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1" ABSTRACT. In this paper, we consider for p € [0,1) and €,¢ > 0, the following nonclassical diffusion
o equations on RV, N > 3 with hereditary memory and singularly oscillating external force
B == [ e () 8ule = 9)ds £ x.) = g0l0) + § P10/
" together with the averaged equation
15 00
. == [ e (s) (e = )ds + .10 = go(0)
E formally corresponding to the limiting case ¢ = 0. The main characteristics of the model is that the
18 equation does not contain a term of the form —Au, which contributes to an instantaneous damping. We
19 first prove the existence of uniform attractors </ in the space H T(RY) x Lﬁs (R, H'(RN)). Then, we
20 show that the model converges to the nonclassical diffusion equation with lacking instantaneous damping
— when € — 0 as t — co. The uniform (w.r.t. ¢) boundedness as well as the convergence of the uniform
2 attractor ;zfge of the first equation to the uniform attractor <7 of the second equation as ¢ — 07 are also
22 studied.
23
24 .
- 1. Introduction
25

26 The main goal of this paper is to discuss the following nonclassical diffusion equation with memory

Z% e — Ay — [ Ke(s)Au(x,t — s)ds + f(x,u) = g5(1), xRN 1>1,
o5 (LD u(x,t) = ug(x), xeRN 1<,
30 u(x,7—s) = qr(x,s), xeRN, s>0,

1 where u;(x) and g (x,s) are initial data, the function ke (s) : [0,00) — R is called a memory kernel
% (see [8, 12]), which is a continuous non-negative function, smooth decreasing on (0, o), vanishing at
% infinity and satisfying

34 1 s

35 Ke(s):g’((g>a e € (0,1],
36 and

7 / K(s)ds = ko < eo.

38 0

39
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1 As € — 0, the function k¢ (s) converges in the sense of the distributions to the Dirac mass at zero.
> In addition, the nonlinearity f and the external force g°(x,1) = go(x,7) + ¢ Pg1(x,2/¢) satisfy the
3 following conditions hold:

.
[Blele|~|o]a]s]

2 (H2)
22 (1.5)
23

24 (1.6)
25

26

27

28
o 1.7

0 (1.8)
31

2
5 (H3)

34

% (1.9
63
C’i
38

39

40

41

42

(H1) We define

B = —K0), (o) = —tls) = i (),

and assume that 1 (s) > 0 is absolutely continuous, decreasing, ie, i’ (s) < 0 almost everywhere,
and the Dafermos condition

p'(s)+8u(s) <0
is satisfied for some & > 0, Vs € R™. Noting the definition of ¢, we calculate u satisfying
ele(s) + O e (s) < 0.
Since u is decreasing, and the Gronwall inequality implies the exponential decay
1(s) < Su(so)e 0070 Vs> 50> 0,
and p(s) can be confirmed to be integrable,

ko

/ wu(s)ds = ko, then/ Ue(s)ds = —.
0 0 &

To avoid the presence of unnecessary constants, from now on we assume kg = 1 which can be
always obtained by rescaling the memory kernel.
The continuous nonlinearity f(x,u), with £(-,0) € L*(R"), satisfies

fl(xa I/l) > _Ea
FCe)| <€ (01 +[uf72).

for some £ > 0, and ¢;(x) € L2 (R") is nonnegative functions, along with the dissipation
conditions

<F(x’u)a 1> > _Cf7

<f(X, u),u> > VO<F(X7 I/l), 1> - Cf:
where Cy >0, vy > 0 and F(x,u) = [y f(x,s)ds is a primitive of f.
The functions go, g1 € L7(R;L*(RY)), the space of translation bounded functions in L? . (R; L?(RY)),
that is,

5 141 ) 5 _
il =sup [ 18i)] P2 ds = M7 < o0 (i=0,1).
b teRJt
A straightforward consequence of (1. 9) is

t+1
[ ety = [ lnoRar < 16w} <20

thus
Ig1(-/6)17. < 2M7, Vg € (0,1].
b
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Hence,

I8°12, < 2l80l; +26 % lg1(/5)I; < 2043 + 43 2.

For g¢ € L} (R;L*(RY)), we denote by 7, (g°) the closure of the set {g*(- + h)|h € R} in
L?(R;L*(RN)) with the weak topology. Noting that, as in [6, Chapter 5, Proposition 4.2], we
have: for all o € /7,(g°%) and any fixed positive number g, then ||GH§2 < ||8g||i2.

b b

The nonclassical diffusion equation is a mathematical model that arises in a variety of physical
phenomena, such as non-Newtonian flows, soil mechanics, and heat conduction theory (see, e.g.,
[1, 16, 17, 20]). It was first proposed by Aifantis in [1], and later modified by Jickle [13] to include a
1 memory term in the study of heat conduction and relaxation of high-viscosity liquids. The inclusion
12 of a memory term in the diffusion equation leads to a faster rate of energy dissipation and a more
13 accurate description of the phenomena, as the conduction of energy is affected not only by present
14 external forces but also by historic external forces. On the other hand, equations with memory are
15 more difficult to solve than the corresponding ones without memory. In recent years, there has been a
16 significant amount of research on the existence and long-time behavior of solutions to nonclassical
17 diffusion equations with memory, for both autonomous case (see [2, 4, 5, 9, 10, 21, 22, 23, 25]) and
1 non-autonomous case (see [3, 14, 23, 24]). However, most of the existing results on nonclassical
19 diffusion equations with memory have been obtained for bounded domains, except for the two recent
20 results [18, 19]. In [19], the authors studied a class of nonclassical diffusion equations on R" with
o1 hereditary memory (independent on €), in presence of singularly oscillating external forces depending
o2 on a positive parameter € and a new class of nonlinearities, which have no restriction on the upper
o3 growth of the nonlinearity.

24 More recently, Conti et al. [7] considered the nonclassical diffusion equation with hereditary memory
25 lacking instantaneous damping

je|e[~[ofa]s]e]m]~

—_
o

—_

26

27 u — Auy — /0 K(s)Au(x,t —s)ds+ f(u) = g(x)
28

29 on a bounded three-dimensional domain. After that, Toan [18] extended some results of [7] to the
30 non-autonomous case in unbouded domains.

