GENERALIZATIONS OF AN IDENTITY OF N-P. SKORUPPA

PANZONE PABLO ANDRES

ABSTRACT. N-P. Skoruppa gave a completely elementary proof for identities
involving the divisor sums showing the hidden pattern behind all of those
identities. In a similar spirit, we extend his ideas to obtain other identities.

1. INTRODUCTION

In [Sko] the following identity was proved.

Theorem 1. (Skoruppa’s Identity) Let h(x,y) be a function of integer argu-
ments such that h(z,y) = h(y,y — x). Then for any positive integer ¢

¢ t—1 '

> h(a,b) = h(a,~b) =) Sh(t,0) - Z ht, ) |,
ax+by=~L t|e 7=0

where the sum on the left is understood to run over all quadruples of positive integers

which satisfy the given condition and on the right t runs over all positive divisors

of £.

This beautiful identity can be used to give quick proofs from scratch of Eisenstein
series identities avoiding the use of modular forms. Proofs of such identities had
been given by J. Liouville, S. Ramanujan, B. van der Pol and R. Rankin, see
bibliography in [Sko], chapter 4 and bibliography in [Be]. Also see [Ra] and [Ral].
A generalization of the above identity was obtained in [By]. Also, Huard, Ou,
Spearman and William proved a far reaching generalization of Liouville’s identity.
In fact Skoruppa’s identity is a special case of their result. See chapter 13 of the
masterpiece [W] and the references therein.

The proof of the theorem is based on the following lemma for which we need
some definitions. Let ¢ be a positive integer. For any pair a,b of positive integers
we define Ay(a,b) to be the number of pairs of positive integers (z,y) such that
ax + by = £. We extend the definition of Ay(a,b) for any pair of integers as follows:
if ab # 0 then

Acla,b) = sign(ab)A(lal, ),
and Ag(a,b) =0 if ab = 0.
Lemma 1. (Lemma, [Sko]) For any triple of integers a,b, ¢ such that a+b+c =0
one has
1, if abc # 0 and t|¢
(1) A¢(a,b) + Ae(b,c) + Ag(a,c) = 1—2¢/t, if abc =0 and t # 0,t|¢

0, otherwise,
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2 PANZONE PABLO ANDRES

where t = max {|al, |, |c|} .

The aim of this note is to give some generalizations of this lemma and the above
theorem. Our first result is the following theorem.

Theorem 2. Let h(xz,y) be a function of integer arguments such that h(x,y) =
h(y,y — x) and let v be a real parameter. Then for any positive integer £

> h(a,b)a"+ Y hlab)(y" —a")

az+by=~L ar+by=L; b>a
+ Y hab)(@+y) = D (hla,~b) +h(b,—a))y"
ax+by=~ az+by=~L
L/t—1 T r t—1
. a7 0 _
=> Z i+ (t> (t - 1) h(t,0) — 2 <t> Zh(t,]) ,
t|€ =1 Jj=1

where the sums on the left are understood to run over all quadruples of positive
integers which satisfy the given conditions and on the right t runs over all positive
divisors of £.

Here and in what follows we denote, as usual, o;(n) := > a’, the sum of the
7 powers of the divisors of n.

Observe that for a generic function f(a,b) one has

S by =§ > Yseh <’;)(£a’“>

ar+by=~L al(f—k) blk

aln

(this is easy to prove if one sets by = k, ax = £ — k) and therefore

-1
ST ambrya” =Y K (= k) 0y (k)or, (0 — k).
k=1

ax+by=~L

If 2 < n is an even positive integer and B,, is the nth Bernoulli number then
Go = Gald) = 22 4 301 (0

is the nth Eisenstein series. Any Eisenstein series or derivatives of the form
(qd/dq)*G,, can be expressed as a polynomial in G, G4 and Gg ([Sko], [Be]).
For n =0,1,3 we set

Gn = Gn(q) = Z O—n—l(g)q£7
(=1

and (here e(x) := 2™®)

Gr =Gy(q,2) = Z Za"fle(iax) q.
k

=1 \ alk

13 Sep 2023 11:04:34 PDT
220131-Panzone Version 4 - Submitted to Rocky Mountain J. Math.



GENERALIZATIONS OF AN IDENTITY OF N-P. SKORUPPA 3

Write for short G (g, 2) = Gt and set

d d d _
F(q,x) := G;Q@Go - G;Q@G1 + G;rqdquz

d _ d _ d _
(a0t ) o + (a0t ) o3 - (agzes) o
The following corollary is a particular case of Theorem 2.

