
ON COMPLEX EXTENSION OF THE LIOUVILLE MAP
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Abstract. The Liouville map assigns to each point in the Teichmüller space a positive
Radon measure on the space of geodesics of the universal covering of the base Riemann
surface. This construction which was introduced by Bonahon is valid for both finite and
infinite Riemann surfaces. Bonahon and Sözen proved that the Liouville map is differentiable
for closed Riemann surfaces and the second author extended this result to all other Riemann
surfaces. Otal proved that the Liouville map is real analytic using an idea from the geometric
analysis. The purpose of this note is to give another proof of Otal’s result using a complex
analysis approach.

A Riemann surface X is conformally hyperbolic if its universal covering is the upper half-
plane H = {z = x + iy : y > 0}. The hyperbolic metric on X is the projection of the

hyperbolic metric |dz|
y

on H by the covering map. The Teichmüller space T(X) is the space

of quasiconformal maps from the base surface X onto variable Riemann surfaces up to isome-
tries and homotopies. When X is a closed or finite area conformally hyperbolic Riemann
surface, the Teichmüller space T(X) is a finite-dimensional complex manifold and when X
is not of finite area then T(X) is an infinite-dimensional complex Banach manifold.

The space of geodesics G(X̃) of the universal covering X̃ of a conformally hyperbolic
Riemann surface X supports a natural Liouville measure which is the unique (up to scalar
multiple) measure of full support that is invariant under the isometries of X̃. A π1(X)-
invariant Radon measure on G(X̃) is called a geodesic current for X. Bonahon [3] introduced
the Liouville map

L : T(X)→ G(X)

from the Teichmüller space T(X) to the space of geodesic currents G(X) that assigns to each
quasiconformal deformation [f : X → Y ] ∈ T(X) of the Riemann surface X the pullback of
the Liouville measure of Y under the deformation f .

When the Riemann surface X is compact, Bonahon [3] used the Liouville map to introduce
an alternative description of the Thurston boundary to T(X). Under the assumption that the
Riemann surface X is compact, Bonahon and Sözen [5] considered a notion of differentiability
for the Liouville map L : T(X) → G(X), by extending G(X) to a topological vector space
H(X) of π1(S)-invariant Hölder distributions on the space of geodesics G(X̃); see §3 for
precise definitions. In this framework, they proved that L is continuously differentiable.

The second author [10], and more recently, Bonahon and the second author [4] introduced
the Thurston boundary to Teichmüller spaces of arbitrary conformally hyperbolic Riemann
surfaces. In order to account for the control over deformations of an arbitrary conformally
hyperbolic Riemann surface X, the second author [10] has introduced a family of semi-norms
on the space of geodesic currents G(X) as follows.
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2 XINLONG DONG AND DRAGOMIR ŠARIĆ

For a fixed 0 < λ 6 1, a test function ξ : G(X̃)→ R is a real-valued λ-Hölder continuous
function with compact support on G(X̃) such that its support can be mapped by a (normal-
izing) isometry γ of X̃ to a fixed compact subset K of G(X̃) and ‖ξ ◦ γ−1‖λ 6 1, where the

λ-norm of ξ is given by ‖ξ‖λ := supg∈G(X̃) |ξ(g)|+ supg1 6=g2

|ξ(g1)−ϕ(g2)|
d(g1,g2)λ

. The distance d(g1, g2)

is the maximum of the distances between the pairs of endpoints of g1 and g2 on the ideal
boundary ∂X̃ of X̃ in the angle metric with respect to a fixed point in X; see §3 for more
details.

The family of semi-norms {‖ · ‖λ}0<λ61 on the space of geodesic currents G(X) for X is
defined by

‖α‖λ = sup
ξ

∣∣∣ ∫
G(X̃)

ξdα
∣∣∣

where α ∈ G(X) and the supremum is over all test functions ξ for the exponent λ (see [10],
[11] for details). The space of bounded geodesic currents Gb(X) for X consists of all α ∈ G(X)
such that, for every 0 < λ 6 1,

‖α‖λ <∞.
The tangent vectors to T(X) are identified with the Zygmund bounded functions on the

ideal boundary ∂X̃ of the universal covering X̃ (for example, see [8, §16]). A Zygmund func-
tion induces a finitely additive signed measure on G(X̃) which, in general, is not countably
additive. Therefore to discuss differentiability of the Liouville map, a larger topological vec-
tor space that contains Gb(X) is needed. The second author [11] introduced a family of spaces
Hλ(X) of π1(X)-invariant Hölder distributions on G(X̃) for 0 < λ 6 1. Each W ∈ Hλ(X)
is a π1(X)-invariant linear functional on the space of λ-Hölder continuous functions with
compact support that satisfies

‖W‖λ := sup
ξ
|W (ξ)| <∞

where the supremum is over all test functions for the exponent λ.
The second author [11] proved that the Liouville map L : T(X)→ Hλ(X) is continuously

differentiable in this general setting for each 0 < λ 6 1. Otal [9] proved that the Liouville
map is real analytic using the above construction of the spaces Hλ(X).

Theorem 1 (Otal [9]). The Liouville map

L : T(X)→ Hλ(X)

is real analytic for each 0 < λ 6 1.

The description of the topology on Gb(X) using the λ-norms is somewhat complicated due
to the fact that the test functions need to have λ-norm less than 1 under the pre-compositions
of the normalizing isometries and their supports need to be of certain size. In addition, one
is then required to take the supremum over all test functions for a fixed Hölder exponent λ.

More recently, Bonahon and the second author [4] introduced a simpler family of semi-
norms on Gb(X) that describes the same topology on the space of bounded geodesic currents
Gb(X) for an arbitrary conformally hyperbolic Riemann surface X. Given a continuous
function ζ : G(X̃) → R with compact support, we define a semi-norm ‖ · ‖ζ on Gb(X) as
follows. For α ∈ Gb(X) set

‖α‖ζ = sup
γ

∣∣∣ ∫
G(X̃)

ζ ◦ γdα
∣∣∣
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ON COMPLEX EXTENSION OF THE LIOUVILLE MAP 3

where the supremum is over all isometries γ of X̃. Using the topology on Gb(X) induced
by the family of semi-norms {‖ · ‖ζ}, Bonahon and the second author [4] proved that the
Liuoville map L : T(X)→ Gb(X) is an embedding onto its image and that the boundary of
the projectivization of L(T(X)) is exactly equal to the space of projective bounded measured
laminations - a Thurston boundary to T(X).

