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10 ABSTRACT. The purpose of this present paper is to study the Hyers-Ulam stability and Hyers-Ulam-
1 Rassias stability of homogeneous and non-homogeneous second-order linear differential equations ap-
— plying Laplace transform method. In particular, our results can guarantee stability over unbounded
2 intervals, and in special cases the obtained Hyers-Ulam constants match the best Hyers-Ulam constants.
13 In addition, the results obtained are conditioned on the convergence of the Laplace transform of some
14 function.

15

16 1. Introduction

% In 1940, Ulam [39] gave a wide range of talk before a Mathematical Colloquium at the University of
- Wisconsin in which he presented a list of unsolved problems. It motivated the study of stability prob-
o lems for various functional equations. Among the problems raised by Ulam, the following question is
o concerned about the stability of homomorphisms: Let G| be a group and let G, be a group endowed
v with a metric p. Given € > 0, does there exists a > 0 such thatif f : G| — G, satisfies

2 p(f(xy), f(x) f(y) < 9,

24 for all x,y € G, then we can find a homomorphism 4 : G| — G, exists with

25

26 p(f(x),h(x)) <e,

27 for all x € G ? If the answer is affirmative, we say that the functional equation for homomorphisms is
2g stable. In 1941, Hyers [13] was the first mathematician to present the result concerning the stability

29 of functional equations. He brilliantly answered the question of Ulam, the problem for the case of

30 approximately additive mappings on Banach spaces. In course of time, the theorem formulated by
31 Hyers was generalized by Rassias [33], Aoki [4] and Bourgin [9] for additive mappings (see also
32 [31]).

33 A generalization of Ulam’s problem was recently proposed by replacing functional equations with
34 differential equations: The differential equation

z% g(f,u,u/,u”,w-,u(”)):O

32 has the Hyers-Ulam stability if for a given € > 0 and a function v such that

38 I

oo ‘g(f7vavav7"'av(n)>‘§87

39

40 2020 Mathematics Subject Classification. 34D10; 34D05; 34A12.
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there exists a solution u of g (f, uu - ,u(”)> = 0 such that |v(r) —u(t)| < x(€) and

lim x(g) = 0.
e—0

[ ]~

*_If the preceding statement is also true when we replace € and k(&) by ¢(¢) and @(z), where ¢, ¢
= are appropriate functions not depending on u and v explicitly, then we say that the corresponding
° differential equation has the generalized Hyers-Ulam stability. Obtoza seems to be the first author
 who has investigated the Hyers-Ulam stability of linear differential equations [26, 27]. Thereafter, in
% 1998, Alsina and Ger [2] investigated the Hyers-Ulam stability of differential equations. They proved

2 the following result.
10

11 Theorem 1.1. Assume that a differentiable function v : I — R is a solution of the differential inequality
12 V(1) —v(t)| < & where I is an open subinterval of R. Then there exists a solution u : I — R of the
13 differential equation u'(t) = u(t) such that for any t € I, we have |v(t) —u(t)| < 3e.

" This result has been generalized by Takahasi [38]. He proved that the Hyers-Ulam stability holds

' true for the Banach space valued differential equation u’(f) = Au(t). Indeed, the Hyers-Ulam stability
' has been proved for the first order linear differential and difference equations in more general settings
7 [3, 8, 11, 14, 15, 16, 18, 19, 20, 21]. Jung [14] proved a similar result for the differential equation
" 1(t)u/ (t) = u(t), where r(¢) is a nonzero function. For more recent results about this subject, we can
19 refer to [5, 7, 10, 22, 28, 29, 35].

2% To the best of our knowledge, stability analysis using the Laplace transform was first studied by
2L Rezaei, Jung and Rassias [34] in 2013. The next year Alqifiary and Jung [1] proved the generalized
2 Hyers-Ulam stability of linear differential equations by using the Laplace transform method (see also
2 [6, 36, 37,41, 42]). In 2020, Murali, Ponmana Selvan and Park [23] have investigated the Hyers-Ulam
2 stability of the linear differential equations using Fourier transform method (see also [12, 32, 40]).
2 Very recently, Jung, Ponmana Selvan and Murali [17] established the various forms of Hyers-Ulam
il stability of the first-order linear differential equations with constant coefficients by using Mahgoub
7. integral transform (see also [30]). Then, Murali et al. [24] investigated the different forms of Hyers-
?® Ulam stability and Mittag-Leffler-Hyers-Ulam stability of second order linear differential equation of
?°_ the form u"(t) + 1u(t) = q(t) by using Aboodh transform method (see also [25]).

