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8 KHADIDJA NISSE* AND LAMINE NISSE
9
10 ABSTRACT. In this work, we deal with initial value problems of coupled systems of nonlinear fractional
1 differential equations with state deviating arguments and “maxima” on the half line. First we prove a
o useful estimate for fractional integrals involving maxima. Then, adequate pseudo-metrics on the solutions
— space using Bielecki’s idea are introduced and via some Perov’s type fixed point theorem in gauge spaces,
13 a global existence-uniqueness result is obtained under Lipschitz condition on the nonlinearity with merely
14 continuous arguments. Our approach allowed us to get rid of strict conditions imposed in some recent
15 results in the literature. Furthermore, some generalized concept of uniform stability of solutions is also
16 presented and proved under the same conditions.
17
18
o 1. Introduction

%0 Differential equations with “maxima” form a special type of functional differential equations, which
21 involve in addition of the current state of the unknown function, its maximum value over a certain past
°2 time interval. A typical example described by this type of equations and the most cited in the literature,
% is the system for regulating the voltage of a generator of constant current considered by E.P. Popov in
2% 1966. Since then, differential equations with “maxima” appeared in the modeling of many real world
2 processes, especially those arising in the automatic control theory of various technical systems [4, 23].
?®For some recent studies on the existence results and stability properties on this subject, we refer to
27 [8, 13, 14, 15, 21] and the references therein.

8 Practional differential equations arise naturally when solving practical problems in many fields

29 of science, for example in mechanics, physics, bio-chemistry, electrical engineering, medicine, etc.
%% Therefore, an intensive development in the investigation of fractional differential systems has taken
i place in connection with the requirements of applied science [9, 16]. For some recent results on the
2 topic, specially the question of existence and uniqueness of solutions under different forms of initial
% and boundary conditions, we refer to [1, 2, 3, 25, 30].

% Asitis noted in [20], when treating systems of equations, Perov and Kibenko [22] and also Precup
% 124, pointed out that better results can be obtained when endowing the involved space with vector-
% valued norms/metrics rather than norms/metrics of product spaces. In this direction, the authors in [20]

7 presented Perov’s type fixed point theorem for some contractive mappings in spaces endowed with a
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1 family of vector-valued pseudo-metrics. As application, they proved also some existence results for
2 systems of integral equations.

3 Recently, C.Guendouz et al. [12] studied the following coupled system of fractional differential
‘4 equations with initial conditions

- DEu(r) = f(r,ult),v(1)

6 yutt), )

Z(l.l) DBv(r) = g(t,u(t),v(r), t€J=1]0,00]

8 u(0) = uy,

9 v(0) = vy,

—_
o

11 where D% and “DP are the Caputo fractional derivatives, o, 8 €10, 1[, f,g: J x R> — R are given
12 functions, ug,vo € R. Using Perov’s type fixed point theorem in generalized Banach spaces, the authors
13 give sufficient conditions for the existence of a unique solution of (1.1) in C (the space of bounded
14 continuous functions on J).

15 In 1956, A. Bielecki [6] initiated a new method of weighted norms for obtaining global existence
16 results of ordinary differential equations. This method, known also as the equivalent norms/metrics
17 method, which aims to optimize the use of Banach’s type fixed point theorems, consists in choosing a
18 suitable norm with respect to which the involved operator becomes a contraction. For a nice review
19 of the obtained results and some extensions on the topic in the first 20 years, we refer to [7]. El-
20 Raheem [11] employed this approach to one-term fractional differential equations on bounded intervals,
21 satisfying Lipschitz condition with constant argument. Bdlean and Mustafa [5] extended this idea,
22 usually for one-term fractional differential equations but on unbounded intervals obeying to Lipschitz
23 condition with variable argument. Up to now many papers make use of Bielecki’s idea ([17, 26, 29] to
24 cite only some of them), sometimes without mentioning this, for weakening the assumptions on the
25 data’s problem and (or) widening the class of the covered problems by their results.

26 Motivated by the above considerations about the advantage of the use of generalized gauge spaces in
27 studying differential systems on one hand [20], and inspired by [5] on the other hand, we aim through
28 this work to generalize and improve the existence-uniqueness result for (1.1) given in [12, Theorem
29 15]. More precisely, we consider the following nonlinear coupled system of fractional differential

30 equations with state deviating arguments and “maxima’:
31

32 D%u(t) = (t, max u(0), max vG,u‘L‘t,th), t>0,
5 0 t)=r Ge[a(t),b(t)]( )Ge[amybm( ),u(zi(r)),v(72(1))
34 DBv(r) = t, max u(o), max vG,uTt,v‘L’t), t >0,
* =g (r,, max ulo), max v(@).u(z()v(w0)

