THE SECOND MINIMAL EXCLUDANT AND MEX SEQUENCES

PRABH SIMRAT KAUR, MEENAKSHI RANA, AND PRAMOD EYYUNNI

ABSTRACT. The minimal excludant of an integer partition, first studied prominently by An-
drews and Newman from a combinatorial viewpoint, is the smallest positive integer missing
from a partition. Several generalizations of this concept are being explored by mathemati-
cians nowadays. We analogously consider the second minimal excludant of a partition and
analyze its relationship with the minimal excludant. This leads us to the notion of a mex
sequence and we derive two neat identities involving the number of partitions whose mex

sequence has length at least r.

1. INTRODUCTION

The notion of the minimal excludant of a set S of positive integers, namely, the smallest
positive integer missing from that set, was introduced by Fraenkel and Peled [II]. They
denoted this number by “mex(S)”. In the recent past, Andrews and Newman [2] examined
this idea in the context of integer partitions. They defined [2, Equation (1.1)] the minimal
excludant of an integer partition to be the least positive integer missing from the partition,
and denoted it by mex(7) for a partition 7. For a positive integer n, define

omex(n) := Z mex(7),

TeEP(n)

where P(n) represents the collection of integer partitions of n. By deriving the generating
function of omex(n), Andrews and Newman [2, Theorem 1.1] proved the following intriguing
identity:

omex(n) = Da(n), (1.1)

where Ds(n) is the number of distinct parts partitions of n into two colors. This was earlier
also proved by Grabner and Knopfmacher [13], where they undertook an analytic study of
the minimal excludant under a different name, viz., the least gap in a partition. A bijective
proof of was attained by Ballantine and Merca [4]. Andrews and Newman [2], also
defined another function:

TEP(n)
mex(7) odd
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i.e., a(n) enumerates the number of partitions of n with an odd minimal excludant. They
observed that omex(n) and a(n) have the same parity and proved that a(n) is “usually” even
by showing that it is odd exactly when n is of the form j(3j £ 1).

Analogues of the minimal excludant have begun to appear in the literature. For example,
Andrews and Newman [2] also studied moex(7), the smallest odd integer missing from a
partition. In a subsequent paper [3], they introduced the function p4 4(n), which counts the
number of partitions 7 of n satisfying mex ,(7) = a (mod 2A), where mex, ,(7) denotes
the smallest positive integer congruent to a modulo A that is not a part of m. Note that
p1,1(n) simply equals a(n) and mexy ;(7) is nothing but moex(w). Two of their significant
results are partition identities relating instances of p4 4(n) to the partition statistics rank and
crank. We have that p; 1(n) equals the number of partitions of n with non-negative crank,
and p33(n) equals the number of partitions of n with rank > —1. Sellers and da Silva [14]
gave complete parity characterizations of p; 1(n) and ps3(n), along with some congruences

modulo 2 for other partition functions of this type.

Chern [10] studied the complementary problem for the largest integer less than the largest
part that goes missing in a partition, calling it the maximal excludant (denoted by maex(m) for
a partition 7) and investigated the corresponding function omaex(n) := 3 cp(,) maex(m).
In particular, he derived the generating function of omaex(n) and showed the asymptotic
relation omaex(n) ~ oL(n), as n — oo, where o L(n) stands for the sum of largest parts in
all partitions of n. In [§ the first and the third authors, along with Bhoria and Mayji, looked
at restricted versions of omex type functions. Instead of taking the sum over the set of all
partitions of n, they only considered those in D(n), the set of distinct parts partitions of n.

More precisely, they defined ogmex(n) := 3 cp(,) mex(m) and allied functions. They showed

o0 qn(n+1)/2

that this function is related to Ramanujan’s function o(q) = (7)
—4q;9)n
n=0

via its generating
function:

> oamex(n)g" = (—=4; 9)e0(q).
n=0

Here, and in the sequel, the ‘q’- products are as defined below. For complex numbers a and

q, we have
n—1
(a;q)pn := H(l —ag¢’), forn>1, and (a;q):=1,
§=0
o
(a;9) 00 = H(l —aq’), for|q| < 1.

