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- TOPOLOGICAL GROUP ACTION THEORY
7
8 BRUNO MOREIRA FERNANDES
9
10 ABSTRACT. In this paper we present a certain theoretical construction with the so-called absorbing
1 ideals in commutative rings, which were systematically defined and studied in [1] by D. F. Anderson and
o A. Badawi in 2011. We present a construction using tolls of the Absorbing Ideal Theory in Commutative
— Rings and an application in Topological Group Action Theory. More precisely, we are going to study
13 certain primitive group actions on collections of proper ideals of commutative rings. Furthermore, we
14 will classify geometrically all irreducible affine varieties for which the collection of radical ideals of its
15 coordinate ring is under a certain primitive group action.
16
17
18 1. Introduction

;% Throughout this paper, we write R to be commutative ring with identity, .# (R) the set of all proper
o ideals of R, \/m the set of proper radical ideals of R and Aut(R) the group of automorphisms of R.
o We will show how we can apply such construction in the Topological Group Action Theory, as well
o how to study the effects of this on algebraic varieties.

oy In what follows, we present the definitions and basic notions about the Absorbing Ideal Theory in
e commutative rings, some basic results of this theory and also some theoretical constructions.

o Next, we provide basic definitions of Topological Group Action Theory and we study the effects
- of certain primitive group actions on collections of ideals of integral domains through the previously
— obtained constructions with the absorbing ideals.

8 . o . . .

. In the last part, we will show what are the effects of these primitive group actions in relation to the
o irreducibility of algebraic varieties.

o In order to facilitate the development of this work, we write N to denote the set of all non-negative
— integers, Spec(R) to denote the set of all prime ideals of R, “C” and “C” to denote the strict inclusion
o and not necessarily strict inclusion of sets. Definitions that are not presented or explained here can be
. searched in [2], [3] and [5].

35
o 2. Basic definitions and some ring-theoretic constructions with absorbing ideals

3z Let R be aring. We say that a proper ideal / of R is n-absorbing if, for all x{,...,x,11 € R such that
38 xi,...,Xp11 €1, there are 1 <ijy <--- <i, <nsuchthatx;,...,x;, €. The most trivial example is a
39 proper ideal P C R that is a 1-absorbing if and only if is prime.

40
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Let I be a proper ideal of R. We write wg(I) for denote the smallest positive integer for which
I is an absorbing ideal. When () does not exist, we will write @(I) = oo; hence either I is n-
absorbing for all n € N, or I is not n-absorbing for every n € N. If wg(I) < oo, I is wg(I)-absorbing,
but it is not k-absorbing which is 1 < k < wg(I). We can establish a well defined correspondence
g : F(R) — NU{eo} that associates each ideal I C R to wg(I).

Let .# C .#(R) be a non-empty set. We define

QR, 7)) :={awg(l); 1€ 7}

Remark that Q(R,.¥) = wg(.#). If .4 = Z(R), we write Q(R,.#) = Q(R). Hence, we have
10 Q(R,.7) C Q(R) always.

1 Let ~_» an equivalence relation on .#. The equivalence class of an ideal / € .# is write as [I].

jele[~]o]a]s]e]m]~

—_ = =
N ‘

5 Proposition 2.1. There exist an one-to-one correspondence between the elements of Q(R, %) and the
" equivalence class in L

N'y.

o Proof. In fact, for each wg(l) € Q(R,.¥), consider the equivalence class [I] € %. Of course, if

16
- Wr(J) € Q(R,.) and wr(J) # wg(I), then [J] € % and [J] # [I]. Since every equivalence class in
18 N‘—é is represented by some ideal / € ., we concludes that exist an one-to-one correspondence between

54

=, as desired. O

19 the elements of Q(R,.#) and the equivalence class in

20
o1 Letl J e .. We define the relation ~ » in .# by

22 [~y J <= or(l) = or(J)

23
o4 The relation ~ » on .# is an equivalence relation, since the equality relation = it is also.