With this in mind, we introduce a new space of Hölder distributions on G(X̃) and give
an alternative proof to the above theorem of Otal for this new target space. Given a Hölder
continuous function ξ : G(X̃)→ C with a compact support, define

‖α‖ξ = sup
γ

∣∣∣ ∫
G(X̃)

ξ ◦ γdα
∣∣∣

for any α ∈ Gb(X), where the supremum is over all isometries γ of X̃.
Let H(X̃) be the space of all Hölder continuous functions ξ : G(X̃) → C with com-

pact support. The space of bounded Hölder distributions Hb(X) for X consists of all linear
functionals W : H(X̃)→ C such that, for all A ∈ π1(X) and ξ ∈ H(X̃),

W (ξ ◦ A) = W (ξ)

and, for each ξ ∈ H(X̃),

‖W‖ξ := sup
γ
|W (ξ ◦ γ)| <∞

where the supremum is over all isometries γ of X̃.
The space of bounded Hölder distributions Hb(X) is a complex topological vector space

whose topology is induced by the finite intersections of balls for the semi-norms {‖ ·‖ξ}ξ (see
[4, §2.3]). The notions of complex and real analytic maps in this paper are in terms of this
topological vector space structure on Hb(X). We prove

Theorem 2. The Liouville map

L : T(X)→ Hb(X)

is real analytic.

Otal [9] extended the Liouville map from the Teichmüller space T(X) to its open neigh-
borhood in the quasi-Fuchsian space QF(X) and proved that the extension is holomorphic
in an appropriate sense. This implies that the Liouville map is real analytic. The existence
of the extension of the Liouville map to a neighborhood of the Teichmüller space T(X) is
proved using geometric analysis ideas. Namely, the extended Liouville map acts as a linear
functional on the twice differentiable functions and the extension to the Hölder continuous
functions is established by showing that the norm of the extension to twice differentiable
functions is bounded in terms of their Hölder norms. We replace this argument by finding
the rate of decay of the imaginary part of the cross-ratio of four points under quasiconformal
maps which are not too far from fixing the real line (see Lemma 4 and 5). This may be
of independent interest since we obtain a direct estimate of the cross-ratio of four points
whereas traditionally the estimates were given for one point at a time.

Acknowledgements. The second author is grateful to Francis Bonahon for the many con-
versations over the years regarding geodesic currents. Both authors are indebted to the
referee for careful reading and useful comments.
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1. The Teichmüller and quasi-Fuchsian spaces

In this section we introduce the Teichmüller and Quasi-Fuchsian space, their manifold
structures and a realization of the Teichmüller space as a totally real submanifold of the
Quasi-Fuchsian space.

Any conformally hyperbolic Riemann surfaceX is identified with H/Γ, where Γ < PSL2(R)
is a Fuchsian group acting on the upper half-plane H. Consider the family of all quasiconfor-
mal map f : H→ H that conjugate the Fuchsian group Γ onto another Fuchsian group and
fix 0, 1 and ∞. Two quasiconformal maps f, f1 : H → H from the family are Teichmüller
equivalent if they agree on the ideal boundary R̂ = R∪ {∞} of the upper half-plane H. The
Teichmüller space T(X) consists of all Teichmüller equivalence classes [f ].

The Beltrami coefficient of a quasiconformal map f : H → H is given by µ = fz̄
fz

and

it satisfies ‖µ‖∞ < 1. Conversely, given µ ∈ L∞(H) with ‖µ‖∞ < 1 there exists a unique
(normalized) quasiconformal map f : H → H that fixes 0, 1 and ∞ whose Beltrami coeffi-
cient is µ. A quasiconformal map f conjugates Γ onto another Fuchsian group if and only if

µ ◦ γ γ′
γ′

= µ for all γ ∈ Γ. Two Beltrami coefficients are Teichmüller equivalent if the corre-

sponding normalized quasiconformal maps are equal on R̂. Therefore we can define T(X) to

be a set of all Teichmüller classes [µ] of Beltrami coefficients that satisfy µ ◦ γ(z)γ
′(z)
γ′(z)

= µ(z)

for all γ ∈ Γ and z ∈ H (for example, see [8]).

A quasiconformal map f : Ĉ → Ĉ that conjugates Γ < PSL2(R) onto a subgroup of
PSL2(C) fixing 0, 1 and ∞ represents an element of the quasi-Fuchsian space QF(Γ). Two
quasiconformal maps f and g fixing 0, 1 and∞ that conjugate Γ onto a subgroup of PSL2(C)

are equivalent if they agree on R̂ = R ∪ {∞}. Denote by [f ] ∈ QF(Γ) the corresponding
equivalence class. Equivalently, we can define QF(Γ) to consist of all equivalence classes [µ] of
Beltrami coefficients on C where two Beltrami coefficients are equivalent if their correspond-
ing normalized quasiconformal maps agree on R̂. If Γ is trivial then f is a quasiconformal
map fixing 0, 1 and ∞ which does not necessarily preserve the upper half-plane H.

A quasiconformal map f : H→ H extends by the reflection f(z) = f(z̄) for z in the lower

half-plane H− = {z : Im(z) < 0} to a quasiconformal map of Ĉ. The corresponding Beltrami

coefficient satisfies µ(z) = µ(z̄) for z in the lower half-plane H−. The Teichmüller space T(X)
embeds into the quasi-Fuchsian space QF(X) by extending each Beltrami coefficient µ on H
to C using the reflection in the real line.

Bers introduced a complex Banach manifold structure to the Teichmüller space T(X).
The complex chart around the basepoint [0] ∈ T(X) is obtained as follows. Let µ̃ be the
Beltrami coefficient which equals µ in the upper half-plane H and equals zero in the lower
half-plane H−. The solution f = f µ̃ to the Beltrami equation fz̄ = µ̃fz is conformal in the
lower half-plane H−. The Schwarzian derivative

S(f µ̃)(z) =
(f µ̃)′′′(z)

(f µ̃)′(z)
− 3

2

((f µ̃)′′(z)

(f µ̃)′(z)

)2

for z ∈ H− defines a holomorphic function ϕ(z) = S(f µ̃)(z) which satisfies (ϕ◦γ)(z)γ′(z)2 =
ϕ(z) and ‖ϕ‖b := supz∈H− |y2ϕ(z)| <∞, called a cusped form for X. The space of all cusped
forms ϕ : H− → C for X is a complex Banach space Qb(X) with the norm ‖ · ‖b (see [8]).

