Properties of the weak solution of the fractional Laplacian

system with different order *

Xinjing Wang"

(School of Mathematics and Statistics, Huanghuai University, Zhumadian, Henan, 463000, China)

Abstract: We prove a classical properties of the nonnegative weak solution of the fractional systems
with the different order for fractional Laplacian operators. Use the moving plane combined with some
integral inequality, we obtain the Liouville type theorems for the nonlinear fractional Laplacian system
with the nonlinear right hand terms.

Keywords: Fractional Laplacian system, method of moving planes, Liouville type theorem.

Mathematics Subject Classification: 35A01, 35J57, 35D99

1 Introduction

We study the properties of weak solutions of the following fractional Laplacian system

(=A% = f(u,v), inR",
(1.1)
(-APv = g(u,v), inR",

where 0 < a,8 < 1, n > max{2a,?2B}, f,g are some nonlinear continuous functions. The fractional

Laplacian operator (—A)“ defined as

u(x) -~ u(y)

|n+2(t ’

(=A)"u = C, o P.V. f

R [X—y
where C,, is positive constant, P.V. stands for the Cauchy principal value. The fractional Laplacian
operator (—A)? has the same form of (—A)?, so we omit the definition of it, and in the following use the
(—A)® as the represents in the background knowledge(Section 1 and Section 2). By the difference quo-

tients of the fractional Laplacian, one see that the fractional Laplacian is a nonlocal pseudo-differential
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operator. The nonlocality makes it difficult to study, to handle the nonlocality, Caffarelli and Silvestre
[4] introduced the extension method which can reduce the nonlocal problem of (—A)® to a local one in

higher dimensions. For a function u : R* — R, consider its extension function U : R" X [0, c0) — R that

satisfies
divy'2*VU(x,y)) = 0, (x,y) € R" X [0, o),
U(x,0) = u(x), x € R"Y,
then
U
(=A)%u = —Cp o lim y' 20—
y—0* 8y

In this paper, base on the extension result in [4], we investigate the extension boundary system of
(1.1). Combining with some integral inequality to the method moving planes, we obtain the Liouville
type results of system (1.1). For the special case, consider the single equation which forms as the equation

of (1.1). The Liouville type theorems in R” for Lane-Emden equation

—Au = f(u) (1.2)

have been studied by many famous authors. Caffarelli, Gidas and Spruck [3] studied the asymptotic
symmetry and local behavior of the above semilinear elliptic equations, when the right item power is
critical Sobelov growth. In [13], Gidas and Spruk proved that there was no positive classical solution of
(1.2), which the spacial case that f(u) = u” (0 < p < %). And then Chen and Li [6] given a simple
proof of the same result as [13] about the problem (1.2), the tool be used was the method of moving
planes.
For the equation (1.2) with Neumann boundary
—Au(x,y) =0, (x,y)e€R"!,

0
L= fw),  xeRrn
v

where A is the Laplacian operator in R™! and v is the unit outward normal. In [16], Hu established
nonexistence for positive solutions of the case that f(u) = u” (1 < p < Z). Ou [19] extended the
conclusion of [16] to the range is —co < p < -%, which used the method of moving planes. Wan and

Xiang [24] studied the following nonlinear Neumann problem

div(y*Vu(x,y)) = 0, xeR", y>0,
lim Yy (x,y) = —f(u(x,0)), xeR",
y—0*

2
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wherea € (-1,1),n > 1,V = (0x1,- -, 0x,, 0y), f is nonnegative function. They proved a Liouville type
theorem for nonnegative solutions of the above Neumann problem, and mentioned that this Neumann

problem in R” is relate to the fractional equation
(=8)%u = f(u),

which is the extension result of [4], where o = 1%“ By using the extension method in [4], there are many
fruitful results were obtained, can see [2, 5, 7, 25] and the references therein.
For the semilinear elliptic system

—Au=v", inR"
(1.3)
-Av=u?, inR"™

If p >0, g >0, De Figueiredo and Felmer [10] conjectured that the hyperbola
1 1 2