7=0

A natural continuation to the study of minimal excludants is the second minimal excludant

which we define as follows:

Definition 1 (Second minimal excludant). The second smallest integer missing from an

integer partition 7 is known as the second minimal excludant, denoted by mexo ().
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For instance, mexa(1+1) =3, mexa(9+7+7+5+5+5+3+3+2) = 4. We analogously
define the oomex(n) function as

oomex(n) = Z mexo (7). (1.2)
mEP(n)

We derive the generating function for oomex(n) and study partitions with a fixed difference
between the minimal excludant and the second minimal excludant. For this, we define As(n),
the number of partitions 7 of n with mexs(7) —mex(7w) = ¢t. We derive its generating function
and as special cases, obtain interesting identities connecting A;(n) to omex(n) and certain
restricted partition functions.

Starting with the observation that Aj(n) enumerates the partitions of n in which the min-
imal excludant and the second minimal excludant are consecutive integers, we are naturally
led to examine the longest sequence of missing integers in a partition, starting from the

minimal excludant.

Definition 2 (Mex sequence). The mez sequence of a partition is the longest sequence of

consecutive missing integers in the partition, starting from its minimal excludant.

For example, the mex sequences of some partitions of 6 are tabulated below:

Partition Minimal excludant | Mex sequence | Length of mex sequence
6 1 (1,2,3,4,5) 5
o+1 2 (2,3,4) 3
4+2 1 (1) 1
441+1 2 (2,3) 2
3+3 1 (1,2) 2
3+1+1+1 2 (2) 1
24+2+2 1 (1) 1

A remark is in place here. The mex sequence of a partition can be infinitely long. For
instance, the partitions of 6 not alluded to in the table above, namely, 34+2+1, 242+ 1+
1, 241414141, 141414141+ 1 all have such mex sequences.

Definition 3 (The function p***(n)). The function p***(n) enumerates the number of par-

titions of n whose corresponding mex sequences have length at least 7.
The generating function for p***(n) and its consequences form an important component

of the present work. Interestingly, depending on the parity of r, this gives us two elegant

mex

M€ (n). We now state our main results in the next section.

partition identities for p

2. MAIN RESULTS

Let oomex(n) be the function defined in (1.2]). For instance, comex(4) = 244434443 =
16, the listed summands being the respective second minimal excludants of the partitions
4, 341,242, 24+1+1, 1+1+1+41, of the integer 4. We then have the following result:
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Theorem 2.1. The generating function of oomex(n) is given by

Ooamexn = L 1 _008_ (3"
; amex(n)q {(1—(1) > (s—1)g : (2.1)

(43 @)oo pord

As outlined in Section [I], for a positive integer ¢t we define:
Ay(n) = number of partitions 7 of n satisfying mexa(7) — mex(7) = ¢. (2.2)

Example 1. See that A1(5) =5, as the relevant partitions of 5 are 5, 4+ 1, 2+2+1, 2+
14141, 1+1+14+1+4+1, whereas Ao(5) = 1, by taking into consideration the partition
3+14+1.

Let 1(q) be one of Ramanujan’s theta functions defined by
> n+1
W)= q\"2). (2.3)
n=0

The generating function for A;(n) has a nice representation in terms of a “tail” of ¥ (q).

Theorem 2.2. Let t be a positive integer. Then the following is the generating function for

At(n)
o0 i S
ZAt(n)q” = 4(72‘ ] Zq( 2 ) (2.4)
n=0 475 4)oo r=0

Corollary 2.3. Fort=1,2, (2.4) gives us the partition identities listed below.

Aq(n) = omex(n) — omex(n — 1), (2.5)

As(n) = omex(n — 1) — omex(n — 2) — p(n|ezactly one 1). (2.6)

Here, p(n|condition) means the number of partitions of n satisfying the condition appearing
after the | symbol. For instance, p(n|exactly one r) counts the number of partitions of n in
which the integer r appears exactly once. We discuss the main results pertaining to mex
sequences in the upcoming subsection.

