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Abstract

Given a continuum X and n € N, let C,(X) (resp., F,,(X)) be the
hyperspace of nonempty closed sets with at most n-components (resp.,
n-points). Let S1 denote the unit circle in the plane. Given 1 < m < n,
we consider the quotient space Cp,(S')/F,(S'). The homogeneity degree
of X, hd(X), is the number of orbits of the group of homeomorphisms
of X. In this paper we discuss the known models for the hyperspaces
of S*, we construct a new model for a hyperspace of S' by proving that
C2(S*)/F»(S") is homeomorphic to the topological suspension of a solid
torus and we show that hd(C2(X)/F2(X)) = 3, and hd(C2(X)/F1(X)) =
4.
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1 Inroduction

A continuum is a compact connected metric space with more than one point. A
subcontinuum of a continuum X is a nonempty compact connected subspace of
X, so one-point sets are also subcontinua.

If 1 <m < n, in this paper we consider the following hyperspaces of X:

2X = {A C X : A is a nonempty closed subset of X},
Cn(X) ={A € 2% : A has at most n components},
F,(X)={A € 2% : A has at most n points}, and the quotient space
Co(X)/Fon(X).

The hyperspace 2% is considered with the Hausdorff metric [11, Theorem
2.2]. A mapping is a continuous function. Given a topological space Z, the
homogeneity degree of Z, denoted by hd(Z), is the number of orbits of the
group of homeomorphisms of Z. So Z is homogeneous when hd(Z) = 1. Spaces
Z for which hd(Z) =n (n € N) are also known as = -homogeneous.



A finite graph is a continuum which is a finite union of arcs such that the
intersection of each two of them is a finite set.

As usual we denote the unit circle in the plane by S* and the unit disk by
D'. The solid torus is the space D x S*.

The following are the known results about models and homogeneity degree
of the hyperspaces of S*.

A. Since for every locally connected continuum X, 2% is homeomorphic to
the Hilbert cube [11, Theorem 11.3], 25" is homeomorphic to the Hilbert cube
and hd(25") = 1.

B. C(S1) is a 2-cell [10, p. 41], so hd(C(S1)) = 2.

C. O3(S1) is homeomorphic to the cone over a solid torus [9], so hd(Co(S1)) =
3.

D. F5(S') is homeomorphic to the Mdebius strip [10, pp. 53 and 54], so
hd(F»(S1)) = 2.

E. F3(S1) is homeomorphic to the 3-dimensional sphere [1], so hd( F3(S!)) =
1.

F. If n > 4, then hd(F,(S!)) = n [5].

G. hd(Cq(SY)/F1(SY)) > 2 [15, Theorem 3.18].

H. hd(C2(S")/F2(S1)) > 2 [12, Theorem 4.3].

Models for hyperspaces can be very complicated. In [10] it was discussed
almost all the possible models that have been constructed. In [9] it was shown
that C2?(S') is homeomorphic to the solid torus. As can be seen, the proof
is complicated and it does not allow to see what is the result of making the
identifications to obtain the spaces C3(S1)/Fa(S1) and Co(S')/Fy(S'). The
main results of this paper are:

-The construction of a model for Cy(S')/F3(S'). We prove that this space
is homeomorphic to the suspension of the solid torus. As a consequence, we
obtain that hd(Cy(X)/F»(X)) = 3.

-The proof that hd(C2(S1)/F1(S*)) = 4. This answers Question 3.19 of [15],
where it was asked whether hd(Cy(S')/Fy(S1)) = 3.

With the results we are presenting in this paper, and some other known
results, in [6] the following theorem is proved.

Theorem 1 [6, Theorem 2] Let X be a finite graph and 1 < m < n. Then

(a) hd(Cp(X)/Fn (X)) = 1 if and only if X is homeomorphic to S* and n =
m=1,

(b) hd(Cpr(X)/F (X)) = 2 if and only if X is an arc and eithern =m =1 or
n=2 and m € {1,2},

(¢) hd(Cr(X)/F, (X)) = 3 if and only if X is homeomorphic to S' and n =
m =2, and

(d) hd(C(X)/Fn(X)) = 4 if and only if X is homeomorphic to S*, n =2 and
m = 1.

The geometric ideas behind the arguments in this paper are similar as those
used in [9]. However we make important adjustments to the formulas.



2 A model for the hyperspace Cy(S!)/F,(S?)

In this section we show a model for the hyperspace C3(S')/F»(S*) by proving

that this hyperspace is homeomorphic to the suspension over the solid torus.
Let 7 be the solid torus, let C* be the cone over 7 and v its vertex. By the

main result of [9], C2(S?) is homeomorphic to C. Given z,w € S! and A C S,

denote the complex product of w and z by w-z and w-A={w-a:a € A}.
We consider the exponential mapping e : R — S' given by

e(t) = (cos(t), sin(t)).

Given a, § € R, we will use the following properties of the mapping e.
1) e(a+ ) = e(a) - e(6),
2) e(a) = e(PB) if and only if o = 8 + 2k7 for some integer k,
3) if @« < B and B — o < 2, then the length of the arc e([a 6]) is 8 — «,
4) if o < B and § — a < 27, then the middle points of the arcs joining e(«)
and e(f) are e(o‘+ﬁ) and e(w)7
(5) —e(a) = e(aw = 7), and
(6) e(t)- A is the image of A under a translation, so length(e(t)-A) = length(A).
Define o : C3(S') — [0,27] by o(A) = length(A), if A is connected; and
o(A) = length(A;)+ length(As), where A; and As are the components of A,
if A is not connected. Observe that o is continuous, o=1(0) = F5(S') and
o~1(2m) = {S'}.
Define

(
(
(
(

={A € Cy(S") : 0(A) =7}
Theorem 2 A is homeomorphic to the solid torus.
Proof. Define

K={(rn0)€-5.3x[-5,31: ~3(rl+ 5) < 6 < §(rl + D)}

Then K = K~ U KT, where K~ is the convex quadrilateral in the plane with
vertices (=5, %), (=5,%), (0,—%) and (0,%) and K+ is the convex quadri-
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lateral with vertices (0,—%), (0, %), (3, %), and (5, -%).
Deﬁneg:Kﬂ_Aby
o(r,B) =e(B(32) — 3 + 5,8 - T+ 5UIB+ T — 5, 8(355) + & — 5]), if

r € [0, ] and
Q(Ta ﬂ) = 79(77'7 76)? ifre [7gﬂ0]

We check that the following properties hold for each (r, 5) € K,

Property A. o(5,0) = e([-5,5]), o(—5,0) = e([5, 5,

Property B. If =5 < r < 7, then o(r,3) is the union of two disjoint
subcontinua of S!. Moreover, the lengths of the components of S!\ o(r, 3) are
5 +rand §—r;if r > 0, then the respective middle points of these components
are e(B(2= 7T)—i—7r) and e(); and if 7 < 0, then the middle points are e(3(2:EX))

X 2r+m ﬂ_ ) - M —m
(with length & —r) and e(—3 + 7) (with length F +r).




Property C. o(o(r,8)) =7

Property D. p is well defined and continuous,

Property E. If —F < r < Z, then for every —%(|r| +3) < 3 <
%), 0~ He(r,8)) = {(r,8)}. Moreover, o~ !(e([-5,5])) = {5} x [-F
oM e([5. F]) = {-5} x [~ 5. 5.

