
ROCKY MOUNTAIN JOURNAL OF MATHEMATICS
Vol. , No. , YEAR

https://doi.org/rmj.YEAR..PAGE

QUALITATIVE BEHAVIOR OF A CHEMICAL REACTION SYSTEM WITH
FRACTIONAL DERIVATIVES

MESSAOUD BERKAL AND JUAN F. NAVARRO

ABSTRACT. Chemical reactions can be successfully investigated using fractional differential equations.
This work aims to explore new outcomes such as fixed points, local stability, types of bifurcations, limit
cycles for a fractional-order chemical reaction system which arises in chemical reactions. The equilibrium
point of this system is presented and method of linearization is successfully implemented to analyse the
asymptotic behavior of solutions about the positive equilibrium point. Taking advantage of the bifurcation
theory, we examine the existence of a period-doubling bifurcation and a Neimark-Sacker bifurcation. We
find that this system undergoes period-doubling and Neimark-Sacker bifurcations under some specific
values of bifurcation parameter. Furthermore, the maximum Lyapunov characteristic exponents are
shown. We present some 2D diagrams for the phase portraits, local stability, closed invariant curves, types
of bifurcations, and the maximum Lyapunov exponents to ensure the chaotic behavior of the considered
model. The used techniques can be applied to deal with other high-order models.

1. Introduction

A chemical reaction is defined as a chemical process in which one or more chemical substances produce
new chemical substances. Chemical reactions occur in biology, chemistry, nature, etc. Lighting a match,
smelting iron, taking medications, burning fuels, brewing beer, making glass and pottery, and cooking
are useful examples for chemical reactions that have been well known and utilized for hundreds of
years. Moreover, one of the most common chemical reactions occur in plants is called photosynthesis
which works on converting carbon dioxide and water into food and oxygen. The oxidation reaction can
be clearly seen in iron when it is converted into rust. Electrochemical or redox reactions are used in
batteries to produce electrical energy. Furthermore, enzymes in our bodies react with other substances
to achieve a specific duty such as digestion. In particular, a certain type of enzyme called amylase
starts by breaking down sugars we eat into simpler forms.
Mathematics science is widely used in investigating many chemical models. Several nonlinear
phenomena such as stability, bifurcation, chaos, periodic oscillation, boundedness, etc., which emerge
in chemical reaction systems have attracted many researchers in recent years. We may efficiently
examine various chemical reaction models and expose the relationship between various chemical
variables by using certain useful mathematical techniques. Then, we can better understand the intrinsic
relationship between many chemical factors and serving humanity. In particular, fractional order
differential equations are a vital tool to investigate the dynamical behavior of chemical phenomena. For
instance, Xu et al. [29] investigated the existence and uniquencess of the solution of a new fractional
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order delayed Brusselator chemical reaction model. The stability and Hopf bifurcation of this system
were also analysed. In [30], Xu et al. analysed the stability, the existence of limit cycle and the
existence of Hopf bifurcation for the fractional-order delayed Oregonator system. They found that
the stability is controlled by time delay. Din [12] obtained the solutions of a 3-dimensional chaotic
system and discussed the global stability using Lyapunov function. The authors in [14] explored the
discretization, stability, flip and Hopf bifurcation, and chaos control for Schnakenberg system. A model
of three independent intermediate substances was discussed in [19] to investigate chaotic oscillations.
Kol’tsov [19] used analytically and numerically methods to study the chaotic behavior of this reaction.
Furthermore, Monwanou et al. [22] studied the fixed points of a nonlinear dynamical system of
reactions between four molecules. The stability of the equilibrium points, bifurcations structures,
Lyapunov exponent, and phase portraits were nicely presented. Bodale and Oancea [7] investigated
the dynamics of the dynamics of Willamowski-Rössler model and obtained chaos control in chemical
reactions. The steady state multiplicity, limit cycles, power spectra, time series and phase portraits,
quasi-periodic and chaotic behaviors, the time-delay reconstruction diagrams, Hopf bifurcation and
bifurcation figures of four problems emerged from chemical and biochemical engineering were
successfully presented in [6]. Finally, Olabodé et al. [24] analysed chemical systems governing by a
forced modified Van der Pol-Duffing oscillator.
The Caputo derivative fro a function f is defined as follows:

Definition 1.1. [25] Let f : (0,∞) → R be a continuous function. Then, The Caputo fractional
derivative of order 0 < α ≤ 1 is given by

(1) DαF(t) =
1

Γ(1−α)

∫ t

0
(t − τ)−αF(τ)dτ.

Here, Γ represents Euler’s Gamma function. This derivative has been applied by many researchers
[1, 16, 32, 31].
We now discuss the originality of the considered system as shown in [8, 15]. Consider a two-species
chemical reaction described by X and Y as follows:

(2) Z
a1−→ Y , X

a2−→ Z , Y
a3−→ X , 2X

a4−→ Y , 2X +Y
a5−→ 3X ,

where X ,Y are chemical species and Z represents the environment. The parameters a1, a2,· · · , a5
are positive numbers representing reaction rate coefficients.
The motivation of this paper comes from various aspects shown as follows. First, the lack in the
analyses of types of bifurcations in the literature review. Second, most chemical reactions can be
extensively investigated using fractional differential equations. The main purpose of this work is to
analyse the equilibrium point, local stability, the period-doubling bifurcation and the Neimark-Sacker
bifurcation of the following system:

(3)