2.1. Mex sequences. We let M, (n) denote the set of partitions of n whose mex sequence
has length at least r. We also put

(M ()] := pr(n),

agreeing with the definition of p***(n) as stated in Definition

"

Firstly, observe that pi"*(n) is simply the partition function p(n), since the mex sequence
of every partition has length at least 1. From the definition of Aj(n) in (2.2)), one can also
deduce that p5**(n) = Ai(n). In fact, this observation was the motivation for defining the

mex sequence in Section |1} (see the paragraph just before Definition
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Example 2. Consider the set M3(6), which consists of the partitions 6, 5+1, 3+2+1, 2+
24141, 241414141, 1+14+14+14+141, and so p3*™*(6) = 6. Similarly, the partitions
belonging to the set M4(6) are 6, 3+2+1, 2+2+1+1, 2+1+14+14+1, 1+14+1+1+1+1,
which gives us pj***(6) = 5. Note that M4(6) C M3(6) and hence, py**(6) < p*(6).

In fact, from the definition of the sets M,(n), it follows that M, 1(n) C M;(n), and
consequently

prii(n) <p(n) Vor > 1. (2.7)

At the other end of the spectrum, it is interesting to see what happens for “large” values of
r. The next result speaks to this:

Proposition 2.4. Let r,n be positive integers and suppose q(n) denotes the number of distinct

parts partitions of n. Then
pr(n) =q(n) <= rz=n

mex

We now turn to the generating function for p;

(n), and see that it has a succinct repre-

sentation in terms of g-products.

Theorem 2.5. If r is a positive integer, then the generating function of p***(n) is given by

S (n)g" = ! . (2.8)
n=0

(4;6%) oo (@15 ¢%) oo

Indeed, with » = 1 this gives the generating function for p"**(n) to be 1/(¢;q)oo, the
generating function for p(n), as it should be. Also, as r — oo the right hand side of
tends to 1/(¢;¢%*)oo = (—¢; @)oo, the generating function of distinct parts partitions, which is
in agreement with Proposition Interpreting Theorem combinatorially leads to two
identities, based on the parity of .

Corollary 2.6. Define p."(n) to be the number of partitions of n in which no even integer
less than r is allowed to be a part and pig(n) is the number of partitions of n into odd parts
where parts greater than r come in two colors. Then,

e For odd integers r, we have p**(n) = p2"(n) and

e For even integers v, we have p™™(n) = p_5(n).

Example 3. We have p3***(5) = 5, because the relevant partitions are 5, 4+1, 2+2+1, 2+
1+1+4+1, 1+1+1+4+1+ 1. The partitions of 5 into odd parts where parts greater than 2
come n two colors, say r and b, are 5., 5y, 3, +1+1, 3 +1+1, 1+1+14+141, also
five in number. Next, 5, 24+2+1, 24+ 14+1+1, 1+ 1414+ 1+ 1 are the four partitions of
5 with mex sequence of length at least 3. We also see that there are four partitions of 5 with
no ‘2’s, namely, 5, 4+1, 3+1+1, 1+14+1+1+1.
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6 PRABH SIMRAT KAUR, MEENAKSHI RANA, AND PRAMOD EYYUNNI

Remark 1. Observe that we can also calculate the number of partitions of n whose mex
sequence has length r. Such partitions are precisely the members of the set M, (n)\ M,41(n)

mex

and thus total pP**(n) — pcY(n) in number. From the example above, we see that there is

Py *(5) — py**(5) = 1 partition of 5 with mex sequence of length two, namely, 4 + 1.

Finally, as a consequence of Theorem for r = 2, we obtain a g-product representation
for 1(q), which is usually derived using Jacobi’s triple product identity [7, Equation (1.3.14),
p. 11].

Corollary 2.7. Let 1(q) be the theta function of Ramanugjan defined in (2.3). Then,

(4% ¢°)

via) = (6% o0

We now collect some auxiliary results in the upcoming section.

