PROOF PERTAINING TO SOME IMPORTANT PROPERTIES OF ¢-INTEGRAL

NECMETTIN ALP!, MEHMET ZEKI SARIKAYA2, MEHMET KUNT3, AND HUSEYIN BUDAK*

ABSTRACT. In the almost studies on quantum integral inequalities, the authors thought that the
properties of the Riemann integral were also provided for the quantum integral. Due to misuse of
these properties, many studies include some mistakes. In this paper, counterexamples are firstly
given that the properties cause mistakes are not provided. Moreover, the correct versions of these
properties are proved under some conditions. We believe that this study will be a important reference
for authors who study quantum integral inequalities.

1. INTRODUCTION

The theory of integral inequalities is widely studied in recent decades. Hermite-Hadamard (trapezoid-
midpoint), Fejér, Ostrowski, Simpson, Jansen, Opial, Hardy, Bullen, Mercer, Griiss, Wirtinger, etc.
type inequalities, and some of their generalizations, investigated for Riemann integral.

The following elemental properties of the Riemann integral are very useful and necessary for inves-
tigating integral inequalities:

i) If f,g:[a,b] — R is Riemann integrable on [a,b], and f (z) < g () for all z € [a, ], then

(L1) / f(2)da < / g (@) d,

for all ¢ € [a, b].
ii) If f : [a,b] — R is Riemann integrable on [a, b], then

(1.2) /bf(ff)dw </bf(x)|d:r,

for all ¢ € [a, b].
iii) If f(x) <0on [a,d], f(x) > 0on [d,b] and f : [a,b] — R is Riemann integrable on [a, b], then

(1.3) /b|f(x)|d3::/d—f(a?)dm—f—/bf(a:)dx.
a a d

Nowadays, the studies involving Riemann integral are commonly transporting to inequalities involv-
ing quantum integral. But quantum integral is working a bit different from the Riemann integral, and
the properties i)-ii)-iii) are not generally valid in quantum integral. In many studies, these inequalities
are assumed to be correct and they are used incorrectly by many authors. First of all, we will show why
these problems occur with opposite examples. Then, we will solve these problems under favourable
conditions.

2. PRELIMINARIES AND DEFINITIONS OF Q-CALCULUS

In this section, we present some required definitions about g-calculus. Throughout the paper, we
consider that 0 < ¢ < 1.

In 2013-2014, when Tariboon et. al. [11,12] gave the definitions of g-derivative and g¢-integral, they
added a continuity condition to these definitions. On the other hand, in 2003 Rackovic [10] did not give
the continuity condition in the definition of g-integral. The definitions of g-integral and g-derivative
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have already been defined in discrete analysis. Therefore, there is no need to be continuous. More
clearly, if we think for the g-derivative:

The arbitrary function defined on [a,b] is quantum differentiable for each = € (a,b]. Let f :
[a,b] — R be an arbitrary function. If x € (a,b], for all ¢ € (0,1) we know gz + (1 —q)a € (a,b]
and f(x) — f(gz+ (1 —q)a) € R. Also, (1 —q)(x—a) € R\{0}, so, for all z € (a,b] we have

f(l)(lf(g)?;(la)qm) € R. Therefore, oD,f (z) = f("L)(lf(g)l(:(la)q) %) is defined for all z € (a,b]. In order

to be quantum differentiable at the point x = a, it is necessary and sufficient that ,D,f (a) =
limgyq oDgf (x) limit exists.

Let’s consider the quantum integral:

f :]a,b] — R be an arbitrary function. In order for f to be g-integrable on [a,b], it is sufficient

for the (1 —q) (b—a) Z q"f (¢g"b+ (1 — q") a) series to be convergent. More precisely, the continuity

condition is not requrred for a function to be g-integrable. With all these, we will remove the continuity
condition from the following definitions.

Definition 1. [11,12] For a function f : [a,b] — R, the gq-derivative of f at x € [a,b] is characterized

by the expression

_f@) - flgz+(1—-q)a)
(1-q)(z—a)

If x = a, then we define oDy f (a) = limgy_q Dqf (z) if it exists and it is finite.

(2.1) oDgf ()

, T # a.