Corollary 1. Let e(z) := e*™@ and 0 < r < 1. The following formula holds:
1

F
5 (0k6 ) Gyt Gos+ (¢2Go ) Gy + lim RACTIIN
dq dq r—1— Jo 1 —re(x)

d (3 d 1 1 5 Gs
=q¢q— | zq—G1 — =G1+ =Gy — -G53 | — —.

qdq(quq A 3) 24
We also prove the following theorems, the first is an easy consequence of Sko-

ruppa’s identity.

Theorem 3. Let h(x,y, z) be a function of integer arguments such that h(x,y, z) =
h(y,y — x,z). Then for any positive integer ¢

£—2 t—1
S habe) —hia,~be) = Y @h(t,o,c)—zh(t,j,c) :
=0

ax+by+cz=~L cz=1 t‘(g,cz)

where the sum on the left is understood to run over all sextuples of positive integers
which satisfy the given condition. The first sum on the right-hand side is understood
over all positive integers ¢ and z whose product runs from 1 to £ — 2.

Set
L ifr#yy#zz#z,

(2) alx,y,z) = 0, if only two variables are equal,
-2, ifx=y=n=z
With this definition one has the following result.

Theorem 4. Assume that { is a positive integer and that h(xz,y, z) is an integer-
valued function which satisfies h(x,y,z) = h(y, -2z +y — 2,2 —y + z). Then

Z h(a+c,a,—b) + Z h(a,—c—b,c—a)

az+by+cz=~{ az+by+cz=~{
a<b<c a<c<b
+ Z h(a +c¢—b,a—0b,—a)+ Z h(b,2c — a,c — 2b)
ax+by+cz=~L ax+by+cz=/{
b<a<c b<a<c
+ Z h(b—a,—b—c,a) + Z h(b—a,2c—0b,c— 2b+ 2a)
ax+by+cz=~L ax+by+cz=~
a<b<c a<b<c
- Z a(x,y, z)h(a,—2a — b — 2¢,¢)
ax+by+cz=~
itj<t
(3) =23 )" h(i,—i—j—t,7),
tle t,5=1
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4 PANZONE PABLO ANDRES

where the sums on the left are understood to run over all sextuples of positive
integers which satisfy the given conditions and on the right t runs over all positive
divisors of £.

Concerning the condition on h on the last theorem one should observe that if
p(z,y, z) is any integer-valued function then

h(z,y,z) =ply,—2c+y—z,x—y+2)+p(—2x+y—2 -3 —22,3z —y+22)
+p(—3x—2z, -2 —y—2z,40 4+ 32) + p(—2x —y — 2z, —y — 2,3z + y + 32)
+p(_y_z7x7x+y+22)+p(x7yﬂz)7

verifies the condition of the theorem. For example, taking p(z,y, z) as —z/6, 12/2,
xy/2 one obtains

h(x,y,z) =z +z,
h(z,y,z) = 92° + 2y* + 1222 + 2yz + 527,
h(z,y,2) = 62 + y? + 9xz 4+ yz + 422,

respectively.
To state our final result we need a definition: if 7 is an integer and given a
polynomial
p(u) = dpu” 4 dp_qu " + - 4 do,
we define

DPei = dnan—&-i(f) + dn—la'n—i-i—l(e) + -+ doO‘i(g).

Theorem 5. If { is a positive integer and p(u) is a polynomial then

- Y al@yaplatdbto+3 > plo)
ax+by+cz=~ az+by+cz=~{
c>max(a,b); a#b

=pe2—3 pe1+2 peo-

2. PROOF OF THEOREM 2

With r a real parameter and given a, b, ¢ positive integers we set AZ1(“7 b) =
Dawsby=e ¥ and Ajo(a,b) =37 ., (v +y)" where the sums are understood
as above, that is, over all pairs of positive integers (z,y) such that axz + by = £.
Observe that AP | (a,b) = Ag(a,b), A 5(a,b) = A} 5(b,a) and in general A}, (a,b) #
A7 (b,a). If a,b > 0 and ab = 0 then we extend the definition as A} ,(a,b) =
A7 5(a,b) = 0.

Lemma 2. For integers a,b > 0 the following holds:

(%@)T» if ab # 0 and (a + b)|¢,
— e ifb =0 and a # 0, alt,
(9" (£=1), ifa=0andb+0,b|,

0, otherwise.