36

37

® 1 {u<z>=<p<r>, =
39 t

subject of the following initial conditions

40
E where D% and “DP denote the Caputo fractional derivative operators of order a and f8 in ]0,1|
42 respectively, a, b and 7;, i = 1,2 are real continuous functions defined on R} = [0, 4-o[ such that
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1 0<a(t)<b(t)<t, f,g: Ry x R* — R are nonlinear continuous functions, the initial conditions
2 @,y :|—o0, 0] — R are continuous functions.
'3 Note that (1.2)-(1.3) is much more general than (1.1). In this study, we introduce useful vector-valued
‘4 weighted pseudo-metrics on X = €' (R) x € (R), where ¢'(R) denotes the set of all real continuous
‘5 functions on R. Then we reformulate (1.2)-(1.3) into a fixed point problem of generalized contractive
6 mappings on X (in the sens of Definition 2.6), on which we apply some fixed point theorem of Perov’s
7 type, given in Theorem 2.7. Using this approach, we obtain a global existence-uniqueness result for
‘s (1.2)-(1.3) under more less restrictive conditions in comparison with those imposed in [12], allowing
o a large class of nonlinearities to be covered by our result (For further details, see Remark 3.6). In
10 fact, the existence-uniqueness results obtained in this paper are improved generalizations and partial
11 complement of many other recent results in the literature, such as those in [19, 18, 28, 15] (see Remark
12 3.4 and Remark 3.8). Furthermore, we give and we prove some generalized concept of uniform stability
13 of the solutions.
14 The rest of the paper is organized as follows. In the next section we recall some useful definitions
15 and properties from fractional calculus. We introduce also the fixed point theorem in generalized gauge
16 spaces, on which our existence-uniqueness result is based, as well as some related concepts. The
17 main result concerning the global existence-uniqueness result for (1.2)-(1.3) is established in section 3.
1g Finally, in section 4, we present and discuss some generalized concept of uniform stability of solutions.

19

20 2. Preliminaries

2! Let us recall the notion of the fractional derivatives. For further details on some essential related
2 properties, we refer to [9, 16].
®  Letnbea positive integer, o the positive real such that n — 1 < @ < n and d"/dt" the classical
Z% derivative operator of order n.

2E Definition 2.1. The Riemann-Liouville fractional integral, and the Riemann-Liouville fractional
27 derivative, of a real function u defined on R, of order @, are defined respectively by

28 1 t

— IOC - / _ a—1

20 () (@) Jo (t—s5)"""u(s)ds, t>0,
:2 o " n—o 1 ar n—a—1
32

. where I'(.) is the Gamma function, provided that the right hand sides exist point wise.

?z Definition 2.2. The Caputo fractional derivative of a real function « defined on R of order ¢, denoted
35 by CD8‘+, is defined by
36

37 C .

n—1 u(k)
-y kfo)c)k])(r), >0,
k=0 :

39 : . : . . .
o provided that the right hand side exists point wise.

E We denote by .#,(IR.), the set of all square matrices of order n with positive real elements, / the
42 identity matrix of order n and by O the zero matrix of order n.
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1 Definition 2.3. [27] A square real matrix M of order , is said to be convergent to zero, if Mk —
> 0,as k —> oo,

3
4 Definition 2.4. [27]Let M € .#,(R ) with eigenvalues A;, | <i < n, thatis A; € R such that det(M —
5 Aid) = 0. Then
p (M) = max |4;]

1<i<n

is called the spectral radius of M.

[o|e|~]e

—_

0
;1 Theorem 2.5. [27, Theorem 3.15] If M € 4,(R,) with p (M) < 1, then I — M is non singular, and

12

13 (I-M) ' =I14+M+M>+. . +M"+..,

14

15 the series on the right is converging. Conversely, if the series on the right converges, then p(M)<1.
16

17 We give now, the extension of Gheorghiu’s theorem for generalized contractions on complete
18 generalized gauge spaces introduced in [20].

19 Let E be a generalized gauge space endowed with a complete gauge structure ® = {Dy } . ,-, where
20 4 is an index set. For further details on gauge spaces and generalized gauge spaces we refer to
21 [10, 20].

22

o3 Definition 2.6. [20] (Generalized contraction) Let (E,D) be a generalized gauge space with © =
24 {Dv},c - Amap T :D(T) C E — E is called a generalized contraction, if there exists a function
5 wi N — N and M € M,(R) M = {My},. , such that

26

27 (2.1) Dy(T (u),T(v)) < MyD,yy)(u,v), Vu,v € D(T), Vv e.N

28

2E and

(2

31 —

9 (2.2) ;MVMW(V)MWZ(V)....Mwn_l(v)DWn(v)(u,v) <oo, Yu,veD(T), YveE.N.