Definition 2. [10-12] Let f : [a,b] — R be a function. Then, the qq-definite integral on [a, b] is defined
as:

(2.2) /f(a:) alqT

a

(1—q)(b—a)) q"flg"b+(1—q")a]

1
= b—a/f [(1—2)a+xb] dex .
0

From (2.2) the following equation is written:

(2:3) /bf(w) adqr =/bf(fv) adq —/Cf(ff)

b
Also if [ f (z)dxz is convergent, for ¢ — 1~ we get Riemann integral as below

b

lim [ f(z) odgx —/f
q—1-

Moreover, we will need to use the following lemma in our main results:

Lemma 1. [12] We have the equality

b
« _ (b B a)a+1
a/(x - a) adqx - [a + 1]q

for a € R\ {—1}.

We have to give the following notations which will be used many times in the next sections (see, [9]):

m, =L -1
1 g1

8 Oct 2023 03:35:29 PDT
230331-NecmettinAlp Version 3 - Submitted to Rocky Mountain J. Math.



SOME IMPORTANT PROPERTIES OF ¢-INTEGRAL 3

3. COUNTEREXAMPLES

In this section, we will give some counterexamples that the properties (1.1),(1.2) and (1.3) are not
valid generally in quantum integral. In addition, some problems caused by these examples will be
expressed.

Example 1. Let f,g:[0,4] - R, f(2) =4—z and g (z) = 8 —2z. It’s clear f (z) < g (z) on [0,4],
then let’s calculate the following ¢-integrals:

4
/ —1z) odgx
1

Il
—
—
S
|
8
S~—"
o
L
=]
8
|
=
|
=
o
QU
&

0 0
2 ! x? !
= 4o — — | — |4x
@, ], 2,
_ 12¢-3
= T1q

and

4

4 1
/(8 —2z) odgx / —2z) odgz / —2z) odgx
1 0 0

2 2
lSa: ] le - a:]

2, ],
2

dq —
1+gq

4
Here, we have [(4—z) odgx
1

(8 —2z) odgx for g € (0,3).

4
(8 —2z) odqx for ¢ € [%,1) and we have [(4—=z) odgx

4
1

v

He—a
P

It means that, if f (z) < g (x) on [0, ], then the following inequality is not provided generally

b b

[1@ o < [9@) odya

c c

for all ¢ € [0,b]. Similarly, if f(z) < g(z) on [a,b], then the following inequality is not provided
generally
b

/b [ (@) adgr < / 9() adyr |

C

for all ¢ € [a, b].
Problem 1. Assume f, g are continuous functions and ¢ € (a,b). When the following inequality is
satisfied?
b

/b f(@) adgr < / 0(2) ady .

c

Example 2. In here we refer [2, Page 12 , (ii)], because the authors proved that the following
inequality is not provided always (means for all functions) for Jackson g-integral

b b

[1@) odez | < [17 @) odeo

c c
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unless ¢ = 0. Similarly, the following inequality is not provided always

b b
/ f(@) adgr | < / @) adgr |
unless ¢ = a.

Problem 2. Assume f is continuous function and ¢ € (a,b). When the following inequality is
satisfied?

b b

(3.1) [1@) adea | < [17@)] sty

(& (&

We will investigate these two problems in the following section. Let we discuss the following problem.

Problem 3. Assume f(z) <0 on [a,d], f(x) >0 on [d,b]. Does the following equality hold?

d

(3.2) /b F@] adar = [(-F @) ader + /b f (@)
a d

a

Now let’s show that (3.2) is not correct with the example below.
Example 3. Let f: R = R, f(z) =2 — x. In almost all papers on quantum integral inequalities,

3
the integral [ |2 — x| odgz is calculated by the equality (3.2) as follows:
0

2 3
(3.3) —2) odgz + [ (x—2) odgx
[
= (1-9) Z "2(2-2.¢") +3(3.¢" —2) —2(2.¢" — 2)]
= (1-9)) q"[4(2-24")+3(3.¢" - 2)]
n=0
= (-9 d"(2+q")
n=0
= (1= (2" +¢™)
n=0
2 1
= {1=9 (1—61 1—q2>
P
1+q

where ¢ € (0,1) . If we choose ¢ = % in (3.3), then we have

2 3
11
(3.4) / —z) odgx +/ (x —2) odgz =
0 2
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SOME IMPORTANT PROPERTIES OF ¢-INTEGRAL 5

