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Abstract

Consider the following mean curvature equation in the static spacetime
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with Dirichlet boundary condition on a bounded domain. We investigate the exis-
tence and uniqueness of classical solution. By variational method, we also establish
the multiplicity of strong solutions. Moreover, according to the behavior of H near
0, we obtain the global structure of positive solutions for this problem. The sym-
metry of positive solutions is also investigated.
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7 Radial symmetry of positive solutions 24

1 Introduction and main results

Let Q C RY with N > 1 be a domain and f be a smooth positive function on Q.
Denote by M the N + 1-dimensional product manifold I x €2 endowed the Lorentzian
metric

= —f}(x)dt* + da*.

From Lemma 12.37 of [22], we know that M is static relative to 0;/f.

For any u € C*(Q), let M = {(z,u) :x € Q,u € C*(Q)}. A spacetime M is static
relative to an observer field U provided U is irrotational and there is a smooth positive
function such that fU is a Killing vector field. Then (M, g) := .# is an N-dimensional
hypersurface in M at time ¢ which can be represented by the graph of t = u. .# is called
spacelike if f|Vu| < 1in Q (see [16]). While, .# is called weakly spacelike if f|Vu| <1
a.e. in ). Given mean curvature H for spacelike graph .#, we shall derive the following
mean curvature equation in Section 2

( F(2)Vu )+ VuV f(z)

(1.1)

VI- PV ) I- P@)VaE

When f =1, H = 0 and Q = RY, Calabi [5] proved that equation (1.1) has only
linear entire solut1ons for N < 4. Cheng and Yao [7] improved Calabi’s result for all N.
When f =1 and H is a positive constant, some celebrated results for equation (1.1) were
obtained by Treibergs [26]. If f = 1, Q is a bounded domain and H is a bounded function
defined on © x R, Bartnik and Simon [1] proved that the equation (1.1) with Dirichlet
boundary condition has a spacelike solution. By critical point theory or topological
degree, the authors of [4, 8] studied the nonexistence, existence and multiplicity of positive
solutions in the case of f = 1 and €2 being a bounded domain. When f = 1 and
Q = Bg = Bg(0) := {z € R" : |z| < R} with R > 0, the authors of [2, 3] obtained some
existence results for positive radial solutions of equation (1.1) with u = 0 on 9Q2. When
f =1, in [9], we studied the nonexistence, existence and multiplicity of positive radial
solutions of equation (1.1) with « = 0 on 02 and NH = —\f(x, s) on the unit ball via
bifurcation method, which had been extended to the general domain in [12, 13]. Recently,
we studied equation (1.1) on a ball.

The aim of this paper is to investigate the existence, regularity, uniqueness, symmetry
and multiplicity of spacelike solutions for equation (1.1) on general bounded domain.

By equation (1.1) we have that

@)V o [(@)Vu
(7 em) - o (o )

P f@)ve ) VuV(2)
= —f(a)div ( e \Vu\2> o) e

= —Nf(z)H.
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When (2 is bounded, we consider the following 0-Dirichlet boundary value problem

1—f2(2)|Vul?
u =0 on 0f),

_&V(_JﬂﬁﬂL_):—ANf@ﬂﬂ%u) in €, (1.2)

where )\ is a nonnegative parameter which can represent the strength of mean curvature
function. Let d denote the diameter of 2. For any z € (), clearly, we can choose fixed
y € 99 such that |z — y| < d/2. For any solution u € C* (ﬁ), since the graph associated
to u is spacelike, we have that

_ ol = S Gt ) B )
u(e)] = Julz) — u(y)| ﬂ@vg>ﬂ®\gW@w<af@

for some ¢ € Q, where [-]|_ denotes the usual sup-norm on Q and fy = ming f(x). It
follows that the image of u lies in [—d, 0] = I5. Thus, we assume that H is a real function
defined on Q2 x Is.

For convenience, u is called (classical) solution if it belongs to C?(€2) N C* (Q) and
satisfies problem (1.2). We first have the following existence and uniqueness of classical
solution.

Hmsweﬁwza

Theorem 1.1. Assume that Q has C** boundary 9 for some a € (0,1). If H €
0%« (ﬁ X L;), problem (1.2) with X\ = 1 has at least one spacetime solution u € C*® (ﬁ)
such that maxg (f(2)|Vu|) < 1— 0 for some positive constant 0, which only depends on
N, f, Q and supg, , f(x)|H(x,t)|. Moreover, the solution is unique if H(x,t) is increas-
ing with respect to t.

When f(z) = 1, Theorem 1.1 is just the Theorem 3.6 of [1] with ¢ = 0 on 02. As we
have pointed out in [13] that the proof of [1, Proposition 1.1] contains a gap. In [13], we
have shown that the uniqueness is right when H is independent on t. Here, we further
show that the uniqueness is also holding when H is increasing with respect to t. So, we
complement the arguments of [1, Proposition 1.1 and Theorem 3.6] even in the case of

f(z) =1

The natural question is whether there exist multiple solutions of problem (1.2). We
will use variational method to give a confirmed answer for this question. To show this,
we state the following assumption on H:

(H1) H : Q x [0,] — R satisfies the Carathéodory condition and the L*-growth
condition

H(z,t) < h(x) for a.e. z € Q,Vt € [0, ] (1.3)

for some function h € L>(Q2).
Following the terminology of [8], a function u € W??(Q) for some p > N with
| f(2)Vu|l» < 1 satisfying problem (1.2) a.e. in Q is called a strong (spacelike) solution.

Then, we have the following multiplicity of strong spacelike solutions.

Theorem 1.2. Besides (H1), assume that Q has C* boundary 0Q and H(z,t) < 0
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for a.e. x € Q and Vt € (0, R) with any fized R € (0,0) such that

H
lim —($’ t

t—0t t

= 0 uniformly with a.e. x € Q. (1.4)

Then, there exists A, > 0 such that problem (1.2) has at least two nontrivial nonnegative
strong spacelike solutions for any A > A.

Furthermore, if  has C%® boundary and H € C%¢ (ﬁ X [0,5]), following Theorem
1.1, the nontrivial nonnegative strong spacelike solutions obtained in Theorem 1.2 are
also belonging to C** ().

Now, two natural questions are in order:

Q1. (Global structure of solutions) If we patch those solutions obtained in Theorem
1.2 together, what does it look like?

Q2. (Positive solutions) Whether those solutions obtained in Theorem 1.2 are positive?

We will use bifurcation method to answer Q1. While, ()2 is a directly corollary of the
strong maximum principle (see Lemma 4.1).

XA XA
| I - | S O
0 A1 '-—): 0 -r.i
(a) Hy=1 (b) Hy = 400
X
1
0 X
(C) HO =0

Figure 1: Bifurcation diagrams of Theorem 1.3.

Let A\ be the first eigenvalue of

{ —div (f?(x)Vu) = Af(z)u in Q,

u=0 on 0f). (1.5)

It is well known that A; is simple, isolated and the unique principal eigenvalue.

4
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Let
X:{uecl(ﬁ) :u:OonaQ}

with the norm ||u|| := || f(x)Vul| . It is not difficult to verify that ||u|| < (d||Vull) /2
and ||u| /far < [Vulloo < ||ul| /fo, where fir = maxg f(z). It follows that the norm |jul|
is equivalent to the usual norm |[u| + [[Vull. Let P ={u € X :u >0 on Q}. From
now on, following [24], we add the point co to our space R x X.

Then, we have the following theorem, which is also one of the main results of this
paper.