Aj1(a,b) — Aji(a,a+b) — Ajo(b,a+b) =
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GENERALIZATIONS OF AN IDENTITY OF N-P. SKORUPPA 5

Proof. If a = b = 0 the lemma is trivially true. If a, b are positive integers then one
has Zaz+bw=€;z>w w" = Zam+(a+b)y=€ yr = AZJ(‘Z, a+ b) via (Iay) - (Z - wvw)'
Also Zaz+bw=€;w>z w" = be-{-(a-g-b)y:e(z + y)r - A22(b>a + b) via (a:,y) - (U) -
z,z). Therefore

Apy(a,b) = Ajy(aa+b) = Ajy(batb)= Y

az+bw=L;z=w

a+b
If a = 0,b > 0 then the left-hand side of the lemma is

—App(bb) =~ Y (),
bxr+by=~
while if b = 0,a > 0 the left-hand side of the lemma is

“Ajyaa)=— Yy,

az+ay=>~L

which is (L) or 0 as (a + b)|¢ or not. This proves the first case of the lemma.

which proves the lemma. ([l

Proof. (of the theorem) Interchange a and b in the last lemma and add to the same
lemma to yield that (*): if a,b >0

Api(a,0) + Ay (b,a) = Ay (a,a+b) = Aj i (b,a+b) = Aj»(b,a+b) — Aj y(a,a+Db)

a+b
=9 -t (%) (%ib - 1) . ifab=0,a+0b%0and (a+ b)),
0, otherwise.

Let d4.5(2,y) be an integer argument function whose value is 1 or 0 as (a,b) =
(x,y) or not (i.e. a Dirac delta at (a,b)). We write for short 0,4 = dap(x,y).
For integers a,b we define the operator Udg(z,y) = dpp—o(z,y) and given a
Dirac delta d, we define an integer-valued function by Légp := Légp(x,y) =
Z?:o Uiy p(z,y). Observe that U®S,4(2,y) = dap(z,y) and Léap(y,y — z) =
Légp(x,y). In other words L, (2, y) is a function which equal to 1 if (x, y) belongs
to the orbit of (a,b) and is equal to zero if not. The orbit of (a,b) is the set of
points obtanied by applying (a,b) — (b,b — a) repeatedly (the operator U above)
and has six points unless a = b = 0. The orbits of two different points either are

equal or are disjoint.
Now take a,b > 0 and

h(x, y) = L5a,7b = 5(1,717 + 57b,7b7a + 57177(1,7(1 + 67a,b + 5b,b+a + 6b+a,a;
so that h(z,y) = h(y,y — ). Set

2( ¢ )T, if ab # 0 and (a + b)|¢,

Sp = Z h(ao, bo)xr—‘r Z h(ao, bo)(l‘—l-y)r— Z h(ao, —bo)yr,
apx+boy=~;a0>bo apx+boy=~;a0<bo apz+boy=~L

S = > haobo)y"+ > h(aobo)(@+y)"— > h(bo,—a)y”,
apx+boy=~L;bo>ap apx+boy=~L;a0>bo apx+boy=~L

so that with the above choice of h
Si = A21(a7 a+b)+ AZ2(b7 a+b)— Azl(a7 b),
Sy = Azl(b, a+b)+ Azyg(a, a+b)— Azl(b, a),
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6 PANZONE PABLO ANDRES

ifa,b>0. Also S; = 52 =0if ab = 0.
Finally,

Ss 1= Z h(ag,bo)x" + Z h(ag,bo)(x +y)"
aoz+boy=~;a0=bo aoz+boy=~;a0=bo
is equal to Aj ; (b,b)+A7 5(b,0) ifa = 0,b > 0 (or A} (a,a)+A} 5(a,a)ifb=0,a > 0)
or is equal to 0 otherwise.

Note that S7 + .55 + .53 is the left-hand side of the formula stated in the theorem.
Formula (*) yields that the theorem is true for this particular choice of h. By
linearity the function hg := Z(a,b);a,bzo const(a,b)h, a linear sum of such h, satisfies
the theorem too.

Finally, notice that for any hy with hy(z,y) = hi(y,y—x) one can find constants
const(a,b) so that ho(x,y) = hy(z,y) whenever (z,y) is in the range of the theorem.
This ends the proof.