_ Y —— =1-=

p+1 qg+1 n
is the dividing curve between existence and nonexistence of the solution to the semilinear elliptic system
(1.3). Serrin and Zou [20, 21] given some positive answer when the solutions are radially of system
(1.3). The authors in [10] also proved that this system has no positive solutions, when 0 < p,q < %
and (p,q) # (%, %). Guo and Liu [14] given the Liouville type results for positive solutions of the

following nonlinear elliptic system

—-Au = f(u,v), inR",

—Av = g(u,v), inR",
when n > 3. In [14] the method of moving planes combined with integral inequalities was fully utilized.
Recently, Wang [25] studied the properties for solutions of the fractional Laplacian system

(-A)*u = f(u,v), inR",

(-A)*v = g(u,v), inR",
where the (—A)? defined as above. The method of moving planes combined with integral inequalities also
be used to prove the Liouville type theorems. For the case that different order of fractional Laplacain,
Araujo, Faria, Leite and Miyagaki [1] established there is no positive solution for the following system

(AN u=u?v? inQ,
(-APv=u"v"? inQ,

u=v=>0, inR"\ Q,
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here Q is a smooth bounded open subset in R"?, where 0 < o, < 1,n > 2,and r,q > 0, p,6 > 0. Li and

Ma [18] derived symmetry of the solutions to the fractional system
(8" = f(v), inR",
(-APv=g@). inR",

u,v>0, inR”",
where f and g satisfy some continuity.

The extension method from [4] is a key tool in this paper, this method was commonly used in recent
literature since it allows nonlocal problems to be written in a local way, which permits of variational
techniques and tools for the problems involving of fractional operator, that were used in second elliptic

problems. In this paper, we build the properties of solutions for system (1.1) which base on the extension

method of [4]. So we consider the following elliptic system

div(y' "2V U(x,y)) = 0, in H,

lim y1_2(1 oU(x,y) _

-f(U(x,0),V(x,0)), ondH\ {0},
y—0* Ay

(1.4)
divy'™PVV(x,y)) = 0, in H,

ov
lim y”ﬁ% = ~g(U(x,0), V(x,0)), on JH\ {0},
y—07

where H = {(x,y) : x € R",y > 0}, denote

Uy y1-2 90U

o y—0+ (9))
and

6_U = lim yl—QBaU(x’y)'

avﬁ y—0* (9y

We will get the Liouville type properties for the solutions of the fractional system (1.1) which following

the results of (1.4).

®RH N CRY x HP R N CR™ be a nonnegative

loc

Theorem 1.1. For 0 < a, B < 1, let (u,v) € H*

loc

solution of problem
(-A)%u = f(v), inR",
(1.5)
(-APv = g(u), inR"

Suppose that f and g : [0, +00) — R* are continuous functions satisfying:

(i) f(¢t), g(t) are nondecreasing in (0, +c0),
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(ii) h(t) = SO k() = ,,Ez)ﬂ are nonincreasing in (0, +c0).

n+2a
- n=2p tn—2a

Then either (u,v) = (c1, c2) for some constants ci and cp with f(cy) = g(c1) = 0 or there exist positive

constants A and B such that h(t) = A, k(t) = B and (u,v) is radially symmetric about some point.

Theorem 1.2. For 0 < a, B <1, let (u,v) € H;, (R") N C(R") X H,  (R") N C(R") be a positive solution

loc

of problem (1.1). Suppose that f and g : [0, +00) — R* are continuous functions satisfying:

(i) f(t1, 1) is nondecreasing in t, and f > 0 for t1,t, > 0,

(ii) there exist p1 > 0, g1 > 0, (n —2a)p1 + (n —2B)q = n + 2a, such that L) o ponincreasing in
p q )4 q P g

(t1, 1),

(iii) g(t1, 1) is nondecreasing in t| and g > 0 for t1,t; > 0,

(iv) there exist p > 0, g2 > 0, (n — 2a)p2 + (n — 2B)q2 = n + 2B, such that tg(pt;tt%,)z is nonincreasing
in (t1,12).

Then either (u,v) = (c1,cp) for some constants c¢i and cp with f(cy,c2) = g(c1,c2) = 0 or there
exist positive constants A and B such that f(t,n) = At P01, gt ) = Bt,”21,% and (u,v) is radially

symmetric about some point.

