ON THE LINEAR TYPE PROPERTY OF THE JACOBIAN IDEAL OF
AFFINE PLANE CURVES

PARISA SOLHI AND ABBAS NASROLLAH NEJAD

ABSTRACT. An ideal I in a Noetherian ring R is called of linear type if the Rees algebra
of I is isomorphic to the symmetric algebra of I. In this paper, we prove that the
Jacobian ideal of any reduced plane curve with singular points of multiplicity 2 is of
linear type. We characterize plane curves with singular points of multiplicity 3 such that
its Jacobian ideal is of linear type.

INTRODUCTION

Let R be a commutative Noetherian ring and I an ideal of R. The two most common and
important commutative algebras related to these data are the symmetric algebra Sg(I)
and the Rees algebra Rp(I) which are known as the blowup algebras. There is natural
surjective R-algebra homomorphism a: Sg(I) - Rpg(I). The ideal I is called of linear
type if « is injective. In this case, the defining equations of the Rees algebra of I arise
from the first syzygies of I.

In this work, we focus on the Rees algebra of the Jacobian ideal of an affine plane curve.
The basic notion that motivated us for studying the Rees algebra of the Jacobian ideal is
the Aluffi algebra which is an algebraic version of the characteristic cycle of a hypersurface
in intersection theory [10,11]. Let X C M be a hypersurface in a smooth variety M and
let Y C X stand for the singular subscheme of X. We denote by Jy, x the ideal sheaf of
Y in X and by Jy,m the ideal sheaf of Y in M. The Aluffi algebra of Jy x is a graded
Ox-algebra is defined by

Aox (Jvx) = Sox (Tv.x) ®so, , (7v.a) Row (Tyv,m),

where So, (Jv,x) and Sp,, (Jv,m) are the symmetric algebras of Jy,x and Jy,ur, respect-
ively and Ro,, (Jv,m) is the Rees algebra of Jy . Aluffi [1, Theorem 3.2] proved that the
characteristic cycle of X in M equals

(1) [Projdo, (Jv,x)] (1)
From the definition, the Aluffi algebra is squeezed as
Sox (Jy,x) = Aoy (Jy,x) = Roy (Jyv,x)- (2)

Note that if the ideal sheaf Jy s is of linear type, then So, (Jv x) ~ Aoy (Jy,x) and
by (1), the characteristic cycle of X in M is defined in terms of the principal cycles of
the naive blowup ProjSe, (Jy,x) which simplifies matters computationally. The second
author and A. Simis proved that the ideal sheaf Jy s is of linear type if and only if the
Aluffi algebra of Jy, x is isomorphic to the corresponding symmetric algebra [11, Proposi-
tion 1.4]. In view of Aluffi’s results and of applications to characteristic cycles it is natural
to pose the problem of characterizing hypersurface with linear type singular subscheme. It
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2 P. SOLHI AND A. NASROLLAH NEJAD

is proven that locally quasi-homogeneous free divisors have linear type Jacobian ideals [2].
Also, a free divisor whose Jacobian ideal is of linear type satisfies a certain Chern class
identity [7]. The results and examples in [4,9] indicate that the answer to this problem is
difficult in general.

Let A% be an affine space over a field k£ of dimension n where k is an algebraically closed
field of characteristic zero. Let X = V(f) C A? be a reduced curve defined by a reduced
polynomial f € R = k[x,y]. By the Jacobian criterion, the singular subscheme of X is
defined by the Jacobian ideal I(f) = (f,JJ(f)) € R where J(f) = (0f/0x,0f/dy) is the
gradient or critical ideal of X.

The main goal of this paper is to investigate the linear type property of the Jacobian
ideal of affine plane curves. Because we do not know whether the linear type property is
an analytic invariant, we will use the ring-theoretic methods to prove our results.

A plane curve is said to be of Jacobian linear type if its Jacobian ideal is of linear
type. Let p € X be a non-singular point of X. Denote by m, the maximal ideal of R
corresponding to the point p. Then the local ring of X at p, Ox, ~ Ru,/I(f)m,, is a
regular local ring and hence I(f)m, is generated by a regular system of parameters which
is of linear type. Since the linear type property is local, it follows that I(f) is of linear type
if and only if for each singular point p of X the ideal I(f)n, is of linear type. Then the
linear type property of the Jacobian ideal I(f) depends on the singularities of X = V().
Therefore, we characterize Jacobian linear type plane curves in terms of the multiplicity
of singular points.