% Motivated and connected with the above literature, in this paper, our main intention is to study the

o Hyers-Ulam stability of the following second order linear differential equations
32

w (LD) (1) + e (1) + Bu() =0
fz and
2% (1.2) u’ (1) + o' (1) + Bu(r) = g(1)

BZ forallt € R, u(t) € C*(R) and ¢(¢) € C(R), using the Laplace transform method. A detailed definition
38 will be given in the next section, the factor 3 of € in Theorem 1.1 is called a Hyers-Ulam constant.
39 Note here that many of the Ulam stability analyzes using the various transforms described earlier
40 restrict interval / to a bounded interval. For example, I = [a,b], —o0 < a < b < oo. Alternatively, we
41 can point out the possibility that the Hyers-Ulam constant depends on the width of the interval and
42 diverges when t — co. That is, the obtained conclusion is given in the form of |v(¢) —u(t)| < eL(t) for



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

GENERALIZED HYERS-ULAM STABILITY OF LINEAR DIFFERENTIAL EQUATIONS 3

1t € [a,o0), but lim,_,. L(#) = 0. Unfortunately, this case is not Ulam stable on I = [a,0) in the sense
2 defined in the next section. However, our study shows that the above L(¢) can be chosen without
‘3 depending on ¢ € R. In other words, the novelty of our paper is that we can take the interval I as
4 the whole of real numbers. If the inequality |v(z) — u(t)| < K€ holds for ¢ € R, then naturally this
‘5 inequality holds for 7 € [a,b] as well, where K > 0 is a Hyers-Ulam constant and —eo < a < b < oo. If
6 there is a minimum Hyers-Ulam constant, it is called the best Hyers-Ulam constant. For example, it is
7 also known that the factor K = 3 of € in Theorem 1.1 is not best Hyers-Ulam constant for the equation
g u/(t) = u(t). Its best constant is known to be K =1 (see, [28]). The second novelty of our study is
9 to derive the best Hyers-Ulam constants for equations (1.1) and (1.2). So we get sharper results on R
10 than the previous studies.
11

o 2. Preliminaries

'® Here, we give some definitions of Hyers-Ulam stability and generalized Hyers-Ulam stability of equa-
' tions (1.1) and (1.2).
15

16 Definition 2.1. Let / be an interval of R. We say that equation (1.1) has the Hyers-Ulam stability,
17 if there exists a constant K > 0 with the following property: For every € > 0 and every v(¢) € C*(I )
1g satisfying the inequality

19 [V'(6) + o' (1) + Br(r)| < &,

2E for all ¢ € I, there exists a solution u(t) € C?(I) satisfies (1.1) such that

21
t)—u(t)] < Ke

o3 forallt € 1. We call such a K a Hyers-Ulam constant for (1.1).

24 Definition 2.2. Let I be an interval of R, and let ¢(¢) be a positive function on . We say that equation
25 (1.1) has the Hyers-Ulam-Rassias stability with respect to ¢(z), if we change both €’s in Definition

26 2.1to €¢(¢) and still K > 0 exists. We call such a K a Hyers-Ulam-Rassias constant for (1.1).
27
o5 Definition 2.3. Let / be an interval of R. We say that equation (1.2) has the Hyers-Ulam stability,

oo if there exists a constant K > 0 with the following property: For every € > 0 and every v(t) € Cc%(I)
o satisfying the inequality

31 V() + o' (t) + Bv(r) —q(1)| <&,
s2 forall 7 € I, there exists a solution u(t) € C2(I) satisfies (1.2) such that
= v(t) —u(r)] < Ke,

34
- for all r € I. We call such a K a Hyers-Ulam constant for (1.2).

3E Definition 2.4. Let / be an interval of R, and let ¢ (¢) be a positive function on /. We say that equation
37 (1.2) has the Hyers-Ulam-Rassias stability with respect to ¢(z), if we change both €’s in Definition
38 2.3 to €¢(¢) and still K > 0 exists. We call such a K a Hyers-Ulam-Rassias constant for (1.2).