*° Theorem 2.1. (Theorem 4.2, [1]). Let f: R — T be a surjective ring homomorphism and I a
il n-absorbing ideal of R containing ker(f). Then f(I) is an n-absorbing ideal of T if and only if [
% is an n-absorbing ideal of R. Moreover, wg(f~'(J)) = or(J). In particular, this holds if f is an
. isomorphism.

z% 3. Topological group actions

32 For any non-empty set X, Sym(X) will denote the group of permutations on X. If G is a group acting
33 on X, we say that X is a G-set. For each g € G and x € X, let is denote by x* the image of the action of
34 g on x whenever we want to omit it or when there are no ambiguities about the action in question. We
35 say that G acts transitively on X if, for any x,x’ € X, there exist g € G such that x’ = x*.

36 Suppose that G acts transitively on X. A subset B C X is called block of X when, for every g € G,
37 B$ = B or BSNB = (. Remark that X and all its singleton subsets are blocks of X, called trivial blocks.
38 Also Remark that if B C X is a block, then B? is also a block of X, for every g € G. In this case, the
39 set S(B) := {B%|g € G} is called block system of X. Thus, S(X) = {X} and S({x}) = {{x8} |g € G},
40 with x € X, are the so-called trivial block systems of X. Remark that any block system S(B) of X is
41 a partition of X and, conversely, every partition of X is a block system of X. Hence, trivial blocks
42 systems are trivial partitions of X and vice versa.
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We say that G acts primitively on X if X admits only trivial blocks. According to this definition,
we see that G acts primitively on X if and only if X admits only trivial blocks systems. Remark that if

1
2
'3 G acts primitively on X then G acts transitively on X. In fact, if G acts primitively on X then x = x’ or
4 X' € S({x}) for every pair of elements x,x’ € X.
5 Let = be an equivalence relation on X. We say that = is a G-congruence if, for any x,x’ € X and
s g€G,
s x=x &x8=x8
8
9 It is not difficult to see that the trivial equivalence relations given by

—_
o

1" =¥ exyeXand x=xX ecx=x
12
13 are the G-trivial congruences. Here, it should be Remark that a block system S(B) of X is a partition

12 of X that is obtained from a G-congruence =, namely, x = x" < x,x’ € B, for someg € G. Conversely,

15 every partition of X obtained by a G-congruence = is a block system of X, given by the collection of
16 €quivalence classes. Thus, a block system of X is trivial if and only if it is the partition obtained from

17 one of the trivial G-congruences.
15 We say that the group G is a topological group if G is a topological space such that the maps

5 (8,8)—gg' and g— g~ ! are continuous. We say that X is a G-space if G is a topological group

o and X is a topological space and at the same time a G-set. Remark that if X is a G-set such that X and
;1 G are equipped with the discreet topology, then X is a G-space.

>» A nonempty subset Y of a topological space X is irreducible if it can not be expressed as the union
o5 Y =Y UY; of two proper subsets, each one of which is closed in Y . The empty set is not considered
5, tobe irreducible.

-5 If X is a topological space, we define the dimension of X, and denote it by dim X, to be the
-5 supremum of all integers n such that there exists a chain

27
. XCXiC---CX,

29 of distinct irreducible closed subsets of X.
30

91 Proposition 3.1. If X is a topological space and Y C X is a subspace, then dimY < dim X.
32

33 Proof. Let
34

35 YoCY  C-- CYy

% bea increasing chain of irreducible closed subsets of Y. Since each Y; is closed and irreducible in Y,

%7 then each Y; is closed and irreducible in X. Indeed, each Y; can be written as Y¥; = ¥; N X and each Y; can

% not be written as the union of two proper closed subsets, since ¥; is closed and irreducible in Y. Hence,

39

40 YooY C---CYy

41
ﬁg be a increasing chain of irreducible closed subsets of X and, therefore, dim Y < dim X. O
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4. Main results

Let .# C .#(R) be a non-empty set and G(R) be a subgroup of Aut(R). For each o € G(R), define the
correspondence
0: 9 — 9
I— 0 :=0(l)
If such correspondence is well defined for each 6 € G(R), then we also define the set

Gr:={G|c € G(R)}.

jele[~]o]a]s]e]m]~

—_
o

In this case, Gg is a subgroup of Sym(.%).
Consider the function

—_ | =
A

¥ Gpr X I — 7
(G,1) —s ¥(G,1) := 6(1)

—_
w

—
»

Let 6,7 € Ggand I € .. Then

-
(é)]

-
(o]

17

lp(@;,z) —idp(I) =1 and ¥(607,1) = (Go7)(I) = 3(T(1)) = (5, ¥(1,]))

11 Therefore, W is a left group action of Gg on .. Considering .# and Gy equipped with the discreet
2% topology, we see that .7 is a Gg-space.

