1)
and h® € &(R x X, LP([0, 1], X)). Assume that (C2) in Theorem [3.7]and the following condition
(H3) are satisfied:

(H3) The operator A generates an a-resolvent family {Sq(f)}+>0, and there exist C' > 0, £ > 0
such that || S, ()|| < Ce™¢ for all ¢ € R.

Then equation (4.3) has a unique mild solution in PBP, ,(R, X).

Proof: F is well defined as in (4.4)). Let u, v € PBPF, (R, X), we have

t

[(Fu)(t) = (Fo)@) < / 1Sa(t =) (f(s,u(s)) = f(s,v(s))ll ds

—0o0

23 Oct 2023 08:42:54 PDT
230521-WeiYanyan Version 2 - Submitted to Rocky Mountain J. Math.



26 Y. Wei, S. Liu, Y.-K. Chang

/ Cetsw<wm>—wnws

Similarly,

|70 — F2o <C/ s) [|(Fu)(s) = (Fo)(s)ll ds

§C2Hu—v|]/ lf(s)/ L7 (0)dods
2

CQ t
< Sllu—ol ([ tts)as
2! o
By induction, we have

o cr t " (Ol
7=l < Sl ([ 1pt0as) < I o,

—00

For sufficiently large n, we have m < 1. Thus F has a unique fixed point in PBP,, (R, X)
by the Banach contraction mapplng pr1n01ple [

Theorem 4.6 Assume that f = g+ h € BSP(R x X,X), Where g satisfies (A1) and hb €
ER x X, Lp([() 1], X)), and conditions (C2) in Theorem [3 d (H3) in Theorem [4.5 hold. If

the integral f l¢(s)ds exists for all t € R, then equatlon 1.} has a unique mild solution in
PBP, (R, X).

Proof: Define an equivalent norm on PBP, (R, X) as ||f|n = supser{e " ®| fllc}, where
h > C and ~(t) = fioo l¢(s)ds. The operator F has the same definition as before. Let u,
v € PBP, ;(R, X), we have

t

[Fu— Foll, < Sup/ 1Sa(t =) (f(s,u(s)) = f(s,v(s))ll ds
teR

—00

t
<Cup [ I1y(s) uls) (o) ds

teR

t
< Cllu— th/ e_g(t_s)lf(s)em(s)ds

—0o0

t
< Clu- th/ 1 (s)eM) ds

—0o0

t
< Cllu — v”h/ ’y/(s)em(s)ds

—0o0

<

= Q

lu = vllpe"®,
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therefore,

C
|Fu=Foll, < 5 llu=vla

we get that F is a contraction mapping by h > C. So equation (4.3)) has a unique mild solution
in PBP, (R, X). L]

ta—l

Example 4.1 We put A = —pl in X = R, a(t) = %F(a), 0>0,0<a<1,and f(t,u) =

g(t,u) + h(t,u) € BSP(R x X, X) where g(t,u) = y(t)s(u), h(t,u) = H% cosu. Assume that -
and ¢ are bounded (not necessarily continuous) functions and satisfy v(t+w) = v(t), ¢(e"*“u) =

e™¢(u) and |[¢(u) —¢(v)|| < Ic||ju—v|| with I > 0. Then, we have that g € BSP(R x X, X) and

ikw

g(t + w, e*u) = y(t + w)s(e™u) = ey (t)s(u) = e™g(t, u),

lg(t,u) — gt 0)[| = [ (t)s(u) = v()s ()| < Lelly[[llu = ol].

On the other hand, by Proposition R’ € &R x X, LP([0,1], X)) is easy to get because
h e &R x X, X). Thus we have that

(8 w) = f(& o) < (il + 1) lu = o]

Now equation (4.3)) takes the form

2t (p_ gyl
D%u(t) = —ou(t) — i/ (tr(a))u(s)ds + f(t,u(t), teR. (4.5)

From Example 4.17 in [32], we get that A generates an a-resolvent family such that its Laplace
transform satisfying