First, we prove propertles A, B, C and D. Property A is immediate. For
proving B and C, first suppose that » > 0. The inequalities § > —%(r + %)
and g < (r + %) are equivalent to the respective inequalities: 3 — 7 4+ § >
ﬂ(gj}”’j) —3—”+ 3 and B(3%)+ 3L — % > B+ — 5. Observe that 5+5 — 5 —
(B—-3+ ) = Z —r >0 and the inequality holds if and only Z > r. Moreover
ﬁ(g:_ﬁ) + - (B(3E) -+ 5) = & —r < 2m. Hence o(r, ) is the
union of two nonempty subcontinua. Clearly, the sum of the lengths of these
subcontinua is . Furthermore, in the case that r < 7 these subcontinua are
disjoint and o(r, ) is the union of two dibjoint subcontinua. Observe that the
lengths of the components of S*\ o(r, 3) are 5 +r and 5 —r. The shortest (resp.,

1
largest) component of S*\ o(r, 3) is the open subarc e(ﬂ - T+, B+E—35)

(e +
7] and

)

(resp., e(,@(%ijr:) 43T — %2, (3:#;) +27 — = +3)). Thus, the respective middle
points are e(3) and e(B8(575) + 7).
Now, suppose that » < 0. Then o(r,3) = —o(—r,—f8). Since —r > 0,

by the previous paragraph, the lengths of the components of S\ o(r,3) =
SY\ —o(—r,—3) are  —r and Z + 7 with middle points —e(—f) = e(—3 + )
and —e(—f(=25%) + ) = e(B(22t2)).

For proving D, note that if 7 = 0, then with the first definition (when r > 0)

we obtain o(r, ) = e([-8 — 2,8 - F]U[B+ T, -8 + 2F]). With the second
one (0 < r), we obtain g(r, ) = —e(~—r, =) = —e([f — 7, —B —FIU[-B +
2B 3 =e((f— % +m B 5+ U[-B+ 5 B+ 3 "al). This

shows that both ways of defining (0, 3) coincide. By A, B and C, we have that
o(r,B) € A. Therefore g is well defined, and clearly p is continuous.

We prove E. First suppose that r € [0, 7). Take (r,f3),(r1,5) € K such
that o(r,3) = o(r1, ;). We are going to prove that ( ,B) = (r1,0641)-

o(r, 3) is not connected. Then A implies that r1 € ( 5,%). By B the length of
the shortest component of S\ o(r, 8) is equal to § — |r| and to § — |r1|. Then
|| = |r1]. We consider three cases.

Case 1. r; > 0.

In this case 7 = r1. Since the length of the component J; = e(8;—5+%, 3;+
T— %) of S\ o(r1, 3y) is 5 —r1, we have that Jp is the shortest component.
Since the same happens with J = e(8 — § + 2,6 + 4 — %), we obtain that
J = Ji. In particular, the middle point of Jy is also the middle point of J.
This implies that e(3) = e(3;). Since B € [-3(r+ %), 3(r+ )] C [-%, %] and
Bye-2(ri+3),5(ri+3)] C[-3, 2], we obtain that 8 = 3;, and we are done
in this case.

Case 2. r; =0.

Inthiscaser—O Theng( /8)—6([ B-3E B-ZU[B+ 3, -8+ 3] =

e([-6, — - 81 —B; + 2%]). Thus the rnlddle points of the

Ty
components of Sl\g%O B) are e(ﬂ) and e(—f+m). Then {3, 8+n} = {34, 81 +7}.



Since —7 < 3,3, < 7 and %’T <pB+mp+7m< %”7 we conclude that 8 = (.
This case is finished.

Case 3. r; < 0.

In this case, 1 = —r. By B., the middle point of the shortest component of
S1\ o(ri, B,) = S*\ o(r, B) is e(—f, + ) and e(8). Thus e(—f, + ) = e(8).
This contradicts the facts that -5 < 0 < 5 and 3 < —p1+ 7 < 37” Hence
this case is impossible.

Now we analyze the case that r € (—%,0). By symmetry and Case 3,
it is impossible that r; € [0,%). Thus suppose that r; € (—%,0). In this
case, r = r1, and the middle point of the shortest component of S\ o(r, ) is
—e(~B) = e(—B+m) = e(—B, +7) = —e(—p,). Since —% < B,5; < Z, we
have that § = ;. This ends the proof of the first part of E. The second part
follows from A and B.

Let L be the continuum obtained from K by identifying the set {—75} x
[~5, 5] to a one-point set {p~} and the set {7} x [~F, §] to another one-point
set {pT}. Let n* : K — L be the quotient mapping. Observe that L is a 2-
cell. By Property E, the mapping ¢ preserves the fibers of the mapping n* and
the mapping n* preserves the fibers of the mapping p. By the Transgression
Theorem [3, Theorem 3.2|, there exists a homeomorphism 7 : L — o(K) such
that p =non*.

Let w: K x [0,7] — A be defined by

W(’)", ﬂv t) = 6(t) : Q(rv 5)

We will need the following property.
Property F. Suppose that (r, 8,t), (s,7,u) € Kx[0,7], w(r, 8,t) = w(s,vy,u)
and (r,3,t) # (s,7,u). Then:

(i) if =5 <r < Z, then |t —u| = 7 and (r,8) = (—s, —7); and
(ii) if {r,s} N {=5, 5} # 0, then {r,s} C {7, 5} and either (¢,r) = (u,s) or
{r,s} ={-%,5} and |t —u| =T.

We prove F. Set A = w(r,3,t) = w(s,7,u). We analyze two cases.

Case 1. -5 <r < 7.

In this case, by B, A is not connected. This implies that —5 < s < 5. Let [
and J be the respective largest and shortest components of S*\ A (there is the
possibility that I and J have the same length). By B, length(J) = § —|r| =
5 — |s]. Thus [r| = |s|.

Subcase 1.1. r,5 > 0.

In this subcase, r = s and by B, length(J) < length(I). Then the middle
point of J is distinct from the middle point of I. Since the middle point of .J is
e(t+ B) and e(u + ), we have that e(t + 3) = e(u + ). Since 0 < s,¢t < 7 and
—5 < B,7 < %, we obtain that —3 <t+ f,u+~v < 37” Thus

t+B8=u+1.



Taking the middle point of I, we obtain that e(t + ﬂ(g:;:) +7) =e(u+

7(3:2) + 7). The inequality r > 0, implies that —1 < g:jr: < 1. Then § <

t—i—ﬁ(g:;;)—&-mu—&—’y(;:jr:)—i-ﬂ < 57” Hencet-i—ﬁ(g:;;)-f-ﬂ = u+v(§ﬁ§)+w.

Theny—fF=t—u=(y— B)(g:;:) Since g;;: # 1, we obtain that § = v and
t = u. This contradicts our assumption and shows that this case is impossible.

Subcase 1.2. r =0 or s = 0.

Since |r| = |s|, we obtain that r = s = 0. Then, by B, the middle points of
the open intervals I and .J are the points e(t+ ) and e(t — 8+ ) in some order
and the same happens with e(u + ) and e(u — v + 7). Hence either:
Me(t+p8)=e(ut+~)ande(t—F+m)=e(u—~y+m),or
(D) e(t+06)=e(u—~vy+m) and e(t — f+ 7) = e(u+ 7).

Recall that —5 <t+8,u+v < 37” and § <t—f4+mu—y+m< %’r (M

If (I) holds, then t + 8 =u++y and t + m — 8 = u+ 7 — . This implies that
B = and t = u. This contradicts our assumption and proves that (I) does not
hold.

If (II) holds, by (*), either

t+f0=u—vy+mort+p+2n=u—~y+m.
Similarly,
u+y=t—pF+moru+y+2r=t—F+m.