31 As an effort to improve and extend the results of [7] and [18], in this paper, we will consider the
32 nonclassical diffusion equation with memory lacking instantaneous damping and singularly oscillating
33 external force. As we know, there are three main difficulties in studying problem (1.1) on RV, Firstly,
34 equation (1.1) is the absence of the term —Au, which makes the nonclassical diffusion is lacking
35 instantaneous damping. Secondly, the problem is considered on the whole RY, which means that
36 Sobolev embeddings are no longer compact and the Poicaré inequality is not satisfied. Thirdly, we
37 rescale k(s) by a (small) parameter &, i.e., the memory kernel k(s) is dependent on &, which makes
38 some computations more complicated. Moreover, the presence of the term —Au, in the equation means
39 that the solution has no higher regularity, similar to hyperbolic equations. These difficulties make it
40 challenging to prove the existence of uniform attractors for the problem and to study the singular limit
41 when the memory kernel collapses into the Dirac mass at zero, and finally, the uniform boundedness
g (w.r.t. ¢) and the convergence of uniform attractors ,Qfge as ¢ tends to 0.
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The paper is organized as follows. In Section 2, we introduce some necessary notations, functional
spaces, and a Gronwall-type lemma. In Section 3, we prove the existence of uniform attractors <7 for
the family of processes generated by the model. In Section 4, we prove that the model converges (in an
appropriate sense) to the nonclassical diffusion equation with lacking instantaneous damping when the
scaling parameter € of the memory kernel tends to zero. Finally, in Sections 5, we prove the uniform
boundedness (w.r.t ) and the convergence of the uniform attractors. Our results have extended some
results in Conti et al. (2020) [7] to the non-autonomous case on the whole space, and the results of
Toan (2020) [18] to the case of the memory kernel term that depends on € and singularly oscillating
external force.

-
[Bfefe|~]ofo]a]e]n]-

2. Preliminaries

—_
—_

% At first, following Dafermos [11], we consider a new variable which reflects the history of (1.1), that is

N S

14 n’(x,s):n(x,t,s):/ u(x,t —r)dr, s >0,

15 0

16 then we can check that

" o' (x,5) = (1) — 41’ (x,5), 5 0.

8 Since Ue(s) = —kL(s), problem (1.1) can be transformed into the following system
19

20 Uy — Auy — 5 Ue(s)AN' (x,8)ds + f(x,u) = g°(t), x€RN 1> 1,

21 @1 o' (x,s) = —asn’ (x,s) + u(x,1), xeRN, t>1,5>0,
22 7 u(x,t) = uz(x), x€RN <1,

2 N (x,s) = nz(x,s) := [ q(x,r)dr, xRN s>0.

24

ZE Let (-,-), || - || be the norm and scalar product in L>(R"), respectively. For i = 1,2, we define the
26 history spaces

27 ' 2+ gi(RN

. i L (R*,H'(RY)), &>0,

oo {0}, =0,

30 equipped with inner product and norm, respectively,

31 oo

3 (P1,92) 5 = [ He(6) (91(5). 0206)) e .

= 2 ~ 2

o 1912 = | e(s) 91 m s

z% We now introduce the following Hilbert spaces

37 A =H R x4, i=1,2,

38

0 with the norms

© eIy = -+ 1Vl + .

41

o 1%z = lull oy + M1 2.
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Since our the main purpose is to consider € — 0, we must give the equation when € =0,

{u,—Au,+f(x,u):g‘5(t), xeRY 1> 1,

2.2)
u(x,t) = ug(x), xeRV 1 <1

And in order to be consistent with the memory equation, let ) satisfy the Cauchy problem in %l,
an'(x,s) = —dn' (x,s) +u(x,t), xRN 1>1,5>0,
S
Nt (x,s) = Ne(x,s) = / q(x,r)dr, xRN s>0.
T

Let z; = (ur, M) and let U4(z, T)z; = z(¢t) = (u(t),n"), be the solution of (2.1) and

(2.3)

L
[R[=[3]e]e|[~]ofa]s]o]|r]-

U(t,t)ur =u(t), UX(t,)ne=n', €=0,

13 represent the solutions of (2.2) and (2.3), respectively.

14 The following Gronwall-type lemma is the main tool in the proof.
15
1o Lemma 2.1. [15] Let A¢ be a family of absolutely continuous nonnegative functions on [T,0) satisfying

17 for some y> 0, C > 0 and for any € € (0, &), for some small & > 0, the differential inequality

18 d ¢
e L Nelt) +vER(0) < cE[Al0))+ <

20

21
22 p—1>(qg—1)(1+r)>0.
T,00)

where the nonnegative parameters p,q,r fulfill

23 Moreover, let E be a continuous non-negative function on | such that

24

25 ;E(t) < Ae(t) <mE(t)

26

o, Jor every € >0 small and some m > 1. Then, there exist v > 0 and an increasing positive function

o5 2(+) such that
- E(t) < 2(E(1))e "Y1 C.

0 By the Faedo-Galerkin method, arguing as in the proof of [18, Theorem 2.1], we obtained the

i following results.
32

33 Theorem 2.2. Assume that hypotheses (H1)-(H3) hold. Then for any fixed nonnegative number ¢, any
34 7¢ = (ug,Me) € A and T > 7, T € R given, problem (2.1) has a unique weak solution z = (u,n') on
35 the interval [t,T) satisfying z € C([t,T); H'). Moreover, the weak solutions depend continuously on
36 the initial data.

- Accordingly, the problem (2.1) generates a dynamical system, we define a family of processes

Z% {Us (2, T)}Ge%v(gg) as follows

0 Us(t,): A — A,

41 where Uq(t,T)z is the unique weak solution of (1.1) (with o in place of g°) at the time ¢ with the
42 initial datum z; at 7.
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1 3. Existence of an uniform attractor

2 3.1. Existence of an absorbing set. In order to deal with the (possible) singularity of g (s) at zero,

% given any v € (0,1/4), we choose s, = s.(v) > 0 such that

5 "
> (3.1 /0 Ue(s)ds < v,

6

Z and we define ey : RT — R as
8

ry Hev(s) = He(5:)X(0,5.)(5) + He ($) X (s, 0] (9)
10 where y denotes the characteristic function.
11 The proof of existence of an uniform absorbing set exploits in a crucial way the following technical

12 ]lemma.
13
12 Lemma 3.1. Assume that z(t) = (u(t),n") is a sufficiently regular solution to (2.1). Then, for any

s ve(o, l), the functional

16

o == | sev ) ulo), i () ds = [ ptee (9)(Vule), V' (9)ds. j=0.1,

e fulfills the differential inequality

19

o d 1 € 1 [ )

2. SO+ o O ey < 5 Ol vy + 5 [ mels) (Gl 5) P+ [V ()] s
21 (32) dt 28 4 E 0

0 Ele(Sx * .

2 =) ) (' )P + (9 0)) s

24 Besides, we have the control
25

=l 1
2 (3.3) A0 < ZEj,

27
o where By = lull>+ |[VulP + 57 te(s) (I’ (5) >+ |V (5)|12) ds, =0, 1.