33
34 Theorem 2.7. [20, Theorem 2.1] Let (E,®) be a complete generalized gauge space and letT : E — E
35 be a generalized contraction. Then, T has a unique fixed point in E, which can be obtained by successive
36 approximations starting from any element of E.

37

38 Recall that 4’ (R) denotes the set of all real continuous functions on R. In all what follows,
39 € (R) x €(R) is denoted by X.

40 Following the proof of [19, Lemma 1] with a slight adaptation, we get the system of integral
41 equations equivalent to (1.2)-(1.3) given by the following lemma.

42
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1 Lemma 2.8. Let f,g,a,b and T; (with i = 1,2) be continuous functions. Then, (u,v) € X is a solution
2 of (1.2)-(1.3) if and only if (u,v) is a solution of the following system of integral equations

2 Lt —s)%!

% u(t) =@ +/0 (1"(%%f<s’oe[zrz?;1)i(b(s)]u(c)ke[(rzl(ls%)fb(s)]V(G)M(Tl (‘s)).,v(rz(s)))ds, t>0
- =)

% 23) V(1) = Yo+ /0 r(ﬁ)g<s’ce[R3?b(s)]“<“)=Ge[£3’fh<s>]V(")’”‘““))”(’2(”))ds’ t>0
2 uw =0, 1<0
0 W) = ), =
0

11

o, Fori=121letT;: X — %(R) be the operators defined for every W := (u,v) € X by
3 ( @+

¥ k) T fidnl) i

15 . )= e — K u s v u s)),v s d
e (W) () /0 NG ( ey (). _max v(o)a(z(5)(x ))) s, 1>0
s L 9(1), t<0
8

9 [ wo+

20

2 (2.5) T(W)(r) = /t(t_s)ﬁ] ds, t>0
22 : 2 0 F(ﬁ) g(S’Ge[trlr(lg),(b(s)]M(G)7Ge[1r11(l_?)),(b(s)]V(G)M(Tl(S))W(TZ(S))) S,

23

il <0.
” L v(), t<0

25 Remark 2.9. According to Lemma 2.8, (1.2)-(1.3) is equivalent to (,v) = T (u,v) where T : X — X is
26 the operator defined by T (u,v)(t) = (T1(u,v)(t),T2(u,v)(t)) with Ty and 75 are given respectively by
27 (2.4) and (2.5).

28

29 3. Existence-uniqueness results

30

o The main purpose of this section, is to prove a global existence-uniqueness result for (1.2)-(1.3). To

- this end, we consider the following assumptions:

33 (Hp) The functions 7; : i = 1,2 are bounded respectively by h; and h;.
32 (Ha) There exist continuous positive real valued functions L;,M; : i = 1,2,3,4 defined on R, and

35 satisfying

% () 1f (&, 8,m,x1,01) — f (2,80, M2, x2,32) | < Ly (t) &1 — & + Lo (2) [ — Mo
37 +L3 ()| x1 —x2| +La(t)| y1 =2
38

fg (ll) ‘g(faélanlaXI,YI)—8(1752#727?627)’2)‘ <M, (t)|€1_§2‘+M2 f)|771—772|
s +M; (1) | x1 —x2| +My(2)] y1 — 2|
41 whenever the left hand sides are defined.

42
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Let introduce the positive continuous function:

s

2 q

3 t+ / {max {Li(7),M;(7)}| dt

i (31) 1<i<4

5

— 11 1 1 1 1 . . .

6 where 1 < p < min , —+—=1,L;,M;:i=1,2,3,4 are the functions given by
. "T—a’'B1-Bf p ¢

o (Hy) and 0 is a posmve real number to be specified later.

' Let® = {Dv}ve _y be the complete generalized gauge structure on X defined for Wy = (uy,v1),Wr =
o (u2,v) € X by:

m dy(u1,u2)

2 (32) Dy (Wi, W,) = ;

8 dy(vi,v2)

14

E where dy, is the weighted pseudo-metric on % (R) given by

16

7 _ u(@) —v()]

= (3.3) dy (u,v) = 1}1€avx{ Ao0) , Yu,ve € (R),

;% where Ag(?) is defined in (3.1) and .4 denotes the set of all compact subsets of R.

% We start by an auxiliary lemma, which plays a key role in what follows.