39
— Remark 2.5. In Definitions 2.2 and 2.4, if ¢ (1) = 1, then the Hyers-Ulam-Rassias stability with respect
;o to ¢ (1) = 1 becomes just Hyers-Ulam stability.

42 If there is a minimum Hyers-Ulam constant, we call it the best Hyers-Ulam constant.
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3. Main results

1
% The first main result of this paper is as follows.
Z Theorem 3.1. Let € > 0 and ¢(t) be a positive function on R. Let Ay and A be the roots of s> + s +
5 B =0. Suppose that v(t) € C*(R) satisfies
% V(1) + o/ (1) + B(t) | < €9 ()
g fort € R. Then (i) and (ii) below hold:
9 (i) if M # A2 and L{¢(t)} converges absolutely for R(s) > min{R(A;),R(A2)}, then there
E exists a solution u(t) € C*(R) of (1.1) such that
- () —u(t)| < L/%(Ho)(ﬂzc—e%c do
2 ~ A=A o
S Jort € R;
"G ifM=Aand & {t@ (1)} converges absolutely for R(s) > R(A1), then there exists a solution
= u(t) € C*(R) of (1.1) such that
16
" Mo —ul e [ o+ o)oe N Mg
0
18
19 fort € R.

20 Proof. Let & > 0and ¢(t) > 0 for t € R. Let A; and A, be the roots of s> + as + 8 = 0. Suppose that
21 y(t) € C*(R) satisfies

22
5 (3D V' (£)+ o' (1) + Br(r)| < €¢(1)
24 for all r € R. Suppose that the Laplace transform of the function ¢ () which given by

25 oo
. ()= 2{0()} = | e olar
% converges absolutely for R(s) > min{R(A;),R(A2)} if A; # Ay; that is,
2 (3.2) /m\e‘%(t)\dt <o

30 0

31 for R(s) > min{R(1;),R(A2)} if A; # A,. Moreover, we suppose that the Laplace transform of the
32 function 1@ (¢) converges absolutely if A} = A,; that is,

?i - —st co

m (3.3) /0 [te™" ¢ (r)|dt <

% for R(s) > R(A;) if A = A,. Note that (3.3) implies (3.2) because

36

- 1) 1 1)

a7 / 9(r)e | ar = / o(t)e M| dr + / 9 ()e | ar
38 0 0 1

- 1 oo

8 g/ o (r)e M dt+/ 7] ]¢(r)e*’11f dt
40 0 1

- 1 0o

o </ ¢ (r)e M1 a’t+/ ‘¢(t)te M dt < oo
42 0 0
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1 hO]dS
2 Define a function p : R — C by
s 1
- (34 p(t) == o) (V'(t) + o' (1) + Bv(r))
5

— forall r € R. In view of (3.1), we have |p(t)| < € for all + € R. Using this with (3.2) and (3.4), we

- ‘ [ e ot

Thave
< e/ le ™9 (1)|dt < oo
0

/0 Te (V1 (1) + o/ (1) + Bv(o)) dr

.
[3le|=|

11

2 for R(s) > max{R(A1),R(A2)}. Thus, the Laplace transform .Z{v"(t) 4+ av'(t) 4+ Bv(t)} converges
3 for s > max{R (A1), R(A2)}. From the basic theory of the Laplace transform, we find that .Z{v" ()},
" 2/ ()} and L{v(t)} converge respectively. Needless to say, .Z{¢(¢)p(t)} also converges from

' (3.4). Taking Laplace transform from p(¢)¢(¢), we have
16

17 L))} =2V ()} +az{V (1)} +BL{v(1)}

% = (s2+ocs+ﬁ)${v(t)}—(s+05)v(0)—v’(0),
oo and thus

o Ly — LAWY (54 @v(0) +7(0)

2
- s2+os+ P

23 for R(s) > max{R(A1),R(A2)}. Since A; and A, are the roots of s> + as + 8 = 0, we see that A; and
24 Ay satisfy s>+ as+ B = (s— A1) (s —A2) =0, A1 + A, = —a, and A1 A, = B. Thus, we have

= _ Z{p0)9(1)} + (s— A — A)v(0) +V/(0)
z% f{v(t)}— (S—ll)(s—lz)

o _v(0) | Z{p@)e)} - 4v(0)+v'(0)

28 +

2o Cos—M (s—A1)(s—A2)