O

3. PROOF OF THE COROLLARY
Set h(x,y) = 22 — xy + 4%, r = 1 in Theorem 2. One obtains: If £ is a positive
integer then
-1

—52( k 0’0([ ]{?0'1 Zka 1 G'QZ k)

k=1

1
(4) +Zk01(k:)ao(5—k:)+z Z (a® — ab+ b?) (IZ—K;I{;>
k=1

k=1 a|({—k);blk;b>a

3 1 1 )
= 56200(6) — §£0'0(€) + 5601(6) - 5602(6),

where 0;(n) == 32, i. We remark that the double sum in this formula corresponds
to the second sum of the left hand side of the theorem.
Trivially no_;(n) = o1(n). Observe that the coefficient of ¢* in

1
<G2 + ) G37
d
(qqu2> Gla
d 1
(s5) (@24 31).

Zal Yoo (€ — k) Zkal Yoo (€ — k),

respectively is

(5) Zk 0'1 0‘0 ﬂ k)
-1
> (L= k)oo(l — k) or (k)
k=1
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GENERALIZATIONS OF AN IDENTITY OF N-P. SKORUPPA

respectively. Also (e(z) := e?™iT)

o0

Gszr+1(Q7$)Gm+1 q,r —Z Z Z a"b™e((a—b)z) ¢

0=2 \k=1a|t—k:b|k

eng) g = ¢ if n = 0,1,2, ...

z)

Let 0 < r < 1. By orthogonality one has fo 1 re(
(=0ifn=—1,-2,...). Thus the coefficient of ¢* in

_ d o+
LG @G (e 1 (4£6511(0,2) ) G (4,2)

T
r=1- J, 1—re(z) r=1- J, 1—re(x) ’

Zz,

G 0) (e Grn(a)
lim
/0 1—re(x)

r—1—
respectively is
£—1 £—1 £—1
SR IR SHD SIS SR S
k=1a|({—k);blk; b>a k=1a|({—k);blk; b>a k=1a|({—k);blk; b>a

respectively.
Write for short G (g, r) = G and set

d d _ d
F(gq,z) := G?qu—qGo — G;qd—qu + qud—qGQ

d _ d B d _
- (agper) 67 + (a6t ) 6z - (agz00 ) &5

Using the above, the coefficient of ¢* in

1
F

lim (g, )

r—>1- Jo 1 —re(z)

)

is

(6) DS (azaberQ)(]Ze;k).

k=1 a|({—k);blk;b>a

Using (4), (5), (6) yields

d - [! Fl(g,2)
- (rgg6) (G 51) (e gp) e (o) e[|+

d (3 d 1 1 5
=9 (ququ — §G1 + §G2 - 3G3> ;

which proves the corollary after some simplification.
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8 PANZONE PABLO ANDRES

4. PROOF OF THEOREM 3

Observe that

-2
Z h(a,b,c) — h(a,—b,c) = Z Z h(a,b,c) — h(a,—b,c),

ax+by+cz=~ c,z; cz=1 azx+by=~L—cz

where the first sum on the right is understood to be in positive integers ¢ and z
and ¢z running from 1 to ¢ — 2. We apply Theorem 1 to the inner sum (with the
change ¢ — { — cz).

5. GENERALIZATION OF LEMMA 1

Let ¢ be a positive integer. For any triple of positive integers (a, b, c) we define
A¢(a, b, c) to be the number of pairs of positive integers (x,y, z) such that ax + by +
cz = {. Notice that Ay(a,b,c) is invariant under permutations of {a, b, c}.

Lemma 3. Let £,a,b, c be positive integers. Define A}; (a,b,c) :=

Ag(a,b,e) — Ap(a+b+c,b+c,¢) — Ap(a+b+e,b+¢,b) — Ag(a+b+c,a+ ¢, c)
—N(a+b+c,a+c,a)—N(a+b+c,a+bya) — Ag(a+b+c,a+b,b),

and A2(a,b,c) :=

Ae(a+ba+b+c)+Ae(c,a+b+c)+Ae(b+c,a+b+c)
+Ap(a,a+b+c)+A(a+c,a+b+c¢) + Ag(bya+ b+ c).