28 Lemma 3.1. Let F,r; and ry be continuous positive functions on R such that for every t > 0 :
2 F(r) < max {Li(t),M;(t)} and ri(t) < ().
1

25 sis
—  Then, for every uy,uy € € (R), the following inequality holds true:

26
2L t(t _S)Otfl

28 / ~——~——F(s) max |uj(0)—uz(0)|ds <Cp o (0)Ag (1) x
29 (3.4) o T(a) o€lri(s),ra(s)]

“ max L (G)_MZ(G)’,W>O

st ol (1), ra(t)] Ag(0)

= where

33

il (=@ -4 b (g 1)+ 1

35 (3.5) Cpo(6)= p (PE_l ) )

36 NG

87 Proof. Lett > 0, we have:

38

IE l‘(l» —S)a_l

40 — 5 F oO)— o)lds =

) I /Ot e (S)Ge[r(fr(}?ﬁz(s)l 1 (0) ~u2(0)|ds

41 w1 [F(s

2 ) Jo V7 - ds.
= F(O‘)/O 9] { e ekt (0 TR O] 48
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F(.
' As a continuous function, any positive power of FO) [I‘IEE)IX 0 luj (0) —uy (0)] is locally inte-
2 e oelr(.),rnl(
"3 grable. Thus, with p and g given in (3.1), Holder’s inequality leads to
0 [ k) (6) ~ us(o)
5 ——F(s max U (o) —ux(o)lds <
. o I'(a) oelri(s),ra(s)
7
- 1 1
8 1 t » t[F 1 q
Y — {/ (¢ —s)p(al)epsds}p {/ { (s) max  |uj(o)— uz(G)@ ds}
9 I'a) /o 0L € oelr(s),n)
10
m 1 ' b max {L(s),Mi(s)}
12 < L {/ sp(al)epos)ds} {/ [“‘x
5 ~I'lx) o 0 ¢
" 1 (0)- (@) as}’
— max |u; (o) —ux (o s
15 o€ri(s),r2(s)]
6
17 1
E - e prxX pla—1) Ty dX P t 112%)51 {Li(s)aMi(s)}
—(3.6)
20 1
J— q a
2 max  |ui(0) —uz(G)]] ds} .
22 o€lri(s),r(s)]

23
— Note that
24

q
25
— @37 [ max ui (o) —u G] < max 0 (6) — 1 (69
26 GG[H(S),rz(s)]‘ 1(0) —uz (o) Ge[rl(sm(s)ﬂ 1(0)—uz ()]

27

ss Indeed, since u) and u, are continuous, then let oy € [r; (s), r2(s)] such that [ rr(le)lx o luj (o) —uy (0)| =
— o€lr(s), (s

29 |uy (00) — ua (0p)|, hence:
30

o q

s ) ) i q
%2 LG[’TI&%Z(S)] |u (o) uz(G)@ luy (60) — 2 (00)|
33

34 < max |uj(o)—w (o).

% ~ oelr(s),r(s)] ju1 (o) 2(0)]

35
— On the other hand we have:

3

37 s q
) ffu%C%ﬁwm%den
39 ds | 6

40 q

40 . . _

" ma L), M (5} e

2 ee/o max {L;(n).M;(n)} ) dn

11 Feb 2024 08:40:18 PST
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1 Consequently, in view of (3.1), one gets:
2 s q
B ool (s, (2itn) () ) an
4 max {L;(s),M;(s)} ¢ &
5 (3.8) == =
6 e [Ag(s)]?
% Returning now to (3.6), using (3.7) together with (3.8), we obtain
o t(t _ S)a—l
— —— F(s max o)—up(0o)|ds <
10 /o (o) | ) gt M1 (@) —alo)lds <
11 1
o e Pt (X pla—1) ax |’
: NOMECE
13 I(a) |Jo \p p
14 1
= ; ! max  |us () —w (c)? ) °
o a1 o) (s tun ot ) an] oo it ds
16 ods | O [AG (s)]q
7
= ¢ [ pia 5[0 10(0) 11 (0) — ()|
19 < {p"( —e)- F(p(a—l)—i—l)} ——  max .
o I'(a) e oeln.nm  Ae(0)
o1 Which completes the proof. 0

22 Note that, similar arguments as those used in the proof of Lemma 3.1 and under the same conditions,

23 lead to the following inequality:
24

oe t(t—s)ﬁ*l

25 ——F(s max w1 (6) — 1> (0)lds < C.. 2 (0)An (1) x
26 (3.9 /0 r(B) ()GE[r](s)Jz(s)]’ 1(0) —uz(0)|ds <C, 5 (0)Ag (1)
- 41 (0) 12 (0)

&7 max ’Vt>0

28 seln.n0]  Ag(0)

2E Proposition 3.2. Let (H,) — (Hy) be satisfied. Then, there exists a map w : N — A such that for
30 every (u1,vi),(u2,v2) € X and every v € N, the following inequality holds true:

% (3.10) Dy (T(ulﬁvl)a T(uZaVZ)) < Mp,a,ﬁ (Q)Dw(v) ((Ml,V1) ’ (MQ,VQ))
53 With

3 2C)(0) 2C,q(0)

35 (3.11) M,qp(6):=

36 2C,5(0) 2C,5(0)

7_Where C), 4(0) is given by (3.5) (C,, g(0) is also given by (3.5) with B instead of ).
38

s Proof. Letus definew : A" — 4" as follows:

40 v if v C R =] —oo,0],
41 (3.12) w(v) =

42 [min{—hy, —hy}, max{v,,, hy, hp}| :if no,
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1 where v,, = sup Vv and hy, h; are the constants given by (H).
2> Note that according to (3.12), it follows that
3.(3.13) Forevery ve / :w'(v)=w(v), Vn>2.
4
o Let v € 4 such that v C R_. Thus, for every t € v, we have:
6 Ty (ur,v1) (2) = Ti(u2,v2) ()| = |@ (1) — @ ()| = 0.
" Consequently, (3.10) holds true.
% Letnow v & .4, where VMR, # 0 and let € v such that r > 0. Using (H(i)), we get:
9
o T (ur,v1) (1) = Ti (2, v2) (2)] <
1 (it —g)*!
. — L c)— c
] he (@) { HO o thin ™ ) ot 2 ()
13
. Lo (o) (0) (@)}
T 2 (S max V1(O)— max V(O S
5 oela(s),b(s)] oela(s),b(s)]
6 f(t— )%
7 +/O W {Ls (s)[u1 (71 (5)) —u2 (71 ()| +La(s) 1 (72 (5)) —v2 (72 (s))] 1 ds
% S)oc 1
> < Li( s max u1(o)—ur(o)|+Lx(s) max |vi(o)—w(o }ds
: b { (o)~ (@) + Lals)_max (@)= va(o)
: +/ I 1y(s) max un(0) ~1a(0) + Lufs) max (o)~ (o)
— max o)—u(o max o)—wn(o .
2i Ot) 3 Scerlfl[o?s}) “ "2 4 Scerz?[o,s}) & 2 :
23_Taking into account (Hj), we obtain:
24
e T (u1,v1) (1) — Ti (2, v2) (2)] <
b < [ ) mas (o) o)+ as)_max (o) (o)}
— — s u —u s v —v s
27 —Jo T(a) : ocla(s),b(s)] ! 2 2 oela(s),b(s)] ! 2
28 t (t _ S)afl
= +/7L ma o)—uy(o)|+L ma o)—w(0o)| pds.
- [l (st max (@)= a0)] + Lals) max, (@) = va(o)] s

% Note first that according to (3.12), together with the fact that b(r) <t, the compacts [a(s),b(s)],[—h1,h1],[—h2, o)
31 . ) . . ) .
o are included in w(v). Now, using (3.4) to estimate the four integrals above, it follows that:

33 T3 (1, v1) (1) = Ti (u2,v2) (1)| < 2C,a(0)Ag (1) [dy(v) (u1,u2) +dyyiyy (V1,v2)] -
34 Dividing the previous inequality by Ag(7), then taking the supremum on v, we get:

35

%6 (3.14) dy (Ty (uy,v1),T1 (uz,v2)) < 2C), «(0) [dw(v) (uy,uz) +dw(v) (vl,vz)] .

37 Similarly, by means of (H}) and (H,(ii)) together with (3.9) we prove that the following inequality
s holds true for every (u,vy),(u2,v2) € X and every v € A

% (3.15) dy (T2 (u1,v1), T2 (u2,v2)) <2C, 5(0) [dw(v) (u1,u2) +dyyy) (vi,vm)].
40
e Now, (3.10) yields immediately from (3.14) and (3.15). Il

g We are now ready to prove the following main result.
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1 Theorem 3.3. Under hypotheses (H,) — (H,), the system (1.2)-(1.3) admits a unique global solution
2 inX.

% Proof. Recall that, in view of Remark 2.9, the solutions of (1.2)-(1.3) are the fixed points of the
— operator 7. Hence it is sufficient to show that T is a generalized contraction in the sens of Definition
o 2.6, then deduce the result from Theorem 2.7.

— In view of Proposition 3.2, (2.1) holds true with My, = M

».a.p (8) which is independent of v and
e consequently the series (2.2) becomes

? . n+1
- (3.16) nng g (0) Dy (,v).

11
o Note that using the property of convergent matrices given in Theorem 2.5, we see that sufficient
3 conditions, so that (3.16) is convergent are:

14 (3.17) p(Myap(6)) <1

15

6 and

7 (3.18) sup{DWn(v) (u,v):n:O,1,2,...} < oo,

18

1o Letus calculate the eigenvalues of M), , 5 (0):

20 det (M, 4. (8) —AL) = A [A— (Cp.a(8)+C,5(6))] .

21
22 That is (3.17) holds true, if and only if

23
- (3.19) Cpa(8)+C,p(0) < 1.