A plane curve X = V(f) C A% is called locally Fulerian if for each singular point p of X
the polynomial f belongs to the localization of the gradient ideal J(f)m, at maximal ideal
m,,. By its very definition, the plane curve X is locally Eulerian if and only if the Milnor
number and the Tjurina number of X at each singular point are equal. We prove that a
reduced plane curve X is of Jacobian linear type if and only if X is locally Eulerian, see
Proposition 1.4. We show that any reduced plane curve with singular points of multiplicity
2 is of Jacobian linear type (Theorem 1.5).

In Theorem 1.7, we characterize the reduced plane curves with singular points of mul-
tiplicity 3. More precisely, a reduced plane curve X with a point of multiplicity 3 at the
origin of A% is not of Jacobian linear type if and only if X is defined by the polynomial
23 + 2y* 1 + h(z,y) with k > 6, where h(z,y) has the initial degree k + 1 such that y*+!
belongs to the support of h(z,y). We give examples of the plane curves of multiplicity> 4,
which are not of Jacobian linear type. We close the paper with a conjecture related to the
Jacobian linear type plane curve with points of multiplicity 4.

1. JACOBIAN LINEAR TYPE PLANE CURVES

1.1. Preliminaries and notations. Let R = k[z,y] be a polynomial ring over an al-
gebraically closed field k of characteristic zero. Let X = V(f) be a reduced affine plane
curve defined by the reduced polynomial f = f,, + fin+1 + ... + f4, where each f; is a
homogeneous polynomial of degree ¢ and f,, # 0. The multiplicity of X at the origin
p = (0,0) is defined to be mult,(f) = m. For a point p = (a,b) # (0,0), let T be a linear
change of coordinates on A? such that 7(0,0) = p. Setting f7 = f(z + a,y + b). Define
mult,(f) = mult(ovo)(fT). Note that p € X if and only if mult,(f) > 0. A point p is called
a simple point on X if and only if mult,(f) = 1. If mult,(f) = r > 1, then we say that p
is singular point (or singularity) of multiplicity r on X.
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The singular subscheme of X = V(f) C A? is defined by the Jacobian ideal I(f) =
(f,J(f)), where J(f) = (0f/0x,0f/0y) C R is the gradient ideal of X. Since X is
reduced, it follows that the singular locus of X consists of finitely many points. The
Milnor algebra and the Tjurina algebra of X are defined by

M(f):=R/J(f) . T(f):=R/I(f)
which are related to the singularities of X. Denote by m,,, the maximal ideal of R corres-
ponding to the point p € X. For each singular point p € Sing(X), the local Milnor algebra
M(f)m, is an Artinian Gorenstein ring [4, Lemma 1.1] and T'(f)m, is Artinian ring . The
numbers
,Ump(f) = dimk(M(f)mp> ) Tmp(f) = dimk(T(f)mp)7

are called the Milnor number and Tjurina number of the plane curve X at singular point
p, respectively. When the base field is £ = C, it is well-known that the Milnor number
and the multiplicity are topological invariants while the Tjurina number is an analytic
invariant.

Definition 1.1. A plane singular curve X = V/(f) is called locally Eulerian if f € J(f)m,
for every singular point p.

Clearly, a plane curve X is locally Eulerian if and only if puy,(f) = 7m,(f) for each
singular point p. Also, recall that a polynomial f € R is quasi-homogeneous of degree d
and weight r, re if it is satisfies f = (r1/d)z0f/0x + (r2/d)ydf/dy. Clearly, any quasi-
homogeneous plane curve is locally Eulerian but the converse is not true in general. Note
that by K. Saito’s famous result[12], locally Eulerian is equivalent to quasi-homogeneous
in the analytic category.

Definition 1.2. A plane curve X = V/(f) is said to be of Jacobian linear type if the
Jacobian ideal I(f) C R is of linear type.

Remark 1.3. Let X = V(f) C A be a reduced plane curve. Let p € X be a point. If
p is a simple point, then (k[z,y]/I(f))m, is a regular local ring. By [6, Corollary 3.10],
the ideal I(f)m, is of linear type. Since the linear type property is local, it follows that
I(f) is of linear type if and only if I(f)m, is of linear type for every singular point of X.