{
Dαx(t) =−Ax(t)−2x(t)2 +By(t)+ x(t)2y(t),

Dαy(t) =C+ x(t)2 −By(t)− x(t)2y(t),

where x and y are concentrations of species X and Y , respectively. Here, α represents the fractional-
order parameter and Dα is the fractional derivative.
We use some stability theorems to examine the stability conditions. We also present some numerical
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examples to verify the constructed theoretical outcomes. Some 2D figures for the period-doubling and
the Neimark-Sacker bifurcations, phase portraits, limit cycles and the maximum Lyapunov exponent
are successfully illustrated. As a results, the novelty of this work is to present new outcomes in terms
of types of bifurcations, limit cycles, phase portraits, and Lyapunov exponents for the considered
dynamical system.
This paper is outlined as follows. Section 2 is devoted to discretize the considered model. In Section
3, we study the local stability of the fixed point of system (6). Moreover, Section 4 presents the
period-doubling bifurcation while Section 5 shows the Neimark-Sacker bifurcation. In Section 6, some
numerical simulations are extensively explained. Finally, Section 7 concludes this work.

2. Discretization process

There are several studies showing that discrete-time systems exhibit much more interesting dynamical
behaviors such as bifurcations and chaos, much better than its counterpart in the continuous-time
system. In this work, we aim to discretize the fractional-order chemical reaction system (3) using the
piecewise constant argument method [17, 20, 27, 3] as follows.

(4)

 Dα
h x(t) =−Ax

([ t
h

]
h
)
−2x

([ t
h

]
h
)2

+By
([ t

h

]
h
)
+ x
([ t

h

]
h
)2 y
([ t

h

]
h
)
,

Dα
h y(t) =C+ x

([ t
h

]
h
)2 −By

([ t
h

]
h
)
− x
([ t

h

]
h
)2 y
([ t

h

]
h
)
,

where h > 0 is the discretization parameter and [t] denotes the integer part t ∈ [nh,(n+ 1)h), for
n = 0,1,2, · · · . The n-th iterative solution of system (4) is given by

(5)


xn+1(t) = xn(nh)+

hα

Γ(α +1)
(
−Axn(nh)−2x2

n(nh)+Byn(nh)+ x2
n(nh)yn(nh)

)
,

yn+1(t) = yn(nh)+
hα

Γ(α +1)
(
C+ x2

n(nh)−Byn(nh)− x2
n(nh)yn(nh)

)
,

where t ∈ [nh,(n+1)h). When t → (n+1)h, system (5) is transformed to

(6)


xn+1 = xn +

hα

Γ(α +1)
(
−Axn −2x2

n +Byn + x2
nyn
)
,

yn+1 = yn +
hα

Γ(α +1)
(
C+ x2

n −Byn − x2
nyn
)
,

which is the discretized version of system (3).

3. Local stability of the fixed point of system (6)

In this section, we discuss the existence of a positive fixed point of the discrete chemical reaction
system (6). We also present a clear analysis for the local stability of the positive fixed point. In order to
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find the fixed points of the system (6), we solve the following algebraic system
x = x+

hα

Γ(α +1)
(
−Ax−2x2 +By+ x2y

)
,

y = y+
hα

Γ(α +1)
(
C+ x2 −By− x2y

)
.

Therefore, {
0 =−Ax−2x2 +By+ x2y,

0 =C+ x2 −By− x2y.

Hence, the unique positive fixed point is E+ = (x∗,y∗), where

x∗ =

(
−C+

√
A2 +4C

2

)
, y∗ =

C+ x2

B+ x2 =

(
4C+A2 −A

√
A2 +4C

2(B+C)+A2 −A
√

A2 +4C

)
.

Now, we will analyze the stability of the fixed point E+, with the help of the following definition and
Lemma [2, 3, 4, 20].

Definition 3.1. The following situations are valid for the fixed point (x,y) of any system.

(1) If |µ1|< 1 and |µ2|< 1, it is a sink point and locally asymptotically stable,
(2) If |µ1|> 1 and |µ2|> 1, it is a source point and locally unstable,
(3) If |µ1|< 1 and |µ2|> 1 or (|µ1|> 1 and |µ2|< 1), it is a saddle point,
(4) If |µ1|= 1 or |µ2|= 1, it is non-hyperbolic.

Lemma 3.2. Consider the polynomial ρ(µ) = µ2 −T µ +D , where ρ(1)> 0, and µ1 and µ2 are the
two roots of ρ(µ) = 0. Then,

(1) |µ1|< 1 and |µ2|< 1 if and only if ρ(−1)> 0 and ρ(0)< 1.
(2) |µ1|> 1 and |µ2|> 1 if and only if ρ(−1)> 0 and ρ(0)> 1.
(3) |µ1|< 1 and |µ2|> 1 (or |µ1|> 1 and |µ2|< 1) if and only if ρ(−1)< 0.
(4) µ1 =−1 and µ2 ̸= 1 if and only if ρ(−1) = 0 and T ̸= 0,2.
(5) µ1 and µ2 are complex numbers and |µ1|= |µ2|= 1 if and only if |T |< 2 and ρ(0) = 1.