2E So, let us choose 6 in (3.1) sufficiently large such that (3.19) is fulfilled.
26 On the other hand, and according to (3.13), we have:
27

28 sup {Dwn(v) (u,v):n=0,1,2,... } = sup {Dv (u,v), Dy (u,v)} ,
29
0 which is clearly finite. This completes the proof. O

?I Remark 3.4. When f and g in (1.2) are independent of the first and the second arguments and

32 furthermore 7y () = 72(¢) =1, then we have the following observations:
% (i) The assumptions of Theorem 3.3 are clearly much less restrictive than those of [12, Theorem

fal 15]. Thus, as a special case of Theorem 3.3, Corollary 3.5 below, is an important improvement

. of [12, Theorem 15].
® (if) The problem considered in [28] for @y = d; = 0(k = 1,...,m) is extended in (1.2)-(1.3) to the
i half line. The assumptions of Theorem 3.3, even when the problem is considered on a bounded

s interval, are weaker than those of [28, Theorem 3.1] and [28, Theorem 3.2]. Thus, for some

39 . . . .
— particular cases, Theorem 3.3 improves and complements the existence-uniqueness results of

0 [28].
41

ﬁg Corollary 3.5. Suppose that the following hypothesis holds true
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(H) There exist continuous positive real valued functions L; : i = 1,2, M; : i = 1,2 defined on R,
satisfying
|f (t,x0,01) = f(t,x2,2) S Ly (2) | xp —x2| +La ()| y1 —ya|
g (2,x1,y1) — & (t,x2,y2)| <My (1) | xy —x2| +Ma(2)| y1 — a2
whenever the left hand sides are defined.

Then (1.1) admits a unique solution in X.

~[ofola]e|n]-

‘g Remark 3.6. In order to compare our approach to that used in [12, Theorem 15], it should be noted
9 that: firstly, choosing generalized gauge spaces setting (instead of generalized Banach spaces) allows
10 us to get rid of hypotheses (H;(23)) , (H,) and replace hiq.h; g € L' (J,R}) by hig,h;p € € (J,Ry),
11 which is most suitable for applications. Secondly, by means of the Bielecki’s idea, we included
12 hia, hj g in the definition of the generalized gauge structure. This make the matrix My in (2.1), and
13 consequently its convergence to zero, independent of these data. That is, the use of suitable vector-
14 valued weighted pseudo-metrics, allowed us also to get rid of the convergence to zero for the matrix
15 (27)in[12, Theorem 15].

1 Applying the basic steps of the approach used in the study of the system (1.2)-(1.3) with appropriate
o adaptation, one acquires to a global existence-uniqueness result of the following initial value problem:

9 Du(r) = f(r, max u(o),u(g(r)),u(g(t)),....u(gn(t))), >0
20 (3.20) oela(t),b(1)]

21 u(t) = @(1), 1 <0.

z% Theorem 3.7. Let the following conditions be satisfied:

on (C1) giti=1,...,N are continuous functions and bounded respectively by hy, ..., hy .
s (C) f: Ry xRN — R is a nonlinear continuous function, such that there exist continuous

o6 positive real valued functions L; : i =0, ..., N, defined on §+, satisfying
Z% |f(t,5,X1,...,XN) _f(f7n7)’17---,yN)| < L()(t) |€ - Tl| + ZLl(t) | xi_yi|'
29 Then, (3.20) admits a unique global solution in € (R).

30

31 Proof. Transform first (3.20) to the equivalent fixed point problem T (u) = u, where T is the operator
32 defined on @ (R) by

3 t (t _ s)afl

34 ———f (s, uw(o),u(g(s)),...,u s)|ds, t>0

- T(u)(t) = (P0+/0 () f( e ) (0)u(g1(s)),--u(gn( ))) §

® (1) <0

3 o), s 0.
37 Let dy be the weighted pseudo-metric defined on ¢ (R) by (3.3), where

38

. q

:E l+ / {max {L }:| drt 1 1 1 1

40 Ag( O<isN 1<p<m1n{ },—1—:1
— o’'l—al’'p gq

41
zg and L; : i = 1,...,N are the functions given by (C).
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Letw : A4 — 4 be the mapping defined as follows:

1
E % if v C R =]—e0,0],

% w(v) =

E 0211<nN{ hi}, max{ vy, hi,...,hn} :if no,

% where Vv,, = supV and h;,i = 1,..., N are the constants given by (C>).

5 Now, the rest of the proof is similar to Theorem 3.3, so the details are omitted here. O
E Remark 3.8.

10 (i) If gi(t) =t —7;(¢) (i = 1,...,N), then the problem (3.20) is reduced to that considered in [19].
In this case, Theorem 3.7 provides a global existence-uniqueness result under conditions
different from those established in [19, Theorem 1]. So Theorem 3.7 extends and complements
! the result of [19].