29 Proof. Firstly, from the definition of A (¢), immediately, we deduce the inequality (3.3). Indeed,

30

A= | [ Re ) o) n 6)ds + [ e (s) (V). V' (9)ds

33 1 - 2y 1/2
sﬁnu(r)n(/o eI GlPas) -+ vaol [ nelo)vn' )P
— 1 = ) 1

o6 < 2 (P4 1Vul) + [ pes) (' )+ 90 9)]12) ds < 2E;

37

3 Secondly, we will prove the inequality (3.2). The time-derivative A ;, we get

39 d

o G == [ mev(©)w(0), 0" (5)ds— [t (5) (Y 0), V' (9)ds

n G4 -

. — [ ev () ). i o)) ds = [t (s) (Vu(r), Vi (5)ds
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1 Using the Young inequality, we have

2 0 )

e w016~ [ e () Vi), V' 5)ds

A 1 o 2 o 1/2
s <ol us<s>j||nf<s>uzds) + e lvul (| ue(s)HVn’(s)szs>
. 0 VE 0

- £

% < 7 (@I + Ve ()] 82/ pe(s) (JlIn" ()1 +11Vn' (s)1%) ds

9 Recalling that —n{ =N —u(t), from the definition of ey (s) and (3.1), we have

10

" _<u(t)7jntt>lisv - <Vu(t)7vntz>ﬂev

% = (u(f)Jnﬁ)ugv+<W(f)>V17§>ugv—/0 Hev (8) (llull® + | Vull*)ds

14 = . t - 2

" < — [ 1L00) (' 6)) + ViV () s — [ el

E o 1/2 o ) 1/2

- < (= ms) o) (- [ 6)1%as)

18 ' "

+(- /:u;<s>ds)l/2||w<t>|| (- /:ué(s)llvn’(s)llzds>1/2— (3 ¥) ) e

E‘LLS(S*) « . 2 2 1 2
&l <= /0 s () Gl 2+ 119" ($)11%) ds = 2 (@) [ vy

22 -

8 Collecting two estimates above, inserting them on the right-hand side of (3.4), we obtain the desired

2 differential inequality (3.2). The proof is completed. (]
25

25 Lemma 3.2. Under the assumptions (H1)-(H3), for € € (0, 1], any fixed nonnegative number ¢ and
27 any initial datum z; € ), the family of processes {Uq(t,7)} e A, (g5) associated to problem (2.1)
28 has an (1, ' )-uniform absorbing set.

29
T Proof. At first, we replace g° with o in (2.1), and then multiplying the first and second equation of

5 (2.1) by u(r) in L*(R") and by jn’(s) in Ly (R, L*(RY), respectively, and adding the results, we

3, obtain

33 1d e o

o 2 (P 1925 [ o)’ s ) + (£ ) + [ e )9 (5), Vs
a5 0

35

o L [ omels) i’ Pas = [ )’ (). + (0.0

37

se Similarly, multiplying the second equation of (2.1) by —An'(s) in L2 (R+,L2(RN ), we have

39

= / Le(s / V' Vudxds / Le(s / V'V dxds + / Le(s / V'V dxds
—(3.6) 0

= _1d vn'|*dxd 0 vn'|*dxd
. 3 [ me) [ v Pasas— 3 [“auels) [ |1V
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1 Using assumptions (1.8), (1.4) and the Cauchy inequality, we have

2 (f (x,u), >>Vo<F( u),1) = Cy,

3

43 2(o,u) < ||u||2—|—CHc7||2 where 0 < 8 < 1,

5

s 2 [ els) ' (s) s < Ll 458 [ o)’ Pt

7

s Summation of (3.5), (3.6) and then combining with (3.7), we get

9 d °° ) Cr

5 GE=2 [ 2uelo) Gl P 19 s+ 2w (4.1 - )

m 5 2 * 2 2

12 < (7 +55) lull +5J'/ He(s)[In'[*ds +Clla %,

= 4 ¢ 0

s o . .

1o where Ej = |[ul]® + || Vul]® + J§~ pe(s) (jlIn'II* + [IVn']|?) ds, j =0, 1.

15

16 Besides, multiplying the first equation of (2.1) by u, in L>(RY), we obtain

17 d oo

o PV P (P ). 1) = (o(0).) ~ [ () (V' (). Vads

" 2 2 2
7y < Sl + 1Vl + o [ els) IV’ ()]s + 3 o0 P
21—Thus,

= d 2 1 1(N12 1 2
23 S (Fleu), 1)+ (||ufH Vi) < 52 | sV’ ()]I*ds+ S o ()]
ll Now, we define the functlonal

25

% D;(1) :Ej—l—6<F(x,u),1>+38Aj(t), j=0,1,

" where A ;(t) is defined in Lemma 3.1. Besides, using condition (1.6), (1.7) and (3.3) in Lemma 3.1, we
% have

29 N

% (3.8) Ej—8Cr < ®; <2(Ej+8(F(xu),1)) <CE? +C.

31
32 Using the condition (1.3), we can see that —u/(s) > g Ue(s), then ®; satisfies the differential inequality

I S T 55

g2 I : 2 2
oo iyt Il oy T oy + 2V F e 1)+ [ pes) (' 2+ V' ) s
35
» 1 —4depte(s) :
2 - [ ) (P + [V ) ds
37 .
2 < -l +Cllo )] +2¢.
39
0 Thus, there exist constant ¥ > 0 such that
41 d 5
-9 P+ < CI>0+C||G( )12 +2C;.
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1 From (3.9), let j = 0, and then applying Gronwall inequality, we get

2 t

= (3.10) @y (t) < Py(t)e 0 1C [ )| o(r)||2dr +2C,

4

?with

? t t r—1

o / e 1N |6 (r)||2dr < < / D ()| 2ds + / e—7<f—r>uc(r)||2dr+...>
L(3.11) T t—1 t—2

8 < (1 -y -2y 2 1 G112

B <(I+e74e 4. ||G||Lg_m||g ||L§,

10

;; Where we have used the fact that HGH%} < ||gg||i% for all o € J7,(g°).