21 Proposition 4.1. ~  is a Gg-congruence.

22
. Proof. Now, Remark that, for all I,J € .#, we have

24 IN,]J<=>(DR(I)=(OR(J)

2 Letl,J € . and 6 € Gp. By Theorem 2.1, since ¢ is an isomorphism, then
26

z% wr(6(1)) = wr(o(I)) = wg(I) and wg(6(J)) = wr(c(J)) = wr(J).

o Thenforall I,J € . and & € Gg, we have

= I~y J & 0p(6(1)) = 0p(6(J)) 1%~y JO

31

32

33 Proposition 4.2. Let R be a ring and % C 7 (R). If Gg acts primitively on ., then either Q(R, %) =
3 Lwg(I)} for some absorbing ideal I € %, or there exists an one-to-one correspondence between
% Q(R,.7) and I

36
37 Proof. By Proposition 4.1, ~ » is a Gg-congruence. Hence, N% is a block system of .#. Assuming that

3s Gp acts primitively on .#, then ~ » is a Gg-trivial congruence, i.e, there exists only one equivalence
39 classin %, or the equivalence classes in % are singleton sets. In the first case, we concludes that all
40 ideals in .# are in the same equivalence class; so Q(R, %) = {wg(I)} for some absorbing ideal / € .#.
41 In the second case, we see that there exist an one-to-one correspondence between % and .#; so, by

ﬁg Proposition 2.1, there exist an one-to-one correspondence between Q(R,.#) and .. 0J

Thus ~  is a Gg-congruence. O
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1 Corollary 4.1. Let R be an integral domain and .9 C 7 (R) such that 0 € .. If Gg acts primitively
2 on %, then either all ideals in % are prime, or 0 is the only one prime ideal in .¥ .

> Proof. Suppose that G acts primitively on .#. By Proposition 4.2, either Q(R,.7) = {wg(I)} for
* some absorbing ideal I € .#, or there exist an one-to-one correspondence between Q(R,.#) and .#.
> Since 0 € .7, then either wr(I) = wg(0) = 1, or wg is an injective map on .#. Therefore, either all

% ideals in .7 are prime, or 0 is the only one prime ideal in .#, as desired. O
7

‘g Corollary 4.2. Let R be an integral domain. Then Gy acts primitively on .% (R) if, and only if, R is a
9 field.

19 Proof. Suppose that Gg acts primitively on .# (R). Since 0 € .# (R) so, by Corollary, all ideals of R
" are prime or 0 is the only one prime ideal in R. In the first case, assume that all proper ideals of R
E are prime and let any x € R, x # 0. Since R is an 1ntegral domain, then x> # 0. Take the non-zero
— ideal <x > Since <x2> is prime (by hypothesis) and x> € <x2>, then x € <x2>. Hence, x = x?y, for some
% y € R. Thus, we have

. x(xy—1)=0

17 Since R is an integral domain and x # 0, we obtain xy = 1. Thus, x is invertible. Therefore, R is a field.
15 In the second case, assume that 0 is the only one prime ideal in R. Then 0 is the only one maximal
1o 1deal in R and hence R is also a field.

-0 Reciprocally, if R is a field, then 0 is the only one proper ideal of R. Hence, Gy, acts trivially and so
5>, primitively on .7 (R). O

22 Recall that an automorphism ¢ € Aut(R) is an involution if 6?2 = idg, or equivalently, if 6 = o~ !.
23 For example, R always admit the trivial involution idg : x — x and the involution sign change
24 ¢ : x> —x. For each involution 6 € Aut(R), consider the correspondence G : y/.% (R) — /.7 (R)

% given by 6(I) := o (I) forevery I € \/.#(R).
6
27 Proposition 4.3. For each involution ¢ € Aut( ), O is well defined.