Theorem 1.3. For 0 < a, B <1, let (u,v) € H;, (R") N C(R") X HiC(R”) N C(R") be a positive solution

of problem (1.1). Suppose that f and g : [0, +00) — R* are C° functions satisfying:

(i) fonyn) g(ytl V)
T nf2a +28
yn= n-2a = 28

are nonincreasing in vy, and either

(ii) f(t1, 1) is increasing and locally Lipschitz continuous in tp, that is

0 < f(t1,0) — f(t1,1") < L(m)(t2 — 12")

provided thatm > t, > t,’ > 0, m > t; > 0, and g(t, tp) is increasing and locally Lipschitz continuous in
11 in the sense that

0<g(ti, 1) — gt 1) < L'(m)(t; — t1”),

or

(ii)" f(t1, tp) is increasing in t, and nondecreasing in t1; g(t1, 1) is increasing in t| and nondecreasing
int.

Then either (u,v) = (c1,c2) for some constants ¢y and ¢y with f(ci,cy) = glci,cp) = 0 or there
exist positive constants A and B such that f(t1,n) = At P, gt ) = Bt,”2t,% and (u,v) is radially

symmetric about some point.
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In this paper, the key tool is some integral inequalities. The idea comes from Terracini in [22, 23],
and also can refer to [14, 24, 26] etc.. The main difficulty stems is the nonlinearities are coupled, based
on the Kelvin’s transform together with the method of moving plane, we use some integral inequality
which make sure the start of the method of moving plane. Moreover, since we only assumed that f and
g are continuous, therefore, the classical maximum principle can not work on the method of moving
plane directly, so we use the method of moving planes combined with integral inequality. The results
in this paper partially contain the conclusions in [1] and [17]. We extend from elliptic system in [14]
to fractional Laplacian system, and generalize the order of the fractional operators in [25] from same
to different. Be different from using the direct method of moving planes as [18], which the regularity
of solution for the system was weakened. By the method of moving planes combined with integral
inequality, we can handle the general right terms f and g of the nonlinear fractional Laplacian system.
Be different from the process in [25], the more detailed and careful calculations should be given to the
fractional Laplacian system with different order, and a similar Liouville type result (Theorem 1.3) is
obtained for some more general conditions of f and g.

The paper is organized as follows. In Section 2, we collect some basic knowledge, and give the proof
of some integral inequalities. Theorem 1.1 is proved in Section 3 which using the method of moving
planes. Section 4 is devoted to obtain the Liouville type results (Theorem 1.2 and Theorem 1.3) with

some assumptions of nonlinear terms f and g.

2 Preliminaries

In this section, we use some commonly notations to introduce the preliminaries. The index s can be
chosen as @ or 8 which without cause confusion. Di Nezza, Palatucci and Valdinoci [9] given the some
relations of the fractional Sobolev spaces, which define W*? as follows

[u(x) — u(y)|
-yl

WSP(Q) = {u € LP(Q) : € LP(Q x Q)).

This fractional Sobolev spaces is a Banach space between the classical Sobolev spaces LP(€2) and

Wbr(Q), which use the norm

iy o= [ o+ [ [ '”(x)_lfﬁﬁ'pd ),
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here

p 1
ulwsr) = ( f f ulx) = lZg;' dxdy)r

is the so called Gagliardo smeinorm.
The fractional Sobolev space W*? is a Hilbert space, where p = 2, and its denoted as H*. This space

can also be defined by the Fourier transform
H'R") = {u € L*(R") : f (1 +|EP)F u(€)Pdé < oo},
Rn

where F u is the Fourier transform of u.

In [9], authors also proved that
_ _ s 2
[y = 2C(n, 5)™ f P u@)Pdg = 2Cn, 57 (=) ull o).
R’l

In this paper, we don’t care the concrete value of constant C(n, s), so we use the notation as [24], that

H*(R") is the completion of Cy (R") under the quadratic form
s 2
el ey = f EPIF u@FPdE = I(=2) ull 2z
Rn

In fact, the two definitions of fractional Sobolev spaces in [9] are equivalent. And the extension principle

of [4] also works out in H*(R"). In [24], authors studied the variational problem

S = inf{[ﬂy"quﬁ(x,y)lzdxdy tp e C?(ﬁ), ﬁH |p(x, O)In}ﬁdx =1}. 2.1
The constant S of problem (2.1) is well defined, due to the trace inequality

[ o oidr < G [ vt Pasdy, Vo< G, e2)

where C,,, is a positive constant depending only on » and a, here s = 1%“ This result can also be seen in

Frank et al. [11, 12], which introduced the sharp trace inequality

s 2 a
=AY Tull < C f YIVuCx, y)Pdxdy, 23)
H

where T is a trace operator, such that Tu(x) = u(x, 0).