12 Combining (3.8), (3.10) and (3.11), we get

13 N
4 (3.12) @) <C(EF2 (1) +1) e 0 4 S |[65]2,+2C; < po.

— 1—e Y Ly

15

16 We now consider (3.9) for j = 1, using (3.12) and the Gronwall inequality, we obtain

17 t

0 ®, (1) < 1 (t)e "~ 1 Cpy+C /0 e 1D |6 (r)|2dr

19

20 <@i()e 7 +Cpo+ - llgfI +C.

21

> Thus,

23 N v 2

7 E1(t)SC<E1 (T)—I—l)e Y —l—Cpo—i—l_einggHL%#—C.

25

e Hence there exists p; > 0 such that

27 (3.13) E|(t) < p; or Hz(r)u?%,,g1 <pi,

28

2E for all z; € B, 0 € J#,(g°) and for all t+ > Tp, where B is an arbitrary bounded subset of %@1. This
30 completes the proof. O

31
3 Combining Lemma 3.2 with Theorem 2.2, we can obtain the result as follows.

% Lemma 3.3. Under the assumption of Lemma 3.2, then for any bounded (in ') subset B, there exists

2% a constant Ng = N(||B|| 1, 11g%Il 2), such that for any T € R,z; € B,
® HUG(I7r)ZTH2%£1 <Ng, ast>Tt.
37

38 3.2. Asymptotic compactness. The main difficulty of the problem is that the embeddings are no longer
39 compact and the whole dissipation is contributed by the convolution term only. In order to show that
40 Ug (t,7)z; is uniformly asymptotically compact in /%!, we perform a standard decomposition of the
41 solution into two summands, one of which is shown to be arbitrarily small in the long time (see Lemma
42 3.4) and the other of which is compact (see Lemma 3.6). This yields the desired result.
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1 3.2.1. Decomposition of the equation. For any r > 0, as in [18], we introduce two smooth positive
> functions ¢! : RN — RT,i= 1,2, such that

0/ (x)+97(x)=1 vxeR",
and

9, (x) =0if [x <,
02 (x) =0if |x| > r+1.

ofe|v[ofo]s]e]

E Putting 6;(x,t) = 6 (x,¢)9!(x), i = 1,2. The dependence on r of ©; is omitted for simplicity of notation.
11 Therefore, we can check that
E lim | = 0,

r—oo

13
e 02(x,t) =0, as |x| >r+1.
'S For the nonlinearity f, we decompose f = fy+ f1, where fo, f1 € C(R) satisfy

16

7 (3.14) folxau= 0, Fox) = [ folxy)dy=0 VueR
18 0

E N+2

20 (3.15) | fox,u)| < C(¢1(x)|ul + [u[v=2), VueR,

21

2o and

2 g N+2
2y (3.16) |fi(x,u)] < C(¢1(x) +[ul?), VueR, and0<g< N_2

25
. Tomake the asymptotic regular estimates, we decompose the solution Ug (¢, T)z7 = z(t) = (u(t),n’)

o, (Where z¢ = (u,n*)) of problem (2.1) into the sum

8 Uy (t,7)ze = D(t,7) 20 + Ko (1, T)21,
29

30 where D(t,7)z; = z1(t) and K4 (1, T)zz = 22(¢), that is, z = (u, ") = 21 4 22, the decomposition is as

31 follows

32

. u=v+w, n'=¢+&,
34 2=, =MW,
35

36 Where z;(¢) solves the following equation

37
(ﬁ Vi —AV; _f(;onu&'(s)AC[(S)dS‘f’fO(x:v) = Gl(t)a X e RN7t > T,

39

0 (3.17) 0,8 = —0,¢" +v, xeRN.t>1,5>0,
a1 ' v(x,1) = uz(x), xeRN <1,

42 $(x,8) = Nz(x,s) := [5 gc(x,r)dr, xeRN s>0,
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and z5(¢) is the unique solution of the following problem

1
% wi — Aw, — [ e ()AE (s)ds + f(x,u) — fo(x,v) = 62(r), x€RN, 1> 1,
7(318) 8f€t:_as‘§t+wa XERN,I>T,SZO,
o w(x,t) =0, xeRN 1 <,
E &7 (x,5) = &e(x,5) =0, xeRN s>0.

7

By using similar arguments as in the proof of Theorem 2.2, one can prove the existence and uniqueness

8 of solutions to problems (3.17) and (3.18).

% We begin with the decay estimate for solutions of (3.17). By using similar arguments as in the proof

19 of Lemma 3.2, replacing o (¢) with o1 (¢) and f(x,u) with fo(x,u), we obtain the lemma as follows.
11
1, Lemma 3.4. Assume that hypotheses (3.14), (3.15) and (H2)-(H3) hold, for any T € R, the solutions

13 of equation (3.17) satisfy the following estimate: there is a constant Yy > 0 and there exist T > T large

14 enough, such that

s 1D, 7)zel3 < 2(zellg)e M0 4o,
16 where 2 is an increasing function on [0,0) and p, depends on || 0} HL%

7 About the solution 22(t) of (3.18), arguing as in the proof of [18, Lemmas 3.7, 3.8], we obtain the

S following results.
19
oo Lemma 3.5. Let B be a bounded subset in 7. Then for any @ > 0, there exist T, > 0 and Ky > 0

51 such that

2 / (\w\2+\Vw|2)dx—|—/ ,ug(s)/ (18 ()2 + IVE!(s)[2) dxds < @,Vt > Ty, Vzz € B.
23 |X[>Ke 0 [x|>Keo

?* Lemma 3.6. Ler (H1)-(H3) and (3.16) hold and o = min{ 1, Y2=9N"21 £y oach time T > 7 and

% R > rp, there exists a positive constant N* which depends on T, || o} || 12 and 12|l st such that
26

27 HKG(T7T)ZTH2%081+0¢ SN*

28 Therefore, we get the following lemma.
29

2o Lemma 3.7. Let {Ks(t,T)z¢ }i>1 be the solution process of (3.18). Then under the assumption of
31 (H1)-(H3) and (3.16), for T > 7 large enough, such that

32 K (t,7)By is relatively compact in .

Z% By Lemma 3.2, the family of processes Uy (t,7) has a bounded absorbing By in #,!. Moreover,
— Ug(t,7) is uniform asymptotically compact in %”81 due to Lemmas 3.4 and 3.7. Therefore, we obtain

o the following theorem.