Theorem 1.3. Assume that Q has C** boundary, H € C®* (Qx [0,0]) such that
H(z,t) <0 for any v € Q and t € (0,0], and there exists Hy € [0, +0c] such that

NH
lim —(x’ t

t—0t t

= —H,
uniformly for x € Q. Then,

(a) if Hy = 1, there is an unbounded component € of the set of nontrivial solutions
of problem (1.2) bifurcating from (A1, 0) such that € C (R x P)U{(A,0)}, (A1, 4+00) C
prg (€), |luall < 1 and limy 1o [Jun|| = 1 for (A\uy) € €\ {(A\1,0)}, where prg (%)
denotes the projection of € on R,

(b) if Hy = +o0, there is an unbounded component € of the set of nontrivial solutions
of problem (1.2) emanating from (0,0) such that € C (R x P)U{(0,0)}, joins to (+o0, 1)
and [Juy]| < 1 for (A, uy) € €\ {(0,0)},

(c) if Hy = 0, there is an unbounded component € of the set of nontrivial solutions
of problem (1.2) such that € C R x P, joins (+00,1) to (+00,0) and ||uy|| < 1 for any
(A, uy) € € with A < 400.

Figure 1 illustrates the global bifurcation branches of Theorem 1.3. The existence
or multiplicity of positive solutions of problem (1.2) can be easily derived from these
diagrams. Again using Theorem 1.1, we see that these positive solutions are also belonging
to €2 (Q).

Finally, we consider equation (1.1) with more general Dirichlet boundary condition

1=f2()|Vul?
U= on 0f),

- 2w)va ) _ :
div (#) = AN f(z)H(x,u) in Q, (1.6)

where ¢ : 0 — R is a given function whose values will be taken in the sense of (1.1) of
[1].

Assume that H : 2 x R — R satisfies the corresponding assumptions of Theorem 1.1,
¢ is bounded and has an extension ¢ € C** (Q) (¢ € C* (Q)) satisfying f |[Vp| < 1 -6,
in Q, for some 6, > 0. Repeating the argument with obvious changes, we can see that the
conclusion of Theorem 1.1 is also valid for problem (1.6). In this case, 6 is also dependent
on 6.

By Lemma 3.3 (clearly, which is valid for problem (1.6)), if H(x,t) is increasing with
respect to ¢, classical solution is also the ground state solution of problem (1.6). Con-
versely, the natural question is whether the ground state solution is also the classical

D
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solution of problem (1.6)? To answer it, we need the following “anti-peeling” theorem,
which extends the corresponding result of [1, Theorem 3.2].

Theorem 1.4. Let ug be the ground state solution of problem (1.6) with a.e. bounded
H. If there is a line segment Tox; CC ) such that

f(@®)|Vuo (2°)| = 1,Vs € [0, 1], (1.7)

where x° = xo + s (v — o), then this equality holds for all s € R such that x* € ) and
roxr® CC ().

On the basis of Theorem 1.4, we have the following regularity.

Theorem 1.5. Suppose that ¢ is bounded and has an weakly spacelike extension 1) :
Q — R with ¢ = ¢ on Q). Define the singular set

K={zy:z,y€ 0 x#yxy CQand [o(z) - o(y)| = |z —yl},

where @ is determined by fVo = V@. Let H be a given function, measurable on
Q x R and continuous in the R-component, with supq.g|H| < A < +oo and H €
C*((Q\ K) x R). Then any ground state solution u of problem (1.6) is strictly space-
like on Q\ K and satisfies the first equation of problem (1.6) on Q\ K. Furthermore,
fIVu|l =1 on Ty, where Ty € K.

The rest of this paper is arranged as follows. In Section 2, we derive the equation
(1.1). In Section 3, we study the uniqueness of solution and present the proof of Theorem
1.1. The proof of Theorem 1.2 will be given in Section 4. Section 5 is mainly concerns
the proof of Theorem 1.3. In Section 6, we give the proofs of Theorems 1.4-1.5. In the
last Section, we show a result concerning the radial symmetry of positive solutions when
Q) is the unit ball.

2 Formulation of equation (1.1)

We denote Minkowski space by LY := {(z,t) : z € RN, t € R}, with the flat metric
ZiN:1 dx? — dt*. Let e;, i = 1,..., N, denote the natural basis of RY. Choose ey, such

that
—1 ifi=N+1,

<6N+17€i>:{0 if i € {1,..., N},

where (-, -) denotes the flat metric of LY+, Then, we see that

€1,. .., €N,f€N+1
are the natural basis of M. Let
dz?
* 2
g = —dt*+ F

Clearly, g* = g/ f?* is a conformal metric of g. Correspondingly, we use M* to denote the
N + 1-dimensional product manifold I x €2 with the new Lorentzian metric g*. Clearly,

el/fv"'veN/faeN-‘rl
6
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are the natural basis of M*. From now on, we use a superscript * the geometric quantities
to indicate which are related to the metric g*.

Assume that v € C?*(Q2) and let M = {(z,u(z)) : € Q}. Then we have coordinate
tangent vectors X; = e; + fu;en1 and X = ¢;/f + wieni1, where u; = Viu = 0u/0z;,
1 =1,...,N. Then, the induced metric on M under the metric g is

gij = <XZ,X]> = 61’]’ — fQUin, Z,] € {1, ce ,N},

where 0;; =1 (0) if j = (j # ¢). Similarly, we also have that

9ij = <Xi an> = F <Xi7Xj> = ngj-
It follows that the inverse matrix of g is f?g” := (g;*j)_l, where (g%”) is the inverse
matrix of (g;;).
Let v be the upward normal to M under the metric g, normalized by (v,v) = —1,
(f*Vu, 1)

/1= 2 Vu?

Similarly, we choose

Y
V1= PV
be the upward normal to M under the metric g*. Obviously, one has that v* = fo.
It is well known that the second fundamental form can be calculated by

Ay = (X, Vxv), A} = <X;’<ﬁ};v*>,

where V and V" are the Levi-Civita connection under g and g*, respectively. For any point
p = (z,u(z)) € M, we have that p = Zf\il zie; )/ f(x) + ueny1 = (x/f,u) = (2%, u(x))
under the metric ¢g*. Then, we have that

Oz
Viu= Vg = Vi) (@),
where Vyu(z) = du(z)/dz;, Viu(z) = du(z)/0z*. It follows that V' = fV, V* = fV
and div’ = fdiv, where V* means the ¢g*-gradient and div* represents the divergence
operator corresponding to g*. Then, using Proposition 7.35 of [22], we have that

A:j = <XZ*,v§(;U*> = <Xi,v)(;f (fU)> = f <Xi,vx;v> + <Xi, UVXJ*f>
= f <Xi>vX;‘U> =f <Xi,vxj/fU> = <Xi>vXjU>

The mean curvature of M associated to g is

zgj:l giinj

H—
N
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Then, related to g*, we have that

N

N
NH* =" (g5) " Ay =12 974y = NPH. (2.1)

ij=1 ij=1

On the other hand, we have known that

V*u

\/1— | VEul™

where |V*u|™ = ¢* (V*u, V*u). Noting the fact of 1 — |V*u|*? = 1/f2 — |Vu|?, by some
elementary calculations, we obtain that