Now we list the comparison principle in [24].

Lemma 2.1. Let Q C H be an open set with a part of flat boundary I’ C 0H. Letu > 0, u # 0, be

classical solution to equation
div(y*Vu(x,y)) =0, inQ,

lil‘(I)l Yiuy(x,y) <0, xeT,
y—0*
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Then

u>0 onQUT.

Indeed, this conclusion also works on the system (1.4) on €, which is a strong maximum principle

for the system (1.4) on H.

Let (U, V) be nonnegative, we give their Kelvin transform in H which centered at zero as

1 X 1 X

X) = Ul—), z(X) = —=V(—
M= e Y T g

) X = (x,y) € H\ {0}. (2.4
Obviously, w and z are continuous and nonnegative in H \ {0}. It is easy to check that

Lemma 2.2. Let (U, V) € Wllo’f(H) NC(H) x Wllo’c2 (H) N C(H) be a nonnegative (weak) solution of system:

div(y'"?*VU(x,y)) = 0, in H,
tim 202200 _ oy o)), o (o),
y—0* 6)1
div(y' VvV (x,y)) = 0, in H,

AV (x,
lim 220 x0)), on 9\ (0},
y—0* oy

Then (w, z) satisfies (weakly) the following system:

div(y' 2" Vw(x, y)) = 0, in H,
0 1
tim 2 2O L pn20), on o (0),
y—0* ay |x|n+ 101
(2.5)
div(y'=PVz(x,y)) = 0, in H,
. _,302(x,y) 1 _
1-28 _ n—2a
}}ggy oy |x|”+2'8g(|X| w(x)), ondH\ {0}.
Moreover, w and z have decay at infinity as
Aim X wX) = UQ), fim [XI"#2(X) = V(). 2.6)

and hence w € L#(Zﬂ), ZE€ Lﬁ(Zﬂ)for anyn+1<g<oo.
LetAeRand X = (x1, x2,- - , X, y) € H. Without loss of generality, we may assume that
T={XeH:x =21},

and

Zr={XeH: x> A4},
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and denote

Da =(2/l’0’ ’0’0) E@H, X/l :(2/1—)('1,)('2,"' ,xn,)’)-

Define the reflected functions

wa(X) = w(Xp), za(X) = z(X2).

Let

Wa(X) = w(X) = w(Xa), Zy(X) = 2(X) — 2(Xp).

The key integral inequalities will be shown in following which will be employed in the method of

moving planes.

Lemma 2.3. For any fixed 1 > 0, w € Lﬁ*’ia(zﬁ), ZE€E L"%ﬁ (Z ), such that

f y' 2w ax < e B ()T f y#vzi[ ax, @7
%) AHNIAY z)
i (')Hﬂ(?Ai 22

where A} = {X € £y : Zy(X) > 0}, A3 = {X € Z; : Wa(X) > 0}, W; = max{W,, 0}, Z} = max{Z,, 0},

and C, > 0 is a constant which is bounded when A is away from zero.

Proof. Here we only show the inequality (2.7), the proof of (2.8) is similar. For any fixed 4 > 0, then w
and W7 < w belong to space Ln%(Zﬂ).

For & > 0 small, we introduce a cut-off function 7. € C°(H), where 0 < n. <1,
ns(X) =1, for 2e <|X —pyl <&,

ne =0, for X —pyl<e or |X—py| =2,

and |Vn,| < Ce™! fore < |X — p,| < 2¢, |Vne| < Cefore! < |X — py| <2&7!, here C > 0 is independent

of €. For h(t) = IO i x e X,, we rewrite (2.5) as

n+2a ’

th=2p
div(y' ?*Vw(x, y)) = 0, in H,
N (2.9)
tim 22 ) 001 (o, ondE\ (0),
y—0* ay
and
div(y' 2w, (x,y)) = 0, in H,
(2.10)
6 : ntZ(l
i 120 AR — i)z (0, on 9B\ (pal
y—0*
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Multiply (2.9) and (2.10) by ¢, = Wj{ng, we get that

_ 2
f yl 2a |VW;{ | dX
ZiN{2e<|X—pal<e™!)