R b Ao—/2 A\x—/2

SalX) = (A +2/0)2 ~ (A +2/0) (A +2/0)

and
Sa(t) = (kxK)(1), t>0,

with k() = tgflEa%(—gto‘), and where E, o (-) is the Mittag-Leffler function. The Mittag-
Leffler function [31] is defined as follows:

E ] LA Z
= = — , , >0, z € Z,
@, (2) Z Dok +pB) 2w /Hae ne—z 5 ap :

where Ha is a Hankel path, i.e. a contour which starts and ends at —oo and encircles the disc
In| < |z|* counterclockwise. Then, by Theorem equation (4.5) has a unique mild solution

u(-) € PBP, (R, X) provided ||Sq|| < m
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5 Conclusions

In this paper, we have introduced notions of the Stepanov type Bloch periodic function
and the Stepanov type pseudo Bloch periodic function, and shown some basic properties on
the completeness, the composition theorems and the convolution theorem of such functions. In
addition, we have applied some theorems including composition and convolution theorems to
investigate the existence and uniqueness of (pseudo) Bloch periodic mild solutions to a semi-
linear evolution equation and a fractional integro-differential equation with Stepanov type force
term. Recently, Salah, Miraoui and Khemili [26] revisited the pseudo S-asymptotically Bloch
periodic function [19] via the measure ergodic function. We can further discuss the Stepanov
type pseudo Bloch periodic function in Definition via the measure ergodic function as does
in [26].

Acknowledgements:

This work was partially supported by NSFC (12271419) and FRFCU (YJSJ23003). Authors
would like to thank the anonymous referee for carefully reading this manuscript and giving
valuable comments to improve the previous version of this paper.

References

[1] Y. Li, F. Cong, Z. Lin, W. Liu, Periodic solutions for evolution equations, Nonlinear Anal.
36 (1999) 275-293.

[2] G. Litcanu, Periodic solutions to functional evolution equations, Nonlinear Anal. 52 (2003)
305-314.

[3] A. Haraux, Anti-periodic solutions of some nonlinear evolution equations, Manuscripta
Math. 63 (1989) 479-505.

[4] Y. Chen, Anti-periodic solutions for semilinear evolution equations, J. Math. Anal. Appl.
315 (2006) 337-348.

[5] N. S. Al-Islam, S. M. Alsulami, T. Diagana, Existence of weighted pseudo anti-periodic
solutions to some non-autonomous differential equations, Appl. Math. Comput. 218 (2012)
6536-6648.

[6] W. Stepanov, Sur quelques généralizations des fonctions presque-périodiques, Comptes Ren-
dus de I’Académie des Sciences Paris, 181 (1925) 90-94.

[7] W. Stepanov, Uber einige verallgemeinerungen der fastperiodischen funktionen, Mathema-
tische Annalen, 90 (1925) 473-492.

[8] T. Diagana, Stepanov-like pseudo almost periodic functions and their applications to dif-
ferential equations, Commun. Math. Anal. 3 (2007) 9-18.

23 Oct 2023 08:42:54 PDT
230521-WeiYanyan Version 2 - Submitted to Rocky Mountain J. Math.



Stepanov type pseudo Bloch periodic functions 29

9] G. M. N’Guérékata, A. Pankov, Stepanov-like almost automorphic functions and monotone
evolution equations, Nonlinear Anal. 68 (2008) 2658-2667.

[10] H. Ding, J. Liang, T. Xiao, Some properties of Stepanov-like almost automorphic functions
and applications to abstract evolution equations, Appl. Anal. 88 (2009) 1079-1091.

[11] Z. Xia, M. Fan, Weighted Stepanov-like pseudo almost automorphy and applications, Non-
linear Anal. 75 (2012) 2378-2397.

[12] B. Es-sebbar, K. Ezzinbi, Stepanov ergodic perturbations for some neutral partial functional
differential equations, Math. Methods Appl. Sci. 39 (2016) 1945-1963.

[13] K. Khalil, M. Kostié¢, M. Pinto, Stepanov pseudo-almost periodic functions and applications,
Math. Methods Appl. Sci. 44 (2021) 13894-13919.