NH* = div*

NE* = div' | ) = pdiv f@)Vu
V1= P@) Vo

Therefore, in view of the relation (2.1), we reach that

div fz(x)Vu
V1= P VP

=Nf(x)H

which is equivalent to (1.1).
Another way to derive (1.1) is to obtain it as the Euler-Lagrange equation of a vari-
ational problem. The metric g can be rewritten by

ds* = () (—dt2 + gij(x)dxidxj) , 1,7 €4{1,...,N},

where 9(z) = f*(z) and
=
B _ @) 1 Js

Let g = (g;;)~". Consider the functional

s = [ (= ) 7 ey do 8 [ ([ 0e) dt) 722 d

in
{ne H"™(Q):n=00n02and |V <1ae. in Q},
where
N .
Vil = g7 (@)VinVin
2,J=1
and .
g =det (g;) = )

Next we use the summation convention that repeats indices from 1 to N. The corre-
sponding Euler-Lagrange equation for a spacelike solution u looks like
1 0 N 0

~ v dg” g7 dg; N 3
—— (§"*vg" D, ———D uDju Y4 Zn D;Inv¢g”Dju = N\/vH
g'/? oz (5" vg” Dju) ot oot Tapar YT uPilnegt Dy VO,

(2.2)
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where D;u = Ju/dz" and

N ~1/2
v = <1 - Z g (x)Diu - Dju> =(1- fQ(x)|Vu|2)71/2 :

1,7=1

From (2.2), we have that

NiH - deiV<1 F2Vu ) NfVfVu

N APV ] 1= PIVap
NfViVu NfVVu

. fAVu B
v (ﬁ - f2|w|2> VI PVaE T PP

. fAVu
= div .
V1= fVul?

We would like to point out that equation (2.2) has been derived in [17]. While, there
lost the term /2 in functional .J. The last g on the left of (2.2) is also lost in (1.24)
of [17]. So, we give the detailed derivation process here. Clearly, this small gap does not
affect other arguments and results of [17]. In particular, the global gradient estimates

[17, Theorem 2.1 and Theorem 4.1] is valid to problem (1.2).
Define the connected Lorentz ball by

Kp(&)={reQ:2{ Cc Qi(z,¢) <R} CQ, (2.3)

where z€ denotes the line segment joining x and &, I(x,€) = \/|z — &2 — |u(x) — u(&) 2.
By Lemma 2.1 of [1] and the global gradient estimates [17, Theorem 2.1 and Theorem
4.1], we can easily arrive the following estimate.

Corollary 2.1. Let Q C RY be a bounded nonempty domain. Assume supq, . |H(x,t)] <

A < +oo. Letu € C*Q)NC* (Q) be any nontrivial spacelike solution of problem (1.2)
with A = 1. Let £ € Q and R > 0 be such that Ksr(§) CC . Then there are positive
constants o < 1/N and C depending only on N, such that

NA+— 22 >2R2+1
Ce< Visen? v(§) zRN/

Kr(§)

Ua+1 dx -+ RQN/ Z (f]ul -+ fuij)2 dl’,
KRr()

where v* =1 —0 and v = /1 — f2(x)|Vul2.
3 Uniqueness

In this section, we always assume that A = 1. Recall that C%!(Q) is the class of locally
Lipschitz functions on €2. Let

S ={weC™(Q):w=00ndand f[Vw| <1ae. inQ}.
Define the energy functional I : . — R by

I(w) :/9(1 VI~ P@)Vap) dx+N/Q (f(:c) /OuH(x,t) dt) da.

9
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For any w € ., as in the Introduction, we can see that |w(z)| < 6 for a.e. € Q. In this

section, we always assume that H(x,t) : Q x Iy — R satisfies the L*°-growth condition

(1.3). So, I is uniformly bounded on .. The equicontinuity of .7 gives a uniformly

convergent minimizing sequence u, = u € . as n — +4o0o. Since /1 — f2(z)p? is

concave with respect to p, a semi-continuity theorem of [21, Theorem 1.8.1] shows that
I(u) < liminf I (u,) .

n——+oo

It follows that u is the ground state (least energy) solution of problem (1.2). Set

:/Q\/l—f2(x)|Vu|2dx—N/Q <f(m) /OUH(x,t)dt> dz.

Clearly, u is the ground state solution of problem (1.2) if and only if it is a maximizer of
Aon 7.

Moreover, we have the following uniqueness of the ground state solution.

Lemma 3.1. The ground state solution of problem (1.2) is unique if H(x,s) = H(x) €
L>(QY), which is denoted by V(H).

Proof. Suppose u, w are two ground state solutions of problem (1.2). By an argu-
ment similar to that of [1, Proposition 1.1], we can obtain that

/Q(\/Tw—ut]\ffﬂ(l’)> dr = (1—75)/9 <W_Num($)> i
+1t/Q (\/TIVUJIQ—NWH(@) dz,

where u; = u + t(w — u). It follows that

/\/1—f2 ) [V do = ( 1—t/\/1—f2 ) |Vu)? dx—i—t/\/l—f2 ) [Vwl]? da.

Then, the concavity of /1 — f2(z)p? and u = w on I imply that u = w in Q. ]

Furthermore, by Lemma 3.1 and an argument similar to that of [1, Lemma 1.2] with
obvious changes, we have the following comparison principle for the ground state solution.

Lemma 3.2. Assume that w;, i = 1,2, is the ground state solution of problem (1.2)
with H; € L*(Q) and Hy(z) < Hay(x) for a.e. x € Q. Then, ugy < uy in Q.

In addition, we have the following uniqueness for monotonous curvature function.

Proposition 3.1. The ground state solution of problem (1.2) in . is unique if H(x,t)
15 increasing with respect to t.

Proof. Let u, w be any two ground state solutions of problem (1.2) in .. By Lemmas
3.1-3.2, we have that

0<(u—w)=V(H(z,u)) - V(H(z,w)))(u—w)<O0.
10
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It follows that ©w = w in . ]

If H is increasing with respect to t, the following lemma roughly says that the classical
solution is also the ground state solution of problem (1.2).

Lemma 3.3. If0Q € C?, H(x,t) is increasing with respect to t, any spacelike solu-
tion u € C* (Q) N C*(Q) is also the ground state solution of problem (1.2).

Proof. For any v € ., by the concavity of /1 — f2(z)p? with respect to p, we have
that

f2(x)VuV(u —v)
o /1= f2(2)[Vul?

Multiplying problem (1.2) by v — u and integrating over €2, we obtain that

iv fQ(x)Vu v—u)dr = T r,u)(v—u)dx.
| <¢1—f2<x>|w|2>( o =N [ @)t a)(w=u)d

In view of [17, Theorem 2.1 and Theorem 4.1], using integration by parts, we have that

/Q VI- P@IVedr - / VI- P@IVuPdz <

f2(z)Vu(Vu — Vo
o 1— f22)[Vul?

Since H(x,t) is increasing with respect to ¢, we obtain that

L(/OUH(x,t)dt—/ouH(x,t)dt) dr = /ﬂ[H(w,t)dtdm

= / H(x,t)dtdx
u<v Ju

) dx = N/Qf(x)H(x,u)(v —u)dz.

—1—/ H(x,t)dtdx

u>v Ju

> /H(x,u)(v—u)dm.
Q

Therefore, we have that

/Q 1—f2]V’U\2dQJ—/Q 1— f2[Vul2dz < N/Qf(x) (/OUH(:c,t)dt—/OuH(x,t)dt> dx,

that is to say

/Q\/l—f2(:1:)|Vv\2d:c—N/Qf(:c) /OUH(:c,t)dtd:c < /Q\/l—fQ(:c)|Vu\2d:c

—N/Qf(x) /Ouﬂ(m,t) dt dz.