Thus we need to consider four possibilities:

If (1.) holds, then 7 — (8+4+v) =t —u = —w 4+ 3 + . This implies that
7 = [ +~. Which contradicts the fact that 3,y € (=5, 5). Hence (1.) does not
hold.

If (2.) holds, then 71— (8+~) =t —u = w+ 8 ++. This implies that 3 = —,
t=u+mandr=0= —s.

If (3.) holds, as in the previous paragraph, 8 = —y,t =u—mandr = 0 = —s.

If (4.) holds, as in the case (1.), 8+ v = —m, a contradiction. So (4.) does
not hold.

Subcase 1.3. r,s < 0.

Since w(r, 8,t) = w(s,vy,u), we have that e(t) - o(—r, —0) = e(u) - o(—s, —7).
Then w(—r,—0,t) = w(—s, —7,u). By Subcase 1.1., this equality does not hold.
Thus, this subcase is also impossible.

Subcase 1.4. r<0<sors<0<r.

We analyze the case r < 0 < s, the other one is similar. Since w(r,3,t) =
w(s,vy,u), we have —e(t)-o(—r, —03) = e(u)-o(s,7). Let I and J be the respective
largest and shortest components of S*\ A. By B, length(J) = 5 —|r| = 5 —|s].
This implies that s = —r. Moreover, the middle point of J coincides with the
points —e(t — B) = e(t — 3+ 7) and e(u+ 7). Since 7 <t— B+ 7 < °F and
—F<u+vy< 37“, we have that either



t—pf+m=ut+yort—F0+m=u+v+2m.

On the other hand, the middle point of I coincides with the points e(t+3(3-1%)

and e(u —i—'y(g;;;) + 7r).2 Since —21 < 2T g;;; < 1 and 2—% < 6,37 < 3
wo have that 5 < A(325)(EE) < 3§ < - A(EE) < % and
7 <u +’7(§;+;) +7< 5l Then either

t— B(EE) = w4 (25E) + 7 or £ — (D) + 27 = u 4 y(25E) + 7.

Hence we have to consider four possibilities.

(5) t=B4+7m=u+vyand t — B(3HET) = u+y(355) + 7,
(6) ¢ B+ m=u-ty and £ BELE) = u+3(BrE)
(7.) t=B+m=uty+2r and t — B(ZEE) = u+ 1(EE) +,
(8)t—B+m=u+y+2mandt—B(FEE) =u+(F3E) —
If (5.) holds, then ﬁ—|—’y—71'Zt—uzﬁ(g;«t:)"i"y@;:)—’—ﬂ > 0. This

implies that 5+« > 7, a contradiction. Therefore (5.) does not hold.
If (6.) holds, then B+~ — 7 =t —u = B(2ET) +’y(§‘z+:) — m. This implies

2r—m
that 7(29_”) = B(52%). Since s = —r, we infer that = —y and t = u — 7, so
in this case, we are done.

2r—m
If (7.) holds, then B+ + 7 =t —u = B(2ET) +7(§;+:) + 7. Asin (6.)

2r—m
we obtain that 8 = —v and ¢ = u + 7, so in this case, we are done.
If (8.) holds, then B+~ + 7 =t —u = 3(34L) +’y(§§+:) — 7 < 0. This

implies that 5+ v < —m, a contradiction. Hence (8.) does not hold.
This completes the proof for Case 1.
Case 2. r=F orr=—73.

We analyze the case r = 7, the other case is similar. By A, w(r,B,t) =
e(t) - o(r,B) = e(ft — 5,t + 5]) = w(s,7,u). Since w(s,v,u) is connected,
byB,se{—gg. Ifszg then (S’y,)—e([u—g,u+”]). Thus
e(ft = 5,t+ %)) = e([u — §,u+ F]) and the middle point of this set is e(t) and
e(u), so e(t) = e(u) and t = u. Hence (t,7) = (u, ).

Now suppose that s = —%. Then w(s,v,u) = e([u + Z,u + 3F]). Since

e(ft—%,t+3]) =e([u+ F,u+ 3F]), taking the middle points of these arcs, we
obtain that e(t) = e(u + 7). Since ¢ € [0,7] and ™ + u € [, 27|, we conclude
that either t =7 =7 +w or t = 0 and 7 + u = 27. In both cases, |t —u| = 7.
Therefore {r,s} = {—F, 5} and [t — u| = 7. This finishes the proof of F.

Property G. w is onto.

We prove G. Take an element A € A. First we consider the case that A is
not connected. Then A = e([a,b] U [¢,d]), with b < ¢ and d — a < 27. Since
Ae A, m=b—a+d—c Weassume that the open interval J = e((b, c)) is the
shortest component of S'\ A. That is, ¢ — b < a + 27 — d. Since o(A) = T,
the sum of the lengths of the components of S\ A is equal to w. That is,
(c=0b) + (a+2m —d) = m. Then ¢ —b < §. We consider two cases.

Case 1. (b+c)(r+a—d)=(a+d)(m+b—c).

Define



ﬁz%,a:%‘i—i—wandr:a—d—i—%ﬂ.
Since m = b — a + d — ¢, we have that
r=b-—c+ 3.
Then r € [0, F), observe that 2r — 7 = 2(m +a —d) = 2(b—c) and 2r + 7 =
T—T c m+a—d a

202 +a—d) = 2(m +b—c). Hence 3(35%) = (% )(%) = otd 5o
BrTr) = 452

Let ro = 5 +7r € [§,7), so =7 —1r9 € (0,5] and w = bsg + arg. Then

ro=n+b—c=2r+a—d, so=c—b, and

b+c)so+(a+d)ro=0b+c)(—rmr—a+d)+(a+d)2r+a—d) =
—(b+c)(r+a—d)+(a+d)(m+b—c)=0.

This implies that —w = ¢sg + drg. Then

2w = bsg + arg — csg — drg = (b— ¢)sp + (a — d)rg =
(m+a—-d)so+ (—m+b—c)ro=(—m+2r+a—d)so+ (-1 +b—c)rog =
(=7 +10)s0 + (—7 — s0)ro = —7(ro + 50) = —72.

w_ _m o 1 s ro TG S0 4 To —
Thus +b 5 and ¢ 4+ d™ = 7. Since 2% + 72 =1, we

T 2@

have that —% (respectlvely, 2) is a convex combination of a and b (respectively,
¢ and d). Therefore a<—-F<bandc< § <d.
Then 2¢ < T, b+c<7r+bfcf 7+randﬂ< ( +
hand —7 <2b, —r — 5 = -7 —b+c<b+cand — ( )
Since 0 <7 < 7§, we have that (r,3) € K. Moreover

g) On the other
<g

w(r, 3,0) =
Q(T7ﬂ):e([ﬁ(2: 77)_3l+275_z+ ] [ﬁ %_675(5;4—,: +%Tﬂ_%]):
e([aer d b;c+b2c]u[%_%’%¢i_a§d] — A

Therefore, w(r, 3,0) = A and A € Im w.

Case 2. (b+c)(mr+a—d)# (a+d)(m+b—c).
Since d —c+b—a =7, we have that b—c=n+a—dandd—a=7m+c—b.

Define

+— (b+c)(r+a—d)—(a+d)(m+b— c)
2(b—c+d—a)

Then (a +d)(m+b—c)+2t(b—c) = (b+c)(m+a—d) —2t(d — a). Thus
(b+c)(mr+a—d)+2t(r+a—d) = (a+d)(m+b—c)+2t(r+b—c). This implies
that (b+t+c+t)(r+a+t—(d+t)=(a+t+d+t)(m+b+t—(c+t)). Set

ap=a+t,bp=b+t,co=c+t, dy=d+1tand Aoze([ao,bo]U[Co,do]).