37 Theorem 3.8. Assume that hypotheses (H1)-(H3) hold. Then for any fixed positive number &€, the
ag family of processes {Uq(t,7) } e, (o5) associated to (1.1) possesses an uniform attractor </¢ in the
39 space J\. Moreover,

40 d¢= ) Hs(s), VseR,

41 o, (g%)
42 where J5(s) is the kernel section at time s of the process U (t,T).
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1 4. The singular limit

o In this section, for any fixed positive number ¢, we consider the singular limit of the system with
— g5 =0 when t — +oo. Let

UE(t,T)ze = 2(t) = (a(t),N"),

Ug(t, )z = z(t) = (u(t),n"),
denote the solutions of system of (2.1) and (2.2)-(2.3), respectively. Set
a(t)=a(t) —u(t), and 7'=A0"-n',

19 then z = (i, 7") fulfills the system
11

[efe|~]o]o]s

o il — Al — o Ue(s)AR) (s)ds + f(x,8) — f(x,u) =0, xRN t>1,
E(41) on' = —of' +1, xeRN t>1,5>0,
14 i(x,t) =0, xeRN <1,
5 N%(x,s) =0, xRN 5s>0.

16
17 From Lemma 3.2 and using assumption (1.2), we immediately obtain the following lemma.

E Lemma 4.1. For g° =0, we have

19

o (U2, Dzl e 0200 )22l ) < 200 7070, Wiz w.
21 We refer to Conti et al [8] for the proof of the following lemma.

22
o5 Lemma 4.2. [8] For all € € (0,1], we have

an . —8(1—1)
- max { [P 11y } < 2ce)e™ 2 +Ce, Wiz
25

o6  Now we have the main theorem of this section.

2" Theorem 4.3. For any z; € B HE andanyt > 7,

Z% (i) for every fixed € > 0, there holds
o 0 2

2 pE < .
30 Jim [[US(r,T)ze = U (1, T)ze| 5 < Ce
% (i) Ve > 0, there holds
o 2 0 2
e Jim lim [US (1, 2)ze — UR(r, D)2z = O

o5 Proof. Multiplying the first equation of (4.1) by () + €2ii; in L*(RYN), the second equation of (4.1)
by Jn'(s) in L2 L(RT, L?(RN), and adding the results, we get
37

d
v g (e reE s [+ 19 Pas ) <2 [ aue )G+ 97

39
@) (P + |V |?) + 26 /O e (s) /R VA Vitdxds + (f (e, )~ f(x,u), 204267,

= =27 [ aels) 7' (5), )
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Using the Holder inequality, (3.13), (1.6) and H!(R") — L¥=2 (R") continuously, we get

()~ flru),26%) < Ce? [ (1alw -+ 1ulv*2 +[9 )] )

R

4
ce (nunN R, 0wl g)ua|\wwzr|af||mzzv2

LN*

IN

4
< Ce? (HMHH1 rv) H””Hl &yt H(P(X)HL]%,(RND HﬁHHI(RN)HﬁtHHI(RN)

2
2014112 €2
ch HMHHI(RN)+?HMI‘HH1(RN)7

" and similarly

5 () = ). 20) < C [ (1% 4135 4 10 ] (] +[a]) )

N+2
N=2 N —
(Huu I 100Ny g, + 1] g >) lal

o
| /\

|
A

N+2 .
< € (a1 4 11 4 10001,y g, oy + Nl ) ) Ul e

9 12 c
S EHMHHI(RN) + Ea

| I _ g [ _
a3 <26 (¢ [TueoIvaPas+§ [ pe(opastva )
0 0

7. <2 / e () VY| Pds + | Vi |2, where / He(s)ds =
0 0

29 and

30

[ _ _ 5 [ _ m
o 27 [ wels) | ) s < 22 [ et 7 (5) s+

32
53 Combining the above inequalities, we obtain

34 d 2 2
B0 =2 [ e GIA P+ VA P)ds + 263 P+ [ )

36 C ;
> — 1112 2 ) ~ 2 J =12
37 SZS/O e (s)IVR'[|°ds + (Ce +8)||uHH1(RN)+8+2£/O He(s) 17 (s)]] ds+ S lall”,

38
a9 Where Ey (1) = ([l 31 vy + Jo~ e () (I1'[> +[|VAY'][*)ds and Eyj(7) = 0. Putting @y (1) = E1(r) +
20 V1EA1(t), where Ay is defined as in Lemma 3.1 but with (i, 7)) instead of (u, 7). Besides,

41 2
s €E (1) < Pyj(r) < EElj(’)-
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Therefore, using (1.2), we get

d v1—2£|

§—2v, —¢?
S () + =
dt 1)+ 2

1 oy + T || He(S) G+ VA [P)ds
82(2 — Vl)

= a2+ 1))

—(1=4ee(s)) | Apel) AP+ s +

2, C Ty
< ce?lalf+ 2 + 5 all

[efe|~]ofoa]s]e]n]-

Choosing v; > 0 is small enough such that v; < min{g, 2}, therefore

—_

0

bl d C .
1 (4.3) j¢1j(t) + ’}’18q)1j(l‘) < 82q31j(l) + —+ éq)lo(t).
12 4 €

E Putting j = 0 in (4.3) and using Lemma 2.1, we obtain

14

v Eo(t) <C,

16 where E;(7) = 0. For g = 0 and by Lemmas 4.1 and 4.2, we deduce for every fixed &,
17
5 tETmElo(t) < Ce, where Ejo(1) =0.

;% Similarly, we get
o1 lim Ey;(t) <Ce and lim lim Ej(r) =0.

- t—+oo g0t t—+o0

z% We complete the proof. ]

24
. 5. Uniform boundedness and convergence of the uniform attractors

25 In this section, we will prove the following facts concerning the family szfgs of uniform attractors of the

27 processes generated by (1.1):

28 (i) The family </F is uniformly (w.r.t. ¢) bounded in A
29

7 sup [/ p < oo

31 ¢€[0.1]

%2 (i) The attractor szgg converges to .#7; as g — 0" in the standard Hausdorff semi-distance in %’gl:
33

34 lim {dist ,,1 (77, 9%)} = 0.

5? ¢—0t €

36 To prove the above results, we add the assumption for the following nonlinear function:

37 N

38 (51) <f(x,u),u> ZdOHMHNi _C7

o LN=2

4o for some dy > 0. Then, from (1.6) and (5.1), we deduce that there exists d; > 0 such that
" N N

o (52 dillul|" 5y —C < (F(xu),1) <Cllul|*5 +C.