It follows that u is a maximizer of A on .%. So, u is the ground state solution of problem
(1.2). n

11
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Using Lemma 3.3 and reasoning as that of [1, Lemma 1.3], we can obtain the follow-
ing result, which roughly says that the limit of the classical solutions is the ground state
solution of problem (1.2).

Lemma 3.4. Suppose that 02 € C* and there is a sequence {u;}" in C' (Q) N C*Q)
of spacelike functions with mean curvatures Hy, Hy is measurable on 0 and supq |Hy| <
A < +o0, such that {uy} converges uniformly and {Hy}{" converges weakly,

uk:3uz'n00(ﬁ),
H, — H in L* ().

Then u is weakly spacelike and is the ground state solution of problem (1.2) with mean
curvature H .

We end this section by presenting the proof of Theorem 1.1, which is a modification
of the argument given in [1, Theorem 3.6].

Proof of Theorem 1.1. For any ¢ € [0, 1], we consider the following problem
div [ —L@¥e__ ) — Nof(x)H(z,u) in Q,
1= 2(2)|Vul2 (3.1)
u=20 on 0f).

For every solution u € C** (Q) of problem (3.1), from [17, Theorem 2.1 and Theorem 4.1],
we get that there exists a positive constant § depending on N, f, supg,, f(z)|H(z,t)|
and Q such that maxq (f(z)|Vu|) < 1 — 6. Applying Theorem 13.7 of [19], we get a
priori estimate for Hu||clﬂ(§) with some 8 € (0,1). Finally, by Theorem 11.4 of [19],

Proposition 3.1 and Lemma 3.3, we obtain the desired conclusions. [

4 Existence of solutions via variational method

Define
Ko={ueW"(Q): [|fVullso <1,u=0on 00} .
Let @ : C'(Q) :— (—00, +00] be defined by

®(u) = { ﬁ (1 —Vi- f2(:v)|Vu|2) dr  if u € Ky,

otherwise.

Clearly, ® is convex. Moreover, as that of [4, Lemma 4], we can show that ® is lower
semicontinuous.

In this section, we assume that H satisfies the Carathéodory conditions on €2 X Is
and the L>®-growth condition (1.3). So, for any u € C (Q), the Nemytskii operator
Nu(u) := H(z,u(z)) is continuous and maps the bounded sets in C' (Q) into the bounded
sets in L'(€2). Clearly, Ny (u) € L>(Q) for any u € C (Q). Define the functional

H(w) :N/Q (f(:c) /OUH(x,t) dt) d

12
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on C' (ﬁ) Clearly, H is C' and its derivative is given by
(H'(u),v) = N/ f(@)Nyvdz
Q

for all u,v € C (ﬁ) So, I = ® + H has the structure required by Szulkin’s critical point
theory [25]. Following the definition of [25], u € K| is critical point of I if it satisfies the
following variational inequality

P(v) — P(u) + (H'(u),v —u) >0 for all v € K.

According to [25], I is said to satisfy the (PS)-condition if {u,} is a sequence contained
in K, such that I (u,) — ¢ € R and

P(v) — P (un) + (H' (un) ,v —up) > —ep |lv —unll, Yv € Ky,

where e, — 07 as n — 400, then {u,} possesses a convergent subsequence. By Lemma
2 of [4] and the positivity of f, we see that K is compact in C (Q) Thus, I satisfies the
(PS)-condition.

To prove Theorem 1.2, we first prove the following preliminary result.

Lemma 4.1. Assume that Q has C* boundary 0Q and h € L>*(). Then, the prob-

lem
T f2(x)Vu _ :
div (\/W) h in €,
u=>0 on 0N}

(4.1)

has a unique solution u € WP(Q) for some p > N and there erists a positive constant
= 0 (f,||hlloc, ) such that maxg (f(x)|Vu|) < 1—0. Moreover, if h > 0 in Q, then

u >0 in Q and uw cannot achieve a minimum in §) unless it is the trivial solution.

Proof. The existence can be obtained from Theorem 5.1 [17]. The uniqueness can
be deduced easily from Lemmas 4.1 and 4.3. Finally, if A > 0 in €2, by virtue of Theorem
9.1 of [19], we know that u > 0 in §2. Further, using Theorem 9.6 of [19], we have that u
cannot achieve a minimum in €2 unless it is a constant. ]

If Q has C? boundary Q2 and h € L>(f2), reasoning as that of Lemma 3.3, we can
show that the solution obtained in Lemma 4.1 is the unique ground state solution of
problem (4.1) in Ky. Conversely, if Q has C? boundary 99 and u is a critical point of I,
then it is also ground state solution of the following problem

. 2(2)\Vw .
—div (%) = —NfNg(u) in Q,
w =0 on 0.

So, u is a strong spacelike solution of problem (1.2) with A = 1.
The first existence result of this section is the following proposition.

Proposition 4.1. Assume that  has C? boundary 0Q. Then, problem (1.2) with A =1
has a strong spacelike solution, which is also the ground state solution.

13
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Proof. Since [ satisfies the L*-growth condition, we can easily derive that I is bounded
from below on C' (Q) Noting that I satisfies the (PS)-condition, by Theorem 1.7 of [25],
we obtain a critical point ug € Ky of I such that

I (up) = uelél(fﬁ) I(u).

So, ug is a strong spacelike solution of problem (1.2) with A = 1 and it is also the ground
state solution. u

Obviously, the energy functional associated to problem (1.2) is

L(u) = ®(u) + )\N/ (f(x)/ H(z, 1) dt) do
Q 0
on C (Q). Clearly, one has I,(0) = 0. Then, we have the following existence result.

Proposition 4.2. Besides the conditions of Proposition 4.1, we also assume that there
exists R € (0,6) such that H(x,t) <0 for a.e. x € Q and Vt € (0, R). Then, there exists
A > 0 such that problem (1.2) has at least one nontrivial strong spacelike solution for
any A > A, which is a minimaizer of I.

Proof. Let o € Q and r € (0, R) such that B, (z9) C . Like [4, Theorem 2], choose
the bump function

-2
p@) = | ez B, (x),
O, x € \ Br (mo)

and define
no(x) = min {r, [[Vn| = f3;' } n(2).
It is not difficult to verify that 1y € Ky and 0 < ng(x) < R in Q. So, we have that

N/Q (f(x) /OUOH(x,t) dt) dz < 0,

—® (no)

Av = NfQ (f(x) 0770 H(z,t) dt) dz’

Taking

then for A > \,, we have that I (19) < 0. By Proposition 4.1, we get the desired conclu-
sion. [

On the basis of Proposition 4.2, we can present the proof of Theorem 1.2 via the
Mountain Pass Theorem.

Proof of Theorem 1.2. We first extend H continuously to the whole I by taking
H =0on Q x [-6,0]. And for simplicity, we’'ll still use H to denote the extended func-
tion. For any fixed A > \,, by Proposition 4.2, I, has a nontrivial minimizer ey € K|
such that I, (ey) < 0. To obtain the second critical point of I, via the Mountain Pass

14
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Theorem [25, Theorem 3.2], it is sufficient to show that there exist two positive constants
a and p < ||lex]|s such that

I\(u) > « for all u € Ky with ||| = p. (4.2)

For any u € Ky, by the elementary inequality

Since (1.4) holds, there exists o > 0 such that

H(z,t) > —

[—0o, o]

It follows that

)\N/Q (f(:c) /OUH(az,t) dt) iz > —AZN/Qf@)de.