Then A}(a,b,c) — AZ(a,b,c) is equal to 1 or 0 as a+ b+ c|l or not.
Proof. 1) The solutions of au + bv + cw = ¢ which satisfy any of the conditions
u<v<w,
u<w<w,
v<u<w,
v<w<u,

w<u <o,

w<v<u,

are in 1 — 1 correspondence with the solutions of

(a+b+c)x+(b+c)y+cz=1¢,
(a+b+c)x+(b+y+bz=1¢,
(a+b+c)x+ (a+c)y+cz =14,
(a+b+c)x+ (a+)y+az =14,
(a+b+c)x+ (a+by+bz=1{,
(a+b+c)x+(a+bdy+az=1¢,
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GENERALIZATIONS OF AN IDENTITY OF N-P. SKORUPPA 9

respectively via

(2,y,2) = (u,w —u,v — w
(,y,2) =
(2,y,2) =
(2,y,2) =
(2,y,2) =

z,Y,

)
)
(v,u —v,w —u)
(v,w —v,u—w),
(w,u —w,v —u)
(w,v —w )

respectively.
2) The solutions of au + bv 4+ cw = £ which satisfy any of the conditions

u=0v>w,
u=0v<w,

(that is, we are looking for solutions of (a + b)u + cw = ¢ with u # w) arein 1 — 1
correspondence with the solutions of

(a+bx+(a+b+c)y=2¢,
cx+ (a+b+c)y="¢,
respectively via
(z,y) = (u — w,w),
(z,y) = (W — u,u).
Similarly the solutions of au + bv 4+ cw = £ which satisfy any of the conditions
uUu=w>"uv,
u=w <,
are in 1 — 1 correspondence with the solutions of
(a+c)z+(a+b+c)y=1¢,
bx+ (a+b+c)y=1¢,
respectively via
(z,y) = (u—v,v),
(z,y) = (v —u,u).
Finally, the solutions of au + bv + cw = ¢ which satisfy any of the conditions
v=w > u,
v=w < u,
are in 1 — 1 correspondence with the solutions of
b+c)z+(a+db+c)y=14,
ar+ (a+b+c)y =14,
respectively via
(2,9) = (v—u,u),

x,y) = (u—v,v).

—~
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10 PANZONE PABLO ANDRES

3) If u = v = w then au + bv + cw = £ has one or no solution acordingly as
a+ b+ c|l or not.

The lemma follows because any positive integer solution of au 4+ bv + cw = ¢
satisfies exactly one of the above conditions given in the three steps. [

Corollary 2. Let £,a,b,c be a positive integers and define A(a,b,c) := Ag(a,b+
¢) + Ae(bya+c) + Ag(c,a+b). Then A(a,b,c) — Al(a,b,c) is2 or 0 as a+ b+ c|l
or not.

Proof. Using Lemma 1 one can see that A(a,b,c) — A%(a,b,c) is3or 0 as a+b+cll
or not. (Observe that the sum A(a, b, c) —AZ(a, b, c) is equal to Ay(a,b+c)—Ay(b+
c,a+b+c)— Ayla,a+ b+ ¢) plus two similar sums for which Lemma 1 may be

applied.)

Also from Lemma 3, A}(a,b,c) — AZ(a,b,c) is equal to 1 or 0 as a + b+ c|¢ or
not.

These two last results yield that A(a,b,¢) — Aj(a,b,c) is 2 or 0 as a+ b+ c| or
not. (]

6. PROOF OF THEOREM 4

The proof follows three steps. In the first step we prove that the theorem is true
for a particular kind of function and in the second step we show that this is the
only kind of function that matters. The theorem then follows by linearity.

I) Let 04p,c(z,y,2) be an integer argument function whose value is 1 or 0 as
(a,b,¢) = (x,y, 2z) or not (i.e. a Dirac delta at (a,b,c)). We write for short 0,4, =
dab,c(z,y, z). From now on, we will deal only with integer-valued triplets (a, b, ).

We define the operator Udg (2, Y, 2) = 0b,—24+b—c,a—b+c(, Y, 2) and we define
an integer-valued function by

5
L(Sa,lhc = Laa,b,c(l‘v Y, Z) = Z Uiéa’bw(‘% Y, Z)
=0

Observe that U%8, p..(z,y,2) = Sap.c(z,y,2) and

Léa,b,c(y7 —2z + y—z,r—y + Z) = Léa,b,c(xu Y, Z)
The orbit of (a,b,c) is the set of points obtained by applying (a,b,c) — (b, —2a +
b—c,a — b+ c) sucesively (the operator U above) and it has six points unless one
starts at a point of the form (a,a, —2a) in which case the orbit only has one point.
(This is easy to check.)