30 —(0).2 {e’llt} + (L) (1)} — Mv(0) +1/(0)) & {e’ll[} 8% {elzf}
31

2 = (0.2 {eM} + (L{p()9 (1)}~ Mv(0) +v'(0)) £ {eMr s e |

2% = v(O).i”{e’l”} —l—.ﬁf{p(t) (1) * ( Mt *6/12[)}

35 / Mt Mot

- +(—7le(0)—|—v(0))${e 1y e }

SZ for t > 0, where the symbol * denotes convolution. Hence we obtain the solution of the equation
—(3.5) V(1) + o/ (1) + Bu(r) = 9 (1)p (1)

g as

- 4 (1) = v(0)eM! + (=Av(0) +V(0)) €M w1 p(r)g (1) + (&M x ™)
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1 fort >0, by using the inverse Laplace transform. Note here that from the definition of the convolution,
2 we have

t
elll‘*elzt :/ eﬂ,l (Z*T)elz’fd,t
0

p(0)o () * (e}”’ *e’lzt> = /Otp(t —1)¢(r— 1) /Te}“l(fc)ebcdcdf

0

@|~]ofo]s]e]
o
5
o

o fort > 0. These two functions and €M can be defined not only for ¢ > 0, but also for # < 0. Similarly,

— they are twice continuously differentiable on R. Hence, it can be seen that the function v(z) is a
— solution of (3.5) not only for t > 0, but also for 7 < 0. That is, v(¢) is defined on R, and is a solution
o of (3.5) on R. Now, define the function

13 (3.7) vo(t) := v(0)eM” + (= A1v(0) +/(0)) M1’ 5
14
15 on R. Then vy(7) is a solution of (1.1) because if p(t) = 0, then (3.5) becomes (1.1). Note that

16 t t
- e;tlt*exzz:/ ell(t—‘c)elzrd,vzellt/ ——R)T
o 0 0
n il A WP
—— if L #F A
0 3:8) =9 M—XA ’

o teMt it A=A,

22
23
24 ui (1) := 1M + cre™

First, we consider the case A; # A;. Define the function

25
o on R, where

27 1 * AT 1 /m —Apt
- = [ p@e@etdr wd i [ pme(e e

- c

:2% Note that ¢; and ¢, are well-defined, because |p(z)| < € for all + € R and the Laplace transform
o D(s) = Z{¢(t)} converges absolutely for R(s) > min{R(A;),R(A2)}. Actually, we have

32

t t "
) [ p@o@ear| < [1p@l]o@e|ar<e [ [o(mee|az
34 - .
% SSA‘¢@V‘”dr<w
36
5, fort>0and i€ {1,2}. Thus, ¢; and c; are constants, so that u(¢) is a solution of (1.1) because
z% ulll(t) + Otull(t) "‘BM] (Z’) = (2(12_’_ all +ﬁ) elll +C2 (122+aﬂ/2 —}—ﬁ) E)“Zt _ 0

@ holds. Now we consider the function

% u(t) :==vo(t) +up(z).
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1 Then by the principle of superposition, we see that u(z) is a solution of (1.1). The above equalities
2 (3.6), (3.7) and (3.8) with A; # A, show that

% v(t)—u(t) =v(t) —vo(t) —ui(t) = p(t)d(t) * <e’11’ * e’lzt> — 1M — ¢y
5 Mt _ Mot

o :p(t)(()(t)*%—cle’llt—cze’1

% )L / ll(t—r) _exz(;—r)> A7 — 1Mt — cyeht

9 Aot oo

o - / p@9()e M T+ [ p(e)p(r)e R
1 7Ll M—2 i

12 L(t=1) _ p~M(=0)) 41

13 2,1 lz / P )

.
|®]

:m/o p(t+0)¢(t+0) (e"'LZ"—e"ll"> do

15

16 fort € R. Hence
17

N 1 oo

L v = u)| < =g | [, pE+0)9+0) (72— ) do
o [A1 = 2o

20 < [ Ipl+0)lo(t+0)[e 20 —ehe|do
2 |1 — A2 Jo

-t c -

2 CE airolete el

= ol Jo 20T

24 fort € R.

25 Next, we consider the case A; = A,. Define the function

= up(t) := dltellt—l—dzelllt

27

28 on R, where

29 {oe) oo

:g dy = /0 p(T)0(t)e M%dr and dp:= _/o p(1)¢(7)Te M7dT.