Observe that (b + ¢o)(m + ag — do) = (ag + do)(m + bo — ¢p), Ao € A and
e((bo,co)) is the shortest component of St \ Aj.

By Case 1, there exists (r,3) € K such that o(r,3) = Ag. Observe that
Ap =e(t) - A and e(—t) - o(r, B) = A.

Let to € [0,27] be such that e(tg) = e(—t). In the case that to € [0,7],
we conclude that (r, 8,t9) € K x [0,7], w(r,3,%) = A and A € Im w. In the
case that tg € [m,27], let t; = to — 7. Then ¢; € [0,7] and e(t;) = —e(to).
Hence (—r,—f,t1) € K x [0,7] and, by the definition of o, w(—r,—f,t1) =
e(t1) - o(—r,—pB) = e(t1) - (—o(r, B)) = e(to) - o(r, 8) = A. Therefore A € Im w.

This completes the proof that A € Im w for each A € A such that A is
disconnected.

Now, we suppose that A € A and A is connected. Then A = e([a, b]) for some
a,b € R such that b—a = m. We may assume that the number ¢ty = “}Lb € [0, 27].
Then e(to) - e([~F, 5]) = e([to — 5,t0 + 5]) = e([a,b]) = A. In the case that
to € [0,7], we have that w(F,0,t9) = A. In the case that ¢ty € [m,27], the
number ¢; = tyo — 7 belongs to [0, 7] and by A, w(—75,0,t1) = e(t1) - o(—5,0) =
—e(to) - e([Z, 2F]) = e(to) - e([~ %, Z]) = A. This ends the proof that A € Im w.
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This completes the proof of G.

Let Dg be the unit disk in the plane given by
Do ={(z,y) s 2 +y* < 1}.

Since K is a 2-cell and the arcs LT = {F }x[—g, Zland L™ = {-%}x[-F, T]
are contained in the manifold boundary of K, it is possible to find an onto map-
ping A : K — Dy such that \(LT) = {(1,0)}, AL™) ={(-1,0)}, the mapping
M r\(z+or-) s K\ (LTUL™) — Do\ {(=1,0),(1,0)} is a homeomorphism, and
since both sets K and Dg are symmetric with respect to the origin (0,0), it is
possible to ask that for every (r, 3) € K, the following equality holds:

/\(ra ﬂ) - 7)‘(77/.7 7&)

By A, o preserves the fibers of A\. Then Theorem 3.2, Ch. VI of [3], implies
that there exists a mapping o* : Dg — A such that o = p* o A
Define w* : Dy x [0,7] — A by

W*(T7 B, t) = e(t) ) 9*(Tv 5)

Property H. Suppose that (r*, 8%, ¢), (s*,7*,u) € Do x[0, 7], w*(r*, 8*,t)
w*(s*,v*,u) and (r*,8%,t) # (s*,v*,u). Then (r*,5") = (—s*,—v*) and 7 =
[t — ul.

We prove H. Let (r,5), (s
A(s,y) = (s*,v*). Then w*(r*,
and w*(s*,v*,u) = w(s,v,u). Thus w(r, B,t) = w(s,vy,u).

In the case that —5 < r g, by Property F, |t — u| = 7 and (r,8) =
(—s,—7). By the choice of A, (r*,8") = A(r,8) = M—s,—7) = —A(s,7) =
—(s*,7*). So, in this case we are done.

,7) € K be such that \(r,3) = (r*,3") and
r? t) =e(t)-0*(r*, %) = e(t)-o(r, ) = w(r, B,1)
<



by Property F, {r,s} C {-%, 5} and

In the case that {r,s} N {-%,5} #0,
%t and [t —u| = m. We consider three

either (t,7) = (u,s) or {r,s} = {-7,
cases.

Case 1. r =s= 7.

In this case, (t,7) = (u,s) and (r,), (s,v) € L. Then (r*, %) = \(r,3) =
(1,0), so * = 1 and " = 0. Similarly, s* = 1 and v* = 0. Therefore
(r«, Bx,t) = (s*,7*,u), a contradiction. Thus this case is impossible.

Case 2. r =s=—7.

This case is similar to Case 1.

Case 3. {r,s} ={—5, 5} and [t —u| = 7.

We may suppose that = Z and s = —%. Then (r,3) € LT and (s,7) € L.
Thus (r*,8%) = A(r,8) = (1,0) and (s*,7*) = A(s,7) = (—1,0). So r* = 1,
B* =0, s* = —1 and v* = 0. Therefore (r*, %) = (—s*, —*). This completes
the proof of H.

In the space Dy X [0, 7] define the relation (r*, 5%, t) >~ (s*,v*,u) if and only
if either (r*,8%,t) = (s*,v*,u) or (r*,3%) = (s*,7*) and {t,u} = {0,27} or
(r*,8%) = (—s*,—7*) and |t — u| = 7. Clearly, ~ is an equivalence relation, so
it is possible to consider the quotient space

(Do x [0,7])/ ~.

Let ¢ : Dy x [0,7] — (Dg % [0,7])/ =~ be the quotient mapping. By Property
H, the fibers of ( coincide with the fibers of w*.

Given A € A, by G, there exists (r,3,t) € K x [0,7] such that A =
CU(’I",ﬁ,t) = €(t) ’ Q(T,ﬂ) = e(t) ' (Q*(/\(T7ﬂ)) = e(t) ’ Q*(T*aﬂ*) = w*(r*7ﬁ*7t)a
where (r*, ") = A(r, 3). This proves that w* is onto.

The Transgression Theorem [3, Theorem 3.2, Ch. VI] implies that A is
homeomorphic to (Dg x [0,7])/ ~.

Observe that (Dg x [0,7])/ ~ can be obtained by taking the convex cilinder
Dy x [0, 7] and identifying its top and its bottom making a rotation of 180°. It
is easy to see that after this identification we obtain a solid torus. Therefore, A
is homeomorphic to the solid torus. m

Theorem 3 The continuum C(S*)/Fy(SY) is homeomorphic to the suspension

of A.

Proof. Set P = C3(Sh) \ (F1(S1) U {S1}). We are going to define a mapping
f:Px(0,2m) — P.

In order to define f, take (A,t) € P x (0,27). We consider two cases.

If A is connected, A is a subarc of S*. Let I = S\ 4 and p = e(a) be the
middle point of I. Then

f(A ) =e(la+m—%a+m+E]).

In the case that A is not connected, the complement of A in S! consists of
two open subarcs I and J. Let p and ¢ be the respective middle points of I and
J, and let r and s be the respective lengths of I and J, we choose I and J in
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such a way that s < r. Let a and § be real numbers such that |a — 3] < ,
p=e(a) and ¢ = e(f).
Define

Pt ={AeP:a<p} and
P-={AeP:a>p}

For defining f(A,t) (when A is not connected), we consider two subcases:
Case 1. A€ P+.
In this case, a < 3. Observe that

A=e(la+5,8-35]U[B+ 5, a+21 - §]).