In other words, if (a,b,c) is not of the form (a’,a’,—2a’) for some a’, then
Léapc(x,y,2) is a function which equal to 1 if (z,y,z) belongs to the orbit of
(a,b,c) and is equal to zero if not. The following observation will be used several
times: if L(Sa’,b',c' (CLH, b”7 CH) 7& 0 then Lda',b/,c/ = Lda”,b”,c”

The proof of the theorem is then as follows. One computes
L5a7—2a—b—2c,c :6a,—2a—b—2c,c + 5b,2a+b+c,a—b+c + 5—4a—b—3c,—3a—2c,5a+b+4c
(7) +0_3a—2c,b,4a+3c T 0—2a—b—2¢,—4a—b—3c,3a+b+3c + 02a+b+c,a,—a—b>

and therefore

(8) L(sa,72a7b72c,c = L5b72a+b+c,a7b+c = L62a+b+c,a,fafb'
Then
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GENERALIZATIONS OF AN IDENTITY OF N-P. SKORUPPA 11

Sy = E h(ao + co, ag, —bo) + E h(ao, —co — bo, co — ag)
apr+boy+coz=~L apr+boy+coz=~L
ag<bo<co ag<co<bo

(9)
+ Z h(ao + Co — bo, ag — bo, —ao) + Z h(bo, 200 — Qap,Co — 2()0)

apx+boy+coz=~L apx+boy+coz=~
bp<ap<co bo<ap<co

+ Z h(bo 7(10771)0 760,0,0) + Z h(bo 7(10,200 7b0,00 —2b0+2a0)

apx+boy+coz=~L apgx+boy—+coz=~L
ag<bo<co ap<bo<co

is, using (7), equal to
Ae(a+b+c,a+ba)+A(a+b+c,a+c,a)+Ag(a+b+c,a+b,b)
+A(a+b+c,b+e,b)+A(a+b+c,a+c,c)+Ae(a+b+c,b+cc),
in case that h = L, —2q—p—2c,c and a,b, ¢ are positive integers (observe that h #
Léy a7, —24 for any integer a’ using (7)).
Observe that
Z Léa,—2a—b—2¢,c(a0, —2a0 — by — 2¢o, co) = Ag(a, b, c).
apx+boy+coz=~

Also if dg(x) is the delta Dirac at zero defined on the integers then

> 60(z — y)Lba,~2a—b—2¢,c(a0, —2ag — by — 2co, co) = A¢(a + b, c),
apx+boy+coz=~L
because the left sum represents the positive solutions z, y, z with * = y of ax + by +
cz = { . Therefore

Z {00(x —y) + do(y — 2) + do(z — )} Lda,~24—b—2¢,c(@0, —2a0 — by — 2co, co)
apr+boy+coz=~L

=Ao(a, b+ ¢) + Ae(ba+ ¢) + Ae(c,a + b) = A(a, b, c).

As a(z,y,z) =1 —{0o(x — y) + do(y — 2) + do(z — x)} is the function given by
(2) we have reached the following result:

Sy 1= Z alz,y, 2)h(ag, —2a9 — by — 2¢p, co)
apz+boy+coz=~L
is Ag(a,b,c) — A(a,b,c) is case that h = Ldg _2q—p—2c,c and a,b,c are positive
integers .

Thus we have proved with this choice of h that the sum S; — S5, which is the
left-hand side of the formula (3), is equal to A(a, b, c) — A}(a, b, c), which is, using
the corollary, 2 or 0 if a + b + ¢|¢ or not.

The right-hand side of (3) is

ity <t
S3:=23 > h(i,—i—j—tj),

tle ij=1
which is 2 or 0 if a+b+¢|l or not if h = Ldg,—24—b—2¢,c, With a, b, ¢ positive integers
using (7). Thus we have proved that the theorem for such choice of h.
IT) Next we we show that the following statement is true: if S; # 0 for h =
Léqr . then for some positive integers a,b,c one has h = Léq,—2a—b—2¢.c -
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12 PANZONE PABLO ANDRES

The proof is as follows. We look at the first summand of (9). If

Z Léar et (ag + co, ag, —bo) # 0,

apx+boy+coz=~L
ag<bp<co

then Ldy v e = Ldgg+cy,a0,—b, fOr Some positive integers ag,bg,co. Using that
ag < by < c¢p then one can write a9 = a,by = a + b,co = a + b+ ¢ with a,b,c
positive, so that Ldg,+cq.a9,—by = LO2a+b+c,a,—a—b = Lq,—2q—b—2¢,c using (8).