The Schwarzian derivative maps the unit ball in L∞(H) onto an open subset of Qb(X)
and it projects to a homeomorphism Φ from T(X) to an open subset of Qb(X) containing
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ON COMPLEX EXTENSION OF THE LIOUVILLE MAP 5

the origin. The open ball B[0](
1
2

log 2) in T(X) of radius 1
2

log 2 and center [0] maps under Φ

onto an open set in Qb(X) which contains the ball of radius 2
3

and is contained in the ball of

radius 2 with center 0 ∈ Qb(X). The map Φ : B[0](
1
2

log 2) → Qb(X) is a chart map for the
base point [0] ∈ T(X) (see [8, §6]). The Ahlfors-Weill section provides an explicit formula for
Φ−1 on the ball of radius 1

2
and center 0 in Qb(X). Namely if ϕ ∈ Qb(X) with ‖ϕ‖b < 1

2
then

Ahlfors and Weill prove that Φ−1(ϕ) = [−2y2ϕ(z̄)] (see [8, §6]). The Beltrami coefficient
ηϕ(z) := −2y2ϕ(z̄) is said to be harmonic. The Ahlfors-Weill formula gives an explicit
expression of Beltrami coefficients that are representing points in T(X) corresponding to the
holomorphic disks {tϕ : |t| < 1, ‖ϕ‖b < 1

2
} in the chart in Qb(X), namely

Φ−1({tϕ : |t| < 1}) = {[tηϕ] ∈ T(X) : |t| < 1}.

Let [µ0] ∈ T(X) be fixed and define X [µ0] = H/fµ0Γ(fµ0)−1 to be the image Riemann
surface. A chart for [µ0] ∈ T(X) is given by the chart of [0] ∈ T(X [µ0]) under the translation
map T[µ0] : T(X)→ T(X [µ0]) defined by

T[µ0]([f ]) = [f ◦ (fµ0)−1]

for [f ] ∈ T(X). Namely, let B
[µ0]
[0] (1

2
log 2) ⊂ T(X [µ0]) be a ball with center [0] and radius

1
2

log 2 in the Teichmüller space of X [µ0]. Let Φ[µ0] be the Bers embedding for T(X [µ0]). Then
the chart for [µ0] is given by

Φ[µ0] ◦ T[µ0] : T−1
[µ0](B

[µ0]
[0] (

1

2
log 2))→ Qb(X

[µ0])

where T−1
[µ0](B

[µ0]
[0] (1

2
log 2)) = B[µ0](

1
2

log 2) because the translation map T[µ0] is an isometry

for the Teichmüller metric. If {tϕ : |t| < 1} ⊂ Qb(X
[µ0]) using the Ahlfors-Weill section and

the chain rule we have

(Φ[µ0] ◦ T[µ0])
−1(tϕ) =

[ t(ηϕ ◦ fµ0(z))f
µ0
z (z)

f
µ0
z (z)

+ µ0(z)

1 + t(ηϕ ◦ fµ0(z))f
µ0
z (z)

f
µ0
z (z)

µ0(z)

]
.

By the Bers simultaneous uniformization theorem, the quasi-Fuchsian space QF(X) is
identified with the product of the Teichmüller space T(X) of the Riemann surface X and the
Teichmüller space T(X̄) of the mirror image Riemann surface X̄. A point [µ] ∈ QF(X) is
represented by a Beltrami coefficient µ on C and we identify it with the pair of (equivalence
classes of) Beltrami coefficients ([µ1], [µ2]), where µ1 = µ|H and µ2 = µ|H− . The Teichmüller
space T(X̄) is defined as the equivalence classes of Beltrami coefficients in H− invariant
under Γ where two Beltrami coefficients are equivalent if their corresponding normalized
quasiconformal maps from H− onto itself agree on R̂. The charts on QF(X) are given by the
product charts on T(X) × T(X̄) and the inverse of the charts are given by the product of
the Ahlfors-Weil sections. The Teichmüller space T(X) embeds into QF(X) as a totally real-

analytic submanifold by the formula [µ] 7→ [µ̃], where µ̃(z) = µ(z) for z ∈ H and µ̃(z) = µ(z̄)
for z ∈ H−.

Given a pair of Beltrami coefficients (µ1, µ2) with µ1 ∈ L∞(H) and µ2 ∈ L∞(H−) define
µ̃1 = µ1 on H, µ̃1 = 0 on H−, and µ̃2 = µ2 on H−, µ̃2 = 0 on H. The Schwarzian
derivatives S(f µ̃1) and S(f µ̃2) give a pair of holomorphic functions (ϕ1, ϕ2) in H− and H,
respectively. The holomorphic functions ϕ1 and ϕ2 satisfy the invariance property under Γ
and the boundedness in the ‖ · ‖b-norm in their respective domains. Let ηi be the harmonic
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Beltrami coefficient corresponding to ϕi under the Ahlfors-Weill section. Then the pair of
harmonic Beltrami coefficients η := (η1, η2) represents the point in QF(X) that is mapped to
ϕ := (ϕ1, ϕ2) under the Bers embedding. Such η is called a complex harmonic differential.

2. The quasiconformal variations of the cross-ratio

In this section we estimate the change in the cross-ratio of a quadruple of points under
quasiconformal variations. This is the main technical ingredient in the paper.

Given four distinct points a, b, c, d ∈ Ĉ, define the cross-ratio

cr(a, b, c, d) =
(a− c)(b− d)

(a− d)(b− c)
.

By a hyperbolic metric on a Riemann surface we mean a unique conformal metric of
curvature −1. We first give an estimate of the hyperbolic distance ρD∗ in the punctured unit
disk D∗ = {z : 0 < |z| < 1}. Recall that the infinitesimal form of the hyperbolic metric is
|dz|/(|z| log 1/|z|) (see [1, §1.7]).

Lemma 3. Let D∗ be equipped with the complete hyperbolic metric ρD∗ and let 0 < β < 1 be
a point on the positive radius. There exists r = r(β) > 0 such that

|β1| 6 βe
−ρD∗ (β,β1)

for all β1 ∈ D∗ with ρD∗(β, β1) < r.

Proof. The universal covering map τ : H → D∗ is given by the formula τ(z) = eiz. The
hyperbolic metric ρD∗ on D∗ is the push-forward by τ of the hyperbolic metric ρH on H.
The covering τ : H → D∗ is a local isometry. Indeed, there is r = r(β) > 0 such that the
covering map τ is an isometry from the open hyperbolic disk ∆ with the center i log 1

β
and

hyperbolic radius r in H onto the hyperbolic disk τ(∆) in D∗ with the center β and radius
r. An elementary computation shows that the radius r = r(β) > 0 can be chosen to be
sinh−1 π

2 log 1
β

.

Set D = ρD∗(β, β1). Note that τ(i log 1
β
) = β by the definition of τ and that D < r

because β1 ∈ τ(∆). Let z1 ∈ ∆ such that τ(z1) = β1. Then ρH(z1, i log 1
β
) = ρD∗(β, β1) = D.