Define
o' = = (ar + 8s — 55 (6 — )t + w(0(A) — 1)),
g = Tis(ar + Bs + ﬁ((ﬁ —a)t+mw(c(4) —t))),
_ r(2r—t) _ s(2m—t)
r’—ﬁands’—ﬁ.
Then define
fA) =e(o +5,8 - SJU +%,a/ + 21 — Z]).
Claim 1.

a) o(A)=2r—(r+s), f—a>"E2and 2n +a — § > £,
b) ar + s = o'r + 3's,
c
d

) ar’ + s’ = o'r' + 3’8,
) B o = ;5 (B a)t +m(a(4) — 1)),
—a=21((f —a)o(A) —7(c(A) —t)

t

3 (o( ,
a=r+fs—2((8 —a)o(A) —n(o(A) - 1)),
B=s@r+ s+ 5((6 —a) ™
0
0
B

W0<H -5 a4

No<o' +2r—5 —p — %,
j) B —d <m,

k) f(A,t) € PT,

) o(f(A 1) =t,

NN N NN N N N N N S S
~ ~—

We prove Claim 1. The first part of (a) is immediate. The two inequalities
in (a) follow from the fact that the arc-length distance from p to ¢ is greater
than or equal to “£=.

(b) and (d) are immediate. (c) follows from (b). (e) follows from (d). (f)
and (g) are obtained as solutions of the system of linear equations given in (b)
and (e).

In order to prove (h), note that (a) and (d) imply that:

11



g —a -t =
U(lA)((ﬁ - Oé)t + 71'(0-(14) _ t)) o % >
sy (Bt m(o(A) —t) — o(A)en=t)) _

QU}A) (2 —o(A)t+2n(0(A) —t) —o(A)(2m —t)) = 0.

In order to prove (i), note that (a) and (d) imply that:

O/+27T—%/—5’_%:
st ((a = Bt +7(t = o(A))) + 27 — 5t =
U(IA)((27T+04—6)t—27rt—|—7rt—7rg(A))_|_2ﬂ-_ ot >
a(lfx)(rérstfﬂt—wo(A)) 4 om — 2t

QO‘%A) (2m —o(A))t —2nt — 270 (A) + dmo(A) — 2w (A) + to(A)) = 0.

We prove (j). Since 8 — a < 7, we have that (8 — a)t < wt. This implies
that (3 — a)t + w(o(A) — t) < 7o (A). By (d), we conclude that 8’ — o/ < 7.

We prove (k) and (1). Note that by (h) and (i), the sets e([a’ + %,ﬁ/ - %/])
and e([3" + %', o + 27 — %]) are nonempty subsets of S'. Since 27 + o/ + % >
o +27— %/ and 3’ + %/ > G- %/, we have that f(A,t) is the union of two disjoint
subcontinua of S'. Hence f(A,t) € Ca(S1)\ C(S). Moreover, o(f(A,t)) is the
sum of the lengths of the two intervals. Then o(f(A,t)) = 27— (r'+s') = t. Let
I'=¢((c — %,,O/ + %,)) and J' = ((8 — %,ﬂ’ + %/)) Then the components of
S\ f(A,t) are the two open subarcs I’ and J’. The respective middle points of
I' and J' are the points p’ = e(a’) and ¢’ = e(3'). Observe that the respective
lengths of I’ and J’ are 7’ and s’. Note that s’ < /. By (h) and (j), we have
that 0 < 8’ — o/ <. Thus f(A,t) € P*.

Finally, we prove (m). By definition,

FFA L), 0(A) = e(fa” + 5, 8" — 51U [B" + 5, " + 21 — ),

where

’

o = (ol 55— (B~ a)o(A) + w(t — o(A)),
B = A (@ + B+ (B — a)o(A) + (t — o(A))),

’ _ ! _
P (271'/ a,(A)) and s = ¢ (271'/ U/(A))
r'+s r’'+s
r@r—t) 9 (A _ )
Observe that r” = ,.Z;it)(Jrs(%(,t))) = (n Ti(SA))T. Since o(A) + 7 + s = 2,
r+s r+s

we conclude that '/ = r. Similarly, s” = s. Since r’ and s’ have the same factor
(27=t) we can change ' by r and s’ by s in the expression for a/’. Then

r+s
o' = (a4 f's = $((8 = a)a(A) +m(t — a(A))).

By (f), we conclude that o = a. Similarly, 3" = 3. Thus f(f(A,t),0(4)) =
A.

Case 2. AcP .
In this case, o > (3. Observe that
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A=e([B+5,a—2]U[a+%,B+ 21— £]).

Define
o = (ar + s + s (@ — B)t + (o (4) 1)),
8 = “(ar + s — st ((a — B)t + m(o(4) — 1)),
r’:% ands’z%.
Then define

fA ) =e([f + 5,0 —Z]Ule/ + 5,8 + 21— 5]).

Proceeding as in Case 1, interchanging the roles of « and 3 in properties (a)-
(m), it is possible to prove that for every A € P~ f(A,t) € P~, o(f(A,t)) =t
and f(f(A,1),0(A)) = A.

This finishes the definition of f.

Claim 2. f is well defined.

In order to prove this claim, we only need to consider the case that A is not
connected.

First we see that the definition of f(A,t) does not change if we add the same
integer multiple of 27 to both a and (. In order to see this, it is enough to show
that f(A,t) does not change when we take o+ 27 and 3 + 27 instead of o and
0, respectively. We consider the case that a < 3, the other case is similar. In
this case,

(a+27m) = ﬁ((a+2w)r+(ﬂ+2ﬂ')s— ﬁ((ﬂ+2ﬂ'7(}t72ﬂ')t+ﬂ(0(/l) —t))) =
27 + %ﬂ(ar +8s = (B —a)t +m(0(A) — 1)) =27 + o

Similarly, (8 + 27)" = 27 + 3. Since r and s are the lengths of the components
of ST\ A, they do not depend on the choice of a and 3. Therefore, the value of
f(A,t) does not change under adding integer multiples of 27.

In the case that » = s, both components of S\ A have the same length, so
it is possible to interchange the roles of I and J. We check that in this case the
set f(A,t) does nto change. Take Iy = J and Jy = I. Then rog = s =r = s,
oo = 0 and B, = a. Consider the case that o < 3. Then 3, < ap.

So,

oy = = (aoro + Byso + 2% ((co — Bo)t + (o(4) — 1)) =
L6+ a+ =5 (8- a)t + (o (A) —1))).
On the other hand,

B = s lar + Bs + o5 (B = a)t + m(o(A) — 1)) =
3@+ B+ (8= a)t +m(a(4) —1))).
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Therefore af, = (3'. Similarly, 8; = o'. This implies that the value f(A,t)
does not change when we take Iy and Jy instead of I and J.

Now, we see that the definition of f(A,t) does not change in the case that
it is possible to take numbers a; < §; and [, < ag, for the same A. So
suppose that there exist aj, as, §; and (3, such that p = e(a;) = e(aq),
q=e(By) = e(Bs), a1 = By| <7, Jaz — Bo| <, ar < By, By < g and either
a1 # ag or B; # B4. Since the definition of f(A,t) does not change by adding
the same integer multiple of 27 to both a and 3, we may assume that a1 = as.
Then 8, € [aq — m,01),0; € (aq, 1 + 7] and (4,04 € [a1 — 7,1 + 7]. Since
e(By) = e(B5y), we have that 85 = a1 — 7 and 8; = ay + 7.

The value of o} (using oy and () is

o = (o + 13 — g (91— )t + 70(4) 1) =
Tj_s (ar(r+s)+ms— (A) (mt+7(o(A) — 1))

On the other hand,

= rhsloar + A5 + 5ty ((e — At + wlo(4) 1) =

Tis (ar(r+s) —ms + gy (rt + w(0(A) — 1)) = .

7.