3. PRELIMINARIES

We shall require the following result which is due to Andrews and Newman [2, Theorem

1.1].

Theorem 3.1. We have the ensuing identity for the generating function of omex(n):

Zamex(n)q”: la) , (3.1)
n=0

where 1(q) is as defined in (2.3)).

The famous ¢-binomial theorem is given by [I, Equation (2.2.1), p. 17|

(@0, (a210)s .
nZ:;)(Q;Q)nZ = Gge A<V (3:2)

A version of Heine’s transformation for g-hypergeometric series is given below [12, Equation
(I11.1), p. 359]:

a, b b; @)oo (az; q) oo iz
201 $q, 2| = Mml b 5 q, 0|, (3.3)
c (€5 @)oo (25 q) oo az
where the ¢-hypergeometric series ,y1¢, is defined to be
a1,A2,...,0r41 - (al;Q)n(QQ;Q)n"'(aTJrl;Q)n n
r1Pr 1q, 2| = z". 3.4
T bbby nz:% (¢ Dn(b1; @) -+ (br; @) (34)
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THE SECOND MINIMAL EXCLUDANT AND MEX SEQUENCES 7
4. PROOFS OF THE MAIN RESULTS

Proof of Theorem 2.1 If A, s(n) denotes the number of partitions of n with minimal exclu-

dant r and second minimal excludant s, we can write

1 r—1 r—+1 s—1 1 1

n— “ . . .« .. . . ..
ZAr,s(n)q _1—(]1 1_qr_1 1_qr+1 1_qs—1 1_qs+1 1_qs+2 to oo

5)—T s
= . (4.1)

We introduce two parameters z and w and let the exponents of z and w keep track of the
minimal excludant and the second minimal excludant of a partition respectively. Note that
the second minimal excludant s of a partition is at least two and the minimal excludant then
ranges between 1 and s — 1. We thus have the three parameter generating function for the
number of partitons with a specified minimal excludant and second minimal excludant as

follows:

oo oo s—1 oo s—1
ZZ Ay s(n)z"wiq" ZZzw ZA”’ (4.2)
n=0 s=2 r=1 s=2 r=1
oo s—1
Zzz’"w ¢@ (1 - ¢)(1 - ¢, (4.3)
s=2 r=1

by .

If we put z =1 in the left side of (4.2)), we get

0o 00 s—1 0o 00
> (Z Ars(n ) wigt =Y N PR (s, n)uwq", (4.4)

n=0 s=2 n=0 s=2

where p™*2(s,n) is the number of partitions of n with second minimal excludant s. This is
s—1

because in E A, s(n), we are summing over all possible values of r for a given s. Now, put
r=1
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8 PRABH SIMRAT KAUR, MEENAKSHI RANA, AND PRAMOD EYYUNNI

z =1 in the right hand side of (4.3) obtaining

i

X =92 r=

S—

1
¢ (1 - ¢ (1 - ¢
1

oo

)Zl—q

r=1 qr
N }J) Zwsu — ) g g g ) = (s 1)
s=2
1 Oow L [T e (s - 1)
Z 1—4¢°%) { ¢ 11 —q) }
(1—q 4 q Zw (1- a2 {1+ (s - 1)g° — s* 1.

But by (4.4), this gives us

Z mee"?(s,n)wsq” T Zw (1—-4¢°) ){1 +(s—1)¢° —s¢° '} (4.5)

n=0 s=2 _

Note that differentiating the left hand side of (4.5 with respect to w and putting w = 1, we
arrive at

(e 9] [e.9] o0
> (St ) = 3t 49
n=0 \s=2 n=0
since each partition of n contributes s, its second minimal excludant, to the sum )52, sp™*2(s, n).
Now differentiate the right hand side of with respect to w and put w =1 to get:
1 [e.9]

Y s(1—g¢g° (551) S — S_Ss—l' .
(=g 2 70 2 L (= Da" =50 (47)

0 =2

From (4.5), (4.6) and (4.7)), we obtain

ZameXQ(n)q (1—q - ZS (1-4¢°)q ){1+(3—1)q —sq* 1), (4.8)
n=0 ! s=

We start by re-indexing the sum on the right hand side of (4.8 as shown:

S (s + 1)1 - ¢t {1+ s¢" — (s + D¢’}

s=1

M

(s+1)(1 - ¢*g {1+ s¢°(g — 1) — ¢°}

s=1

0o 0o +1 00 T
=3 s+ D= g — (1= ) D ss + DL — g =3 (s + 1)1 = )P,

s=1 s=1 s=1

(4.9)
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We shall consider the three terms in the right hand side above one by one. First, start with

i<5+1><1_qs+1>q<> §j<s+1 —qzs+1
s=1 s=1

—2—1-2 s+ 1)q —quq
:24—2(](3) —|—(1—q)23q(§) = iq(;) —|—(1—q)i3q(;)
s=2 s=2 s=0 s=2

Next, look at the second term in (4.9)):
1—q)) ss+1)(1- @3 = (1 - ¢) S s(s+1) <q(5§1) _ q(sf))
s=1

=(1-9q) Z s(s+ 1)q(s_51> —(1—9q) Z s(s — 1)q(s42-1)

=1 =
=2¢(1—q)+2(1—q) i sql’)
=2(1- q>§sq<?> =2(1-q) 2@ ~1)q). (411)
And the last term in (@.9) is
i(s +1)(1 - g% = isu - ")ql?
_ i (49 =) = f;sq@ . f;(s 1)
- 2q+§;q(§) - q+§;q(§), (4.12)
Putting (4.10), (4.11)), and into ([4.9), we obtain
i(s + 1)1 — ¢ g1+ 5¢" = (s 4+ 1)}
= iq@ +( —Q)isq( ) —201 —Q)i(s— 1)q(2) — g - io;q@)
=2-q¢—(1-4q) i(s ~2)q) =2 ¢~ (1-q) i) sq(2). (4.13)

19 Apr 2023 11:57:58 PDT
220812-Eyyunni Version 3 - Submitted to Rocky Mountain J. Math.
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Substituting (4.13) back into (4.8), we finally arrive at
> n 1 ad s+2
ZUmeXQ(n)q = m {2 —q—(1 —Q)qu( 2 )}
n=0 ) 4/00 =
> s+1
= d1-(1-gq
T - Q)(q, q)oo { Z }
1 1 > s+1
T (G0 {(1 —q) _Z::(S_ Dt )}’

which is precisely (2.1]). O

Proof of Theorem [2.9  As we have seen in the proof of Theorem[2.1] the generating function

for the number of partitions with minimal excludant r and second minimal excludant s is

¢ (1 —¢)(1 - ¢°)
(Q§ Q)oo

(for 1 <r<s-—1).

We are interested in the generating function of As(n), the number of partitions 7 of n with
mexa(7) —mex(m) = t. Suppose that the minimal excludant equals r for some positive integer
r. Then the generating function for partitions with minimal excludant r and second minimal

excludant r 4 ¢ is given by

¢ — g1 - gt
(¢:9) '

For keeping track of all partitions with mexo(7) — mex(7) = ¢, we need to sum expressions
of the form in (4.14) as r runs over the positive integers. Therefore,

Y A(n)g" =
n=0

Starting with the right side of (4.15)), we have

(4.14)

Z (201 — g1 = g T). (4.15)
=1

1Y) (i)
Zq 1 - C] r+t Zq 5 )—r—1 1 o qr+1)(1 . qr+1+t)
()1 g (1) > () > (") a1
SR L R SRS W o
r=0 r=0 r=0
= r+1+t > r+t s r+1+t e r+2+t
:qt_lzq( 2 )_(T'H) t —}-Zq —Zq( 2 )—|—Zq( 2 )
r=0 r=0 r=0 r=0
00
_ qt—l Z q(r«zl»t) n q(tJQFl) B qt Z q('r;t) B q(tzl)
r=0 r=0
00 »
g qlE. (4.16)
r=0
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Hence, putting the information from (4.16) in m, we finally get

t—1

i“’ (1)
ZAt (4290 Zq '