Therefore, the linear type property of the Jacobian ideal of X depends on the singularities
of X.

The non-singular and quasi-homogeneous curves are of Jacobian linear type [9, Pro-
position 2.1]. An algebraic characterization of Jacobian linear type affine hypersurfaces
with isolated singularities is given in [4, Theorem 1.3]. In analytic category, X. Liao in [7]
showed that a free divisor whose Jacobian ideal is of linear type must satisfy a certain
Chern class identity, and [8] showed that a curve singularity satisfies the Chern identity
if and only if it is locally Eulerian. Since singular plane curves are automatically free
divisors, it follows that they are locally Eulerian.

In the following result, we characterize Jacobian linear type plane curves which is the
particular case of [9, Theorem 2.3]. The proof is different from the latter and it is based
only on ring theoretic arguments.

Theorem 1.4. A reduced singular plane curve X =V (f) is of Jacobian linear type if and
only if X is locally Fulerian.

Proof. Assume that X is of Jacobian linear type. Then the Jacobian ideal I(f) C R =
k[x,y] is of linear type. Let p be a singular point of X. Note that since X is reduced with
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isolated singularities, it follows that ht (I(f)) = 2 = ht (m,,). By [6, Proposition 2.4], one
has
ht (1(f)m,) < p(I(f)m,) < htmy =ht (I(f)) <ht (I(f)m,),

which implies that I(f)m, € Rm, is a complete intersection. By Nakayama’s lemma the
two generators of I(f)m, may be found among f,0f/0x,0f/0y. Assume that I(f)m, =
(f,0f/0y)m,. We have pum,(f) > Tm,(f) = dimy Ru,/(f,0f/0y)m,. The latter is the
intersection multiplicity of the plane curves f and the polar curve 0f/0y at the singular
point p. By [5, Lemma 3.37], we have

i, (f) > dimy Ru, /(f,0f/0Y)m,
= dimy R, /(0f/0x,0f /0y)m, + dimy Ry, /(x,0f /0 )m,
= Nmp(f)+dimkRmp/($af)mp -1

Thus dimy, Ry, /(2, f)m, = 1. Since the multiplicity does not increase by taking a hyper-
plane section, it follows that X = V/(f) is smooth at p which is a contradiction. Hence
I(f)m, = J(f)m,, which proves that X is locally Eulerian.

Now assume that X is locally Eulerian. Then I(f)m, = (0f/0z, 0f /0y)m, for each
singular point m,. Thus the Jacobian ideal is a complete intersection locally at singular
points and hence is of linear type locally at each singular point. The assertion follows
from the fact that the linear type property is local. O

1.2. Plane curves with singular points of multiplicity 2 and 3. In this part, we
characterize the Jacobian linear type affine plane curves in terms of the multiplicity of
singular points. Note that in the analytic category, the singular plane curve of multiplicity
2 is analytically isomorphic to the curve singularity V (y? — 2™) for some m > 2, which is
a consequence of Weierstrass preparation theorem [5, Theorem 1.8]. As we do not know
that the linear type property is an analytic property, we give a direct ring theoretic proof
by using the standard calculations in plane curve theory.

Theorem 1.5. Any reduced plane curve with singular points of multiplicity 2 is of Jacobian
linear type.

Proof. Let f € R = k[z,y] be a reduced polynomial defining the reduced plane curve
X = V(f) € AZ. By Proposition 1.4, it is enough to show that X is locally Eulerian.
Let p € X be a singular point of multiplicity 2. By a linear change of coordinates, we
may assume that p = (0,0). Denote by m = (z,y) the maximal ideal corresponding to the
point p. We can write f = 22 + Azy + ay® + F(z,y), where F(z,y) := f3 + ...+ f4 has
the initial degree at least 3. Replacing x by x — (A\/2)y and rewriting f we obtain

f:x2+ay2—i—F(x,y), o€ k. (3)

Assume that o # 0. By scaling y, we may assume that o = 1. Then f = 22 +1% + F(z,y).
Set fp :=0f/0x and f, := 0f/0y. We have

fx:2x+Fx(x,y) ) fy:2y+Fy(xvy)-

By the condition on the initial degree of F(z,y), we can write F, = xg1(z,y) +yg2(y) and
Fy = yhi(x,y) + xha(x). One has

fe =22+ g1(z,y) +yoe(y) , fy=y2+hi(z,y)) +zha(z)