3
On the other hand, let calculate the integral [[2 —z| odqz for ¢ = % by using the definition of
0

g-integral directly, as follows:

3

oo e - (DEQ B

0

1
2=/ 6 9
= 9294 = _
2 9
= 242 (3-Z2
Jr3 8)
_ 13
= I

It turns out clearly that (3.4) and (3.5) are not equal. Therefore, we say that

/blf(ff)I adq® #/d(f(x)) adq +/bf(=’v) adq .
a a d

Now let’s show how to compute the above integral for all ¢g. From definition of g-integral we calculate
as follows:

3

/\x—2| odgr =(1— )3 " (3[3.4" — 2
n=0

0
)

= (1-9)) _¢"(3[3.¢"—2)).

n=0
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There is a m € N* and ¢, = \/5 € (0,1) such that we get (3¢, —2) > 0 for Vn < m and we have

(3¢ — 2) < 0 for Vn > m. Hence, for "\1/; < ¢ < ™%/2, we obtain
3

/u—zw odr = 31— "B -
n=0

0
o0

= 3(1—gq) Z 34" —2)+3(1—q) Y ¢"(2-3¢")

n=m-+1
1— q2m+2 1— qm+1 oo
— 1— -9 1— n+m+41 9 _ n+m-+41
3( q)(3 2 4 +3( q);q (2-3¢ )
1 _ q2m+2 2qm+1 3q2m+2
= 99—+  _6(1—g¢gm! 3(1— -
1— 2m+2 9 2m+2
= 9% Gyegmttyegmtt - X
[Q]q [2](1
09— 18¢%™*2 — 6 4 12¢™+! — 6¢ + 12¢™ 2
2],
3 6g— 18¢2™F2 4+ 127 4 12g+2
2], '

Ifo<g< 2 then (3¢™ — 2) < 0 for Vn > 1. Therefore, we get

oo

/|:1772\ odgr = 3(1—q)> ¢"[3.¢" -
0 n=0
= 3(1—-9 (HZ(J” |3~q”—2|>

n=1

= 3(1-9q) (1—}—53(1" 2—-3.q4" )
= 3(1-¢) <2+an(2—3-Q”)>

n=0
2 3
= 1— o4 < 2
3 q)(+1—q 1—q2>
3+ 6q — 6¢>
1+q

As a result, we have

3—6q—18¢°™ 12 412¢m 1 12¢™ 2 m/2 m1/2
3 < q < g,m S N+7

/ ‘.T - 2| “(lq.x - 3 2 [ ]q ’
+69g—6 2
7[(12] q 5 q S (07 *3) .

On the other hand, §/2 < ¢ < ""*\l/g = 2 < g™ < (2)™7, then for the limit m — oo, we have

q — 17. Then,

IN

li 2 < 1 <l 2 nm1:> m—ajz

This yields classical result for Riemann integral as below:

3 5
/|x72|dx:f.
2

0

8 Oct 2023 03:35:29 PDT
230331-NecmettinAlp Version 3 - Submitted to Rocky Mountain J. Math.



SOME IMPORTANT PROPERTIES OF ¢-INTEGRAL 7

In Section 5, we show how to calculate the quantum integral of absolute value of a linear function.

Remark 1. In Examples 1-3, it is proven that in quantum integral the similar properties as (1.1)-
(1.3) of Riemann integral are not provided. This means that you need to be careful when using these
properties in quantum integral.

4. PROOFS OF PROBLEM 1 AND PROBLEM 2
In this section we prove two theorems to solve the Problem 1 and Problem 2.

Theorem 1. Let f,g : [a,b] — R are two functions and f,g are q-integrable functions on [a,b].
Assume that f < g on [a,b] then, according to the given conditions, the following inequalities hold:
1) If g (z) — f (x) is nondecreasing, then the following inequality holds
b b
[1@ e < [o@) adae
for all g € (0,1),
2) If £ (bzfg ®) > g (C}))*f ©) and g (z) — f () is nonincreasing, then the following inequality holds