— LN-2 LN-2
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i 5.1. Uniform boundedness of the uniform attractors. To this end, setting G(¢,7) = [I g(s)ds,t > 1,
> we assume that

2.(5.3) sup [|G(t,7)])> < m?.
4

t>1,7€R

5
~ Proposition 5.1. Assume that g, € LZ(R; L*(RN)) and satisfies (5.3). Then, the solution v(t) to the

Tproblem
E Vi —Av; — [ Ue(s)AN| (s)ds = g1(t/¢),
9.(5.4) oni = —omni+v,

10

? (V<T)anic) = (070)7

E with € € (0, 1], satisfies the inequality

13

ENER) () s gy + 1L (5) R, < P62, v 2 2,
E where C is a constant independent of g1.

16
- Proof. Without loss of generality, we may assume T = 0, then

o t
il Vi(r) = v(t) = / vi(s)ds, because v(0) = 0,
19 0
2 ] , )
o M} (x,5) =} (x,5) = O] (x,)dr because nf = 0
°2 Integrating (5.4) in time, we see that the function V (1) solves the problem
23
24 Vi — AV, — [ te(s)AT] (x,5)ds = G (1),
— (5.6) _, _
25 oni+dni =V
26
-~ where
27 _,
o8 Vi]i—o = M1 li=0 =0,
29
o Ga(t) = [ s1(s/90ds = ¢ / 81()ds = €G(1/5,0).
?Z From (5.3), we deduce that
32
s O sup | G (1) < mg.
- >0
fa Thus,
% f
0 [ et =g [ o0
37 !
T 1 t+1
%8 < g2(1+)sup(/ HG(s,O)||2ds) <2m’g?,
39 S >0 \Jt
40 i.e. |
1+
= sup [ [|Gg(s)|ds < 2m?6?.
42 >0
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1 For y > 0, as estimated in (3.11), we get

: JA 169Gy (s)|ds < Cmg2

% Multiplying the first equation of (5.6) by V + &2V, in L?(R"), the second equation of (5.6) by jfi’ in
o Lj, (RT,L*(RY), and adding the results, we get

7

z & (VP 19V I+ [ eGP+ 1976 s

1‘1) —Z/Owué(S)(jllﬁi(S)Hz+ IV (5)11?)ds +2€> (Ve > + [ VV] )

= 2(Ge(t).V +22V) =267 | pres) (VA (), VV)ds +2) [ pels) (@} (5),V)ds.

14 Using the Holder and Young inequality, we have

15 oo oo
W 2GRV —2e [ (V). VVds+2) [ Re(o)(Ri (). V)ds

7 V2 ” - _

W SCIGOP+ZIVIP+eVi +e | uels) GIAL6) P+ IV )| )ds +e% [V
19 5 [ 2j

= J ~ J

R Nl L GIR A

21
-2 Now, putting Ex; = [V 2+ [[VV |2+ i e () | (5) P+ IV} (5) [2)ds. By = Exj+ Vae Aoy, where
o3 /2 is defined in Lemma 3.1 (with (V,7}) in place of (u,7n")), we obtain

24 d Vs £2(4—w) §—2v,—€e?\ = e i}

= 5t EIV B+ Wy + (5 ) [ eI 6P+ 19 ) P
26 2 o -

— Vo€ Ug (54 - _ 2j

o (12D U IV ) < 5 IVIE+Cl6s 0

28

2E Choosing v;, 7 > 0 is small enough, we have
30

- d 2j
o1 @2+ 2y < LVIP+CIG ()]

32
53 Up to further reducing 7,, we also have

34 2
— ebr)i <Dy, < —F»;.
35 2j = 2_/_8 2j
36 Thus,

37

— d 2j
@ (58) 12T e < S o +CGe ()]
39 !

40 Putting j = 0 in (5.8) and subsequently substituting the result into (5.8) with j = 1, we deduce that

41

t
. @y (1) < D)1 (0)e™ " +Cm>S? +C/T e |G (1) |Pdr < CmP g2,
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— (59 Ey =|[V[*+ IIVVHZ+/0 pe(s) (1112 + VAL (s)]17) ds < CmPc?.

4 Now, multiplying (5.6) by V;, applying the Holder and Cauchy inequalities, we obtain

5 {oe]

O VIR VW < (Gs(0090) + | [ el (9725, 9) s

7

_ 1 oo _
8 SCHGQ(I)HZJFZ(||Vsz+||VVzH2)+C/O He ()] V7] (5)]|ds.
9

10 Using (5.9) and (5.7), we deduce that

(5.10) VeI + IVVIIP < CmPG?, ien, V] + [ VV])* < CmPg?.

12

;3 Multiplying the second equation in (5.6) by 7] in Lie (R*;H'(RN)), we get
14

15

d oo
- IR 20001003 1, =2 [ e )M 5), Vi vy s

E Using (1.2) we have 5
7 d, 12 2
18 E||771”1,u8+5||771||1,u£ < C[[Vi][.

E Using (5.10) and applying the Gronwall inequality, we have
20
SRCRIY ni1F e < Cm*62.

oo Combining (5.10) and (5.11), we get (5.5) as desired.
5 This completes the proof. O

2 Theorem 5.2. Assume (H1)-(H3) and (5.3) hold. Then the uniform attractors M € are uniformly (w.r.t.
— g ) bounded in 7., that is,

27 sup ||szf ||%01 < oo,
< c€l0.1]
28

o9 Proof. Let z(t) = (u(t),n’(s)) be the solution to (1.1) with initial datum z; € J#.!. Firstly, for ¢ > 0,
50 Wwe consider the problem

st Vi —Av — [o7 e (s)AN{ (s)ds = ¢ Pgi(t/g),
32 t t

g azrll = _asrll +v,

34 (v(t),n{) = (0,0).