The Jacobian matrix at the fixed E+ of the linearization of system (6) is given as

(7) J (E+) =


1+

hα(−A+2x∗(y∗−2))
Γ(α +1)

hα(B+(x∗)2)

Γ(α +1)

2x∗hα(1− y∗)
Γ(α +1)

1− hα(B+(x∗)2

Γ(α +1)

 ,

where its characteristic polynomial is

(8) ρ(µ) = µ
2 −T µ +D ,
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where

T = 2+
hα(2x∗y∗− (x∗)2 −4x∗− (A+B))

Γ(α +1)
,

D = 1+
hα(2x∗y∗− (x∗)2 −4x∗− (A+B))

Γ(α +1)
+

h2α(AB+2Bx∗+A(x∗)2 +2(x∗)3)

(Γ(α +1))2 .

Hence,

ρ(0) = 1+
hα(2x∗y∗− (x∗)2 −4x∗− (A+B))

Γ(α +1)
+

h2α(AB+2Bx∗+A(x∗)2 +2(x∗)3)

(Γ(α +1))2 ,

ρ(−1) = 4+
2hα(2x∗y∗− (x∗)2 −4x∗− (A+B))

Γ(α +1)
+

h2α(AB+2Bx∗+A(x∗)2 +2(x∗)3)

(Γ(α +1))2 ,

ρ(1) =
h2α(AB+2Bx∗+A(x∗)2 +2(x∗)3)

(Γ(α +1))2 > 0.

Since ρ(1)> 0, we can apply Lemma 3.2 and Definition 3.1 to state the following result.

Lemma 3.3. For the unique positive fixed point E+ of system (6), let

∆ = ((x∗)2 +4x∗+A+B−2x∗y∗)2 −4(AB+2Bx∗+A(x∗)2 +2(x∗)3),

h1 =

[
Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗−

√
∆)

AB+2Bx∗+A(x∗)2 +2(x∗)3

] 1
α

,

h2 =

[
Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗+

√
∆)

AB+2Bx∗+A(x∗)2 +2(x∗)3

] 1
α

,h∗ =
[

Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗)
AB+2Bx∗+A(x∗)2 +2(x∗)3

] 1
α

.

Then, the following statements are true.

(1) If one set of the following conditions is true, then E+ is locally asymptotically stable (sink):
i- ((x∗)2 +4x∗+A+B−2x∗y∗)2 ≥ 4(AB+2Bx∗+A(x∗)2 +2(x∗)3) and 0 < h < h1.

ii- ((x∗)2 +4x∗+A+B−2x∗y∗)2 < 4(AB+2Bx∗+A(x∗)2 +2(x∗)3) and 0 < h < h∗.
(2) If one set of the following conditions is true, then P+ is unstable (source):

i- ((x∗)2 +4x∗+A+B−2x∗y∗)2 ≥ 4(AB+2Bx∗+A(x∗)2 +2(x∗)3) and h > h1.
ii- ((x∗)2 +4x∗+A+B−2x∗y∗)2 < 4(AB+2Bx∗+A(x∗)2 +2(x∗)3) and h > h∗.

(3) The fixed point E+ is unstable (saddle) if

((x∗)2 +4x∗+A+B−2x∗y∗)2 ≥ 4(AB+2Bx∗+A(x∗)2 +2(x∗)3), and h1 < h < h2.

(4) P is non-hyperbolic and the roots of polynomial (8) are µ1 =−1 and |µ2| ̸= 1 if

((x∗)2 +4x∗+A+B−2x∗y∗)2 ≥ 4(AB+2Bx∗+A(x∗)2 +2(x∗)3), h = h1,2,

and h ̸=
[

2Γ(α +1)
(x∗)2 +4x∗+A+B−2x∗y∗

]
.
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(5) P is non-hyperbolic and the roots of polynomial (8) are complex numbers with modulus one if

((x∗)2 +4x∗+A+B−2x∗y∗)2 < 4(AB+2Bx∗+A(x∗)2 +2(x∗)3), h = h∗.

Theorem 3.4. The unique positive fixed point E+ of system (6) loses its stability

i- via a period-doubling bifurcation if

∆ ≥ 0 and h = h1,2 =

[
Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗∓

√
∆)

AB+2Bx∗+A(x∗)2 +2(x∗)3

] 1
α

,

i- via a Neimark-Sacker bifurcation if

∆ < 0 and h = h∗ =
[

Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗)
AB+2Bx∗+A(x∗)2 +2(x∗)3

] 1
α

,

with
∆ = ((x∗)2 +4x∗+A+B−2x∗y∗)2 −4(AB+2Bx∗+A(x∗)2 +2(x∗)3).

Proof. From [3, 2, 4, 10, 13], a period-doubling bifurcation can occur when a single eigenvalue of
the Jacobian matrix at fixed point is equal to −1. So, the fixed point E+ loses its stability by a
period-doubling bifurcation when ∆ ≥ 0 and h = h1,2. If the Jacobian matrix at fixed point has a pair
of complex conjugate eigenvalues with modulus equal one, then a Neimark-Sacker bifurcation can
occur. Hence, the fixed point E+ undergoes a Neimark-Sacker bifurcation when ∆ < 0 and h = h∗. □

4. Periodic-doubling bifurcation

We investigate period-doubling bifurcation of the fixed point E+ = (x∗,y∗) by using the bifurcation
theory [21, 23, 26]. The analysis of this part is done via the following Lemma.