!
Qg

Therefore, of = . Similarly, 3] = 8; and 35 = 62 Thus using oy and
By, we have that f(A,t) = e([as + % 5 LB — Su [61 a1 + 21— Z)) =
e([ar + 2/,041 +7T— %/] [a1 +7m 4+ 5,01+ 27r — —]), Whlle using s and [,
we have f(A,1) = e([f; + 4,02 — “lUfag + 5, By + 21— £]) = e(fan — 7 +
5 Lo — FlUas + 5, a2 + 7 — 5]) = (adding 27r to both end-points of the first
interval) e([a; + 7 + %,al + 27 — %/] Ul + 5 a4 — —]) Therefore the
value of f(A,t) using oy and (3 is the same as the value of f(A,t) using as and
. This completes the proof of Claim 2.

Claim 3. f is continuous.

Clearly, f is continuous at the elements (A,t) € (P \ C(S')) x (0,1), and f
restricted to (P N C(S)) x (0,1) is also continuous. In order to complete the
proof of the continuity of f, take a sequence {(A,,t,)}5; in (P\C(S1))x(0,1)
such that lim,, ... (An,t,) = (A,t) for some (A,t) € (PN C(SY)) x (0,1).

Set I = S'\ A. Let p = e(a) be the middle point of I and r the length of I.
Then A = e([a+ §,a + 27 — §]). For each n € N, let I, Jn, pn = e(an), qn =
e(B,,), rn» and s, be as in the definition of f(An,t ). Since lim, oA, = A,
we may assume that lim, ., clgi(l,) = clgi1(I). Then lim, . .p, = p and
lim,, . oorn = r. We may assume that lim,, . «, = a and we consider the case
that for each n € N, o, < 3, (the case §,, < a, for each n € N is similar). So
B,, € [an, oy, + 7] and the sequence {3,,}°2 ; is bounded. Since A is connected,
we have that lim,,_...s, = 0. Then

. ;L
lim,,_,ccq), =

hmnﬂooﬁ(anrn + ﬁns’ﬂ - %((ﬁn - a’ﬂ)tn + T‘—(U(An) - tn))) = qQ,
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lim,, . oor), = lim, T"fj_;t") =271 —t and lim,, . s), =
limy, oo 2227 =tn) —
Hence,
limp o0 f (An, tn) = limy —sce([a, + . 8, — 21U 8], + %, af, + 27 — %) =
e(la+m—5,a+m+ L)) = f(At)

Therefore f is continuous.

In the following claim, we resume the properties that we will use of f.

Claim 4. For every (A,t) € P x (0,1), f(A,t) € P, o(f(A,t)) =t and
F(F(A ), 0(4)) = A,

We prove Claim 4. In the case that A ¢ C(S'), these properties follow from
properties (k), (1) and (m) in Claim 1, and the corresponding properties when
B<a.

In the case that A € C(S1), let I = S'\ A and p = e(a) be the middle
point of I. Then f(A,t) =e(fa + 7 — %, a+ 7+ £]). Thus o(f(A,¢)) =t and
f(A,t) € P. Note that the middle point of S\ f(A,t) is e(a) and the middle
point of A is e(a+m). Then f(f(A,t),0(4)) = e([a—|—7r—6(2‘4),a—|—7r+#]) = A.
This ends the proof of Claim 4.

Consider the suspension of A defined as the space obtained from A x [0, 27]
by identifying the set A x {27} to a one-point set and A x {0} to another
one-point set. We denote this suspension by B. Let ¢ : A x [0,27] — B and
@ : Co(Sh) — C2(S1)/F»(S') be the quotient mappings, and denote by g the
point in Cy(S')/F2(S1) such that gy = ¢({p,q}) for every p,q € X.

Define g : A x [0,27] — Co(SY)/Fy(S*) by

o(Sh), if t = 2,
9(A,t) =  q, if t =0,
P(F(A1), ift € (0,2m).

Claim 5. C(S')/F>(S') is homeomorphic to B.

First we prove that g is continuous. Take (4,t) € A x [0,2x]. If ¢ € (0,27),
clearly, g is continuous at (A, ).

Now suppose that ¢ = 0. Take an open subset U of Co(S*)/Fz(S) such that
go € U. Then F5(S1) is contained in the open subset ¢! (U) of C2(S'). Thus,
there exists § > 0 such that if B € C3(S') and o(B) < 6, then B € p~1(U).
Givenu < §and B € A, by (1), o(f(B,u)) = u < 4, then ¢(f(B,u)) € U. Hence
the open subset A x [0,d) of A x [0,27] is a neighborhood of (A4, 0) contained
in g~1(U). Therefore g is continuous at (4,0).

The continuity of ¢ in the case that ¢ = 27 can be proved in a similar
way. Observe that g preserves the fibers of 1. We check that ¢ preserves the
fibers of g. Take (A4,t),(B,u) € A x [0,27] such that g(A,t) = g(B,u). If
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€ (0,27), g(A,t) = o(f

t) (A,t)). By Claim 4, o(f(A,t)) = t, so f(A,t) ¢
Fy(51) U{S"}, g(B.u) = g(A

9(At) = o(f(A,1) & {e(5)} U{qo}, so u € (0, 2m).
Since o(f(At)) = o(f(B,u)), we have that f(A,t) = f(B,u). By Claim

, t = o(f(A4,t) = o(f(B,u)) = u. Since A,B € A, 0(A) = © = o(B).
Applymg Clalm 4, we obtam that A = f(f(4,t),7) = f(f(B,u),7) = B.
Hence (A,t) = (B,u). Similarly, if w € (0,27), we obtain that (A,t) = (B, u).
In the case that t = 0, g(B,u) = qo, so u = 0, and (A, t) = ¥(B,u). Similarly,
if t = 27, then ¥(A, 2w) = (B, 27). Thus ¢ preserves the fibers of g.

Now, we prove that g is onto. Take E € C3(S!) such that E ¢ F;(SY)U{S'}.
Set D = f(E,w). By Claim 4, o(D) = 7, so D € A. Moreover, Claim 4
also implies that f(D,o(FE)) = f(f(E,n),0(F)) = E. Then g(D,o(E)) =
o(f(D,0(E))) = ¢(F). Therefore g is onto.

The Transgression Theorem [3, Theorem 3.2, Ch. VI] implies that B is
homeomorphic to Co(St)/Fy(S'). This finishes the proof of Claim 5. m

Theorem 4 Co(SY)/Fy(SY) is homeomorphic to the suspension of the solid
torus.

Corollary 5 hd(Co(S*)/F»(S1)) =3

3 Homogeneity degree of Cy(St)/Fy(S?)

Throughout this section, let Z = Cy(S1)/Fy(S*) and let ¢ : C2(S1) — Z be the
quotient mapping. Let Zy € Z be such that {Zy} = ¢(F1(S')) and Z; = p(S1).
Note that the mapping

©o = @leystnr st @ Ca(S1)\ Fi(SY) — 2\ {Zo}

is a homeomorphism.
For each Z € Z, let

o(Z) = {A € Z: there is a homeomorphism h : Z — Z such that h(Z) = A}.

Then hd(Z) is the cardinality of the pairwise distinct sets of the form o(Z)
with Z € Z.

Lemma 6 Let X be a continuum such that C(X) is contractible. Then Ca(X)\
Fy(X) is contractible.

Proof. By [13, Lemma 16.5], there exists a homotopy D : 2% x [0,1] — 2%
such that:

(a) D(A,0) = A for each A € 2%,

(b) D(A,1) = X for each A € 2%, and

(c)if A€ 2¥ and 0 < s <t <1, then D(A,s) C D(A,1).