BE From Proposition 5.1, we have

36 _
_(5.12) 7 ey + 10117 e < CPg?0 7P e >

38 Then, the function (w(t),n}) = z(t) — (v(t),n!) clearly satisfies the equation
39

o Wi — Awy — [ e ()AL (s)ds + F(x,w) = —(f(x,w+v) — f(x,w)) + go(1),
5 (5.13) oML = —ams +w,
42 (w(1),n%) = (2, Me).
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1 Multiplying the first equation of (5.13) by w +a?w; in L>(R"), the second equation of (5.13) by ins
5 in Lflg (R’L,L2 (RN ), and adding the results, we get

& (124 1912+ [ eGSO + IV n3(0))ds + 202 500, 1)
4207 oy =2 | 1) GO+ 905 (5) P)s-+ 20 (x,w).) +20° | 4ie5) (VS (s), Vv ) s

= = 2(f(x,w+v) = fx,w),w+a’wp) +2(go(1), w +a’wy) +21/0wus(S)<n£(S),W>dS-

.
[Ble|e|~|ofa]s]e]

1 From (1.6), (5.1), (5.2) and the embedding H'(R) — L2 (RN), we get
12

13 <f(x’w)7w> ZVO<F(X7W)71>_Cf7

N
% (fCxe,w),w) > dollw|| "% —C,
LN-2

E and

19 i =

O R =S )l <€ [ (106014 WIFE + ] 72 ) vl

ZT 2 2

. SCII¢||L HVHHI &)Wl g1 @w) +C||V|H1 ey Wl ey +ClV Il gy IIWHHI (&)
ZE ) 2(N+2) do A%N

2 SCII(PIIL IIVHHI @) TCIVI 1 gy +CIIVI|H1 &)+ ||W||H1 @&t 1w 15 e
25

o similarly,

27

— {fw ) = fx,w),a’w)]

28

s <Ca® [ (10017 + w2 ) vl lda

30
N+2
2 2 2 N_2
< Carlilly g Vet e 1wl vy + Ca HVI|H1 &y [iell vy + CaZ vl gy W A1l vy
32 RY) LN-2(RN)
33 2014112 2 e = 2 @ 2 e
Sz <Ca H‘Z’HL%(RN)HVHHI(RN)+Ca ||V||H1 ]RN)“‘C‘I ||VHH1 (RV) + <4+HV||H1(RN ) ||Wt||H1 RN)—{—Ca [[w]| ™ %(R )a
35
. and
37 . 5] jv3 o
v 2 [ e(s)ms(s)w)ds < 22 [ o) ms(s) Pels+ L w2

39
— and the last
40

41 2 2 V3o @ 2
o (8o(t),w+a“wy) < Cllgo(®)[|”+ - [[wll” + - [[wi]|
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1 Combining all the above inequalities, we obtain

2 (5.14)

O Bl 2 [ )G+ TR+ volF (), 1)+ Ll T
oo DT T T 270 iy
? 2(N+2) jV3 o J

D SCH(PHZ Hv||H1 &%) FCIVI Y g +cuvygr2RN +8/O ,ug(s)Hné(s)szs—i—V—3HWH2
o el + Ca Il +Cllso@)P+ 1)

8T g TTIHIRY) L ) 80 :

9

10 where Es; = |[wl|> + [Vl 4 Ji7 e (5) (7| m3 ()| + [ V1 (5) ]2l + 262 (F (x,u0), 1), j =0, 1.
11 Putting

- ®s(1) = Esj+ vseAs),

E where A3; is defined in Lemma 3.1 with (w, 1) in place of (u,n").
E From (5.14) and (1.2), we obtain

E(5.15)

© d 5—2\/3

7 5 T [ e IS 6) P+ 19 m5) PN+ 2 B+ Vo P ), 1)

18 2

— E°V3 V38 ,u S* do s

19+<a2—4) Hwtu%,](RN)—( : ) (5) )1+ 1V ma(5) P)ds + Tl 5
20

2 < ol C C 24 Cat w72 C 2+1
= ||¢HL HVHHI &yt va &) T IIV\HI &)+ HWII +Ca”|[wll 72(RN)+ (lgo@)[I”+1).

2 .
— We consider two cases:

2 Case1: N > 4. We have NL < N—Nfora11N>4 then
25

26 P
. (5.16) Ca*||wl| ™3,
27 TZ(RN

< D7
L2 (RY)

+C.

z% Combining with (5.15) and (5.16), choosing v3, 73 > 0 is small enough, we obtain

2(N+2)

30 d J
o g 3 T Es; <C||¢>||2 ||VHH1 &) TCIVI 1 gy +C||V|}V,T2RN 73|\W||2+C(H80(I)H2+1)7

% where — [ 1 (s) (anz(s)H2 +(Vni(s)||*)ds > 0 can be neglected.
— On the other hand, €E3; < ®3; < éE3J' we get

3i(s 17)

— d 2 Z(NH) 1\/2N2 2

o Gty < Lon 0Ny | W)+ Il + €IV, +Cllso()IP +1).
37

sg Putting j =01in (5.17) and subsequently substltutmg the result into (5.17) with j = 1, we deduce that

- 2N+2)  2N+2)(1-p) 2N(1-p)
40 @3 (1) < CD31 (1) B L Cm??1=P) 4 Cm U Q#—i—Cm 21+"2g (1p
41 t

. +C [0 () Par+C.

42 .
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1 Arguing as in the proof of (3.11), we have

2 '

S G18) C [ go(r)|Pr < T— ol < M3,

N T

il thus,

5

— 2(N+2)

6 (5.19) @31 (1) < Cd3; (T)e 20 ¢ (1 S m T i +M§) .

7

g Case 2: N = 3. Using (5.2), we have

9 8 4

10 Ca*||w]| iz o Ca4||W||§6(RN) < Ca*((F(x,w),1)+C)3

- (5.20) R

o 4

2 < Ca'®3,(t) +C.

13
12 Combining with (5.15) and (5.20), choosing v3 > 0 is small enough such that 0 < v3 < mm{ 5,1}, we
7. obtain

E (S.dZI)

17 Eq)3j—|-}’4aq)3j(t)

18 4 ; 6
- 453 J 2 2 5 5 2
0 SCa )+ @ao) +CIOIT IV )+ CIVI )+ IV, + oI +1).

20
o1 From (5.21), let j = 0, then applying Gronwall inequality in Lemma 2.1 and (5.18), we get
22

= D30(1) < 2(@30(7))e ) 4O 1P 4 Cu’ P (1 p) +Cm3 63 (1 - p)

— t
24 e / 1| go(r) [dr +C

Qi T

26 (5.22) < C2(P3(1))e 7% 1€ (1 +m? 4+ m$ +M§) .

27

-s Now consider (5.21) for j = 1 and using (5.22) and Gronwall inequality in Lemma 2.1, we obtain
2 (5.23) @31 () < 2(Dso(1))e 2D 4 C (1 o+ 4+ mb +M§) .