Lemma 4.1. Assume that Uk+1 = Fµ(Uk) is a n-dimensional discrete dynamical system where µ ∈ R
is a bifurcation parameter. Let U∗ be an equilibrium point of Fµ and suppose that the characteristic
polynomial of the Jacobian matrix J(U∗) = (bi j)n×n of n-dimensional map Fµ(Uk) is given by

(9) Pµ(λ ) = λ
n +b1λ

n−1 + · · ·+bn−1λ +bn,

where bi = bi(µ,u), i = 1,2,3, · · · ,n and u is a control parameter or another parameter to be deduced.
Let ∆

±
0 (µ,u) = 1, ∆

±
1 (µ,u), · · · ,∆±

n (µ,u) be a sequence of the determinants defined by

(10) ∆
±
i (µ,u) = det(M1 ±M2), i = 1,2, · · · ,n,

where

(11) M1 =


1 b1 b2 · · · bi−1
0 1 b1 · · · bi−2
0 0 1 · · · bi−3
· · · · · · · · · · · · · · ·
0 0 0 · · · 1

, M2 =


bn−i+1 bn−i+2 · · · bn−1 bn
bn−i+2 bn−i+3 · · · bn 0
· · · · · · · · · · · · · · ·

bn−1 bn · · · 0 0
bn 0 0 · · · 0

.

Moreover, suppose that the following conditions hold:
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H1- Eigenvalue criterion: Pµ0(−1) = 0, ∆
±
n−1(µ0,u)> 0, Pµ0(1)> 0, ∆

±
i (µ0,u)> 0, i = n−2,n−

4, · · · ,1 (or 1), when n is even (or odd), respectively.

H2- Transversality criterion:
∑

n
i=1(−1)n−ib′i

∑
n
i=1(−1)n−i(n− i+1)bi−1

̸= 0, where b′i denotes derivative of b(µ)

at µ = µ0. Then, a period-doubling bifurcation occurs at critical value µ0.

Theorem 4.2. System (6) undergoes a period-doubling bifurcation at the unique positive equilibrium
point E, if the following conditions hold:

1+D > 0,

1+T +D = 0,

1−T +D > 0.

Thus, the period-doubling bifurcation occurs at h if the parameters (A,B,C,h,α) vary in a neighbor-
hood of the set

B1 =


(A,B,C,h,α) ∈ R5

∣∣∣∣∣∣h = h1 =

[
Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗−

√
∆)

AB+2Bx∗+A(x∗)2 +2(x∗)3

] 1
α

∆ = ((x∗)2 +4x∗+A+B−2x∗y∗)2 −4(AB+2Bx∗+A(x∗)2 +2(x∗)3)≥ 0, α ∈ (0,1]

 .

Or,

B2 =


(A,B,C,h,α) ∈ R5

∣∣∣∣∣∣h = h2 =

[
Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗+

√
∆)

AB+2Bx∗+A(x∗)2 +2(x∗)3

] 1
α

∆ = ((x∗)2 +4x∗+A+B−2x∗y∗)2 −4(AB+2Bx∗+A(x∗)2 +2(x∗)3)≥ 0, α ∈ (0,1]

 ,

with

x∗ =

(
−C+

√
A2 +4C

2

)
, y∗ =

(
4C+A2 −A

√
A2 +4C

2(B+C)+A2 −A
√

A2 +4C

)
.

Proof. Using Lemmas 4.1, 3.3, and Theorem 3.4, and from the evaluation of Eq. (8) of system (6) at
E+, we have

∆
∓
0 (h) = 1 > 0,

∆
+
1 (h) = 1+D > 0,

(−1)2Ph(−1) = 1+T +D = 0,

Ph(1) = 1−T +D > 0,

if and only if

h = h1,2 =

[
Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗∓

√
∆)

AB+2Bx∗+A(x∗)2 +2(x∗)3

] 1
α

,
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and

∆ = ((x∗)2 +4x∗+A+B−2x∗y∗)2 −4(AB+2Bx∗+A(x∗)2 +2(x∗)3)≥ 0.

In addition, the transversality condition is

T ′+D ′

T +2
=

2(AB+2Bx∗+A(x∗)2 +2(x∗)3)

Γ(α)(A+B+(x∗)2 +4x∗−2x∗y∗)

[
Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗∓

√
∆)

AB+2Bx∗+A(x∗)2 +2(x∗)3

]α−1
α

,

with T ′ = dT
dh

∣∣
h=h1,2

and D ′ = dD
dh

∣∣
h=h1,2

.

Then, the period-doubling bifurcation occurs at h = h1 and h = h2. Thus, the proof is done. □

5. Neimark-Sacker bifurcation

This section uses the bifurcation theory [2, 3, 4, 5, 9, 11, 10, 13, 18, 28] to investigate the Neimark-
Sacker bifurcation of the fixed point E+ = (x∗,y∗) if (A,B,C,h,α) ∈ B3 where

B3 =


(A,B,C,h,α) ∈ R5

∣∣∣∣∣∣h = h∗ =
[

Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗)
AB+2Bx∗+A(x∗)2 +2(x∗)3

] 1
α

((x∗)2 +4x∗+A+B−2x∗y∗)2 < 4(AB+2Bx∗+A(x∗)2 +2(x∗)3), α ∈ (0,1]

 ,

with

x∗ =

(
−C+

√
A2 +4C

2

)
, y∗ =

(
4C+A2 −A

√
A2 +4C

2(B+C)+A2 −A
√

A2 +4C

)
.