— 2
< [y vovinafax
)

- f YITVWE - VpedX + f y1-20|W;|2|Vng|2dX
2z )

=1+ 1.
Firstly we estimate I,. Write R, = {X € H: r < |X — py| < 2r} for r > 0, then

I,

IA

_ _ 2 _ 2
Ce zf y! 2“|W;| dX+C82f y! 2"|W/ﬂ dX
ZANR, Z/lnRg—l

IA

Ce? f Y2 (W — wy)H)2dX + Ce? f Y2 (W —w)h)2dX
ZINR. Z/{ngfl

< Cs_zf yI2020X + Cszf y! 2024,
R, R

&

where C > (0 independent of €. For € > 0 sufficiently small, we derive from (2.6) that

8—2f y1—2a/w2dX < C/lg_zf yl—Z(YdX — O(Sn—Zaf)’
Re {XeH : [X—pal<2¢}

and

82f yl—Z(IWZdX < C/]Szf y1—2(1|X|2(2(l—n)dX
R__| {XeH : 8_]S|X—p/1|328_|}

< C/182+2(n—2a/) f yl—Zade
{X€eH : |X—pal<2e71}

= 0",
for some constants C, > 0. Therefore, as € — 0, we claim

I, = O(g"*) - 0.

@2.11)

(2.12)

And then we estimate /. Since |x| > |x,|, and A is nonincreasing, if z(x) > z(x;) = 0, then

—h(xa" 2 23(x)) = —h(x"22(x)).

10
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By (2.9) and (2.10), we deduce

I= f yITOVWS - VeedX
2

f YT G VW - vdx
O(Z Nsuppre)
n+2a

(R 2(x))2 7% (x) = Ml P (0)z) ™ () pedx

{x€R” : x1>4, e<|X—p,al<2e~!)

n+2a

IO 2(x)) (273 (x) — 2% (x))pedc

(x€R” : x1>1, e<|X—p,a|<2e7!)

IA

IA

’ %—1 + +
C’ 278 (0)(z—z)"(w—wy)dx
AHNOA!

, TN s o 2B T (a2
< C)( zr2dx)( ((z=z)")#dx) 2 ( ((w = wa)")2edx) 2
OHNAAY AHNIZ, AHNIZ,

where C’, := % sup, >, h(|xI"%#z(x)). By the results of (2.6), if |x| — oo, then |xI"#z(x) — v(0). So

204203
C:l n—=243

h(v(0)) > 0 as 4 — oo, which implies that C’, is bounded for 4 being away from zero. The

trace inequality (2.2) shows that

s (0= w)" ) d) 7 < f Y2 = ) VX
OHNIZ, P}
and
a2
s (2 - 20) P dn)" < f WV 2)"PdX,
OHNOZ, P}

where S is the constant defined in (2.1). Hence,

1<Cx 7 Bd) T ([ Y TBEOWHRX)( [y vz ax)?, (2.13)
GHNOA ) )

where C, is a positive constant which is bounded when A is away from zero. By using dominated

convergence, letting € — 0 in (2.11), combine (2.12) and (2.13), we know that (2.7) holds. m|

3 Proof of Theorem 1.1

Step 1 Moving planes from the infinity.
Lemma 3.1. There exist Ay > 0 such that for all 1 > g, Wi(X) < 0 and Z(X) <0 forany X € Z,.

Proof. If A > 0 is large enough, since w € Ln%a(zﬁ), zZ € L"%ﬂ (Z,), we have

2n 2a+28
Ca( zBdx)"n <1, forall 1> Ay,
OHNOAY

11
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and

n 2a+28
Ci( wiidx) n <1, forall 1> Ap.
AHNOA?

By Lemma 2.3, we deduce that

f V2w ax = 0
2

and
[ s
Za
for all A > Ag. For A > 0 large enough, we obtain that W,(X) < 0 and Z;(X) < 0, forany X € £, |

Step 2 Step 1 provides a starting point, and then we can go on moving the planes to its limits position.
Define

A=inf{A>0|W,(X) <0, Z,(X) <0, VX € X, u> A}. (3.1
Lemma 3.2. If A > 0 then Wx(X) = 0 and ZA(X) = 0 for any X € Zp.

Proof. By the continuity of W and Z, we have Wx(X) < 0 and Zx(X) < 0 for any X € Z4.