?Z From (5.19) and (5.23) we can see that

32 o0

38 ||W||2+||VW||2+/ we(s) (|Imal> +11Vns(s)|1?) ds

o (5.24) 0 w2

35 < ,@(E31(r))e*74(’*f)+C( w4 m T +Mo> VN > 3.
z% Recalling that z(r) = (v(),n}(s)) + (w(z),n5(s)) and using (5.12) and (5.24), we have

na 2(N+2)

¥ (5.25) 12113, i <e BU=D) |z, H%pl +C<1+m M NT R +MO) vt > 1.

9

E Hence the processes U£(#, 7) have an absorbing set B*, which is independent of g. Since &/ C B”,

41 the proof is completed.
42 (]
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1 5.2. Convergence of the uniform attractors. In this subsection, we will establish the upper semiconti-
‘2 nuity of the uniform attractors %s atc =0.

% Theorem 5.3. Let conditions (H1)-(H3) and (5.3) hold. Then, for every p € [0,1), the uniform
— attractor ,Qfgs converges to oy as G — 0" in the following sense:

lim {dist 1 (&7, o )} = 0.

€‘>0+ 3
The proof of this theorem requires some steps. The first task is to compare the solutions to (1.1)

6
7
5
9 corresponding to ¢ > 0 and ¢ = 0, respectively, starting from the same initial data. Denoting

—_

0
o ) =UE ()2,

1o where z; belongs to the absorbing set B* which found in the previous section.

13 Besides, in order to prove the convergence of the uniform attractors, we actually need consider

14 whole family of equations

" (5.26) i@—A@#;ﬂ&uy—/mud@Aﬁ%@ds:§%ﬂ,
16 0

7 with the external force g° € 7%,(g%). To this end, we observe that every function gy € 7%, (g;) fulfills
'8 the inequality (5.3).

9 Forany ¢ € [0,1], we denote
= uS () = Uge (1, T)us,
21

5, Where u; belongs to the absorbing set B*. Therefore,

2 (1) = (@), 0) = Ups (1. 72,

24
55 is the solution to (5.26) with the external force g* = g0+ ¢ P21(./¢) € 7,(g°). Since Theorem 5.2,

o along with the estimate of Theorem 3.8 to handle the case ¢ = 0, we get the uniform bound

27 sup [|[2°(t)[| 0 <C, V=7

28 QG[O,l]

2E Next, we define the deviation

0 2(t) =25(1) = 2(0) = (r(1), {").-
31
3> Lemma 5.4. Forevery g € (0,1], we have the estimate

Si (527) HZ(I)Higol S C (€m2g2(l—P) +mg1_P> eC(t—T) _’_CmZgZ(l—p)’ Vt 2 T,
34 e
g for some positive constant C independent of G, T, g°.

3% Proof. Let (v(t),n}) be the solution to the auxiliary problem (5.4) with null initial datum (v¢,n{) =

o (0,0). The difference (w(r),n5) =z(t) — (v(t),n}) = (r(t),{") — (v(r),n}) clearly satisfies the equa-
— tions

39 o0

= i — Ay — [ e (5)AMS (s)ds + £ (x,uS) — f(x,u%) = O,

a any = =Ny +w,

42 (w(7),n7) = (0,0).
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Multiplying the first equation of (5.2) by w in L?*(RY), the second equation of (5.2) by ni(s) in

1

E Lftg (R*,L2(RY), and adding the results, we get

2 d 2 2, [T 2 2

: (IR 19w+ [ pe() (bl + 19 m51)ds)

B ?

© =2 [ o) bl + Vg ) +2( ) = i) )
7 oo

5 <2[(£ () = £eu)9) [ +2 [ pels)(mb(s).w)ds
% Using conditions (1.5) and (1.6), we obtain

Il 2/ (0) — f ), w+0) =2 [ FE) 0w+ 1)

12 Q

o > 20w+ v = —Ce(lw]® + V1),
" and

E

o 2f(fn) = £ <2 [ ()] + ) Dlvldx

17

i g 0

« <2 (170, gy g, + OO 23 ) 28
20 < Clvl| 1 vy

21 and

2 . 1 5 [

2 2 [ e()ma().whds < SlwlP+ 2 [ pe(s) Imi(o)] s
24

ZE Besides, using (1.2), we have

26 o0 o [

- 0= — [ oI5+ 19n31)ds < 2 [ wels) (ms 2+ |V ).
28 Combining all the above inequalities and using (5.25) and we get

29

=~ d 1

5 i I+ 19w+ g ) < (24 5 ) I+ CEVIR + vl

31

g thus p
83 Ey(t) < Cy(t) —}—Cfngz(l_p) +Cmg(1_p),
34

35 where

37
4 Since (w(7),m;) = (0,0), the Gronwall inequality leads to

% y(e) = wl? + VWl + I m2llf -

i% ||WH2+ HVWH2+ Hné iug <C (Engz(l_p) +mg1—P) eC(t—‘C), vt > 1.
E Finally, recalling that (w(r),n}) = (r(¢),&") — (v(r),n}), using again (5.12), we obtain the desired
42 estimate (5.27). O
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Proof of Theorem 5.3. Although the proof of this theorem is similar in [19, Theorem 4.4], we present
here another (simpler) proof for the completeness and convenience of the reader.

For ¢ >0, let z° € &/f. Thus, in view of (3.8), there exists a complete bounded trajectory z*(t) of
(5.26), with the external force

g =80+¢ Pgi(./g) € H,(g°), where gy € H(g0), &1 € H(g1),

such that z5(0) = z°.
By Lemma 5.4 with r =0,

|5 — Uz (0,202 (7)]| o <C (em2g2<‘*m +mg1*P) €7+ CmgX1-P) . Y1 <0.

-
|3 efe|~]ofo]s]w]n]-

—_

127 ¢ R, but also with respect to gy € .7%,(g°). Then, for every 8 > 0, there is T = 7(8) < 0 independent
13 of ¢ such that

1 Besides, it is known (see e.g. [6]) that the set <7 attracts Ug, (t,7)B*, uniformly not only with respect to

14

15 distﬁij <U§O(O,T)/Z\€(1)7%8> < 8.

e Using the triangle inequality we get

17

18 dist 1 (z,‘v' : %8> <cC (ﬁngz(l—f’) +mg1—P) S L omPg? =P 1 6.
19

20 Since z° € A{ is arbitrary, we reach the conclusion

21
o limsup{dist .1 (77, AG)} < 6.

2i GHO‘F

23

-, Letting 6 — 0 we complete the proof.

o5 OJ
26
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