[14] J. Vanterler, C. Sousa, G. M. N’Guérékata, Stepanov type u-pseudo almost automorphic
mild solutions of semilinear fractional integrodifferential equations, Nonauton. Dyn. Syst.
9 (2022) 145-162.

[15] A. Rebey, H. Ben-Elmonser, M. Eljeri, M. Miraoui, Pseudo-almost periodic solutions in the
Alpha-norm and in Stepanovs sense for some evolution equations, Ukrainian Math. J. 74
(2023) 1599-1616.

[16] A. Chévez, K. Khalil, M. Kosti¢, M. Pinto, Stepanov multi-dimensional almost periodic
functions and applications, Filomat 37 (2023) 3681-3713.

[17] Z. Xia, Weighted Stepanov-like pseudoperiodicity and applications, Abstr. Appl. Anal.
(2014), Art. 980869, 14 pages.

[18] E. Alvarez, C. Lizama, R. Ponce, Weighted pseudo antiperiodic solutions for fractional
integro-differential equations in Banach spaces, Appl. Math. Comput. 259 (2015) 164-172.

[19] Y. K. Chang, Y. Wei, Pseudo S-asymptotically Bloch type periodicity with applications to
some evolution equations, Z. Anal. Anwend. 40 (2021) 33-50.

[20] F. Bloch, Uber die quantenmechanik der elektronen in kristallgittern. Z. Phys. 52 (1929)
555-600.

[21] S. Y. Ren, Electronic States in Crystals of Finite Size: Quantum Confinement of Bloch
Waves, Springer, New York, 2006.

[22] Y. K. Chang, G. M. N’Guérékata, R. Ponce, Bloch-Type Periodic Functions: Theory and
Applications to Evolution Equations, World Scientific, Singapore, 2022.

[23] M. F. Hasler, G. M. N'Guérékata, Bloch-periodic functions and some applications, Nonlin-
ear Stud. 21 (2014) 21-30.

[24] M. Kostié¢, D. Velinov, Asymptotically Bloch-periodic solutions of abstract fractional nonlin-
ear differential inclusions with piecewise constant argument. Funct. Anal. Approx. Comput.
9 (2017) 27-36.

23 Oct 2023 08:42:54 PDT
230521-WeiYanyan Version 2 - Submitted to Rocky Mountain J. Math.



30 Y. Wei, S. Liu, Y.-K. Chang

[25] Y. Wei, Y. K. Chang, Generalized Bloch type periodicity and applications to semi-linear
differential equations in Banach spaces, Pro. Edinb. Math. Soc. 65 (2022) 326-355.

[26] M. Ben Salah, M. Miraoui, Y. Khemili, Pseudo asymptotically Bloch periodic solutions
with measures for some differential Equations. Rocky Mt. J. Math. Accepted (2023).

[27] J. Blot, G. M. N’Guérékata, D. Pennequin, Weighted pseudo almost automorphic functions
and applications to abstract differential equations, Nonlinear Anal. 71 (2009) 903-909.

[28] A. Pankov, Bounded and Almost Periodic Solutions of Nonlinear Operator Differential
Equations, Kluwer, Dordrecht, 1990.

[29] R. Zhang, Y. K. Chang, G. M. N’Guérékata, New composition theorems of Stepanov-
like weighted pseudo almost automorphic functions and applications to nonautonomous
evolution equations, Nonlinear Anal. 13 (2012) 2866-2879.

[30] K. Miller, B. Ross, An Introduction to the Fractional Calculus and Fractional Differential
Equations, Wiley, 1993.

[31] F. Mainardi, Fractional Calculus and Waves in Linear Viscoelasticity: An Introduction to
Mathematical Models, Imperial College Press, (2010).

[32] R. Ponce, Bounded mild solutions to fractional integro-differential equations in Banach
spaces, Semigroup Forum, 87 (2013) 377-392.

23 Oct 2023 08:42:54 PDT
230521-WeiYanyan Version 2 - Submitted to Rocky Mountain J. Math.



	Introduction
	Preliminaries
	Generalized Bloch periodic functions in Stepanov sense
	Stepanov type Bloch periodic functions
	Stepanov type pseudo Bloch periodic functions

	Bloch periodic solutions
	Conclusions