Since h is the bifurcation parameter, and if h in neighbourhood of h, that is, h = h∗+ h̄ where h̄ ≪ 1,
then system (6) takes the form:

(12)


xn+1 = xn +

(h∗+ h̄)α

Γ(α +1)
(
−Axn −2x2

n +Byn + x2
nyn
)
= F1(xn,yn, h̄),

yn+1 = yn +
(h∗+ h̄)α

Γ(α +1)
(
C+ x2

n −Byn − x2
nyn
)
= F2(xn,yn, h̄),

where (A,B,C,h∗,α) ∈ B3. Using the change of variable un = xn − x∗ and vn = yn − y∗ , we can
translate the equilibrium point E+ to origin. Furthermore, expanding F1 and F2 as a Taylor series at
origin to the third order, system (12) becomes

(13)

 un+1 = a11un +a12vn +a13u2
n +a14unvn +a15u2

nvn,

vn+1 = a21un +a22vn +a23u2
n +a24unvn +a25u2

nvn,
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where

a11 = 1+
(h∗+ h̄)α(−A+2x∗(y∗−2))

Γ(α +1)
, a12 =

(h∗+ h̄)α(B+(x∗)2)

Γ(α +1)
, a13 =

(h∗+ h̄)α(y∗−2)
Γ(α +1)

,

a14 =
4x∗(h∗+ h̄)α

Γ(α +1)
, a15 =

(h∗+ h̄)α

Γ(α +1)
, a21 =

2x∗(h∗+ h̄)α(1− y∗)
Γ(α +1)

, a22 = 1− (h∗+ h̄)α(B+(x∗)2

Γ(α +1)
,

a23 =
x∗(h∗+ h̄)α(1− y∗)

Γ(α +1)
, a24 =

−4x∗(h∗+ h̄)α

Γ(α +1)
, a25 =

−(h∗+ h̄)α

Γ(α +1)
.

The characteristic equation of the Jacobian matrix of system (13) evaluated at the origin is given by

(14) µ
2 −T (h̄)µ +D(h̄)) = 0,

where

T (h̄) = 2+
(h∗+ h̄)α(2x∗y∗− (x∗)2 −4x∗− (A+B))

Γ(α +1)
,

D(h̄) = 1+
(h∗+ h̄)α(2x∗y∗− (x∗)2 −4x∗− (A+B))

Γ(α +1)
+

(h∗+ h̄)2α(AB+2Bx∗+A(x∗)2 +2(x∗)3)

(Γ(α +1))2 .

Moreover, the roots of Eq. (14) are

µ1,2 =
T ∓ i

√
4D −T 2

2
.

It follows that |µ1,2|h̄=0 =
√

D(0), and

d|µ1,2(h̄)|
dh̄

∣∣∣∣
h̄=0

=
(AB+2Bx∗+A(x∗)2 +2(x∗)3)

2Γ(α)
√

D(0)

[Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗)
AB+2Bx∗+A(x∗)2 +2(x∗)3

]α−1
α

> 0.

Moreover, it is required that, when h̄, µ
j

1,2 ̸= 1 for j = 1,2,3,4, which is equivalent to T (0) ̸=
−2,0,1,2. We have |T |< 2. Therefore, T ̸=±2. We only require that T ̸= 0,1, so

(15) h ̸=
[

2Γ(α +1)
(A+B)+4x∗+(x∗)2 −2x∗y∗

] 1
α

,

[
Γ(α +1)

(A+B)+4x∗+(x∗)2 −2x∗y∗

] 1
α

.

In order to write the normal form for system (13) at h̄ = 0, we will use the following linear transforma-
tion (

un

vn

)
=

(
a12 0

ε −a11 −ρ

)(
x̄n

ȳn

)
,

with ε = ℜ(µ1,2) =
T (0)

2 and ρ = ℑ(µ1,2) =
1
2

√
(4D(0)−T (0)2). Using this transformation on

system (13), we obtain

(16)

{
x̄n+1 = ε x̄n −ρ ȳn + G̃1(x̄, ȳ,h∗),

ȳn+1 = ρ x̄n + ε ȳn + G̃2(x̄, ȳ,h∗),
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where

(17)

 G̃1(x̄, ȳ,h∗) = b13x̄2
n +b14x̄nȳn +b15x̄3

n +b16x̄2
nȳn,

G̃2(x̄, ȳ,h∗) = b23x̄2
n +b24x̄nȳn +b25x̄3

n +b26x̄2
nȳn,

with

b13 = a13a12 +a14(ε −a11), b14 =−ρa14, b15 = a15(ε −a11), b16 =−ρa15a12,

b23 =
(a12a13(ε −a11)−a2

12a23 +a14(ε −a11)
2 −a12a24(ε −a11))

ρ
, b24 = a12a24 −a14(ε −a11),

b25 =
a12a15(ε −a11)

2 −a12a25(ε −a11)

ρ
, b26 = a2

12a25 −a12a15(ε −a11).