So, we obtain that

I(u) > >\14N/Qf(:1:)\u]2dx

for any u € Ky with ||u|l« € [—0,0]. Letting p € (0,min {0, |les|l..}), by an argument
similar to that of [4, Theorem 3], we can show that

0< inf /f Yul|? do = 7,

u€Ko,[[ufloo=p

which implies (4.2) with a = (A;N+) /4. Therefore, using the Mountain Pass Theorem,
we obtain a critical point uy € C' (ﬁ) of I such that o < I (uy) < +o0. It follows that
uy € Ko \ {en} is the nontrivial solution of problem (1.2). Finally, we show that e, and
uy are nonnegative. In fact, for any strong spacelike solution u, setting v~ = min{0, u},
multiplying the first equation of problem (1.2) by ™~ and integrating over 2, we find that

S (@) Vu|?
o /1 — f2(z)|Vul?

Hence v~ = 0 and u is a nonnegative solution. [ ]

Example 4.1. We consider the case of H(x,t) = —t? for any ¢t € [0,6]. If p € (0,1],
then by Proposition 4.2 there exists at least one nontrivial nonnegative strong spacelike
solution for any A > A.. If p > 1, according to Theorem 1.2, problem (1.2) possesses at
least two nontrivial nonnegative strong spacelike solutions for any A > A,.

15
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5 Bifurcation

For any t € (0, 1], we consider the following auxiliary problem

—di _ P@Ve ) in O
IV-(\/ltf%xHVuP g(z) in &, (5.1)
u=>0 on 0f?

for a given g € C* (Q) with some a € (0,1). Setting v = v/tu, problem (5.1) is equivalent

1—f2(x)|Vo|?
v=>0 on 0f).

_div (&) — Vig(z) nQ, (5:2)

By Theorem 1.1, we know that problem (5.2) has a unique spacelike solution v € C%* (2)
which is denoted by ¥(v/tg). So, u = ¥(v/tg)/+/t is the unique solution of problem (5.1).
We also consider the following auxiliary problem

[ 28

By Theorem 8.34 of [19], we know that problem (5.3) has a unique solution u € C'* (ﬁ)
for some constant a € (0, 1), which is denoted by ®(g). Clearly, ® : C* (Q) — C" (Q)

is continuous and linear. So, ® : C'* (ﬁ) — C1 (ﬁ) is completely continuous and linear.
Define

Y(ig)
Glt, g) = o ifte(0,1],
®(g) ift=0.

Then, we have that:
Lemma 5.1. G : [0,1] x C* (Q) — X is completely continuous.

Proof. We first show the continuity of G. For any g,,g € C¢ (ﬁ) and t,,t € [0,1]
with g, — ¢ in C*(Q) and ¢, — ¢ in [0,1] as n — oo, it is sufficient to show that
Up =G (tn, gn) = u = G(t,g) in X.

If t > 0, without loss of generality, we assume that ¢, > ¢/2 for any n € N. By
Theorem 1.1, u,\/E, 1= vy, uy/t :=v € C>*(Q) and ||v,]| <1 -6 < 1for any n € N
and some positive constant § which is independent on n. Theorem 13.7 of [19] gives an
a priori estimate for ||Un||01,a(§) for some a € (0,1). So, there exist w € C' (Q) and a

subsequence v, such that v,, — w in C* (Q) as k — +oo. From Lemma 3.4, we have
that w is the maximum point of

Aw) = [ (VI PP - Viglo)u) da

in .. Further, Lemma 3.1 implies that w is also the unique maximum point of A. From
Lemma 3.3, we get that w = v. It follows that u,, — v in X as k — +oo. Furthermore,
we clatm that v, — u in X as n — 400. Indeed, if there exist a subsequence w,,, of w,
and gy > 0 such that ||u,, — u|| > g for any & € N, similar to the discussion above, we
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can obtain that u,, contains a further subsequence Uy, such that Uy, — u in X as
J — 400, which is a contradiction.
If ¢ = 0 and there exists a subsequence t,, of ¢, such that ¢,, = 0, then u,, =
G (tn;, gn;) = P (gn,) = P (9) = w in X as ¢ — 400. So, next we assume that ¢ = 0 and
t, > 0 for any n € N. From Theorem 1.1, we know that problem (5.2) has only the trivial
solution when ¢t = 0. Reasoning as above, we can show that v,, — 0 in X as n — +oc.
Note that u,, satisfies

_ Zf‘?szl aijuij — Zz]il bluZ = gn<:L') n Q, (54)
Un =0 on 0€,
where
2 vl ) A 3¢ 2
aij — 52] f (3:) - + f jzvnijnQ 7 b — 2ffz : f fz ’V?);L/Q
Ji- P@ Vel (1= P@Top) (- P [Vul)

Since ||v,|| < 1— 0 < 1, the above problem is a priori uniformly elliptic. Thus, Theorem
3.7 of [19] implies an a priori estimate for ||, 5o (@) Further, by Theorem 6.6 of [19], we

have that ||, 2. (@) < ( for some positive constant C' independent of n. So, up to a

subsequence, there exists w € C? (Q) such that u, — w in C? () as n — +oo. Letting
n — 400 in (5.4), we obtain that

{ —div (f?(x)Vw) = g(x) in Q,
w =0 on 0.

It follows that w = ®(g) = G(0,g) = u. Then, similarly to the case of ¢ > 0, we obtain
that v, — v in X as n — +oo.

Next, we show the compactness of G. For any (t,,g,) € [0,1] x C* (Q) where g, is
bounded in C (2) for any n € N, it is enough to show that {G (t,, g,)} possesses a con-
vergent subsequence. Without loss of generality, we assume that ¢,, — t, € [0, 1]. Clearly,
G(t,-) is compact for any t € [0,1]. So, {G (t1, g»)} has a convergent subsequence. Hence,

there exists a subsequence { 97(11)} of {gn} such that the diameter of {G <t1, ggl) )} less

than 1. Similarly, there exists { 9512)} C { gy(f)} such that the diameter of {G <t2, gy(?))}

less than 1/2. In general, there exists {gﬁk)} C {ggﬁ_l)} such that the diameter of

{G (tk,g£k>>} less than 1/k, k > 3.

We claim that for any € > 0 and g € C* (ﬁ), there exists § = J(e,ty) > 0 such
that ||G (t,g9) — G (to,9)|| < €/3 when |t —ty] < § with any ¢ € [0,1]. Suppose, by
contradiction, that there exist ¢ > 0, g9 € C¢ (ﬁ) such that for any n € N, existing
t € [0,1] with [t} — to| < 1/n such that

1G (t,,, 90) — G (to, 90)|| > <o (5.5)

Up to a subsequence, we have that ¢/, — to € [0,1] as n — +o00. Letting n — 400 in
(5.5) and noting the continuity of GG, we obtain that

0= lim ||G(t,.90) — G (to,90)|l > €0,

n—-+o0o
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which is a contradiction.
Now we show that {G <tn, gfﬁ)} is convergent. Obviously, there exists an Ny > 3/¢

such that |t,, — to| < 0 for any n > Ny. Hence, when m > n > N, we have that

|G (tms 7) = G (ts 9| < HG(nwmﬁU G (to, 91" |
+ G (to 95”) = G (tar90”) |

+HG( w ') = G (t 0 |
1
< —4+-+-—-<e.
3+3+n y
So, {G (tn, gy(ln)>} is the Cauchy sequence. Consequently, GG (tn, gf{‘)) — ug for some
ug € X.
Finally, we show that GG (tn , gfl )> — ug. Obviously, there exists an N; > 0 such

¢ to’ < § and HG (tn,g(")) — uOH < g/3 for any n > Nj. So, when
n > Nj, we have that

G (7. 97) —wl| < (|G (¢ 0”) - G( ,gé”’)ll
+|& (to,gn")) (tn, 93) |
+ |G (tn 9) - UOH
e €
< 3 + 3 + 3 <eg
Therefore, we obtain that G (t%"), g,@) — g in X. n

For any fixed A\, we consider the following problem

—di fA(z)Vu —\ in Q
v <\/1—f2(x)|Vu2 f@u in £, (5.6)
u=>0 on 0f).