The second summand of (9) can be treated in a similar way: if

Z Léar p o' (ag, —co — bo, co — ap) # 0,

apr+boy+coz=~L
ap<co<bg

then using ap < ¢g < by one can write ag = a,co = a+c¢,bg = a+ b+ ¢ with a,b, c
positive and therefore Ldy . = Lbay,—co—bo,co—ao = L0a,—2a—b—2c,c-

If the third summand in nonzero for some Ldg 1 o then as by < ag < co write
ap = a+bby = b,co = a+ b+ c with a,b,c positive and therefore Loy p o =
L5a0+007b0,a07b0,7a0 = L52a+b+c,a,7a7b = L5a,72a7b72c,c USng (8) If the fourth
summand is nonzero then using by < ag < ¢g one can write by = b,a9g = c+ b,cop =
a+b+c and then L(sa’,b’,c’ = Lébo,Qco—ao,co—2b0 = L(Sb,2a+b+c,a—b+c = Léa,—?a—b—2c,c
using (8).

The fifth and sixth summands can be treated in a similar way and they are left
to the reader: this proves the statement for if S} # 0 for some h = Ld,s v then
at least one out of the six summands is nonzero and the proof follows.

It is easy to prove that if Sy # 0 for h = Lég b, then h = Ly, —2q—p—2¢,c for
some positive integers a, b, c.

Finally, if S5 # 0 for some h = Léq b/, then Lég .o = L; —2;—2j—k,; because
asi+j <t,1 <4, one may writet =74 75 + k with 1 < k.

In other words we have proved: assume that h = Ly v ot # Lda,—20—b—2¢,c for
any choice of positive integers a,b,c. With this choice of h, the right and left-hand
side of (3) is zero.

III) To prove the theorem assume that h satisfies h(z,y, z) = h(y, —2c+y—z,z—
y + z), this condition ensures that h is constant on the orbits of points (z,y, 2).

Write

h = Z const(a,b, c)Liq, —2q—b—2c,c + Z const(a’,b', Ly v o,
(a,b,c) (a’,b’,c")

where in the first sum a,b,c are positive and in the last sum, each summand
Léy v, # Ldg,—2a—b—2¢,c for any choice of positive integers a, b, ¢ (by (II) its con-
tribution is then zero). The theorem follows by linearity using (I).

7. PROOF OF THEOREM 5

The proof follows by linearity from the following result (case p(u) = u™ of the
theorem): if £ is a positive integer and n =0,1,2,. ..

- Z a(z,y,z)(a+b+c)" +3 Z c"

ax+by+cz=~ ax+by+cz=~
c>max(a,b); a#b

nfls 3
B 23<tz.tf (fz “a't 1) = Tnt2(6) = 30n41(0) + 200 (0)-
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This last formula follows taking h(z,y,2) = (x —y+ 2)™ in the following lemma.

Lemma 4. Assume that ¢ is a positive integer and that h(z,y,z) is an integer-
valued function which satisfies h(z,y,z) = h(y,y — x,z — y) and for any positive
integers a,b, ¢ satisfies h(a,—b,c) = h(c,—a,b) = h(b, —c,a). Then

- Z alz,y,z)h(b,a+b,2a+b+c)+3 Z h(b,a,c+a —b)

ax+by+cz=/{ ax+by+cz=~{
c>max(a,b); aFb

itj<t
(10) =23 > h(iyi+jt+j).
te ig=1

Proof. The proof follows the same lines as before.

I) For integers a, b, c we define the operator Udg po(x, Y, 2) = 0pp—a,c—b(, Y, 2)
and we define an integer-valued function by Ldg p ¢ := Ldgp (2, Y, 2) = Z?:o Uldap,c(®,y, 2).
Observe that U%6, (2, v, 2) = Sap.c(z,y,2) and Léap o (y, y—2, 2—y) = Léap.c(z,y, 2).
The orbit of a point has six points unless one starts at a point of the form (0,0, ¢)
in which case it has only one point (this is easy to check). Observe that