The hyperbolic disk ∆1 with the center i log 1
β

and radius D intersects the y-axis along its

diameter with endpoints i(log 1
β
)e−D and i(log 1

β
)eD. Therefore ∆1 is a Euclidean disk with

the center i(log 1
β
) coshD and radius (log 1

β
) sinhD.

Since z1 lies on the boundary of ∆1 we have

|Re(z1)| 6 (log
1

β
) sinhD

and

Im(z1) > (log
1

β
)e−D.

This implies

|β1| = |eiz1| 6 e−(log 1
β

)e−D = (e− log 1
β )e

−D
= βe

−D

which gives the lemma. �

We need the following estimate on the size of the cross ratio of four points under the action
of a quasiconformal map of C. This estimate is the main ingredient in our proofs.

22 Jun 2023 08:05:26 PDT
220103-Saric Version 4 - Submitted to Rocky Mountain J. Math.



ON COMPLEX EXTENSION OF THE LIOUVILLE MAP 7

Lemma 4. Let f be a K-quasiconformal deformation of Γ that fixes 0, 1 and∞. Given ε > 0
there exist δ = δ(K) > 0 and C = C(K) > 0 such that for any four distinct a, b, c, d ∈ Ĉ
with

|cr(a, b, c, d)− 1| < δ

we have

|cr(f(a), f(b), f(c), f(d))− 1| 6 |cr(a, b, c, d)− 1|1/(K+ε).

Proof. Let µ be the Beltrami coefficient of f . Let f t : Ĉ→ Ĉ be a family of quasiconformal
maps with the Beltrami coefficients tµ for {t ∈ C : |t| < 1/|µ‖∞} that fix 0, 1 and ∞. By
the definition f 1 = f .

Define g(t) = cr(f t(a), f t(b), f t(c), f t(d)) for |t| < 1/‖µ‖∞. Since the points f t(a), f t(b),

f t(c) and f t(d) are pairwise distinct in Ĉ and depend holomorphically on t, the function
g is holomorphic in t and it does not take values 0, 1 and ∞. Therefore we obtained a
holomorphic function

g : D1/‖µ‖∞ → C \ {0, 1},
where D1/‖µ‖∞ = {t ∈ C : |t| < 1/‖µ‖∞}.

By the Schwarz lemma [2, Theorem 10.5], the function g is decreasing for the hyperbolic
metrics ρD1/‖µ‖∞

and ρ0,1 on D1/‖µ‖∞ and C \ {0, 1}, respectively. Therefore we have

(1) ρ0,1(g(0), g(1)) 6 ρD1/‖µ‖∞
(0, 1) = logK

because K = 1+‖µ‖∞
1−‖µ‖∞ . Note that g(0) = cr(a, b, c, d) and g(1) = cr(f(a), f(b), f(c), f(d)).

Since z 7→ 1− z is a conformal self-map of C \ {0, 1}, it is an isometry for the hyperbolic
distance. By (1), we get that

(2) ρ0,1(1− g(0), 1− g(1)) 6 logK.

Denote by λ0,1 infinitesimal form of the hyperbolic metric ρ0,1 on C\{0, 1}. Then we have
(see [1, Theorem 1-12, pages 17-18])

log λ0,1(z) = − log |z| − log log
1

|z|
+O(1)

with O(1)→ 0 as z → 0. Equivalently, for each C1 < 1 there exists a Euclidean disk Dδ(0)
with center 0 and radius 0 < δ < 1 such that for z ∈ Dδ(0)

(3) λ0,1(z) > C1
1

|z − 1| log 1
|z−1|

.

Let γ ∈ PSL2(R) be such that γ(a, b, c, d) = (1, c∗,∞, 0) where 1 < c∗. Then cr(a, b, c, d) =
cr(1, c∗,∞, 0) = c∗. By the assumption we have 1 < c∗ < 1 + δ. Let δtγ ∈ PSL2(R) be such

that f̂ t := δtγ◦f t◦γ−1 fixes 0, 1 and∞. The Beltrami coefficients of the family f̂ t = δtγ◦f t◦γ−1

for |t| 6 1 have norm bounded by ‖µ‖∞ < 1 and therefore the family is equicontinuous. Thus

|f̂ t(c∗)−1| < 1/2 when δ > 0 is small enough for all |t| 6 1. Note that g(t) = f̂ t(c∗) and thus
when |g(0)− 1| is small enough then |g(1)− 1| < 1/2. Therefore g(0)− 1 and g(1)− 1 are
points in the unit punctured disk D∗. The inequality (3) implies that the distance between
g(0)− 1 and g(1)− 1 in the punctured disk D∗ is bounded above 1

C1
times their distance in

C \ {0, 1} which by (2) is less than 1
C1

logK.
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8 XINLONG DONG AND DRAGOMIR ŠARIĆ

By Lemma 3 and invariance of ρD∗ under the Euclidean rotation in the origin, there is
δ > 0 small enough such that

|g(1)− 1| 6 |g(0)− 1|e
− 1
C1

logK

= |g(0)− 1|1/K1/C1 .

By choosing δ > 0 small enough such that C1 close enough to 1 we obtain the lemma. �

We give an infinitesimal version of the above estimate.

Lemma 5. Let µ(t) for t ∈ Dr0(0) with r0 > 0 be a holomorphic family of Beltrami co-

efficients in C. Let f t : Ĉ → Ĉ be the quasiconformal map with the Beltrami coefficient

µ(t) that fixes 0, 1 and ∞. Given 0 < r < r0, let Kr = sup{t:|t|6r}
1+‖µ(t)‖∞
1−‖µ(t)‖∞ be the maximal

quasiconformal constant of f t for |t| 6 r.
Given ε > 0 and 0 < r < r0 there exist δ1 = δ1(Kr) > 0 and C = C(r) > 0 such that for

any distinct a, b, c, d ∈ Ĉ with
|cr(a, b, c, d)− 1| < δ1

we have, for all |t| 6 r,∣∣∣ d
dt
cr(f t(a), f t(b), f t(c), f t(d))|

∣∣∣ 6 C|cr(a, b, c, d)− 1|1/(Kr+ε) log
1

|cr(a, b, c, d)− 1|
.

Proof. The function g(t) = cr(f t(a), f t(b), f t(c), f t(d)) is a holomorphic map from the disk
{|t| < r0} to C \ {0, 1}. Let λ{|t|<r0} and λ0,1 denote the infinitesimal forms of the corre-
sponding hyperbolic metrics. The Schwarz lemma implies that

λ0,1(g(t))|g′(t)| 6 λ{|t|<r0}(t).