— —a

/bf(x) adg S/bg(a:) adgT

for all ¢ € (0,1),
3) If ga’z:ﬁ(b) < g(cl)):g(c)7 then we have

g(x) odgx , for ¢ € (0,minen {g;}],

g (J?) adqx ) for qc [ma‘XiEN {ql} 5 1) 5

=

where ¢ € (a,b) and < ¢; : [ (9 () — f(x)) adgz =0, i€ N} .There is absolutely at least one g; for

c
every f and ¢; are specific to the given function.

b
Proof. Let us choose the function h(q) = [(g(z) — f () adqz for f < g and ¢ € [a,b] with ¢ €

(oo}

(0,1) . Firstly, since f, g are g-integrable (1 — ¢) > "{b—a)(g—f) @b+ (1—=q¢")a)—(c—a)(g—f)(g"c+(1—¢")a

is convergent for all g € (0,1). Therefore h (g) is continuous for Vg € (0,1).
Case 1: If g (z) — f (z) is nondecreasing, then we take ¢ — 1~ and we obtain Riemann integrals
as below from g-integrals

(4.1) lim h(q)

q—1— qg—1—

I
>
—~
—
-
|
=
)
®
~—
|
~
—
8
=
S
U
Q
8

since f < g. Moreover we have

lim A (q)

q—0Tt q—0t

= (b=a)[g(®) = F ()] = (c=a)[g(c) = f(c)] = 0.

Il
=
—
o
Jr
S~—
I
=]
n\a_
)
oumY
&
S~—
|
~
S
=
)
IS
=)
8
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8 NECMETTIN ALP!, MEHMET ZEKI SARIKAYA?, MEHMET KUNT?, AND HUSEYIN BUDAK*

Since g (z) — f (z) is nondecreasing,

b
(b—a)lg(b) = f(O)] = (c—a)lg(c) = f(o)] = /[g(fﬁ) -/ (z)] dz,

such that
h(0Y) >h(q) >h(17)>0.
For this for Vg € (0,1)

holds.
Case 2: If g (x) — f () is nonincreasing and (b — a) [g (b) — f (b)] — (¢ — a) [g (¢) — f (¢)] > 0, then,
for Vq € (0,1)we get

(4.2) qlir& h(g) = h(0")
= (b—a)lg0) = f () —(c—a)[g(c) = f(c)] 2 0.
Since g (x) — f (z) is nonincreasing, (4.1)-(4.2) yield
0<h(07) <h(q)<h(17),

such that
b b
/f(x) adqr < /g(x) alqT

holds.

Case 3: If (b—a)[g(b) — f(b)] — (c—a)[g(c) — f(c)] < 0, then we get h(0T) < 0. In (4.1)
without breaking the generality assume h (17) > 0. So, since h (07)h (1) < 0, by Bolzano Theorem
there is at least one ¢; € (0,1) value such that

h (Q1) = 0)

where ¢; € {q1, - qx} . Consequently, we have

b
b [lg (@)= f(x)] adgz <0, forqe (0,minen{g}],
h@ = [lo@) =1 @) ade {5,
c Jlg(@) = f(2)] adgz >0 for g € [maxsen {gi},1),
i.e.
b b
ff (x) adqx > fg (33) adqx , forge (OvminieN {Qi}}v
b b
J (@) adgz < [g(x) adgz  for g € [maxien{¢:},1),
and the proof is completed. O

Theorem 2. Assume f :[a,b] = R is a function and f is q-integrable functions on [a,b]. Then,

1) If ¢ = a, for all g € (0,1), then the followin inequality holds

b

< [17 @ ades

a

/f(x) adq

a
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SOME IMPORTANT PROPERTIES OF ¢-INTEGRAL 9

2) If ¢ > a, then there is at least one ¢; € (0,1) number such that the following inequalities hold:

~
—

]
S~—
B

IS
_Q

8
v

[f (@) adgz , for ¢ € (0, minjen {g;}],

f(@) adgr | < [|f (@) adgr  for q € [maxien{gi},1).

O — o O

where ¢ ¢; :

b
Jf(x) adga

for every f and ¢; are specific to the given function.

b
= [If ()| adgz , i€ N} . There is absolutely at least one ¢; number

Proof. Case 1: If ¢ = a, for g € (0,1), then we have

[ @) e

a

1-q)> ¢"{(b—a)flg"b+(1—q")a]}
n=0

1-q)(b—a)d> q"|f[g"b+ (1 —q")al|

n=0

IN

b
[15 @ ades

Case 2: If ¢ > a.
Then let’s first define following H (gq) funtion.