31
3> Note that d; and d, are well-defined, because |p(¢)| < € for all # € R, and (3.3) holds. Actually, we

43 have
< [p@)lfo(ze

/Otp(r)q)(f)re’l”dr ge/ow‘q)(’c)re’llf

‘E for t > 0. We can easily verify that u,(¢) is a solution of (1.1). Now we consider the function
41

e w(t) :=vo(t) +ua(t).

dt < oo

/ p(1)0(1)e MTdr

dt < 8/000 )([)(r)e’llf

dt < o
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1 Then by the principle of superposition, we see that w(z) is a solution of (1.1). The above equalities
2 (3.6), (3.7) and (3.8) with A; = A, show that

= (1) —w(t) = v(t) —vo(t) —ua(t) = p(t) 9 (1) * (&1’ « e’lzt> —dyteMt — gyt
E = p(D) (1) x1eM" — dyreM! — dyet?

6

7 —/ t—1)eMdr — dyreh’ — dyeM!

8 t

B e /0 p(0)9(t)e MTdr — Mt /O ()9 (t)Te MTdT

10

1 — dltellt — dzel”

2 ——te’l'f/ p(r)¢(r)e"1'7dr+e’1"/ p(T)¢(‘L’)‘L‘€_MTdT
13 t t

" = [ p@s(@(z=—neHar

6 :/ p(t+0)¢(t+0)oe Mdo

17 0

18 fort € R. Hence

19

20 v(t) —w(r)] < ‘/Omp(IJrO')(P(tJrO')Ge‘M"dG'

21 1)
- -2
2 s/o pli+0)9(+ )5 | H

do

23 i
-l —R(A
o gs/o ¢(t+0)oe XMogg

2 fort € R. O
26

-7 Using the above theorem, we can also establish the following result for equation (1.2).

S Theorem 3.2. Let £ > 0 and ¢ (1) be a positive function on R. Let A and A, be the roots of s* + ous +
29 B =0. Suppose that v(t) € C*(R) satisfies

30

31 V(1) + o () + Bv(t) — q(1)] < eo(t)

32 fort € R. Then (i) and (ii) below hold:

% (i) if M # A2 and L{¢(t)} converges absolutely for R(s) > min{R(A;),R(A2)}, then there

il exists a solution u(t) € C*(R) of (1.2) such that

35 oo

36 v(t) —u(r)] < L/ ¢(t+6)‘67’126—ef’116 do
- A1 —A2| Jo

38 Jort eR;

2o () if & = Ay and L{t¢(t)} converges absolutely for R(s) > R(A1), then there exists a solution

10 u(t) € C*(R) of (1.2) such that

‘. b uln)] <e [ o+ o)oe M40

42
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fort eR.

Proof. Let € >0and ¢(t) > 0 fort € R. Let A; and A, be the roots of s> + as + 8 = 0. Suppose that
v(t) € C?(R) satisfies

V! (1) + v/ (1) + Bo(t) — q(1)] < €9(r)
for all r € R. Let uo(t) be a solution of (1.2) forr € R. Then
) > V(1) + o' (1) + Bv(t) — q(1))
\v +av<)+ﬁ (1) — (g (1) + oty (1) + Buo (1)) |
= |(v(t) —uo(t))" + a(v(t) —uo(t)) + B(v(t) — uo(?))|

.
[Z[3]efe][~]ofals]e]|r]-~

12 forall t € R.
18 First, we consider the case that A; # A, and .£{¢ () } converges absolutely for R(s) > min{R(A;),R(A2)}.

14 Using Theorem 3.1 (i), we see that there exists a solution w(¢) of (1.1) such that
15

€ = o —Mo
o |(v(t)—u0(t))—w(t)|§m/0 6(1+0)[e 0~ H0|do

17
1s fort € R. Note that

;% |(v(#) = uo(t)) =w(t)| = [v(t) — (uo(t) +w(r))|
5, and

= (uo(t) +w(0))" + ot (uo(t) +-w(1))' + B (uo(t) +w(1)) = q(1)
23

o, fort € R. Hence u(t) := up(t) +w(t) is a solution of (1.2) satisfying

= |v(l‘)—u([)’§ﬁ/om(])(t-‘rﬁ)‘e_hc—e_ha do

26

" fort € R. This ends the proof of (i).
® " Next we consider the case that A; = A, and .Z{r¢(¢)} converges absolutely for R(s) > R(A,).