Then there exists C = C(r) > 0 such that, for |t| 6 r,

(4) |g′(t)| 6 C|g(t)− 1| log
1

|g(t)− 1|
.

Note that g′(t) = d
dt
cr(f t(a), f t(b), f t(c), f t(d)). Lemma 4 implies that there exists δ1(Kr) >

0 such that
|cr(f t(a), f t(b), f t(c), f t(d))− 1| 6 |cr(a, b, c, d)− 1|

1
Kr+ε

for all a, b, c and d in C with |cr(a, b, c, d)− 1| < δ1(K) which together with the inequality
(4) finishes the proof. �

3. The Liouville map and uniform Hölder topology

In this this section we define the Liouville map, the space of bounded geodesic currents
and the space of bounded Hölder distributions for the Riemann surface X.

We identify the conformally hyperbolic Riemann surface X with H/Γ, where Γ is a Fuch-
sian group acting on the upper half-plane H. The space of oriented geodesics G(X̃) =

(∂∞X̃ × ∂∞X̃) \ diagonal is identified with (R̂× R̂) \ diagonal. Fix a reference point z0 ∈ H
and define an angle distance d(x, y) for x, y ∈ R̂ = R ∪ {∞} with respect to z0 to be the
smaller of the two angles between the geodesic rays starting at z0 and ending at x and y,
respectively. Even though the distance d depends on the choice of the reference point z0, for
any two choices the identity map is bi-Lipschitz for the two distances. The angle distance
induces the product metric on G(X̃) via the identification with (R̂× R̂) \diagonal called the
angle metric. Two angle metrics given by two different reference points are bi-Lipschitz.
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ON COMPLEX EXTENSION OF THE LIOUVILLE MAP 9

A geodesic current for X is a positive Radon measure on G(X̃) = (R̂× R̂) \ diagonal that
is invariant under the action of the covering group Γ and the change of the orientation of the
geodesics (see [3]). The space of geodesic currents is denoted by G(X). The Liouville measure
LX̃ for X is the unique (up to scalar multiple) full support Radon measure that is invariant

under the isometries of the universal covering X̃ and the change of the orientation of the
geodesics. More precisely, the Liouville measure of a Borel set A ⊂ (R̂×R̂)\diagonal = G(X̃)
is given by (see [3])

LX̃(A) =

∫∫
A

dxdy

(x− y)2
.

When A = [a, b] × [c, d] ⊂ G(X̃) is a box of geodesics with one endpoint in [a, b] ⊂ R̂ and

another endpoint in [c, d] ⊂ R̂ then

LX̃([a, b]× [c, d]) = log cr(a, b, c, d).

It is evident from the definition that LX̃([a, b]× [c, d]) = LX̃([c, d]× [a, b]).
A quasiconformal map f : X → X1 induces a quasisymmetric map of the ideal boundaries

of the universal covers X̃ and X̃1 of X and X1, respectively. The induced map in turn
induces a homeomorphism of the space of geodesics G(X̃) and G(X̃1) which is equivariant
for the actions of the covering groups. The Teichmüller equivalence class [f : X → X1]
induces the pull-back of the Liouville measure LX1 to the space of geodesics G(X̃) denoted
by L[f ] under the induced homeomorphism of G(X̃) and G(X̃1) . In general, L[f ] is invariant

under π1(X) but not invariant under all isometries of X̃ and thus different from LX . In fact,
L[f ] completely recovers the Riemann surface X1 and the Teichmüller class of f : X → X1.

Bonahon [3] introduced the Liouville map

L : T(X)→ G(X)

by
L([f ]) = L[f ].

Bonahon [3] used the Liouville map in order to give an alternative description of the Thurston
boundary to the Teichmüller space of a compact surface. When X is a compact surface the
space of geodesic currents G(X) is equipped with the standard weak* topology for which the
Liouville map is an embedding onto its image (see Bonahon [3]). Bonahon and the second
author [4] introduced the uniform weak* topology on the space of geodesic currents in order
to introduce a Thurston boundary to Teichmüller spaces of arbitrary Riemann surfaces. This
is a simplification of the topology that was introduced by the second author [10].

Let ζ : G(X̃)→ C be a continuous function with a compact support. Define a semi-norm

‖α‖ζ = sup
γ∈PSL2(R)

∣∣∣ ∫∫
G(X̃)

ζ ◦ γdα
∣∣∣.

The uniform weak* topology is defined using a family of semi-norms {‖ · ‖ζ} where ζ ranges
over all continuous functions with compact support (see [4]).

The space of bounded geodesic currents Gb(X) for X consists of all α ∈ G(X) such that,
for each continuous function ζ : G(X̃)→ C with compact support,

‖α‖ζ <∞.
Bonahon and the second author [4] proved that the Liouville map

L : T(X)→ Gb(X)
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10 XINLONG DONG AND DRAGOMIR ŠARIĆ

is an embedding onto its image when Gb(X) is equipped with the uniform weak* topology
and they introduced Thurston boundary to T(X).

The description of the uniform weak* topology is a significant simplification of the topology
introduced by the second author in [10], [11]. The first author [7] considered the topology
induced by the family of semi-norms {‖ · ‖ξ} where ξ : G(X̃) → C is a Hölder continuous
function with compact support in order to study the differentiability of the Liouville map.
We use this new Hölder topology to give another proof that the Liouville map is real analytic
in an appropriate sense which was proved by Otal [9] using a more complicated family of
semi-norms from [11] (which involve supremum over all Hölder continuous functions with
bounded Hölder norm while we take supremum only over all γ ∈ PSL2(R)).

Let H(X̃) be the space of all Hölder continuous functions ξ : G(X̃)→ C with respect to the
product metric on G(X̃) that are of compact support. A linear functional W : H(X̃) → C
is said to be bounded if, for every ξ ∈ H(X̃),

‖W‖ξ := sup
γ∈PSL2(R)

|W(ξ ◦ γ)| <∞.

The space of bounded Hölder distributions Hb(X) is the space of all bounded complex linear
functionals on the space of Hölder continuous functionsH(X̃) with compact support inG(X̃).
The topology on Hb(X) is induced by the finite intersections of balls for the semi-norms.
This makes Hb(X) a metrizable topological vector space (see [4, §2.3]).

Since the space of bounded geodesic currents is a subset of the space of bounded Hölder
distributions Hb(X), we can consider the Liouville map

L : T(X)→ Hb(X).