By [2, Lemma 2.1], property (c) implies that D(Cy(X) x [0,1]) C Ca(X),
and if A ¢ F1(X), then for every ¢t € [0,1], D(A,t) ¢ Fi(X). This implies
that D((Ce(X) \ F1(X)) x [0,1]) = C2(X) \ F1(X). Therefore Co(X) \ F1(X)
is contractible. m

Since ¢, is a homeomorphism, Lemma 6 implies the following.
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Lemma 7 Z\ {Zy} is contractible.
Lemma 8 F,(S') is a retract of C2(S*) \ {S1}

Proof. Define r : C2(S*) \ {S'} — F»(S') in the following way.

In the case that A is connected, set I = S'\ A. Let p = e(a) (o € R) be
the middle point of I and 7 the length of I. Then A = e([a + §, a4 27 — §]).
Define

g(d)=e({a+ 35+ a+F -5}

In the case that A is not connected, the complement of A in S' consists of
two open subarcs I and J. Let p and ¢ be the respective middle points of I and
J, and let r and s be the respective lengths of I and J, we choose I and J in
such a way that s < r. Let o and 3 be real numbers such that |a — 8] < m,
p = e(a) and g = e(8).

In the case that o < 3, define a = w and g(A) by:

g A)=e{a+5+5—%a+3E +5-1}).

In the case that 3 < «, define a = % and g(A) by:

g(A) =ea+F+5-Fa+ F+5-3).

Claim 1. g is well defined.

First we see that the definition of g(A) does not change if we add the same
integer multiple of 27 to both a and 3. In order to do this it is enough to see
that g(A) does not change when we take « + 27 and 8 + 27 instead of « and g,
respectively. In the case that a < 3, the definition of the number a for a 4 27
and 8+ 27 is equal to (O‘H”)Ttﬁﬁﬂfﬂ)s = O‘T+7ff_;”)s +27. Since a is the only
term in the definition of g(A) that changes when we consider a+ 27 and 5+ 27
instead of a and [, respectively, we conclude that, if a < g, then g(A4) does
not change by adding 27 to both a and 8. The case [ < « can be treated in a
similar way.

In the case that r» = s, it is possible to interchange the choice of I and
J. Observe that in both cases a = Lg_”, so a and ( play symmetric roles.
Moreover, in both cases, g(A) = e({a + %,a + 2F}). This shows that, when
r = s, the definition of g does not depend on the choice of the open subarcs I
and J.

Now, we see that the definition of g(A) does not change in the case that
it is possible to take numbers a; < §; and [, < ag, for the same A. So
suppose that there exist aj, as, §; and (3, such that p = e(a;) = e(aa),
q=-e(B1) = e(By), lar = 1| <7, |ag = By < 7, an < By, By < a2 and either
a1 # ag or f; # (5. Since the definition of g(A) does not change by adding
the same integer multiple of 27 to both o and 3, we may assume that a1 = as.

17



Then B, € [a1 — 7, 01),0; € (o1, 01 + 7] and By, 85 € a1 — 7,1 + 7). Since
e(B1) = e(By), we have that S, = a3 — 7 and 8, = oy + 7.

If we use a1 and 3, we obtain a; = arti=ms _ airtars o and if we

r+s r+s
(ao—m)r+Bss8 .
=+ = a1 — 7. So, if we use a; and [y,

use g and (4, we obtain ay =
we obtain:

gA) =e(for+ 5 +5 - S+ 5 +5 -5,
On the other hand, if we use a2 and 35, we obtain:
o(4) = el{or 7+ 5 +5—faoa—mt F+5-5)) =
elfor +m+ 5 +3—hant 5453
Thus both ways of defining g(A) coincide.

Claim 2. g is continuous.

Clearly, g is continuous at the elements A € Co(S1)\ C(S1), and g restricted
to C(S?) is also continuous. In order to complete the proof of the continuity
of g, take a sequence {A,}°°; in Cy(S')\ C(S?) such that lim, A, = A for
some A € C(S1).

Set I = S\ A. Let p = e(a) be the middle point of I and r the length of I.
Then A = e([a+ §,a + 27 — §]). For each n € N, let I, Jn, pn = e(an), qn =
e(B,,), rn» and s, be as in the definition of g(A,). Since lim,,_,c A, = A, we may
assume that lim,,_,, clg1(I,,) = clg:i(I). Then lim,,_,op, = p and lim,,_, o7, =
r. We may assume that lim,_,a, = « and for each n € N, o, < 3,,. So

B, € o, ay + 7] and the sequence {3, }52; is bounded. Since A is connected,
anTn+ (B, —m)sn

we have that lim,,_...s, = 0. For each n € N, let a,, = P

Then lim,, ooty = w = q, and
lim,, —00g(An) =

i ocel (ot 5+ 5= an 5 —5) = ({0t 45, a5 1) = o(4)

Therefore g is continuous.

Claim 3. For each A € F»(S1), g(A) = A.

First we prove Claim 3. In the case that A = {w} for some w € S!, set
I=S"\ A4, let p=e(a) (« € R) be the middle point of I and r the length of
I. Then r = 27 and p = —w. Then

o) = elat+fa+ % —5) =el{atn)) = {w} =4

Now suppose that A = {w, z}, for some z # w. Let I, J, r, s, p, ¢, « and
0B be as in the definition of g. We consider the case that o < 3, the other case
is similar. Observe that r +s =21, p= —¢q, 8 =a+ 7, e(a+ 5) = e(8 - 3)
and e(8 + 35) = e(2m + a — 5). We may assume that e(a + §) = w and
e(2r + a — §) = z. Since B = a + m, we have that a = a. Observe that

m+5—5=r,and 3n+ 5 — 5 =47 —r. Then
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gA)=e({a+3+5-%a+3+5-2}) =e({a+i,a+2r—5}) = {w, 2} = A

This finishes the proof of Claim 3 and the proof of the lemma. m

Let P = Co(S)\{S"}, Q= Z\ {p(S")} = 2\ {Z1} , R = p(F:(S")) and
Y=plp:P— Q.
Lemma 9 R is a retract of Q.

Proof. Since ¢ is an identification, P is open in C2(S') and ¢~ (p(P)) = P,
we have that v is an identification.

Observe that Theorem 4.3 of [3, Ch. VI] can be applied to obtain a mapping
g« that makes commutative the following diagram.

P RSy
(U L
o ¥ R

—

Given A € R, there exists B € Fp(S') such that A = ¥(B) = ¥(g(B)).

Then ¢.(4) = ¢g.(¢¥(B)) = ¥(9(B)) = ¥(B) = A. Thus, for each A € R,
g«(A) = A. This proves that g, is a retraction. m

Lemma 10 Q is not contractible and then o(Zy) # o(Z1).

Proof. Suppose to the contrary that Q is contractible, since R is a retract of Q,
R is contractible. It is known [10, p. 53 and 54] that F5(S!) is a Mobius strip
having Fi(S') as its manifold boundary. Since ¢|p,(s1) @ Fo(S') — @(Fa(Sh))
is an identification (it is a closed function), the Transgression Theorem |[3,
Theorem 3.2, Ch. VI] implies that R = ¢(F»(S')) is homeomorphic to the
quotient space Fp(S1)/Fi(SY). Since Fy(S')/Fi(S!) is homeomorphic to the
2-dimensional real projective space RP?, this implies that RP? is contractible.
This is a contradiction since the fundamental group of RP? is Z,. Therefore Q
is not contractible. Thus, Lemma 7 implies that o(Zy) # o(Z1). m

Lemma 11 Z; does not have a 4-cell neighborhood in Z.