Since the elements 2 + ¢1(z,y) and 2 + hy(z,y) are units locally at maximal ideal m, it
follows that (fz, fy)m = («,y)m, which proves that f is locally Eulerian in this case.
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Now assume that o = 0 in (3) and k£ > 3 is the smallest positive integer such that
y* belongs to the support of F. We write fi = y* + z¢(z,y), where ¢ € m*~!. Then
f =22 +y*+ao(x,y)+h(x,y), where h(z, y) has the initial degree at least k+1. Replacing
x by = — (1/2)¢ and rewriting f, we obtain

f=a>+y" +h(z,y).
The gradient ideal of f is generated by
fe=2x+hy fy = kyk_l +hy-
We write h, = 2g1(2,y) + ¥ 1g2(y), hy = zhi(z,y) + y*Lha(y). We obtain

J(f) = @2+ g1(z,9) + " 92y) , ¥k + ha(y)) + zha(2,y)).

Since the elements 2 + g1 (z,y) and k + ha(y) are units locally at m, it follows that f €
J(f)m = (z,y*1) which proves that f is locally Eulerian.

To complete the proof, we need to consider the case that o = 0 and y* for k£ > 3 does not
belong to the support of Fin (3). Then f(x,y) = 2+xh(z,y), where h(x,y) has the initial
degree at least 2. Replacing x by x — (1/2)h(z,y), we obtain f(x,y) = 22 — (1/2)h%(z,y),
where h?(z,y) has the initial degree at least 4. Since f is reduced, it follows that y*
belongs to the support of h?(x,y) for some k > 4. Then we apply the same argument as
above to prove that f is locally Eulerian in this case. O

We now discuss the Jacobian linear type plane curve with singular points of multiplicity
3. We will need the following lemma for the characterization.

Lemma 1.6. Let X = V(f) be an affine plane curve defined by the polynomial f(x,y) =
234+ xyF T3 £ h(x,y) with k > 0, where h(z,y) has the initial degree k+5 and y**+> belongs
to the support of h(z,y). Then X is of Jacobian linear type if and only if k =0, 1.

Proof. The curve X has a singular point at the origin of A%. The gradient ideal of f is
generated by

fl‘ = 31:2 +yk+3+h$ 3 fy - (k+3)$yk+2+hy

By the condition on the initial degree of h(z,y), we write

he = Y Pa(z,y) + v 22200 (2) + yF 2 gs(2) + ..+ Y2 B gis (@) + 2 gpia (),
hy = y"uo(y) + 2yt P (@, y) + 23y us () + atyPus(e) + o4 2 g ().
Thus
fz = yk+3(14*91)4*$2(34*yk+2924*yk+1$g3‘F"'+*$k+2gk+4%
fy = a:yk+2(k +34+uy)+ yk+4u0 + :L‘k+4uk+4 + a:3y(yku;), + -4 xkuk+3).

The elements 1+ g; and k + 3 + uy are units locally at m = (z,y) and we denote by a and
b the inverses of these elements, respectively. We obtain

afs = ¥4 ar(3 4y 20 + Y legs -+ 220, 00),
bfy, = 2y T2+ by g + b gy + b3y (yFus + - 4 2Fugys).

Assume that £ = 0. The gradient ideal locally at m is generated by

z = y3 + am2(3 + y292 + xygs + 95294), y = $y2 + by4u0 + b:z:4U4 + beyU3.
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We claim that (23,2292, 23%,9°)m € J(f)m in the local ring Ry,. Using the division
algorithm with respect to the negative degree reverse lexicographical local ordering on Ry,
with x > y, we obtain the following relation in Ry:

(3&+P(l’,y))$3 = Hlf:t+H2fy>
(1+Q(z,y)2*y? = b*udy*Hs+ (z — bugy®)Ha,

(1+3ab®udy)y’ = (v°+ 3az?)y? + 3a(buoy® — =) Hy,
where P(z,y),Q(z,y) € Ry are polynomials with the initial degree at least one and
H = z+ buo(y2 + bugx® + 3abugry — a92x2y),
Hy = y+ 3abupz,
Hs = 3+ 3az® 4 az?y’gs,
Hy = zy*+ bytue.