29 Using the same method as above, we can see that there exists a solution u(¢) of (1.2) such that
30

a1 (1) —u(r)| < & / 0(t + 0)oe T

32 0

33 fort € R. The proof is complete. O
34

35 4. Hyers-Ulam-Rassias stability

36 . . . . .
- In this section, we will establish some stability results.

?E Theorem 4.1. Let € > 0 and ¢(t) be a non-increasing positive function on R. Let Ay and A, be the
39 roots of s* + ats + B = 0. Suppose that v(t) € C*(R) satisfies
40

v V' () + o/ (e) + Bv(r) — ()| < €9 (r)

41
gfort € R. Then (i) and (ii) below hold:
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() if M # A and L{¢(t)} converges absolutely for R(s) > min{R(A;),R(A2)}, then there
exists a solution u(t) € C*(R) of (1. 2) such that

1
2
3 ho _ —Ao
- -2 -—M
- b -uto] < 2205 [ do
% fort €R;
= (ii) if A = A and L{t¢(t)} converges absolutely for R(s) > R(Ay), then there exists a solution
- u(t) € C2(R) of (1.2) such that
B €o(1)
i - <
E M) —ul0)] < s
1

‘

fort e R.

—_
N

13 Proof. The assumption of this theorem differs from that of Theorem 3.2 in that the function ¢(z) is

14 assumed to be non-increasing. Hence we see that

© v =ul)] < e [0+ 0) e R —ehao
16 |7Ll - lzl

17

J— 126 *)L]G‘ d

8 Ml /12! /

9 for the case (i). Moreover we have

20

2 o)~ <e [ 9(t+0)0e HHdg

oo 0

22

s * (1)

23 <eo(t / e XMoge = T3
. s R
25 for the case (ii). The proof is complete. O
26

—  This theorem can be rewritten as the following result.
27

2E Corollary 4.2. Let ¢(t) be a non-increasing positive function on R. Let A and A, be the roots of
29 s>+ ots+ B = 0. Then (i) and (ii) below hold:
30 (i) if M # Ay and L{P (1)} converges absolutely for R(s) > min{R(A1),R(A2)}, then (1.2) has

st Hyers-Ulam-Rassias stability with respect to ¢ (t) with Hyers-Ulam-Rassias constant

= 1 “| ~ho —Ao .

2% K—m/o ‘ez—e 1°do;

s () ifA = and L{t¢(t)} converges absolutely for R(s) > R(Ay), then (1.2) has Hyers-Ulam-
36 Rassias stability with respect to ¢ (t) with Hyers-Ulam-Rassias constant

3 o]

% (R(A1))>

i% If the signs of R(A;) and R(A,) are both positive, then we have following simple result.

‘E Corollary 4.3. Let ¢(t) be a non-increasing positive function on R. Let A and A, be the roots of
42 5%+ as+ B =0. Then (i) and (ii) below hold:
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(i) if 1 # Ay and R(A1) > 0 and R(Ay) > 0, then (1.2) has Hyers-Ulam-Rassias stability with
respect to ¢ (t) with Hyers-Ulam-Rassias constant

s

2

’ ! R A

4 K:—/ ‘e_ 20 _ "M%\ do

? Ml - lz\ 0

E (i) if & = Ay and R(Ay) > O, then (1.2) has Hyers-Ulam-Rassias stability with respect to ¢ (t)
7 with Hyers-Ulam-Rassias constant

8

9 K = _ b

o (R(A))*

—_
o

1 Proof. Suppose that ¢(¢) is a non-increasing positive function on R. First we will show case (i).

2 Suppose that A; # A2, R(A1) > 0 and R(A,) > 0. Then
13

“ / ) |¢(1)e™ |dr < / " (1) MR A) H ) gy
0 0

15

(o] _ . 0)
i <60 / min{SR(41) R ) gy — 4 _
v =00 e " min{R(). KA}

% for R(s) > min{R(4;),R(A2)}, and so that A; # A, and ZL{¢(r)} converges absolutely for R(s) >
° min{R(4),R(A2)}. Hence all conditions of Corollary 4.2 (i) are satisfied.