Furthermore, from (17) we have

∂ 2G̃1

∂ x̄n
2

∣∣∣∣
(0,0)

= 2b13,
∂ 2G̃1

∂ x̄nȳn

∣∣∣∣
(0,0)

= b14,
∂ 2G̃1

∂ ȳn
2

∣∣∣∣
(0,0)

= 0,
∂ 3G̃1

∂ x̄n
3

∣∣∣∣
(0,0)

= 6b15,
∂ 3G̃1

∂ x̄n
2ȳn

∣∣∣∣
(0,0)

= 2b16,

∂ 3G̃1

∂ x̄nȳn
2

∣∣∣∣
(0,0)

= 0,
∂ 3G̃1

∂ ȳn
3

∣∣∣∣
(0,0)

= 0,
∂ 2G̃2

∂ x̄n
2

∣∣∣∣
(0,0)

= 2b23,
∂ 2G̃2

∂ x̄nȳn

∣∣∣∣
(0,0)

= b24,
∂ 2G̃2

∂ ȳn
2

∣∣∣∣
(0,0)

= 0,

∂ 3G̃2

∂ x̄n
3

∣∣∣∣
(0,0)

= 6b25,
∂ 3G̃2

∂ x̄n
2ȳn

∣∣∣∣
(0,0)

= 2b26,
∂ 3G̃2

∂ x̄nȳn
2

∣∣∣∣
(0,0)

= 0,
∂ 3G̃2

∂ ȳn
3

∣∣∣∣
(0,0)

= 0.

In order to ensure the occurrence of Neimark-Sacker bifurcation at (0,0,h∗) of system (16), the
following discriminatory quantity must not be zero:

(18) L = ℜ(µ2m21)−ℜ

(
(1−2µ1)µ

2
2

1−µ1
m20m11

)
− 1

2
|m11|2 −|m02|2 ,

where

m20 =
1
8

[
∂ 2G̃1

∂ x̄2 − ∂ 2G̃1

∂ ȳ2 +2
∂ 2G̃2

∂ x̄∂ ȳ
+ i
(

∂ 2G̃2

∂ x̄2 − ∂ 2G̃2

∂ ȳ2 −2
∂ 2G̃1

∂ x̄∂ ȳ

)]∣∣∣∣
h̄=0

,

m11 =
1
4

[
∂ 2G̃1

∂ x̄2 +
∂ 2G̃1

∂ ȳ2 + i
(

∂ 2G̃2

∂ x̄2 +
∂ 2G̃2

∂ ȳ2

)]∣∣∣∣
h̄=0

,

m02 =
1
8

[
∂ 2G̃1

∂ x̄2 − ∂ 2G̃1

∂ ȳ2 −2
∂ 2G̃2

∂ x̄∂ ȳ
+ i
(

∂ 2G̃2

∂ x̄2 − ∂ 2G̃2

∂ ȳ2 +2
∂ 2G̃1

∂ x̄∂ ȳ

)]∣∣∣∣
h̄=0

,

m21 =
1

16

[
∂ 3G̃1

∂ x̄3 +
∂ 3G̃1

∂ x̄∂ ȳ2 +
∂ 3G̃2

∂ x̄2∂ ȳ
+

∂ 3G̃2

∂ ȳ3 + i
(

∂ 3G̃2

∂ x̄3 +
∂ 3G̃2

∂ x̄∂ ȳ2 −
∂ 3G̃1

∂ x̄2∂ ȳ
− ∂ 3G̃1

∂ ȳ3

)]∣∣∣∣
h̄=0

.
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By using partial derivatives, we find

m20 =
1
4
(b13 +b14 + i(b23 −b24)) ,

m11 =
1
2
(b13 + ib23) ,

m02 =
1
4
(b13 −b14 + i(b23 +b24)) ,

m21 =
1
8
(3b15 +b16 + i(3b25 −b26)) .

The above analysis leads to the following result.

Theorem 5.1. Assume that condition (15) is satisfied, and let (A,B,C,h,α) ∈ B3 with L ̸= 0. Then,
system (6) undergoes a Neimark-Sacker bifurcation at the fixed point E+ = (x∗,y∗) when the bifurcation
parameter h varies in a small neighbourhood of

h∗ =
[

Γ(α +1)((x∗)2 +4x∗+A+B−2x∗y∗)
AB+2Bx∗+A(x∗)2 +2(x∗)3

] 1
α

.

Moreover, if L < 0 (L > 0) then an attracting (respectively, repelling) invariant closed curve
bifurcates from the fixed point E+ for h > h∗ (respectively, h < h∗).

6. Numerical computations and discussion

Example 6.1. In this example, we consider system (6) when A = 12, B = 1.2, C = 13, α = 0.75 and
h ∈ [0,0.13] with the initial conditions C1 = (1,6.3636) and C2 = (0.98,6.47). When h∗ = 0.0893,
system (6) undergoes the Neimark-Sacker bifurcation at the positive fixed point E+ = (x∗,y∗). The
Neimark-Sacker bifurcation diagrams xn and yn of system (6) are shown in Fig. 1a and 1b, respectively.
Moreover, the maximum Lyapunov exponent is plotted in Fig. 1c. It is observed that the fixed
point is sink (local asymptotically stable) for 0 < h < h∗. At h = h∗ = 0.0893, the fixed point E+

loses its stability. As a result, a closed invariant curve appears around the fixed point E+ due to
Neimark-Sacker bifurcation (see 1d), and the diameter of the closed invariant curve increases with
the increase in the value of h. For further confirmation, we notice that with parametric values
(A,B,C,α,h∗) = (12,1.2,13,0.75,0.0893), the Jacobian matrix of system (6) is given by

J(P+) =

(
0.4185 0.3909
−1.9061 0.6091

)
,

where its eigenvalues are µ1 = 0.5138−0.8579i, µ2 = 0.5138+0.8579i with |µ1,2| ≠ 1. In this case,
the discriminatory quantity (first Lyapunov exponent) L = −0.1169, which proves the correctness
of Theorem 5.1. Figs. 2 and Figs. 3 present some phase portraits for system (6) and the evolution of
xn under the values of the bifurcation parameter h ∈ [0,0.0893] and h ∈ [0.0893,0.114], respectively.
For 0 < h < 0.0893, the fixed point E+ is stable and all orbits tend to E+ (see Figs. 2). If 0.0893 ≤
h < 0.114, we find an attracting closed invariant curve Λs encircling the fixed point. Here, the point
E+ loses its stability because all trajectories asymptotically approaches the closed invariant curve Λs

Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

17 Jun 2023 05:17:13 PDT
230617-Berkal Version 1 - Submitted to Rocky Mountain J. Math.



QUALITATIVE BEHAVIOR OF A CHEMICAL REACTION SYSTEM WITH FRACTIONAL DERIVATIVES 12

(see Figs. 3). Furthermore, when h ∈ [0.114,0.13], it is easy to see that a 5-,10-,20-,40-period orbits,
quasi periodic orbits and attracting chaotic sets (see 4a,4b,4c and 4d).

Example 6.2. In this example, we take A = 2.92, B = 0.68, C = 0.57, α = 0.5, h ∈ [0,0.55] and the
initial condition C0 = (0.059,0.316). Then, system (6) undergoes a period-doubling bifurcation as the
bifurcation parameter h varies in a small neighbourhood of h1 = 0.2784. To confirm the existence of a
period double bifurcation, the Jacobean matrix evaluated at this point is expressed by

J (E+) =

(
−0.9909 0.4249

0.0337 0.5751

)
.

Hence, the characteristic polynomial is given by

ρ(λ ) = λ
2 +0.4158λ −0.5842,

whose roots are µ1 =−1, µ2 = 0.5842 where |µ2| ̸= 1. We also have

∆
∓
0 (h) = 1 > 0,

∆
+
1 (h) = 1+D = 0.4158 > 0,

(−1)2Ph(−1) = 1+T +D = 0,

Ph(1) = 1−T +D = 0.8317 > 0,

In addition, the transversality condition is written as

T ′+D ′

T +2
= 3.5919 ̸= 0.

Through these results, it is clear that the conditions of Theorem 4.2 are fulfilled. The fixed point E+

of system (6) is asymptotically stable when h < h1, as shown in bifurcation diagrams of xn, yn and
(xn − h− yn)−Space (see Figs 5a,5b and 5d, respectively). At h = h1, the fixed point E+ loses its
stability due to a period-doubling bifurcation. Furthermore, when h > h1, a period-doubling cascade
in orbits of 2-,4-,8-period, quasi peridic and chaotic set. The maximum Lyapunov exponents are
computed and the existence of chaotic regions in the parameter space is clearly depicted in Fig. 5c.

7. Conclusion

This work has investigated the fixed point, local stability, types of bifurcations, closed invariant curves
for a fractional-order chemical reaction system. We found that system (6) undergoes a period-doubling
bifurcation at the unique positive fixed point E+ if some conditions are satisfied, as shown in Theorem
4.2. Furthermore, if condition (15) is satisfied and (A,B,C,h,α) ∈ B3 with L ̸= 0, then system
(6) undergoes a Neimark-Sacker bifurcation at the fixed point E+ = (x∗,y∗). The Neimark-Sacker
bifurcation diagrams xn and yn of system (6) are illustrated in Fig. 1a and 1b, respectively, when
h∗ = 0.0893. These diagrams are plotted under the parameter values A = 12, B = 1.2, C = 13, α = 0.75
and h ∈ [0,0.13] with the initial conditions C1 = (1,6.3636) and C2 = (0.98,6.47). The maximum
Lyapunov exponent is shown in Fig. 1c. It should be noted that the fixed point E+ loses its stability
at h = h∗ = 0.0893. Hence, a closed invariant curve appears around the equilibrium point E+ due
to Neimark-Sacker bifurcation as shown in Fig. 1d. We have also considered that Now, system (6)
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(A) Bifurcation diagram for xn. (B) Bifurcation diagram for yn.
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(C) Maximum Lyaponov exponents (MLE). (D) Bifurcation diagram in (xn −h− yn) Space.

FIGURE 1. Bifurcation diagrams xn and yn (Fig.1a and 1b resp.) with maximum
Lyapunov exponent (Fig.1c) for A = 12, B = 1.2, C = 13, α = 0.75 and h ∈ [0,0.13]
and bifurcation diagram for h ∈ [0,0.1] in (xn −h− yn) Space of system (6).

undergoes period-doubling bifurcation as bifurcation parameter h varies in a small neighbourhood
of h1 = 0.2784 where A = 2.92, B = 0.68, C = 0.57, α = 0.5, h ∈ [0,0.55] and the initial condition
C0 = (0.059,0.316). The bifurcation diagram are shown in Figs. 5a,5b and 5d. Note that when h = h1,
the fixed point E+ loses its stability due to a period-doubling bifurcation. If h > h1, a period-doubling
cascade in orbits of 2-,4-,8-period, quasi periodic and chaotic set. We have presented the maximum
Lyapunov exponents in Fig. 5c. Finally, we can conclude that the used methods can be applied for
dealing with other dynamical systems.
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(A) Phase portrait for h = 0.068.
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(B) Plot of xn for h = 0.068.
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(C) Phase portrait for h = 0.085.
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(D) Plot of xn for h = 0.085.
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(E) Phase portrait for h = 0.088.
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(F) Plot of xn for h = 0.088.