Since the elements 3a+ P(x,y), 1 +Q(x,y), 1 + 3ab’uly are units locally at m, it follows
that (22, 22y%,%)m € J(f)m . The relation zy® = byug — yHy implies that 23> € J(f)m
which proves the claim. By the above claim and the assumption on the initial degree of
h(z,y) = Zl OA” Zmzy’“ ¢ with » > 5, we conclude that all terms of f(z,y) belong to
the ideal (22, 2%y2, 23, 9°)m € J(f)m which proves that X is locally Eulerian.
Now assume that & = 1. The gradient ideal locally at m is generated by
fo = y'+a®B+y g + 2yPgs + Pygu + 23g5),
fy = zy® + byPug + br’us + brdy(yus + zuy).
We claim that
(.’E4, xsyv .’L'2y3, xysa y7>m g J(f)m
To prove the claim, we apply the division algorithm with respect to the negative degree
reverse lexicographical local ordering on Ry, with z > y in Ry,. We put
wi=aA+ P(z,y), wr=ar+Q(z,y), ws=ab’ujgay’ +A—2,
where A = 3ab?u? +3 and P(x,y), Q(z,y) € Ry are polynomials with the initial degree at
least one. We have
wiz® = Hif, + Hafy
wyay = MiHs+ MyH,

wiry® = By’ Ms + (z — buoy®) My
where
My =y* + a3+ v ga + 2yg3) , Mz = xy® + byPuo + b’y us
M3z = y* + 3azx? + ax®y3gs My = xy3 + bySuy,
and
H = —-(\A-2z2+ )\b4u0u3x y? + b3ud(ags + bug)z’yt — B2ud (N — 1)bus + age)x?y?
+  brudus(Nbus + age) 3y + b2u2y(y + busz* + bU4:B3y — b2u0u3$y4)
Hy = xzy—buy® + b2uguz( A — 2)z%y? — b*ud(ags + bug)z®y> + bPuduszy?,
+ )\b4u2u2x3y3
Hs = (A—2)zy+ bugy® + abu0(3b3u8U3 — gz)nyQ,
H, = ¢*+ 3abupx(1 + bQU(]Ug.Ty).
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Note that the element A is invertible in Ry, otherwise ug has degree at most zero and
—3upy? = (1+g1(w,y))(4 +ui(z,y))?, which is impossible as g1, u1 have the initial degree
at least 1. Since the elements a and b are the inverses of 1 4+ ¢g; and 4 + ug, respectively,
it follows that the elements wy, wy, w3 are units locally at m. Hence 24, 23y, 22y3 locally
belong to J(f)m. Using the polynomials 3> Mz and y? My, we conclude that y”, zy° € J(f)m
which completes the proof of the claim. By the claim and the assumption on the initial
degree of h(z,y), it follows that all terms of f(z,y) except the terms 23, zy*, y° belong
to J(f)m. Set F' = 2% + ay* + cy® with ¢ € k. We write g1 = 2G1(z,y) + yGa(y) and
ur = 2U;(z,y) + yUa(y). We obtain

fo = 2*(yga+zgs) + 2°ygs + 2’92 + Fi(x,y),
fy = @' (yua+ zus) + 2%y uz + 2*y’Ur + Fa(z,y),
where
Fi(z,y) = 322+ y*1+2G; +yGy),

Fy(z,y) = zy’(4+yU2) + v uo = 2y (4 + yUs) + y° (6c + yT(y)).
Clearly, F}, F» locally belong to J(f)m. One has
3(16 + 4Usy + (3cUs — 2T (y))G1y* ) F = aT1 Fy — yToFy + y" D(, y),

(
where Ty = 16 + 4Usy + (3cUs — 2T)G1y3, T = 2G1x + 2Goy — 3¢G1y? — 4 and D(z,vy)
is a polynomial in Ry. Thus F = 23 + xy* + cy® € J(f)m, which proves that f is locally
Eulerian and hence X is of gradient linear type.

For k > 2, the same argument as the case k = 1, shows that y**° belongs locally to the
gradient ideal J(f)m and the polynomials f, f,, "¢ are a standard basis of J(f)y with
respect to the negative degree reverse lexicographical local ordering on Ry, with = > y.
Thus

pin(f) = dimg R/ J (f)m = dimy R/ (2?, 2y" 1, 4" 10) = 2(k + 5) — 2 = 2k + 8.