- Proof Let] € \/.#(R). Given x € y/o(I), we have x" € o(I) for some n > 0. Thus, we get X" = o (i)

- for somei € [. Therefore we have
30

31 (6())"=0()=0(a(i) =0’()=icl

%2 and o(x) € V/I. Since I is a radical ideal, then ' (x) € I. So, exists i’ € I such that 6 (x) = i’. Therefore,
33 we have

Si x=0c () =0o()col).

— ThlS shows that /o (I) C o(I) and, then, o (1) is a radical ideal. O

3i Hence, the set
38 Gg = {0 |06 € Aut(R)is an involution}

i% is a subgroup of Sym(+/-# (R)) and /. (R) is a Gg-space.

E Proposition 4.4. Let R be an integral domain. If Gg acts primitively on \/.% (R), then either every
42 radical ideal of R is prime (primary), or 0 is the only one prime (primary) radical ideal of R.
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1 Proof. Recall that a proper ideal of R is primary if and only if it is radical is prime. Since 0 = /0, so it

2 follows from the Corollary 4.1. O
3

4 5. Affine varieties and irreducibility

° LetF an algebraically closed field, F[T7,...,T,] the ring of polynomials in n independent variables
% and A% := F" the n-dimensional affine space. Let X C A% be an affine variety and / (X), i.e,

E I(X):={peF[T,....T,]| p(x) =0,Vx € X}

9 the ideal generated by X.
0 Remember that there is an one-to-one correspondence between the closed sets in X and the radical
' ideals of the ring of coordinates F X]:= Fll,. T (see in [4], Theorem 1.13), i.e, if

1(X)
12
13 Z(X) :={Y CX|Yis closed in the induced Zariski topology onX}
14 then there exist an one-to-one map Ix : Z°(X) — /F[X] given by
15
6 x(Y):={pc FIX]|p(y) =0,Vy e Y}

17 Recall also that an affine variety X C Af is irreducible if X cannot be written as the union of two proper
18 algebraic subsets. In this case, X is irreducible if, and only if, /(X) is a prime ideal of F[T1,...,T,]. A
19 closed subset Y C X with this same property is irreducible in X. Hence, Y irreducible in X if, and only
20 if, Ix(Y) is a prime ideal of F[X]. We define the dimension of an affine variety to be its dimension as a
21 topological space.

22
s Proposition 5.1. (Corollary 3.2.9, [5]). The dimension of A%, is n.

ZZ Corollary 5.1. Let X C A% an affine variety. Then dim X < n.

Z% Proof. Follow from Propositions 3.1 and 5.1. O

2z Consider /F[X] as a Gp[x]-space, were
Z% Grix) = {0| 0 € Aut(F[X])is an involution}

i Theorem S.1. Let X C A} an irreducible affine variety. Then Gpx acts primitively on \/ F [X] if, and
31 only if, X is a point.

32
43 Proof. Suppose that Gry) acts primitively on /F [X]. Then, by Proposition, either all radical ideals

52 of R are prime, or 0 is the only one prime radical ideal of R. Hence, either all closed subsets of X are

35 irreducible, or X does not have irreducible proper closed subsets. Remark that the second case occur if,

55 and only if, X is a point, since points in any non singleton algebraic set are trivial irreducible proper

5, closed subsets. In the first case, remark that if X it were infinite, then we could get an ascending chain
55 Of strict inclusions of finite closed subsets that, by hypothesis, are irreducible. In fact, fix yo € X and
49 consider the singleton closed subset Yo = {yo}, after y; € X\ Yo and the closed subset Y| = YoU{y1 },
4o after y» € X\ 'Yy and the closed subset Y2 = Y1 U{y2} and so on, obtaining the ascending chain of

" strict inclusions of irreducible finite closed subsets

42 YoCY CY,C---CY,CYyp1C---CX
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Well, this contradicts the Corollary 5.1. So, X is finite and, since is irreducible, X a point.
Reciprocally, if X is a point, then /(X) is a maximal ideal in F[T1,...,T,] and hence, F[X] is a field.
In particular, the only one proper radical ideal in F[X] is the zero ideal 0. Thus, G [x] acts primitively

on \/F[X] = {0} trivially. O
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