! (i) If f is independent of the second and the last N — 1 arguments, and furthermore g (¢) = ¢, then
the problem (3.20) is reduced to that considered in [18]. Theorem 3.7 includes and extends
the global existence-uniqueness result of [18, Theorem 5.4.], without any need to obtain first
a local existence result then applying the continuation method to acquire a global existence
result, as it was done in [18].

4. Generalized stability

>» In some generalized sens, we introduce and discuss in this section, the uniform stability of solutions of
o5 (1.2)-(1.3). Before defining this concept, we give the following observation:

o If (¢, y) and (@, ) are two initial conditions of (1.2)-(1.3), then Dy ((@, y), (¢, ¥)) is defined only
o5 for V€ .4/ suchthat vV C R_.

26 Definition 4.1. (Generalized stability)

27 We say that the solution of (1.2)-(1.3) is uniformly stable if for every € = (&,&) > 0, there exists
28§ = (81,6) > 0 such that, for any two solutions (u(t),v(¢)) and (ii(¢),7(¢)) of (1.2) with the initial
29 condition (1.3) and (i(t), () = (@(t), f(¢)) for t < 0 respectively, the following holds true:

3

0
@D We N, V=vOR_, if Dy((0,¥),($, W) < 8, then, Dy ((u,v), (@,7)) < &.

32 Remark 4.2. The notion given in Definition 4.1, is a generalization in the following sens: if v € 4~
33 jis such that v C R_, then in view of (3.12), w(v) = v and consequently (4.1) is reduced to the usual

84 concept of uniform stability.
35
s Theorem 4.3. Let (H;) — (Ha) be satisfied. Then, the solution of (1.2)-(1.3) is uniformly stable.

37 Proof. Let (u(t),v(t)) and (é(¢),7(¢)) be two solutions of (1.2) with the initial condition (1.3) and

8 (d(t),5(t)) = (@(t), ¥(t)) for t < 0 respectively.
39 Letv € .4 suchthat w(v)NRy =0, that is v = w(Vv) = V. Then, by means of (2.3), we have:
40

“ DW(V)((M,V),(IZ,ﬁ)) \7(( W) ( ))

ﬁg Consequently, (4.1) holds true with 6 = €.
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1 Letnow v € 4 with w(v)NRR, # 0 and let 7 € w(v) such that # > 0. From (2.3) together with
2 (Ha), we have:
3 -
= u(e) — (0)] <
B 00) - 901+ [0 1) (©) (©)
5 ¢o(0)— (0 +/{L1s max u(0)— max IZG‘
% 0o I'(a) o€la(s),b(s)] o€la(s),b(s))
8 +L(s)| max v(o) max ~(6)’ d +/’(t—s)a—1><

s v(o)— v s —_—

ry 2 o€la(s),b(s)] o€la(s),b(s)] o Ia)
10

0 {L3 (s) |u (71 (s)) — (71 (5))| 4+ La(s) [v (72 (5)) = 9 (72 (5)) |} ds.
11
1> Using Lemma 3.1 and an argument similar to that used in the proof of Proposition 3.2, we prove that

= u(e) = #(1)] < [9(0) — $(0)| +2C;.a(0)A0 (1) [dy2(y) (,7) +d, 21y (7).
E Thus, (recall that Vv := vNR_)
16

7 lu(r) —i(r)] < Ae(;)r?e%x WJF
;z + 2C]7~,OC(9)A6 (I) [dWZ(V) (I/l, ﬁ) +dw2(v) (V, \7):|
z; =Ag(t)dy (9, 0) +2Cp.a(0)Ag(7) [dwz(v) (u, 1) + 2 (3, \7)] _

EE Dividing the above inequality by Ag(t), then taking the supremum on w(v) and noting that w?(v) =
24 w(v), we get:

25
s (42) dy(y) (1, 1) < dy (@, ) +2Cp.a(0) [dy(y) (1,0) +dyy) (1 7)]
27 Similarly, we prove that the following inequality holds true for every v € 4:

28

2 (43) dy(v) (v, 7) <dy (W, ) +2C,, 5(0) [y () +dyyiy (v, )]
30

;. Now, if we choose 6 sufficiently large such that: C, o(0) +C, (0) < 3, then from (4.2) and (4.3),
- it follows that:

3 1_2(C17 a(9)+cpﬁ(9)) = 1 =

= : P g 1) < dy dy

n [-2C, 5(6) w(v) (1) < dy (@, 9) + 5 =36, 5(6) v(v, ¥)
35

6; and

— 1-2(Cpa(0)+C,5(6)) 3 3

37 : : winy (0 7) < dy (W, W) + —————ds (0, ).
39 Therefore, for every € = (€1,&) > 0, there exists 0 = (01,0,) > 0 given by

40

o s [122(Coa(8) +C,p(0))  (1-2Ca(6)) [1 2 (Cpa(6) +Cpp(6))]
pl 6] = min €, &
@ 1-2C,3(0) 1—2Cp4(6)
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o
=
o

5, :min{ (1-2C,5(8)) [1 —2(Cpa(8)+C,p5(8))] 1 1-2(Cpa(0)+C,p(0)) 82}
1-2C,5(8) ’ 1—-2C, 4(6) ’

such that (4.1) holds true. This completes the proof. (]

Remark 4.4. The basic techniques of the approach used in this work for the study of systems of the
form (1.2)-(1.3), can be easily adapted and applied to acquire similar results for coupled systems of n
fractional functional differential equations with “maxima”, for n > 2.