Proof. Suppose to the contrary that there exists a 4-cell neighborhood M of
Zy in Z. Take a homeomorphism f : F}(S!) — S'. Since S* is an ANR, there
exist an open subset U of C3(S'), containing F;(S') and a mapping F : U — S!
that extends f. We may assume that S ¢ U. Since ¢~ (pU)) = U, p(U) is
open in Z. Then there exists a 4-cell neighborhood K of Zj in Z such that K C
MnNeMU). Let W = 1(K) CU. Then Fi(S*) C Intc,(s1)(W). Thus there
exists 6 > 0 such that § < § and for each t € [0,27], Fa(e([t,t +0])) CW CU.
Set So = {{e(t),e(t+ )} : t € [0,27]}. Observe that Sy is a simple closed curve
contained in W. Let L : S x [0, 1] — W be defined by L(z,s) = {e(t),e(t+ds)}
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(where z = e(t) and t € [0,27]). Then L is a homotopy between the mappings
Ly and L; given by Lo(z) = {z} and L1(z) = {e(t),e(t + §)}. Since f o Lg is
a homeomorphism, F o Ly = f o Ly is not homotopic to a constant mapping.
Therefore F' o Ly is not homotopic to a constant mapping.

By [4, Théoréme 1] does not exist a mapping o : S — R such that eo o =
Fo Ll.

On the other hand, since ¢, : C2(S1) \ F1(S') — Z\ {Zy} is a homeomor-
phism and (W) = K, we obtain that W\ F(S") is homeomorphic to K\ {Zy}.
Since K is a 4-cell, K\ {Zp} is unicoherent. Hence W\ Fy(S?) is also unicoher-
ent. By [4, Théoréme 3|, there exists a mapping ¥ : W\ F;(S!) — R such that
Flyw\ry (s1) = €0 X. Since S € W\ F1(S?), we obtain that FoL; =eoXo L.
Making ¢ = ¥ o L1, we obtain a contradiction with the previous paragraph.
This finishes the proof of the lemma. =

Set

Ay ={A € Z: A has a 4-cell neighborhood M in Z such that A is in the
manifold boundary of M}, and
Ay ={A € Z: A has a 4-cell neighborhood M in Z such that A is in the
manifold interior of M}.

Lemma 12 Z = {Z;, Z1}UA1UAs and the sets {Zo} and {Z1} are equivalence
classes of = in Z.

Proof. By [15, Lemma 3.17], each A € C(S*)\ {S'} has a 4-cell neighborhood
in Co(S') and the element Z; = ¢(S*) does not have a 4-cell neighborhood in Z.
Hence Z; ¢ A; U As. Recall that we are denoting the cone over the solid torus
by C! and its vertex by v. Since every point in C1\ {v} has a 4-cell neighborhood
in C!, we conclude that each homeomorphism from C(S') onto C! sends S* to
v. Since F;(S?) is closed in Co(S?), each element A € Co(S1) \ (ST U Fy(SY))
has a 4-cell neighborhood in P. Since C2(S)\ ({STUF;(S')}) is homeomorphic
to Z\ {Zo, Z1}, each element in Z\ {Zy, Z;} belongs to A; U .A;. Therefore,
Z = {ZO, Zl} UA; UAs.

By Lemma 11, Zy ¢ A; U Ay. Thus Lemma 10 implies that each of the sets
{Zy} and {Z,} is an equivalence class of . ®

Lemma 13 A; and A are equivalence classes of = in Z.

Proof. Clearly, A1 N Ay = (). Take two elements A, By € Ay, we are going
to show that Ay = B;y. Since Ay, By ¢ {Zy, Z1}, there exist unique elements
A,B € P such that o(A) = A; and ¢(B) = B;. Since ¢|p : P — Q is
a homeomorphism each of the sets A and B has a 4-cell neighborhood in P
containing it in its manifold boundary.

Since C2(S*)\ {S*} is homeomorphic to C!\ {v}, we have that Co(S)\ {S'}
is homeomorphic to 7 x [0,1) (7 is the solid torus). Since 7 is a 3-dimensional
manifold with boundary, we obtain that 7 x [0,1) and Co(S*) \ {S'} are 4-
dimensional manifolds with boundary. Let F be the manifold boundary of
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Co(S1) \ {S'}. Observe that F is homeomorphic to (7 x {0}) U ((S* x S1) x
[0,1)) C T x [0,1). Thus F is a connected 3-dimensional manifold (in fact, it is
possible to show that F is homeomorphic to Do x St, where Dy is the open disc in
the plane given by Dy = {(z,y) € R? : 22+y? < 1}). Since 4, B € C3(S1)\{S'},
we conclude that A, B € F. Since F}(S') is homeomorphic to S*, from Corollary
to Theorem IV.4 of [7], it is possible to prove that F \ F;(S1) is connected.

Set G = (T x {0}) U ((S* x S') x [0,1)). Given a point p € G and an
open neighborhood U of p in G, observe that there exist a 4-cell M, C T x
[0,1) and a homeomorphism ¢, : [0,1]* — M, such that p = ¢,((3,3,3,0)),
©,([0,1]* x {0}) = M, NG C U, Fryyp,1)(Mp) = ¢,((manifold boundary of
[0,1]*) \ ((0,1)* x {0}))) and ¢,((0,1)* x {0}) is open in G. Thus, for each
element D € F (respectively, F \ F1(S!)) and each open neighborhood U of
D in F (respectively, F \ F;(S')), there exist a 4-cell Mp C Co(S?) \ {S'}
(respectively, Mp C P) and a homeomorphism ¢, : [0,1]* — Mp such that
D=¢p((3.4,1,0), p([0,1]* x {0}) = MpNF C U (respectively, Mp NF\
Fi(SY) cU), Frp(Mp) = ¢p((manifold boundary of [0,1]*) \ ((0,1)% x {0})))
and ¢ ((0,1)% x {0}) is open in F (respectively, in F \ Fy(S1)).

Since V = F\ F1(S!) is connected, it is possible to find m € N and elements
Di,...,D,, € F\ F1(S) such that for the 4-cells Mp,,..., Mp, C P and the
homeomorphisms ¢4, ..., ¢,,, described in the previous paragraph, we have the
following properties: A = Dy, B = D,,, and for each i € {1,...,m — 1}, there
exists an element E; € ¢p, ((0,1)* x {0}) Np,,, ((0,1)* x {0}).

Since A, Ey € ¢p, ((0,1)% x {0}), it is easy to see that there is a home-
omorphism ¢ : ¢p ([0,1]*) — ¢p, ([0,1]*) such that g(A) = E; and for ev-
ery D € ¢p, ((manifold boundary of [0,1]*) \ ((0,1)® x {0}))) = Frp(Mp,),
g(D) = D. Since ¢¥(A) = Ay and ¢p ([0,1]*) = Mp,, the homeomorphism
o = $ogo(($10) Dlerin,) : Y(Mp,) — H(Mp, ), satisfies o(A;) = p(Fy) and
for every D € ¢(Frp(Mp,)) = Fro(¥(Mp,)) = Frz(¥(Mbp,)), o(D) = D.
Thus defining G : Z — Z by:

G(D) _ U(D)v D e w(MDJa
B Da DGZ\¢(MD1)7

is a homeomorphism such that G(A;) = ¥ (E1).

We have shown that A; = E;. Proceeding as in the previous paragraph,
using ¢p,,---¢p, instead of pp , we obtain that By = Fy = ... = E,, = By.
Thus A1 = Bl.

This completes the proof that A; is an equivalence class of & in Z.

In a similar way, it is possible to prove that A5 is an equivalence class of =
inZ. =

Combining Lemmas 12 and 13, we obtain the following.

Theorem 14 hd(Co(SY)/F1(S1))) = 4.
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