It is easy to check that the polynomials f., fy, y**5 are a standard basis for I(f)m. One
has

Tm(f) = dimy, R /I(f)m = dimy, R/ (2%, 2yt 5) = 2(k +5) — 1 =2k + 7.
Thus pm(f) # Tm(f) for k£ > 2, which completes the proof. O

Theorem 1.7. Let X be a reduced plane curve with a singular points of multiplicity 3 at
the origin of Ai. The following are equivalent.
(a) X is not of Jacobian linear type.
(b) Fork>6, X = V(23 + 2y + h(x,y)) where h(z,y) has the initial degree k + 1
such that y*' belongs to the support of h(z,y).

Proof. Let f € R = k[x,y] be a reduced polynomial defining the plane curve X = V (f).
Let p € X be a singular point of multiplicity 3. By a linear change of coordinates, we may
assume that p = (0,0). We can write f = 2%+ az?y + Bxy? +yy> + F(x,y), where F(z,y)
has the initial degree at least 4 and «, 8 € k. Replacing z by x — (1/3)ay and rewriting
f, we may assume that

f=a+axy® + By + F(x,y).
The gradient ideal of f is generated by

fo =32+ oy’ + Fola,y) . fy=2axy+3By° + Fy(z,y).
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Set F(xz,y) = fa+ f5+ ...+ fq, where f; is a homogeneous polynomial of degree i. We
can write

Folwy) = 1+ + 1 By =Y+ 4 1Y,

where fi(z) = (fi). and fi(y) = (fi)y. Consider the negative degree reverse lexicographical
local ordering with > y on Rn. Assume that o # 0. The S-polynomial of f, and f, is

S(fer fy) = 202y — 9Bzy? + 2ayF, — 3zFy,

which upon division by f,, f, is reducible to

2a2y3 + a1y4 +...+ ad_gyd_l,

where a; belong to k. Hence y® € J(f)m. If we add the monomial y3 to the generators of
J(f), then we can conclude that the set {322 + ay?, 2axy +38y2, y3} is an standard basis
for J(f)m as the S-polynomials of the pairs {322 + ay?, 2azy + 3842}, {322 + ay?, v3}
and {2axy + 38y%, y°} reduces to zero. Since an standard basis is a specific generating
set of an ideal, it follows that J(f)m = (32? 4+ ay?, 2azy + 3By?, y3)m. One has

2% = 1/32(322 + ay?) — 1/6y(20y + 38y2) + 1/28(y%).
If B =0, then clearly zy? € J(f)m. Otherwise we obtain the relation

zy? = (1/2a)y(2azy + 3py°) — ((2/3)(/B)(y?)
Therefore, f € (23, 2%, y*)m € J(f)m, which proves that f is locally Eulerian and hence
X is of Jacobian linear type.

Assume that a = 0 and § # 0. We may assume that § = 1 by scaling y. Then
fo = 32% + Fy(z,y) and f, = 3y*> + Fy(z,y). By the condition on the initial degree of
F(z,y), we can write I, = 22g1(x,y) + y*g2(z,y) and F, = y*hy(z,y) + 22h2(z,y). One
has

fo= 2B+ gi(,y) +v’0(r,y) o fy =y 3+ hi(z,y) + 2 ha(z,y)
Since the elements 3 + ¢1(z,y) and 3 + hi(z,y) are units locally at maximal ideal m, it
follows that J(f)m = (22, y*)m, which proves that f is locally Eulerian in this case.

Now assume that a = 8 = 0. Let fi be the smallest nonzero homogeneous component
of F(z,y) = fi+ -+ fa. We write fi = ay® + bay*~! 4+ 22p(x,y), where a,b € k and
¢(x,y) € m*=2. Then

fla,y) = 2%+ ay® + bay* ! + 22p(2,y) + H(z,y), (4)

where H(x,y) has the initial degree at least k + 1.
Assume that a # 0. We may assume that a = 1 by scaling y. Then by replacing first y
by y — (b/4)x and second z by z — (1/3)¢(x,y) and rewriting f, we obtain

fl@,y) = 2° + 4" + h(z,y),
where h(z,y) has the initial degree at least k4 1. The gradient ideal of f is generated by
fx:3x2+hx ) fy:kykil""hy'
We can write
hx :$291($,y) +yk_1g2(x7y) ) hy = k_lhl(x>y) +332h2(x,y),

where g7 and hy has the initial degree at least £ — 2 and g2, h; has the initial degree at
least one. We obtain

fx :x2(3+gl($7y))+yk_192(xay) ) fy:yk_l(k+hl($,y))+$2h2(1,‘,y).
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Since 3 + g1(z,y), k + h1(z,y) are units locally at m, it follows that