It is not hard to see that the Liouville map is a homeomorphisms onto its image in Hb(X)
by noting that continuous functions are well approximated by Hölder continuous functions
(see [7, Theorem 4.2.1]).

4. The complexification of the Liouville map

In this section we define an extension of the Liouville map L : T(X)→ Hb(X) to an open
neighborhood of T(X) in the quasi-Fuchsian space QF(X). The image of the Teichmüller
space T(X) under L consists of geodesic currents, i.e. positive Radon measures on G(X̃).
When [µ] ∈ QF(X) \T(X) it will turn out that the image L([µ]) is not a countably additive
measure but rather a linear functional on H(X̃). Moreover the neighborhood of T(X) for the
extension will depend on a particular function ξ ∈ H(X̃) for which we define the extension.

Note that any Hölder continuous function with compact support can be written as a
finite sum of Hölder continuous functions whose supports are in boxes of geodesics using the
partition of unity. Therefore we only need to extend L([µ])(ξ) for the case when the support
of ξ is in a box of geodesics.

Fix λ with 0 < λ 6 1 and C > 0. Let ξ : G(X̃) → C be a λ-Hölder continuous function.

By the definition, the Hölder constant of ξ is supg1 6=g2

|ξ(g1)−ξ(g2)|
d(g1,g2)λ

, where the supremum is

over all g1, g2 ∈ G(X̃) and d is the angle metric. For a box of geodesics [a, b]× [c, d], denote
by Hλ,C([a, b]× [c, d]) the family of λ-Hölder continuous functions with the Hölder constant
at most C and support in [a, b]× [c, d].

Given n > 0, divide the intervals [a, b] and [c, d] into 2n subintervals that are of equal
size with respect to the angle distance. Let ai and cj be the division points of [a, b] and
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ON COMPLEX EXTENSION OF THE LIOUVILLE MAP 11

[c, d], respectively. In particular a0 = a, a2n = b, c0 = c and c2n = d. The box [a, b] × [c, d]
is partitioned into 4n sub-boxes [ai−1, ai] × [cj−1, cj] for i, j = 1, 2, . . . , 2n whose Liouville
measure satisfies

LX̃([ai−1, ai]× [cj−1, cj]) 6 C14−n

where C1 > 0 is a constant that depends on LX̃([a, b]× [c, d]) (by Lemma 6 below).

Note that for [fµ] ∈ T(X), ξ ∈ H(X̃) and γ ∈ PSL2(R) we have

L([fµ])(ξ ◦ γ) =

∫∫
G(X̃)

ξdLfµ◦γ−1

and consequently

(5) L([fµ])(ξ ◦ γ) = lim
n→∞

2n∑
i,j=1

ξ(ai, cj) log cr(fµ ◦ γ−1(ai−1, ai, cj−1, cj)).

The sum on the right of the above formula is a finite approximation of the integral and note
that log cr(fµ ◦ γ−1(ai−1, ai, cj−1, cj)) > 0.

In order to get estimates uniform in γ ∈ PSL2(R), we first need to be able to partition a
box of geodesics of a bounded size into smaller boxes of approximately the same size (up to
a multiplicative constant that depends only on the size of the initial box). We have

Lemma 6. There exists a continuous function C = C(x) > 0 for x > 0 such that for each

box of geodesics [a, b] × [c, d] ⊂ R̂ × R̂ \ diagonal = G(X̃) and for each n > 1 there exist
partitions [ai−1, ai], i = 1, . . . , 2n and [cj−1, cj], j = 1, . . . , 2n of intervals [a, b] and [c, d]
satisfying

LX̃([ai−1, ai]× [cj−1, cj]) 6 C4−n

with C = C(LX̃([a, b]× [c, d])).
Moreover, each subsequent partition is obtained by adding one partition point in each

interval of the prior partition.

Proof. The Liouville measure is invariant under the action of the group PSL2(R). We map
[a, b]× [c, d] by an element of PSL2(R) onto [−1, 0]× [c∗, 1], where c∗ = 1/(2eLX̃([a,b]×[c,d])−1).

Let a0 = −1, ai = −1 + i2−n for i = 1, . . . , 2n and c0 = c∗, cj = c∗ + (1 − c∗)j2−n for
j = 1, . . . , 2n. We estimate

log cr(ai−1, ai, cj−1, cj) = log
(cj−1 − ai−1)(cj − ai)
(cj − ai−1)(cj−1 − ai)

.

Using the inequality log(1 + x) 6 x for x > −1 and the fact that

cr(ai−1, ai, cj−1, cj) =
(cj−1 − ai−1)(cj − ai)
(cj − ai−1)(cj−1 − ai)

= 1 +
(ai − ai−1)(cj − cj−1)

(cj − ai−1)(cj−1 − ai)
,

it is enough to estimate
(ai − ai−1)(cj − cj−1)

(cj − ai−1)(cj−1 − ai)
.

Since cj − ai−1 > c∗, cj−1 − ai > c∗, ai − ai−1 = 2−n and cj − cj−1 = (1− c∗)2−n, the desired
estimate follows with C = 1−c∗

(c∗)2 . �
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12 XINLONG DONG AND DRAGOMIR ŠARIĆ

Our goal is to show that the limit in (5) exists when we replace [fµ] ∈ T(X) with [f ν ] ∈
QF(X) that are close to T(X). Denote by log z the branch of the logarithm defined in
C \ {Re(z) 6 0} whose imaginary part is in the interval (−π, π). Given ε > 0, denote by
Vε ⊂ QF(X) the set of all [f ν ] with ‖ν‖∞ < ε.

Lemma 7. For 0 < λ 6 1 and C > 0 fixed, there exists ε > 0 such that the limit

lim
n→∞

2n∑
i,j=1

ξ(ai, cj) log cr(f ν ◦ γ−1(ai−1, ai, cj−1, cj))

exists for all [f ν ] ∈ Vε, ξ ∈ Hλ,C([a, b] × [c, d]) and γ ∈ PSL2(R). The convergence is
uniform and the limit is bounded in Vε × PSL2(R).

Proof. Let In :=
∑2n

i,j=1 ξ(ai, cj) log cr(f ν◦γ−1(ai−1, ai, cj−1, cj)). The partition for In+1 is ob-

tained by dividing each box [ai−1, ai]× [cj−1, cj] into four sub-boxes [a(i−1)k, aik]× [c(j−1)k, cjk]
for k = 1, . . . , 4 of Liouville measures at most C14−n−1 for some universal constant C1 by
Lemma 6.