Obviously, problem (5.6) is equivalent to the operator equation u = ¥(Au) := ¥, (u). By
virtue of Lemma 5.1, we can obtain the following topological degree jumping result.

Lemma 5.2. For any r > 0, we have that

1 ifAe(0,)\),
deg (I — Wy, B,(0),0) = { -1 if)xe E)‘l ;\>1 +0)

for some § > 0, where B.(0) ={w € X : |Jw|| <r}.

Proof. Choose § small enough such that there is no any eigenvalue of problem (1.5)
in (A, A1 +0). We claim that the Leray-Schauder degree deg (I — G(t, A-), B-(0),0) is
well defined for any A € (0, A\; +6) \ {\1} and ¢ € [0,1]. The claim is obvious for ¢t = 0.
So, it is enough to show that w = G(¢, \u) has no solution with ||u|| = r for r suf-
ficiently small and any ¢ € (0,1]. Otherwise, there exists a sequence {u,} such that
u, = Wy (Vifu,) /vt and |lu,|| — 0 as n — +oo. Let wy, 1= u,/ ||uy]|, then by an argu-
ment similar to that of Lemma 5.1, we can show that for some convenient subsequence
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w, — w as n — +oo and w verifies problem (1.5) with ||w| = 1. This implies that A is
an eigenvalue of problem (1.5), which is a contradiction.
By the invariance of the degree under homotopies and Lemma 5.1, we obtain that

deg (I — V,, B,(0),0) = deg(I —G(1,\),B.(0),0)
= deg (I — G(0,\), B.(0),0) = deg (I — AP, B,(0),0).

By Theorem 8.10 of [15], we have that

1 ifAe(0,)\),
deg (I — A®, B,(0),0) :{ —1 if)re EAI ;)1+5>

which implies the desired conclusion. [
Now we present the proof of Theorem 1.3.

Proof of Theorem 1.3. (a) Let £ : © x [0,0] — R be such that
—NH(z,s) =s+&(x, )
with
g

s—0t S

=0

uniformly for x € Q. Then, problem (1.2) is equivalent to

div (M) =M (@)u+ Af(x)é(z,u) inQ, (5.7)

1= f2(2)|Vul?

u=0 on 0f).
Define

. f*(x)Vu
F\u)=A(2)u+ Af(x)é(x,u) + div
(1) = A (@)u+ Af()€(eru) + <\/1—f2<w)|W|2>

for any (A, u) € R x X. Then, by some simple calculations, we have that

F,(A,0)v = lim O tv)

t—0 t

= M (x)v + div(f*(z)Vv).

It follows that if (,0) is a bifurcation point of problem (5.7), then p is an eigenvalue of
problem (1.5).
Consider the following problem

1—f2(2)|Vul?
u=20 on 0f)

div <L) M@t Asf(@)e(wu) 0, (55)

for any s € [0, 1]. Clearly, problem (5.8) is equivalent to
u=UAf(x)u+ Asf(x)(x, u)) = Fils, u).

In view of Lemma 5.1, F) : [0,1] x X — X is completely continuous. In particular,
H), = F\(1,:) : X — X is completely continuous.
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Let B
E(z,w) = Jax |€(x, s)| for any = € Q.

Then, E is nondecreasing with respect to w and

£, w)

wll%h e 0. (5.9)
It follows from (5.9) that

lull = Ofull

uniformly in x € 2.

By (5.10) and an argument similar to that of Lemma 5.2 with obvious changes, we
can show that the Leray-Schauder degree deg (I — Fi\(s,-), B,(0),0) is well defined for
A€ (0,A\ +0)\ {\1}. By the invariance of the degree under homotopies, we have that

deg (I_H)\7B7‘(0)7O) = deg (I_F)\<17')7Br(0)70) = deg (I_ F)\(()?)?BT(O)?O)
deg (I — V,, B,(0),0).

From Lemma 5.2, we obtain that

1 ifAe(0,N),

deg (I — H), B,(0),0) = { —1 ifAe (A, A\ +0).

By the global bifurcation theorem of [23], there exists a continuum % of nontrivial
solution of problem (1.2) bifurcating from (A;,0) which is either unbounded or % N
(R\ {\1} x {0}) # 0. Since u = 0 is the only solution of problem (1.2) for A = 0 and
0 is not an eigenvalue of problem (1.5), so € N ({0} x X) = 0. By Lemma 4.1, we have
u>01in Q for any (\,u) € ¥.

We claim that €N (R \ {A1} x {0}) = 0. Otherwise, there exists a nontrivial solution
sequence (A,,u,) € €\ {(\,0)} such that A\, — p and u,, — 0 as n — +oo. Letting
Wy = Uy / |||, by (5.10) and reasoning as that of Lemma 5.1, we can show that w,, — w
as n — +oo and w verifies problem (1.5) with [Jw| = 1. It follows that p = A;, which is
a contradiction. So, ¢ is unbounded. Moreover, using Lemma 4.1 again, we know that
u>01in Q for any (A, u) € €\ {(A1,0)}. The fact of ||u| < 1 for any fixed (A\,u) € €
implies that the projection of € on R, is unbounded.

Finally, we show the asymptotic behavior of uy as A — +oo for (A, uy) € €\ {(\,0)}.
Otherwise, there exist a constant 6 > 0 and (A, u,) € € \ {(A\1,0)} with A\, — +o0 as
n — +o00 such that ||u,||* < 1 — 62 for any n € N.

Our assumptions on H imply that there exists a positive positive p > 0 such that

—NH (z,u,(x))

for any x € 2 and n € N. Let ¢; be a positive eigenfunction associated to A\;. Multiplying
the first equation of problem (1.2) by (1, we obtain after integrations by parts that

2(
ﬁ/f(x)uncpldm = /f z)Vu, Vi dx>/ f@)VunVir dx
0 Jo
) [Vuy,|?
= )\n/f(x)Mungal dx > )\np/f(:p)ungpl dz.
[¢) Uy, Q
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It follows that A, < A;/ (dp), which is a contradiction.
(b) For any n € N, define

—ns, S € [0, %} ,
H'(z,8) = § n(H (2, 5) +1) (s=3) =1, s€ (),
H(x,s), s € [2,+00).

Clearly, we see that lim, o H"(z,s) = H(z,s) and H} = n. Consider the following
approximation problem

~tv (g ) = @)

1=f2(2)|Vul?

u=0 on 0f).

(5.11)

By the conclusion of (a), there exists a sequence unbounded continua %, of the set of
nontrivial solutions of problem (5.11) emanating from (\;/n,0) and joining to (400, 1)
such that

G0 C (R x P)U{(A/n,0)})

Taking z* = (0,0), clearly, one has that z* € liminf, , . %,. The compactness of W
implies that (Uf>{,) NBg is pre-compact, where B = {z € R x X : ||z|| < R} for any
R > 0. By Theorem 2.1 of [10], ¥ = limsup,,_,, ., €, is unbounded and connected such
that 2z* € ¢ and (4+00,1) € ¥.