H(Q)Z/be(fﬂ)l adgm — /bf(w) adq®

b
H (g) is continuous for Vg € (0,1) since f is g-integrable, [|f(z)| odsz and

fbf(x) adq® ’ are

convergent for all ¢ € (0,1). If ¢ — 17, then we obtain Riemann integrals as below from g¢-integrals

b b
(4.3) lm H(g) = H()= lm ( J1@1 it ~| [ (@) adya )
b bC C
— [l @l |[ f@d
> 0. c

On the other hand, if ¢ — 0T, then we get
b

b
lim H(q) = H(0Y)= lim ( J17@I it = |[ () adya

q—0+ q—0+

|

lim ((1 —) Y _q"{(b—a)|flg"b+ (1—q")al| = (c—a) |f[¢"c+ (1 — q") al|}

q—0t

C

n=0

1=q)) ¢"{(b—a) flg"b+(1—q")a] - (c—a) flg"c+ (1 q”)a]}D

= (b—a)lf(b)_\—(c—a)lf(C)l—\(b—a)f(b)—(c—a)f(C)l'

From the triangle inequality the following inequality is clear

(4.4) (b=a)[f ) = (c=a)|f ()| =[(b=a) f(b) =(c=a) [f(c)] <O.
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So, we have H (07) < 0. That is when ¢ is very close to 0, the following inequality is valid

(4.5) /bf(w) adq® >/bf(x)| adg .

Without breaking the generality assume H (07) < 0 and H (17) > 0. So, since H (0T)H (17) <0
from Bolzano Theorem there is at least one ¢; € (0,1) value such that

H(g:)=0

where ¢; € {q1, - qx}. Consequently, we have

b b f‘
[@) e |5 [17@] adez =3
C C f

where ¢; are specific to the given function, varies from function to function. So the proof is completed.
O

|f (1’)‘ adql' ) for q € (07mini€N {qz}]7

|f (Jf)‘ adqx ) for qc [maXiEN {(h} 5 1)a

5. ¢-INTEGRAL OF ABSOLUTE VALUE OF LINEAR FUNCTIONS

In this Section, we present the quantum integral of absolute value of a linear function.

Theorem 3. Let f : [a,b] = R and f () = mz + n is a linear function. The g-integral of absolute
valued functions has been calculated as below:

DIf-2<a<bora<b< -2 forVqe(0,1), then the following equation holds:

b

(5.1) /|mx+n| adgr = ‘m(l[)2]a)+(ma+n) (b—a)l.

a

2) If a < —2 < b, then we have

m

b
/ |mz +n| odqx
a

1_2[512:+2m (b— a)2 + {1 ’”‘1} (ma+n)(b—a) ”flm‘; <q< "+ma) k € NT,
= (b ;(bazigl —q) (Imb+ n[+mb+n) Je ( | ntma )
i e (ma+n)|, m(a—b)

Proof. Assume that f : [a,b] = R and f () = mz + n is a linear function.
Case 1: If—%gagboragbg—m
For — > < a <, from definition of g-integral we calculate as follows:

/\mm+n| adgr = (1=q)(b—0a)d_¢'|m[q'b+ (1—¢")a] +n].

=0
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SOME IMPORTANT PROPERTIES OF ¢-INTEGRAL 11

<a<b, forallieN, weknowm [¢b+ (1 —¢')a] +n<0orm[¢g'b+ (1—¢')al +n>0.

Since — 1t <
If m [qib + (1 qi) a] +n > 0, then we get

b
(5.2) [me+al wde = (-0 b-0)Y [#m—a) + g (matn)
. i=0
_ B C m((b—a) (ma+n)
— -g oo | BT e
mb—a)’ o a
e ().

Similarly, if (m (¢'b+ (1 — ¢") a) +n) < 0, then we have

(5.3) /|mx+n| aldqt = _T

Same way, for a < b < —, we obtain (5.2) and (5.3). So, (5.1) holds.
Case 2: If a < — < b, then from definition of g-integral we calculate as follows:

b

/\mm+n| adgr = (1=q)(b—0a)d_¢'|m[q'b+ (1—¢")a] +n].