Lemma 4 implies that there is ε > 0 such that the imaginary part of the cross-ratio
cr(f ν◦γ−1(ai(k−1), aik, cj(k−1), cjk)) is small when n is large and [f ν ] ∈ Vε. Thus the logarithm
of the cross-ratio of f ν ◦ γ−1(ai−1, ai, cj−1, cj) is a finitely additive complex measure on these
boxes. More precisely, we have

log cr(f ν ◦ γ−1(ai−1, ai, cj−1, cj)) =
4∑

k=1

log cr(f ν ◦ γ−1(a(i−1)k, aik, c(j−1)k, cjk)).

and

|In+1 − In| 6
2n∑
i,j=1

4∑
k=1

|ξ(aik, cjk)− ξ(ai, cj)| · | log cr(f ν ◦ γ−1(a(i−1)k, aik, c(j−1)k, cjk))|.

By Lemma 4, we have

| log cr(f ν ◦ γ−1(a(i−1)k, aik, c(j−1)k, cjk))| 6 C24−ω(n+1)

where ω → 1 as ε → 0 and C2 is some constant which depends on ε and C1. Since
ξ ∈ Hλ,C([a, b]× [c, d]) we have

|ξ(aik, cjk)− ξ(ai, cj)| 6 C2−λn.

This implies |In+1 − In| 6 C34(1−λ
2
−ω)n for some constant C3 and

I1 +
∞∑
n=1

(In+1 − In)

converges uniformly for small ε > 0 since 1− λ
2
−ω < 0. The partial sum of the first n terms

of the series is In+1 and the lemma is proved. �

Let [fµ] ∈ T(X) and ξ ∈ H(X̃). It would be ideal to find a neighborhood V in QF(X) of
the point [fµ] such that the Liouville map L extends to V. Otal [9] noted that this seems
impossible and the proof of Lemma 7 uses the fact that 1−ω− λ

2
< 0 for ω close to 1 which

is dependent on the size of λ > 0 and in turn on the size of ε. For our purposes, it is enough
to find a neighborhood Vε(λ)([f

µ]) of [fµ] that depends on λ and define the extension on

λ-Hölder continuous functions ξ with compact support in G(X̃) = G(H).
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ON COMPLEX EXTENSION OF THE LIOUVILLE MAP 13

Define Vε(λ)([µ]) to consist of all [fµ+ν ] ∈ QF(X) with ‖ν‖∞ < ε, where ε = ε(λ) > 0 is to

be determined later. Define f η = fµ+ν ◦ (fµ)−1 and note that ‖η‖∞ 6 ‖ν‖∞
1−|µ‖∞ . In particular,

‖ν‖∞ → 0 if and only if ‖η‖∞ → 0.
Let Hλ

b (X) be the space of complex linear functionals W on the space Hλ(X̃) of λ-Hölder

continuous function with compact support in G(X̃) that satisfy

‖W‖ξ = sup
γ∈PSL2(R)

|W(ξ ◦ γ)| <∞

for all ξ ∈ Hλ(X̃).

Theorem 8. Given [fµ] ∈ T(X) and 0 < λ 6 1, there exists ε = ε(λ) > 0 such that the
Liouville map L : T(X)→ Hb(X) extends to a continuous map

L̂ : Vε([µ])→ Hλ
b (X).

Proof. We fix isometric identifications of X̃ and X̃1 := fµ(X̃) with the upper half-plane H.
Fix [fµ+ν ] ∈ Vε([µ]). Let ξ ∈ Hλ(X̃) and without loss of generality we can assume that
the support of ξ is in a box of geodesics [a, b] × [c, d]. Let γ ∈ PSL2(R) be arbitrary and
αγ ∈ PSL2(R) such that αγ ◦ fµ+ν ◦ γ−1 fixes 0, 1 and ∞. Then αγ ◦ fµ+ν ◦ γ−1 = f η ◦ fµ1

with fµ1 = δγ ◦ fµ ◦ γ−1 : H → H where δγ ∈ PSL2(R) is chosen to normalize fµ1 to fix 0,
1 and ∞. Necessarily f η fixes 0, 1 and ∞. The corresponding Beltrami coefficients satisfy

‖µ1‖∞ = ‖µ‖∞ and ‖η‖∞ 6 ‖ν‖∞
1−‖µ‖∞ .

By varying γ ∈ PSL2(R), we obtain a family of maps {fµ1}γ. Since each fµ1 fixes 0, 1
and∞, and the Beltrami coefficients have constant norms, the whole family and its inverses
are Hölder homeomorphisms with Hölder exponent λ1 > 0 and Hölder constant C1 < ∞ in
the spherical metric, where a single λ1 > 0 and C1 <∞ work for the whole family. It follows
that ξ ◦ (fµ1)−1 ∈ Hλ2(X̃1) where λ2 > 0 holds for the whole family and the support of each
ξ ◦(fµ1)−1 is in the box [a∗, b∗]× [c∗, d∗] := fµ1([a, b]× [c, d]) which depends on γ ∈ PSL2(R).

The construction starts with an approximation of ξ ◦ (fµ1)−1 by step functions ξn (see
[11], [7]). Partition the box [a∗, b∗] × [c∗, d∗] into 4n sub-boxes using Lemma 6 as in the
proof of Lemma 7. The sub-boxes [ai−1, ai]× [cj−1, cj] of [a∗, b∗]× [c∗, d∗] intersect in at most
their boundaries which have Liouville measure 0. The step function ξn is defined to have a
constant value ξ ◦ (fµ1)−1(ai, cj) on the box [ai−1, ai] × [cj−1, cj] for i, j = 1, 2, . . . , 2n and
zero elsewhere. The ambiguity for the definition of ξn on the intersections of the boxes is
not important because the Liouville map is defined using the integration.

For ξ ∈ Hλ([a, b]× [c, d]) we have

(6)

∫∫
G(X̃)

ξ ◦ γdLfµ =

∫∫
G(X̃)

ξ ◦ (fµ1)−1dLX̃1
= lim

n→∞

∫∫
G(X̃)

ξndLX̃1

and

(7)

∫∫
G(X̃)

ξndLX̃1
=

2n∑
i,j=1

ξ ◦ (fµ1)−1(ai, cj) log cr(ai−1, ai, cj−1, cj).

The expression in (7) and fµ+ν ◦ γ = f η ◦ fµ1 motivates the definition

(8) L̂[fµ+ν ](ξn ◦ γ) =
2n∑
i,j=1

ξn(ai, cj) log crf η(ai−1, ai, cj−1, cj).
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14 XINLONG DONG AND DRAGOMIR ŠARIĆ

By Lemma 7, there is ε > 0 such that L̂[fµ+ν ](ξn ◦ γ) converges uniformly on Vε([µ]) ×
PSL2(R) to a bounded function which is the desired extension. In Theorem 9 in the next

section we prove that L̂ is holomorphic on each affine disk in Vε([µ]). By [6, Theorem 14.9,

page 198], it follows that L̂ is continuous. �

5. The Liouville embedding is real analytic

In this section we prove that the Liouville embedding is real analytic. To do so, we show
that the complexification L̂ : Vε([µ])→ Hλ

b (X) is holomorphic.