20 Next we will show case (ii). Suppose that A} = A, and R(A;) > 0. Then

21

22 / 1) | dr < / 10 (£)e= M I ) () gy

23 0 0

24 o 0)

24 < min{3(A) (A}t 5, _ O -
- <0(0) [ re 4= iy <

z% for R(s) > R(A;), and so that A; = A, and Z{r¢(¢)} converges absolutely for R(s) > R(A;). Hence
s all conditions of Corollary 4.2 (ii) are satisfied. Hence by Corollary 4.2, we have Corollary 4.3. [

2 IFR(Ay) is negative and R(A2) > R(A;), then we can choose ¢ (1) as eF(2)=8) for any § > 0 and
0 get the following result.

31
32 Corollary 4.4. Let § > 0. Let A1 and A, be the roots of s> + ats+ B = 0. Then (i) and (ii) below hold:

8 (1) if M # Ay, R(A1) < 0and R(A2) > R(A1), then (1.2) has Hyers-Ulam-Rassias stability with
34

— respect to ¢(t) = eRA)=0) gy Hyers-Ulam-Rassias constant
35

36 1 <l _
= K:—/ ‘e ho _ oM o
37 M’l —lz‘ 0

® (i) if M1 = A2 and R(A1) < 0, then (1.2) has Hyers-Ulam-Rassias stability with respect to ¢ (t) =

39

— eRA)=0) iz Hyers-Ulam-Rassias constant

“_ P

4 (R
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i Proof. Let § > 0. Suppose that R(A;) is negative. Then ¢ (1) = ¢%(1)=9)" is a non-increasing positive
‘2 function on R. First we will show case (i). Suppose that A; # A, and R(A,) > R(A;). Then

? 0o o) oo

N / ¢ (t)e ™ |dr < / R =0) =Rt gy — / e %dt < oo

o 0 0 0

E for R(s) > R(A;) = min{R(1;),R(A2)}, and so that A; # A, and Z{¢(¢)} converges absolutely for
7 R(s) > min{R(A1),R(A2)}. Hence all conditions of Corollary 4.2 (i) are satisfied.

'8 Next we will show case (ii). Suppose that ; = A4>. Then

9 {o o] {ee) {oe]

10 / |t (r)e ™| dr < / 1) =0)t =Rt gy — / te=%dt < oo

o 0 0 0

11
E for R(s) > R(A1), and so that A} = A, and Z{r¢d(r)} converges absolutely for R(s) > R(A;). Hence
13 all conditions of Corollary 4.2 (ii) are satisfied. Hence by Corollary 4.2, we have Corollary 4.4. [
14

E In Corollary 4.3, if we choose ¢(¢) = 1, then we obtain the following Hyers-Ulam stability result.

16
7 Corollary 4.5. Let Ay and A, be the roots of s>+ oas+ B =0. Then (i) and (ii) below hold:

E (i) if M # A and R(A1) > 0 and R(A2) > 0, then (1.2) has Hyers-Ulam stability with Hyers-
19 Ulam constant
20

1 ) )
21 K:—/ ‘e 20 _ "M% o
A1 — 22| Jo

22

ZE (i) if A1 = A and R(Ay) > 0, then (1.2) has Hyers-Ulam stability with Hyers-Ulam constant
24
25 [

2% (R(A1))>

" Remark 4.6. In 2020, Baias and Popa [5] studied the Hyers-Ulam stability and the minimum Hyers-
8 Ulam constant for equation (1.1). Note that using their results, given Hyers-Ulam constants in Corol-

29 lary 4.5 are the best Hyers-Ulam constants. This fact shows that our results are sharp.
30

% 5. Conclusions

33 This study explicitly evaluates the error between the approximate solution and exact solution of sec-
34 ond order differential equations using the Laplace transform method. In recent years, approaches
35 to the (generalized) Hyers-Ulam stability using the Laplace transform, Fourier transform, Mahgoub
36 transform, Aboodh transform, etc. have been studied. However, most of them are limited to analyzes
37 on finite intervals or the Ulam constant depends on the interval width. On the other hand, this study
38 realized stability analysis on unbounded intervals. In addition, this study gives sharp results on er-
39 ror. The decisive reason is that the minimum Hyers-Ulam constants can be derived in special cases.
40 That is, we derived the minimum error between the approximate solution and the true solution on R.
41 Investigating the error between the approximate and exact solutions can be expected to contribute to
42 computer science.
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