2 i=0
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There is a k € NT and ¢ = ,’“/% € (0,1) such that for Vn < k, m [q,ib + (1 — qz) a] +n >0 and

for Vn > m, m [qib+ (1 —q}.) a] +n <0, then, for {/ ga’fg) <qg< ’“ﬁV% we have

b
/\mx+n| odgr = (1—4q) (b—a)Zqi|m[qib+ (1—qi) a} —|—n|
o i=0

k

= (1—q)(b—a)Zqi{m [qib—l-(l—qi)a] +n}

i=0
~(1-q)b—a) Y ¢ {m[¢'b+ (1 —q")a] +n}
i=k+1
1 — g2k+2 1 — gkt
= (1-¢q¢)(b—a) {m(b—a)1_q2+(ma+n) -
. (1 _ q) (b _ (l) Zqi-l-k-i-l {m [qi+k+1b+ (1 _ qi+k+1) a} + TL}
i=0
= m(b—a)’ ! _[;]]QkH + (ma+n) (1 —¢") (b—a)
—(1—q)(b—a) Z [(b—a) mg* T2k 4 (ma + n) q“"“‘l]
i=0
— mb- )2 1 — g2k+2 + (ma+n) (1_qk+1) (b—a)
2],
—(1-¢)(b—a) [(b —a) mq%“l_ilq2 + (ma +n) qkﬂl%q
_ 2 1 — g2 _ k1 _
= m(b—a) L + (ma+n) (1—¢"*") (b—a)

—(b—a)? mq%“ﬁ — (ma+n)g"1 (b—a)

1-2 2k+2
e UM (b—a)® + (1- 2qk+1) (ma+mn)(b—a).

2],
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Also, if for k =1, q<m"+m“ Vi € N, then we get |m( zb+(1,q) )+n|§0thenwehave

[matnl v = 1= b-a) > d'm b+ (1-¢)a) +n]
i=0

= (1—gq) (b—a){mb+n|+2qi|m[qib+(l—qi)a] +n|}

=1

=1

_ a—g0- >(|mb+n| S {m b+ (1) ]+n})

= (1-¢)(b—a) <|mb+n|+{mb+n}—2qi{m [qib+(1—qi)a] —|—n}>
i=0
= (lfq)(bfa)(|mb+n\+mb+n)

—1-¢q)(b—a) Zq {m qb+(1— ) a] +n}

=0
= (1—-q)(b—a)(mb+n|+mb+n)
f(lfq)(bfa)z[qzim(bfa)+(ma+n)qi]
i=0

= (1-¢)(b—a)(mb+n|+mb+n)

m((b—a) (ma+n)
—(1—=q)(b—
(=) 0o | (et
m(b—a)’
= (1—q)(b—a)(|mb+n\+mb+n)—Tq—(ma+n)(b—a).
So,
b
/|mx+n| adqT
— 2k+2 2 n-—+1m n-—+"m
[ EE w00t (1204 (ma k) (b a), ity <0 < R/ b e N
L(b— n+ma
(b—a) {(1 —q) (lmb+n|+mb+n) — m%mqa) - (ma+n)}, (0, Y e b))
So the proof is completed. O

k.
Corollary 1. In Theorem 3, 1/7::(;"“;) <g< R gami) = Tzamg) <" < (%) o , then for
k—o0o=q— 17, then

k
n+ma \ T & n+ma
— =q¢" 5 —
m (a —b)

this yields classical result for Riemann integral as below:

b

/|mx+n|dx:

a

m? (b 4+ a?) + 2nm (a + b) + 2n?
2m '
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Example 2. Let applying Theorem 3 to f(xz) = |22 — 3| on [0,4], then we have the following

g-integral:
3
(5.4) /|2x —3| odgx
0
s o 12, (L <g< /L keny,
- —9-99—184¢> 1
[g] 1 ) qc (Oa 5) .

q

For example, in (5.4) if we choose ¢ = 0, 75, then we must take k = 2 since

1 1
\/; =0.7071067811 < ¢=10,75 < i/; = 0.7937005259.

This yields

3
/|2x — 3| odorsyT = 5,5157645095.
0

6. CONCLUSION

The conditions in this study can be added to the previous studies that contain these inequalities
and the mistakes made can be eliminated. In addition, if there are results including these inequalities
in future studies, this study should definitely be taken into consideration.
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