Theorem 9. Let 0 < λ 6 1 and [µ] ∈ T(X). For ε = ε(λ) > 0, the complexified Liouville
embedding

L̂ : Vε([µ])→ Hλ
b (X)

is holomorphic.

Proof. It is enough to prove that L̂ is holomorphic on each affine disk D = {ϕ0 +tϕ : |t| < r}
in a chart of QF(X) corresponding to Vε([µ]) and that L̂ is bounded (see [6, Theorem 14.9,

page 198]). By the proof of Theorem 8, L̂(Vε([µ])) is bounded and it remains to prove that

L̂ is holomorphic on each affine disk.
If η0 and η are the complex harmonic Beltrami coefficients corresponding to ϕ0 and ϕ for

the Riemann surface fµ(X), then the complex harmonic Beltrami coefficient ηt corresponding
to ϕ0 + tϕ satisfies

ηt = η0 + tη.

The inverse of the affine disk D in QF(X) is represented by the quasiconformal maps
f ηt ◦ fµ. Let νt be the Beltrami coefficient of f ηt ◦ fµ ◦ γ−1.

There exists δγ ∈ PSL2(R) such that

f ηt ◦ fµ ◦ γ−1 = f η̂t ◦ fµ1

where f η̂t and fµ1 = δγ ◦ fµ ◦ γ−1 fix 0, 1 and ∞.

We need to prove that there exists a complex linear map D[νt]L̂ : T[νt]QF(X) → Hα
b (X)

such that

(9) lim
h→0

‖L̂([νt+h])− L̂([νt])− hD[νt]L̂(η)‖ξ
|h|

= 0

for all ξ ∈ Hα(X̃) with the limit being uniform in γ ∈ PSL2(R).
By the use of the partition of unity, we can assume that the support of ξ is in a box

of geodesics [a, b] × [c, d]. As before, the support of the family ξ ◦ (fµ1)−1 is in a box of
geodesics [a∗, b∗]× [c∗, d∗]. We partition [a∗, b∗]× [c∗, d∗] into 4n sub-boxes and define a step
function ξn to have value ξ ◦ (fµ1)−1(ai, cj) on [ai−1, ai] × [cj−1, cj] and zero elsewhere. Let

In(t) =
∫∫

G(X̃)
ξndLf η̂t =

∑2n

i,j=1 ξ ◦ (fµ1)−1(ai, bj) log cr(f η̂t(ai−1, ai, cj−1, cj)). We proved in

Theorem 8 that I1 +
∑∞

n=1(In+1 − In) = L̂([νt])(ξ ◦ γ).

Denote by İn := d
dt
In(t) and define

D[νt]L̂(η)(ξ ◦ γ) = İ1 +
∞∑
n=1

(İn+1 − İn).
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The argument in Lemma 7 estimates the series
∑∞

n=1(In+1 − In) by
∑∞

n=1 4n(ω+
λ1
2
−1) <

∞. An analogous approach using the estimate from Lemma 5 gives an upper bound∑∞
n=1 n4n(ω+

λ1
2
−1) <∞ to

∑∞
n=1 |İn+1 − İn|. This shows that D[νt]L̂(η)(ξ ◦ γ) is well-defined

with an upper bound independent of γ. Thus D[νt]L̂(η) = d
dt
L̂([νt]) ∈ Hλ

b (X) and it is

complex linear as a limit of complex linear İn.
It remains to prove (9). To simplify the notation we write I(t) := L̂([νt])(ξ ◦ γ) and

İ(t) = d
dt
I(t) = D[νt]L̂(η)(ξ ◦ γ). Then (9) becomes

lim
h→0

sup
γ∈PSL2(R)

|I(t+ h)− I(t)− hİ(t)|
|h|

= 0.

It is enough to prove that for any ε > 0 there is n > 0 such that

(10) lim
h→0

sup
γ∈PSL2(R)

|In(t+ h)− In(t)− hİn(t)|
|h|

<
ε

2

and

(11) lim
h→0

sup
γ∈PSL2(R)

|(In − I)(t+ h)− (In − I)(t)− h(İn − İ)(t)|
|h|

<
ε

2

Inequality (10) holds for any n because the limit is zero by the uniform (in γ ∈ PSL2(R))
differentiability of cr(f [νt] ◦ γ)(ai−1, ai, cj−1, cj) in the variable t. To estimate the limit in
(11), we divide it into two parts and prove that

(12) lim
h→0

sup
γ∈PSL2(R)

|(In − I)(t+ h)− (In − I)(t)|
|h|

<
ε

4

and

(13) lim
h→0

sup
γ∈PSL2(R)

|h(İn − İ)(t)|
|h|

<
ε

4
.

The inequality (13) holds for n large enough because (İ − İn)(t) =
∑∞

k=n(İk+1 − İk)(t) is
a tail of a uniformly convergent series. To prove (12) note that by Mean Value Theorem the
limit is bounded above by maxs

∑∞
k=n |(İk+1 − İk)(s)| for s between t and t + h. The series

is arbitrary small uniformly in γ ∈ PSL2(R) for n large because it is the tail of a uniformly
convergent series which was established in the first part of the proof and the theorem is
established. �

Since holomorphic maps are equal to the sums of their Taylor series, a direct consequence
of the above theorem is

Theorem 10. The Liouville embedding

L : T(X)→ Hb(X)

is real analytic.
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[5] F. Bonahon and Y. Sözen, Variation of the Liouville measure of a hyperbolic surface. Ergodic Theory
Dynam. Systems 23 (2003), no. 3, 729-758.

[6] S. B. Chae, Holomorphy and calculus in normed spaces. With an appendix by Angus E. Taylor. Mono-
graphs and Textbooks in Pure and Applied Mathematics, 92. Marcel Dekker, Inc., New York, 1985.

[7] X. Dong, Differentiability of the Liouville map via Geodesic Currents. Thesis (Ph.D.)-City University of
New York. 2021.

[8] F. Gardiner and N. Lakic, Quasiconformal Teichmüller theory. Mathematical Surveys and Monographs,
76. American Mathematical Society, Providence, RI, 2000.

[9] J.P. Otal, About the embedding of Teichmüller space in the space of geodesic Hölder distributions. Hand-
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