L
[R[=[3]e]e|~]o]a]s]o]|r]-

5. Applications

13 In this section, we provide two examples illustrating the significance of our main findings.
14

15 Example 5.1. Let us consider the following system

16

. Dhule) = e (Ima()]+ Imax(@)) + refsn * e >0

© (5.0) Div(n) = (Imaxu(o)| + Imaxv(e))) + M e > 0.

= W) =241, (<0,

zz v(t) = e — 12, r<0.

z% (5.1) is identified to (1.2)-(1.3) with

zz a=3,f(t,5n,x5y) =¥ (] +[n])+ ]2t++|xl| + ierl’ T (t) =sint,a(t) = 5, 0(1) =2t + 1,
% B=1g(t,&nxy) =" (& +Inl)+ fj;, +tle[j’;’ , To (1) = cost, b(t) =t, y(t) = ¥ —1°.

2 Itis clear that (Hy) is satisfied with hy = hy = 1.
30

81 On the other hand, we have
32

33 f (&, nxiy) — F (6, x0,32) | < €2 (1€ — &+ |m —ma]) + (2t + 1) |x1 —x2
34

35 + (e +1)|y1 — 2|

SEand
z% g (1,1, m1x1,01) — g (1,6, M2 x2,32)| < @161 — &l + M — M) + (£ +2)[x1 —x2

89 +(te’+t2)|y1—y2|.

40
v Thus, (Ha) is satisfied with
2 (5.2) Li(t)=Lo(t) =€, L3(t) =2t + 1, Ly(t) = e +1
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1 and

2 (53) Mi(t) = My (1) = &', M3(1) =142, My(t) =te' +1°.
3

"4 Then, all assumptions of Theorem 3.3 are satisfied and consequently (5.1) admits a unique global
5 solution, which is furthermore uniformly stable according to Theorem 4.3.

6
- We emphasise here that in our example, the functions given by (5.2)-(5.3) are far from satisfying

s the hypotheses of [12, Theorem 15].

9

10 Example 5.2. Consider the following equation
11

12
il 5 In(zr+1
13 CD%M([):] n(t2+ )—2r ——, 1>0
" (54) +\$a%>]<u(6)\+e |u(e™2)| +1]u(757)]
5 u(t) =12, t<0.
16
16 st
17 (5.4) is identified to (3.20) with & = 3, N =2, a(t) = 0, b(t) = &, g1(t) = ¢, ga(t) = tc% o) =12
%and ( )
In(r+1
50 f t?%?'x?y =
a ) el
22 It is not hard to see that (Cy) and (Cy) are satisfied with hy = hy = 1 and
- (5.5) Lo(t)=In(r+1), Li(t) = n(t+1), Lo(t)=rtln(t+1).

ZE Then, according to Theorem 3.7, (5.4) admits a unique global solution.

26

2Z Note that since the Lipschitz constants given in (5.5) (which depend on t) are clearly unbounded,
28 many existing results in the literature fail to be applicable to (5.4).

29

2% 6. Conclusion

32 In this work, we investigate some systems of coupled fractional differential equations with deviating
33 arguments and maxima on the half line, given by (1.2)-(1.3). We acquire a global existence-uniqueness
34 result in the space X = ¢'(R) x ¢(R), under Lipschitz condition on the nonlinearity with merely
35 continuous arguments and without any other restrictions. The approach used in this study relies mainly
36 to some fixed point theorem of Perov’s type in generalized gauge spaces. This suitable choice of the
37 employed structure, allowed us to get rid of some strict conditions imposed in other recent works in
38 the literature, such as [12]. In addition, the introduction of useful vector-valued pseudo-metrics on
39 X, allowed us to get rid also of further conditions. By adapting the basic steps of the above approach
40 to the initial value problem (3.20) of fractional differential equations with multi-deviating arguments
41 and "maxima”, we obtained a global existence-uniqueness result which generalizes and complements
42 the results established in [15, 19, 18]. In some generalized sens, the uniform stability of solutions of
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1 (1.2)-(1.3), is also introduced and discussed. We expect that this work, will open the way to improve
> and complement many other existence results for (integral, integro-differential) differential systems of
‘3 integer or fractional order, especially on unbounded domains.

4

5
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