(11) Léa,fb,c :5b,a+b,2a+b+c + 6a+b,a,a+c + 5a,7b,c
+ 6—a—b,—a,a+2b+c + 5—a,b,2a+2b+c + 5—b,—a—b,b+c-

which yields
(12) Léa,—b,c = L6b7a+b72a+b+c - L6a+b7a7a+c-
Define hy = ho(z,y, 2) by
hO L= Laa,—b,c + L(Sb,—c,a + de,—a,b
= 6b,a+b,2a+b+c + 5a+b,a,a+c + 6a,7b,c + 6c,b+c,a+2b+c + 6b+c,b,a+b + 6b,7c,a
+ 5a,a+c,a+b+2c + 5a+c,c,b+c + 6c,—(z,b +...

where the dots indicate that the remaining terms are of the form &4 4/ o with o’
negative whenever a,b,c are positive (their contribution is zero in the following
sums below). Also notice that ho(y,y — z,z — y) = ho(z,y, 2).

From now on let a, b, ¢ be positive integers in the definition of hg. A check yields

> ho(bo, ao + bo, 2a0 + bo + co) — 3 > ho(bo, ao, co + ao — bo)

apx+boy+coz=~¢ apz+boy+coz=~¢
co>max(ao,bo); ao#bo

(13) = 3A}(a,b,c)

where A}(a, b, c) is defined as in Lemma 3.
Also

Z {d0(z —y) + do(y — 2) + do(z — )} ho(bo, ao + bo, 2a¢ + by + o)
apx+boy—+coz=~L

(14) =3 (A¢(a,b+c)+ Ag(b,a+c) + Ae(c,a + b)) = 3A(a, b, ¢).

Using the definition of a(z,y,z) given by (2) we have reached, using (13) and
(14), the following result: the left-hand side of formula (10) is equal to 3(A(a, b, ¢) —
A}(a,b,c)) if h = hg. The last corollary yields that this is equal to 6 or 0 as a+b+c|¢

¢
or not.
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14 PANZONE PABLO ANDRES

To prove the equality notice that the right-hand side of formula (10) is 6 or 0 as
a+b+c|f or not, if h = hg. This proves the theorem for the particular case h = hyg.

IT) Next we will show that the following statement is true: if the right or left-
hand side of formula (10) is non zero for some h = Ly 1 o+ with integers o', b, ¢,
then one must have h = Ld, _p . with a,b,c positive integers.

To prove this, one starts observing that if 7 ., .., Lée b e (bo, a0 +
bo,2ag + by + cg) # 0 then the orbit of (a’,’,¢’) must be the orbit of (by,ag +
bo,2ap + by + ¢o). In other words, Ly p.cr = Llby,ao+bo.2a0-+bo+co = LOag,—bo,co
with ag, by, ¢o positive using (12).

The second formula of the left-hand side of (10) can be treated in a similar way.
If

Z Léar e (bo, ag, co + ag — bo) # 0,

aox+boy—+coz=~
co>max(ao,bo); ao#bo

then two cases are possible:

i) ap < by < ¢y, and the orbit of (a’,¥’, ') is the orbit of (by,ag,co + ag — bo) =
(b+a,a,c+a) with a = ag,b = by — ag, c = ¢y — by positive integers. In other words
Lég v e = Lpta,a,c4a = Loa,—b,c using (12).

ii) by < ag < ¢g, and the orbit of (a’,V’, ') is the orbit of (by, ag,co + ag — bo) =
(b,b+a,2a+ b+ c¢) with a = ag — bg,b = by, ¢ = ¢y — ap positive integers. In other
words L(;a’,b’,c’ = L§b,b+a,2a+b+c = L(Sa,—b,c using (12)

Finally, if }°,, Zi‘;];lt Lég v e (1,74 4, t+7) # 0 we can write t = i+ j + k with
i,7, k positive integers and then Ldy p o = L0 itjit2j+k = Ld; i using (12).
This ends the proof of the statement.

III) To prove the theorem assume that h satisfies h(z,y,2) = h(y,y —x,2 — y)
and h(a,—b,c) = h(c,—a,b) = h(b, —c, a) for any positive integers a,b,c. The first
condition ensures that h is constant on the orbit of (z,y, z) while the second says
that this constant is the same for the orbits of (a, —b, ¢), (¢, —a,b), (b, —a, ¢).

Therefore we can find constants such that

h = Z const(a, b, c)hg + Z const(a,b,c)Ldg —pc,
(a,b,c) (a,b,c)

where in the first sum a, b, ¢ are all positive integers with hg defined as in (I) and
in the last sum at least one of a, b, ¢ is zero or negative (its contribution being zero
by (II)) proving the theorem by linearity. |
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