For any (A, u) € €, the definition of superior limit (see [27]) shows that there exists
a sequence (A, u,) € 6, such that (\,,u,) — (A, u) as n — +oo. Clearly, one has that

Uy = V(N Nf(x)H" (2, 1)) .
Letting n — +o0, in view of Lemma 5.1, we get that
u=V(=ANf(2)H (z,u)),

which shows that u is a solution of problem (1.2). Obviously, u is nonnegative for any
(A, u) € € because u, > 0 in Q. We claim that € N ((0,+00) x {0}) = (. Suppose, by
contradiction, that there exists ;1 > 0 such that (u,0) € €. There exists Ny such that
> Ai/n for any n > Ny, which implies that (u,0) € 6, for any n > Ny. We then have
that (u,0) € €, which is impossible. Therefore, by virtue of Lemma 4.1, we have that
u > 01in Q for any (A, u) € €\ {(0,0)}.

(c) For any n € N, define

_%87 S € [0, %] s
Hy(w,s) =< (H (2, 3)+a)n(s—3) =7 s€(p0),
H(z,s), s € [%,—i—oo).

Next, we consider the following problem

v () = - .

u=0~0 on 0f).

(5.12)

It is easy to see that lim,_, . H,(z,s) = H(z,s) and

Hy(x, :
lim M = — uniformly for z € Q.
s—0t S n
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By the conclusion of (a), there exists a sequence unbounded continua %, of positive
solutions set of problem (5.12) in R, x X emanating from (A\n,0) for any n € N and
joining to (400, 1) := z,.
Taking z* = (400, 0), clearly, we have that z* € liminf,_,, . €, with ||2*||g, x = +00.
Let
S = {(+o0,u) : 0 < |lu| <1}.

For fixed n € N, we claim that €, NS = (). Suppose, by contradiction, that there exists a
sequence (A, Um,) € €, such that (A, uy,) = (+00,u,) € S with ||u.|| € (0,1). Then, as
that of (a), we obtain that A, < ¢, for some positive constant ¢,,, which is a contradiction.
It follows that (U>%,) NS = U/ (6,NS) = 0. Letting ¢ = limsup,_, . %, since
€ C U6, we have that € NS = (. And then we get that ¢ N {oo} = {2, 2*}.

Now, we show that € \ {oo} # 0. It is enough to show that the projection of €
on R is nonempty. From the argument of (a), we have known that %, has unbounded
projection on R for any fixed n € N. By Proposition 2 of [11], for any fixed o > 0 there
exists an N7 > 0 such that for every n > Ny, 6, C V, (%), where V, (¥¢) denotes the
o-neighborhood of ¢ in R x X. It follows that

(Ain, +00) C prg (€) € prg (Vo (€))

So, we have that (nA; + o, +00) C prg (¢), which implies € \ {oo} # (). Using Lemma
3.1 of [13], we obtain that % is connected. By an argument similar to that of (b), we can
show that € N ([0, +00) x {0}) = 0 and w is a positive solution of problem (1.2) for any
(\u) €?. u

Finally, we show a result concerning the nonexistence of positive solution.

Theorem 5.1. Assume that supq,, |H(z,t)] < A < +oo and there exists a positive
constant o such that

—NH(z,s) <

S

for any s € Is\ {0} and a.e. © € Q. Then there exists p. > 0 such that problem (1.2)
has no any positive classical solution for A € (0, p.).

Proof. Assume that u is a positive classical solution of problem (1.2) with some A > 0.

Multiplying the first equation of problem (1.2) by w, in view of [17, Theorem 2.1 and
Theorem 4.1], by integrating by parts we obtain that

5 2 Vul|? B —NH(x,u) ,
/Qf(x)|Vu| dr < /\/1—f2 N x—)\/ﬂf(:r)—u u” dx

< )\Q/Qf(x)u dr < A—l/ngz(a:)]Vu]Q dx,

which follows that A > A\;/o. [

6 Proofs of Theorems 1.4-1.5
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Now, we present the proofs of Theorems 1.4-1.5. Here, we borrowed some ideas of [1,
Theorem 4.1].

Proof of Theorem 1.4. By Lemma 3.4, there exists a sequence {u;};" in C' (Q) N
C?(2) of spacelike functions with mean curvatures Hy, Hj is measurable on © x R and
supgyr |[Hel < A < 400, such that {ug} converges uniformly and {H}]® converges
weakly,

wp = ug in C° (ﬁ),

Hy (z,up(7)) — H(x,u(z)) in L* (Q).
Hence, the desired conclusion can be obtained from [17, Theorem 3.1] immediately. =

Proof of Theorem 1.5. By mollification, we can construct C?“ approximants ,
1, such that
Q. C Q, dist (Q,00) < 1/k,

sup |Vog| < 1 — 6 for some 65, > 0,
Qe

sup |1 — x| < 1/k.

Qp
Meantime, choose Hy € C%* (Q x R) such that H, — H in L*(Q x [—a,a]) for every
a > 0. By Theorem 1.1, we have a strictly spacelike solution u®) € C% (ﬁk) to the
problem on Qj, with Hy, and 1, where (k) denotes a superscript. Passing to a subsequence,
we find a weakly spacelike w € C'%! (ﬁ) such that u®) = w and Supq, |u(k) — w{ < 1/k.

We could rearrange w such that it identically equal to u.
Let f (2) [Vu (z)| = [Vu(z)| and f (z) |Vu® (2)| = [Vo®™(z)|. Then, we can see that

v®) = ¢ in ¢ (ﬁ) .
Let I(x,y) be the Lorentz distance function with respect to v,

U(z,y) = V]z =yl = (v(@) —v(y)?, v,y €.

And let Kg(x) be the projected Lorentz ball defined by (2.3). The corresponding objects
with respect to v*®) will be denoted by [*) and Kgc).

For any fixed xy € €, if there exists y € 92 such that [ (z¢,y) = 0 and Toy C 2, noting
that [ is increasing on outward rays from xq (see [1, page 138]), Theorem 1.4 shows that
this segment extends to the boundary 0€2. Another point of intersection is denoted by x.
So, we have that f|Vu| = 1 on Ty, which implies that 7y € K and zy € K. Therefore,
if xy ¢ K, one has that [ (zo,0) > 0. Hence, there is R > 0 such that Kyg (z9) CC €.
From the argument of [1, Theorem 4.1], we have known that there is r € (0, R/4) and k;
such that for |z — x| < rand k > ki, Kgy, (x9) C Kf; 5(2) C Kg (1) and Kig(2) CC Q.
Applying Corollary 2.1 to v¥), using these inclusions and noting that B, (x0) C K, (z),
we obtain that

S (o) dr< e (N AR f.0) (W), 2 € B =B, (). (6)
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N

/BT(:E()) Z

1,j=1

(vi(f)>2 dx <c (N,A,R, fo,Q) ; (6.2)

<c(N,AR, f°,Q) (vW(2))", z € B, (6.3)

1 2,y < 10® ) <

The estimate (6.2) shows that {v*)} is bounded in the space W2 (B,). So, by Rellich’s
theorem and the weak compactness of bounded sets in W22, there is a subsequence
converging strongly in W2 (B,) and weakly in W%?(B,). Up to a subsequence, we
obtain that

v® — v in W (B,), (6.4)

v® =y in W2 (B,). (6.5)

Obviously, (6.4) implies that [|0®) |25y = V|28, If ||[V]lz2(5,) = 0, (6.1) and (6.5)
show that

r

ol < Bgnint o s,y < climint (1pt (20)") =0

It follows that Vv is constant in B,. Since |Vv| =1 a.e. in B,, v|pg, is linear with slope
1. Using Theorem 1.4 as before, we have that [ (zo,0§2) = 0, which is a contradiction.
Thus, ||v||z2s,) > 0, and then (6.3) indicates that v*¥)(z) > ¢ > 0 for all z € B, and
k > kq, for some constant c. Hence, one has that

Vo> <1-¢* <1, Vo€ B,.