FIGURE 2. Phase portrait with plot of xn of system (6) for different values of h ∈
[0,0.0893] and the initial condition C1 and A = 12, B = 1.2, C = 13, α = 0.75.

Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

17 Jun 2023 05:17:13 PDT
230617-Berkal Version 1 - Submitted to Rocky Mountain J. Math.



QUALITATIVE BEHAVIOR OF A CHEMICAL REACTION SYSTEM WITH FRACTIONAL DERIVATIVES 15

(A) Phase portrait for h = h∗ = 0.0893.
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(B) Plot of xn for h = 0.0893.

(C) Phase portrait for h = 0.08947.
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(D) Plot of xn for h = 0.08947.

(E) Phase portrait for h = 0.09.
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(F) Plot of xn for h = 0.088.

FIGURE 3. Phase portrait with plot of xn of system (6) for different values of h ∈
[0.0893,0.114] and the initial conditions C1, C2 and A = 12, B = 1.2, C = 13, α =
0.75.
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(A) Phase portrait for h = 0.116. (B) Phase portrait for h = 0.122.

(C) Phase portrait for h = 0.1236. (D) Phase portrait for h = 0.129.

FIGURE 4. Phase portrait for system (6) for different values of h ∈ [0.114,0.13] and
A = 12, B = 1.2, C = 13, α = 0.75.
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(A) Bifurcation diagrams xn. (B) Bifurcation diagrams yn.
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(C) Maximum Lyapunov exponent (MLE). (D) Bifurcation diagrams in (xn −h− yn) Space.

FIGURE 5. Bifurcation diagrams xn and yn (Fig.5a and 5b resp.) with maximum
Lyapunov exponent (Fig.5c) for A = 2.92, B = 0.68, C = 0.57, α = 0.5 and h ∈
[0,0.55] and bifurcation diagram for h ∈ [0,0.55] in (xn −h− yn)−Space of system
(6).
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[8] A. CSÁSZÁR, L. JICSINSZKY, AND T. TURÁNYI, Generation of model reactions leading to limit cycle behavior,
Reaction Kinetics and Catalysis Letters, 18 (1982), pp. 65–71.

[9] Q. DIN, Neimark-sacker bifurcation and chaos control in hassell-varley model, Journal of Difference Equations and
Applications, 23 (2017), pp. 741–762.

[10] , Bifurcation analysis and chaos control in discrete-time glycolysis models, Journal of Mathematical Chemistry,
56 (2018), pp. 904–931.

[11] , Controlling chaos in a discrete-time prey-predator model with allee effects, International Journal of Dynamics
and Control, 6 (2018), pp. 858–872.

[12] , Dynamics and hopf bifurcation of a chaotic chemical reaction model, MATCH Commun. Math. Comput. Chem.,
88 (2022), pp. 351–369.

[13] Q. DIN, A. A. ELSADANY, AND S. IBRAHIM, Bifurcation analysis and chaos control in a second-order rational
difference equation, International Journal of Nonlinear Sciences and Numerical Simulation, 19 (2018), pp. 53–68.

[14] Q. DIN AND K. HAIDER, Discretization, bifurcation analysis and chaos control for schnakenberg model, J. Math.
Chem., 58 (2020), p. 1615–1649.

[15] Q. DIN AND U. SAEED, Stability, discretization, and bifurcation analysis for a chemical reaction system, MATCH
Communications in Mathematical and in Computer Chemistry, 90 (2023), pp. 151–174.

[16] A. ELSADANY AND A. MATOUK, Dynamical behaviors of fractional-order lotka–volterra predator–prey model and
its discretization, Journal of Applied Mathematics and Computing, 49 (2015), pp. 269–283.

[17] S. KARTAL AND F. GURCAN, Discretization of conformable fractional differential equations by a piecewise constant
approximation, International Journal of Computer Mathematics, 96 (2019), pp. 1849–1860.

[18] A. Q. KHAN, Z. SALEEM, T. F. IBRAHIM, K. OSMAN, F. M. ALSHEHRI, AND M. A. EL-MONEAM, Bifurcation
and chaos in a discrete activator-inhibitor system, AIMS Mathematics, 8 (2022), pp. 4551–4574.

[19] N. KOL’TSOV, Chaotic oscillations in four-step chemical reaction, Russ. J. Phys. Chem. B, 11 (2017), p. 1047–1048.
[20] Y. LIU AND X. LI, Dynamics of a discrete predator-prey model with holling-ii functional response, International

Journal of Biomathematics, 14 (2021), p. 2150068.
[21] R. MA, Y. BAI, AND F. WANG, Dynamical behavior analysis of a two-dimensional discrete predator-prey model with

prey refuge and fear factor, Journal of Applied Analysis and Computation, 10 (2020), pp. 1683–1697.
[22] A. MONWANOU, A. KOUKPEMEDJI, C. AINAMON, AND ET AL., Nonlinear dynamics in a chemical reaction under

an amplitude-modulated excitation: hysteresis, vibrational resonance, multistability, and chaos, Complexity, 2020
(2020), p. 8823458.

[23] D. MUKHERJEE, Dynamics of a discrete-time ecogenetic predator-prey model, Communication in Biomathematical
Sciences, 5 (2022), pp. 161–169.

Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

17 Jun 2023 05:17:13 PDT
230617-Berkal Version 1 - Submitted to Rocky Mountain J. Math.



QUALITATIVE BEHAVIOR OF A CHEMICAL REACTION SYSTEM WITH FRACTIONAL DERIVATIVES 19
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