Proof of Corollary[2.3 Put t =1 in Theorem [2.2) to see that
1 > n+1 w(q)
Z " = T o 2 (%:0) an

by . Using (3.1 , we can write the rightmost expression in (4.17)) in terms of the gener-
ating function of amex( ), which gives us

Z A1(n)g" =(1—q) Z omex(n)q" = Z (omex(n) — omex(n — 1)) ¢"
n=0 n=0 n=0

From this, we readily derive ([2.5)).
Now to prove (2.6, start by setting ¢ = 2 in Theorem to get

S Al — 9N ()
nZOAQ( & (qQ;q)oo;)q

- _ 7 1) — (g 2 ¥(q) _ q
_(q2;q)oo(w(Q) D= Q)(q;q)oo (4% 9)oc

where we again invoked (2.3)) between the expressions in the first and second lines above.

, (4.18)

Now, another application of (3.1 gives us

(¢ —q¢°) ¥(9) (¢ —q*) Zamex q" = Z{Umex(n —1) — omex(n — 2)}q". (4.19)
(4 @)oo ~

Also, observe that (% is the generating function for partitions with exactly one 1.
q7;4q)
Combining this knowledge along with (4.19)), then substituting in (4.18)) and comparing the

coefficients of ¢" at the two extremes furnishes us the required identity:
Ao (n) + p(n|exactly one 1) = omex(n — 1) — omex(n — 2).
O

Proof of Proposition[2.7) We begin by taking a note of the structure of partitions 7 of n
with infinitely long mex sequences. This happens precisely when no integer greater than the
minimal excludant can occur as a part in m. Hence these partitions must be ‘gap-free’ with
smallest part 1, i.e., every part between 1 and the largest part must also occur as parts.
Denoting the set of such partitions of n by P*(n), we hence see that P*(n) C M, (n) for all
positive integers r. Thus,

Py (n) > |P*(n)|, Vr>1. (4.20)
Next, we claim that p***(n) = |P*(n)|. Suppose that © € My,(n) and mex(u) = r(> 1).
Then, r,r 4+ 1,...,7+n — 1 do not occur in . But an integer m > r + n also cannot occur
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12 PRABH SIMRAT KAUR, MEENAKSHI RANA, AND PRAMOD EYYUNNI

in u, a partition of n, because r +n > n + 1. Thus the parts in u, possibly with repetitions,
are 1,2,...,7 — 1. (each of them occurs at least once since mex(u) = r) This means that
p € P*(n) and we conclude M,,(n) C P*(n), which gives us p**(n) = |P*(n)|. As already
observed in in Section 2| we know that for fixed n, p*“*(n) is a non-increasing function
of r. Therefore, using this along with (| gives us

[P (n)] < p"(n) < pp*(n) = [P*(n)], Vr=n.

So, for all r > n, we have showed that pj"**(n) = |P*(n)|. We next show that if r < n,
then p**(n) > |P*(n)|. Assume that n > 1 as the proposition is readily seen to hold for
n = 1. Consider the partition pg = n of n, which has the mex sequence (1,2,...,n — 1)
of length n — 1. Since r < n — 1, we deduce that py € M,(n). But note that as n > 1
we have that py & P*(n), and consequently pi"“*(n) > |P*(n)|. Thus, we have established
that p**(n) = |P*(n)| <= r > n. The proof of the proposition follows because P*(n) is
equinumerous with the set of distinct parts partitions of n, as can be seen by the bijection of
conjugation between the two sets. O

Proof of Theorem [2.5. Suppose the minimal excludant in a partition is k + 1 with the inte-
gers k+2,...,k+ r also not occurring as parts. The integers k + r + 1 and upwards may or
may not occur as parts. Also, note that & is a non-negative integer (as the minimal excludant
can be 1). Then we can begin to write the generating function for pj"**(n) in the following
manner:

1 k 1
q X o0 X q X X ... to oo

1—gt 1—gF 11— ghk+rtl

meex
k(k+1)/2 1
(e (9w

qk(k+1)/2(qk+1; s

q

M T.IPH18 I

(¢ @)oo

B
Il

0

_ 1 i(Q;Q)Hqu(kﬂ)m

(490 1= (@ 0k
_ 1 = (q; Q)r(qT+IQQ)qu(l€+1)/2
(€D i= (G2
e r+1
7(1 k k k-1 k
S e
=0
1 —1/A: r+1.
= — lim Z ( / aQ)k(q 7Q)k’ (Aq)k. (421)
(@5 Qoc Am0 = (g5 )k (05 @)
. . _1/A7 qr+1 . .
Note that the sum in (4.21]) can be written as 9¢; 0 ;q, Aq|, using the notation

in (3.4). It then changes as follows, by setting a = —1/4, b = ¢!, ¢ =0 and z = Aq in
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Heine’s transformation (3.3)),

(/A Q@ )k, 1 G
Gaoroas Y T g A% (Aq,

7"+1

—q;9q oo AQ7 (r+1)n
Z Q)n

1 .

mkz})z
k=0

> (r+1)n

q

S Cr ) D P —
7;) (@ (= Dn
> 1

= (400 Y &

= (r+1)n
gr+im, (4.22)
)

= (@%¢%)n
The sum in ([4.22) can be written as a g-product by first replacing ¢ by ¢* in g-binomial
theorem ((3.2)), and then setting a = 0 and z = ¢" ! in it. This gives us

o]
1

P L
= (0% ¢%)n (@™ 6%) oo
Putting this in (4.22)), we finally obtain the following from (4.21)):

1 1 1
P (n)q" = (—q:q) = : ,
Z @) (6600 (@75 0Y) e

where the rightmost equality follows by Euler’s partition theorem (—¢; ¢)oo = 1/(¢;¢*)oo- U

that the generating function for p®*(n) is

Proof of Corollary[2.6. 'We proceed with the proof in two directions depending on the parity
of r. Recall from Theorem H 1

(:0%) o0 ("5 %) 00

1
If r is odd: In this case, the numbers r + 1, r + 3,... are all even and hence W X
459" ) oo

is the generating function for partitions where no even part less than r is allowed.

(@ ¢%)0
Hence, g (n) = p2" (n).

If r is even: This time around, the integers r + 1, r + 3,... are all odd and therefore,

1

X g3y represents partitions into odd parts where parts greater than r come
(%) (@56
in two colors. Thus, p***(n) = p;5(n). O
Proof of Corollary[2.7. By Theorem we know that the generating function for Aj(n)
1

is M On the other hand, from Theorem [2.5, we have seen that 3 T3

(% @)oo (45 4%)oo (0% 4%) oo
generates the numbers ph*“*(n). Since py***(n) = A1(n), we get

g 1

(% Qoo (436%) (0% ¥ oo
which yields
Plg) _ 1
(D (16%)3%
after dividing by 1 — g on both sides. This finally gives
(@D _ (©0°)(0%0))0 _ (6%6))
(4:4%)3% (4:4%)% (4:4%)oo

Y(q) =
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5. CONCLUDING REMARKS

In this article, we introduced the concept of second minimal excludant in an integer parti-
tion. We found its generating function and linked it to minimal excludants via the function
Ay(n). The generating function for A;(n), when interpreted combinatorially, gave rise to
nice identities connecting it to omex(n) and certain restricted partition functions. We also
defined the mex sequence of a partition and discovered an elegant g-product expression for
the generating function of a related function, namely, p*(n). And this gives rise to the
following natural question:

Question 1. It would be highly desirable to get a bijective proof of the identities for p**(n)
in Corollary[2.6

We have only skimmed the surface of mex sequences and it would be worth exploring other

aspects of them.

Before closing, we would like to point out that other techniques have been fruitfully applied
to the study of minimal excludants and related ideas. For instance, by using the theory of
modular forms, Barman and Singh [5] (6], and Chakraborty and Ray [9] obtained appealing

congruence properties and density results for mex-related partition functions.
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