Applying [19, Theorem 8.24] to Vv on B,, we have that Vv is Holder continuous in
a smooth neighbourhood Qy C B, of zy. So, one has that v € C"? () for some
B > 0. By [19, Theorem 11.4] and the arbitrary of xq, for some a € (0,1), we have that
u € C?%(Q\ K) is strictly spacelike on Q \ K and satisfies the first equation of problem
(1.6) on Q\ K. |

Proceed exactly as in Theorem 1.5, we can show the following corollary.

Corollary 6.1. Suppose that ¢ : 9Q — R is bounded. Let H € C%* (Q x R) with
supqyg |H| < A < +o00. Then there is a strictly spacelike u € C**(Q) satisfying (1.6) if
and only if there is a spacelike function ¢ : Q — R with ¢ = ¢ on 0f).

7 Radial symmetry of positive solutions

The aim of this section is to provide sufficient conditions on the prescription function
to ensure that any eventual positive solution of problem (1.2) must be radially symmetric
when €2 is the unit ball B. More precisely, we shall use the moving plane method (see
6, 18]) to show the following result.

Theorem 7.1. Assume that f is radially symmetric and decreasing on (0,1). Also
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assume that H is radially symmetric, increasing on (0, 1) with respect to the first variable
and satisfies the following uniformly Lipschitz condition in the second variable

|H(z,p) — H(z,q)|] < Colp — 4

for any x € B and some constant Cy. Then, any positive solution u of problem (1.2) with
Vf-Vu>0in B is radially symmetric and monotone decreasing about the origin.

Proof. For convenience, we assume NA = 1. Let u be any positive solution of problem
(1.2). By [17, Theorem 2.1 and Theorem 4.1], we know that f|Vu| <6 <1 on B. We
define the truncated function

= it e0,07],
e(t) =14 at) ifte(6?1),
c ift>1,

where the function o and the constant ¢ make p € C* (R, ) increasing and convex, where
R+ - [O, +OO)
Then, consider the following problem

{ —ﬁdiv (o (f?|Vul?) f*°Vu) = —H(z,u) in B, (7.1)
u=>0 on 0B8.
Set )

F (z,Vu, D*u) :=div (¢ (f*|Vul?) f*Vu) m

It is not difficult to show that
N
F (z,Vu,D*u) = Z (@) + 2% (f2|Vul]?) [Vul*V fVu + 2¢ (f?|Vul]?) VfVu,
ij=1

where 3

[P z)=¢ (f2’V“’2) Joij + 213’ (fz‘VU‘Q) Uiy
Observe that both ¢ and ¢’ are bounded on R,. It is easy to see that there exist two
constants m and M such that

N
0<mle)’ < ) ()& < M) (7.2)
ij=1

for all £ € RV \ {0}. Hence, F is uniformly elliptic.
Without loss of generality, we choose a direction to be the xz;-direction and let

T\={zeR":z; =)}, Sy={r€B:z; <A}.
For any fixed z € RN~! with (0, 2) € B, define
L={(z1,2) 121 € (—1,1)}.
Clearly, I, C B. Then, the reflection of x = (z1,2) € [, N 3, about T}, is
= (2N — 21, 2).
25
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Let u*(z) = u (2*) and w*(z) = u*(z) —u(x). Then, it is easy to see that u* also satisfies
problem (7.1). Note that w;u; = u} > 0 on [, N X,. Further, due to the monotone of f
and Vf-Vu > 0in B, we have that

H (M u') — H(z,u) = —(F (z,Vu,D*u) — F (2%, Vu*, D*u?))

> — (F (z,Vu,D*u) — F (z, Vu*, D*u?))

- / —F (2, Vu,D* (tu+ (1 — 7)u ’\)) dr
N 1

- X (/ o)l
v

= Z wy,

where z;; = Tug; + (1 — 7)ujy. It follows from the monotone of H with respect to 2 that

N
— Z f”(m)w% + H (z,u*) — H(z,u) > 0.

ij=1
Let

H(m,uk)—H(x u)

El . )\
clx) =clz,\) =< — w if w* # 0,
)=o) {0 if w = 0.

The Lipschitz condition implies that |c¢(z)| < Cy. Apparently, for A close to —1, we have
that

w(z) >0, z€d(.NTy).
By Corollary of [18], in view of (7.2), we obtain that
w(x) >0, x€l, Ny
for A near —1. By the arbitrary of z, we reach that
w(x) >0, x €%,
Define
A=sup {\:w(z) >0,Vz € 5, }.
We claim that A > 0. Otherwise, the reflection of 035 NJB falls inside B. It follows that
wMz) >0, 0 on 0%y.
By the strong maximum principle [20, Theorem 2.7], we have that

w(z) > 0 in . (7.3)
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Let d be the maximum width of the narrow regions so that we can employ Corollary of
[18]. Set 6 =: min {—X,d/2}. We investigate function w*™°(z) on the narrow region (see
Figure 2)

—  d
95:2/\+5ﬂ{x:$1>)\—§}.

We have shown that

N
. Z f“(:):)w;f‘s—l—C(x,X—i-(;) w>\+6 2 0 In ZZQQJ

ij=1
Furthermore, we claim that
w o >0 on 0€s.
In particular, this claim follows that
WM >0 on d(l.NQ).

First, because A + 6 < 0, the reflection of the two curved parts of d€); falls inside B.
Hence, we have w*™® > 0 on Qs N dB. Obviously, we have w**® = 0 on the flat part
of 005 where A\; = X\ + 8. So, it suffices to show that w**® > 0 on the flat part of 9Qs
where A\; = XA — §/2. while, inequality (7.3) indicates that there exists a positive constant
¢ such that

w(z) > ¢, x € X5_a)2-
By the continuity of w” with respect to A\, we have that

w(z) >0, v € X5 ae

for sufficiently small §.

.Tl

— Fo——
]
[
[
S
.

—

T,\—i;c Is4s
Figure 2: Narrow region (2.
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Now we can apply the narrow region principle of [18, Corollary] to derive that
W (z) >0, z €1, N Q.
By the arbitrary of z, we have that
wM(z) >0, z € Qs
Thus,
wXJr‘;(x) >0, z € X5,y
which contradicts the definition of A. Therefore, we verify that A > 0. It follows that
u(zy,2") <u(—z1,2'), Vo, <O0. (7.4)
Similarly, moving the plane from near x; = 1 to the left, we can derive
u(—xy,2') > u(x,2'), Vo, > 0.
It follows that
u(zy,2") > u(—zy,2"), Vo, <O0. (7.5)

Combining (7.4) and (7.5), we obtain that u is symmetric about the plane 7y. The ar-
bitrariness of the x;-direction leads to the radial symmetry of u about the origin. The
monotonicity comes directly from the above argument. ]

We would like to point out that the conclusion of Theorem 7.1 cannot be deduced
from Theorem 2.1" or Corollary 1 of [18] because F' does not satisfy the condition (c¢) or

(c}) when f(x) is not a constant. Here we overcome this difficulty by introducing the line
l,.
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