J(f)m = (xQ + )\lyk_ng(xa y) ; yk_l + )‘21‘2h2(xvy))7

where A1, Ay are the inverses of 3 + ¢1(z,y) and k + hy(z,y) in Ry, respectively. Hence

wxz = fr - (/\192)fy ) wyk_l = fy - ()‘2h’2)fx7 (5)

where w = 1 — A;Aagoho. Since w ¢ m, the relations (5) show that (22, y*~1) € J(f)
locally at m and hence J(f)m = (22, %" 1)m, which proves that f is locally Eulerian.

Now assume that ¢ = 0 and b # 0 in (4). We may assume that b = 1 by scaling y.
Replacing = by « — (1/3)p(z,y) and rewriting f we obtain

flz,y) =2 + 2y* ' + h(z,y),

where h(z,y) has the initial degree at least k + 1. Then Lemma 1.6 completes the proof.
O

It is natural to pose the problem of characterizing the Jacobian linear type plane curve
with points of multiplicity > 4. We can find plane curves of higher multiplicity such that
the Jacobian ideal is not of linear type.

Example 1.8. Let X = V(f) be a plane curve defined by the polynomial f = y* + 2° +
23y? +2%y3 C R = k[x,y]. The curve X has a singular point of multiplicity 4 at the origin.
Consider the negative degree reverse lexicographical local ordering on Ry, with > y. The
partial derivatives f;, f, are a standard basis for J(f)n as the leading term are relatively
prime. Then the leading term ideal LT(J(f)m) = (2%, y3)m. We have

:um(f) = dimy, Rm/J(f)m = dimy, Rm/LT(J(f)m) =12
A direct calculation in Ry, implies that I(f) = (fs, fy, ¥3y?). Hence
T (f) = dimy Ry /I(f)m = dimy, R /LT(I(f)wm) = dimy, R/ (2, 43, 239°) = 11,

which shows that X is not locally Eulerian. A computation in [3] yields that the defining
ideal of the Rees algebra of I(f) contains a quadratic polynomial in T;’s.

Example 1.9. Consider the reduced plane curve X = V(f) defined by the polynomials
f =yt T2l 422y? 24 2y? 1 with d > 5. The curve X has a singular point of multiplicity
d — 1 at the origin. We show that X is of Jacobian linear type if and only if d = 5. We
consider the negative degree reverse lexicographical local ordering on Ry with x > y.
Since the leading monomial of the partial derivatives f, and f, are relatively prime, it
follows that f., f, are a standard basis for J(f)m. One has

pim (f) = dimy, Rey/LT(J(f)m) = dimy R/ (2 - g d 2) =(d—1)(d-2).
It is easy to check that
For i (d =273 4 ((d =27 4 (d— 1) = Dy + (d - 1)y
are a standard basis for the Jacobian ideal I(f). We get
Tu(f) = dimy R /LT(I(f)m) = dimy R/ (27, y* 2, 2y?™%) = (d — 1)(d ~ 2) — (d - 5).

Therefore, for d = 5, we get um(f) = mm(f) = 12, which shows that in this case X is
locally Eulerian.
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Example 1.10. Let X = V(f) be a plane curve with a singular point of multiplicity 4
defined by the polynomial f = xy(x? — y?) + 2® +y° + 2%y + 23y, Then X has a singular
point at the origin. A computation in the local ring k[, y],.,) shows that X is locally
Fulerian and hence X is of Jacobian linear type.

For plane curves of multiplicity 4, we derive the following:

Conjecture 1.11. Let X = V(f) be a plane curve with singular points of multiplicity 4
defined by the polynomial f = fa(x,y) + F(z,y), where fy is a homogeneous polynomial of
degree 4 and F has the initial degree at least 5. Then X s of Jacobian linear type if and
only if V(f1(z,y)) has no singular point in A7 \ {(0,0)}.
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