Suppose on the contrary, if W (X) # 0 in £, then for any point (x, 0) € 9H N 9X,, we have

FUx""7(x))

|x|n+2(l

A INC)
- |x|n+2(l

o Sl )
- |XA |n+2(1

h(x"B2(x))z7 5 (x) =

n+2a

= (Al % za ()2 " (1),

Applying Lemma 2.1 to Wx(X), we claim that W (X) < 0. The strong maximum principle implies that
Wa(X) < 01in X5. The strict inequality shows that the characteristic function X, a2 = 0 a.e. in R" as

A — A. The dominated convergence theorem indicates

. o 2a+28
lim Cy( wr2adx) =0,
A=A JHNAA2
and hence for any 4 € (A —9,A)
2n 2a+28 o 2a+28
Ca( zmBdx) n Cy( wir2adx) T <1,
HNGA} OHNAA?

where ¢ is a sufficiently small positive constant. Recalling the previous argument, which implies that

Wa(X) <0 and Z(X) < 0 for any X € X,, which against the definition of A in (3.1). |
12
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If A =0, for any (x1,x2,- -+, X,,y) € o, We get

W('xlax29"' ,xm)’) S W(_x17x27”' ’xn’y)

and

Z(xl,xb“‘ ,xn,Y) < Z(_XI,XZ,"' ’x}’l,y)'

We also can moving the planes from the left to right, and obtain that

W(X1, X2, 5 Xn, ¥) 2 W(=X1, X2, , Xn, )
and

2(X1, X2, 00+, Xy ¥) 2 2(=X1, X2, 0, X, V).
Hence, we have

W(X1, X2, + 5 Xy ¥) = W(—=X1, X2, "+, Xy Y)
and

Z(X1, X2, 00+ X, ) = 2(= X1, X2, X, V).

Therefore, we know that w(x,y) = w(|x|,y) and z(x,y) = z(|x], ).

Since any point can be chosen as the center point of Kelvin transform, then w and z must be indepen-
dent of x. That is, U and V are only dependent of y. For u and v, we have that (u,v) = (¢, ¢;) for some
constants ¢ and ¢p with f(c2) = g(c1) = 0.

If A > 0, we see that w = wp and z = zo. Those imply that w and z are regular at the origin, that is,

U and V are regular at infinity. Since w = wp and z = za, from (2.9) and (2.10) we have
(A" 2(x)) = h(lxal"™*za(x).

Noting that for any x, the inequality |x| > |xa| holds, and % is nonincreasing, it follows that the function
h must be constant, i.e., there exist a positive constant A such that 4(r) = A. And we also know that there
exist a positive constant B such that g(f) = b. In this case, the above Lemmas show that w and z are
symmetric about some point for the variable x, so does to U and V. Therefore, we obtain that (&, v) is

radially symmetric about some point.
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4 Proof of Theorem 1.2 and 1.3

We use the notations as in Section 2. Let (U, V) € wkh 2(H) N C(H) x wh 2(I[-]I) N C(H) be a positive

loc loc

(weak) solution of system (1.4), then (w, z) satisfies (weakly) the following system:

div(y' ~2*Vw(x, y)) = 0, in H,
. 1-2a ow(x,y) n—2a n—2
yhr(r)1+ y By = —| |nﬂaf(bcl w(x), [x[""*z(x)), ondH \ {0},
- X
“4.1)
div(y'™PVz(x,y)) = 0, in H,
. 1-28 az(x, y) n—2a n—-28
yhr(r)1+ Yy dy = _| |,1Jr2,6,g(|x| w(x), X" " z(x)), on 6H \ {0},
- X
and then
div(y' " Vw,(x,)) = 0, in H,
. 1-2a owa(x,y) _ n—2a n-28
yhlg)g y By FUxal™ " wa(x), [xal™Fza(x)),  on IH\ {pal,
- X
! 4.2)
div(y' ™ PVz,(x,y)) = 0, in H,
. 1-28 az/l(x’ y) _ n—2a n—-28
yhr&y ay ] |n+2ﬁ8(|x1| wa(x), [xal™ Fza(x)),  on JH\ {pa}.
— x/l

Lemma 4.1. For any fixed 1 > 0, w € Lﬁ(iﬁ), 7€ L"%ﬁ(Zﬁ), such that

f I- 2a|VW+| % <C”(f ! dx)zaf y1_2“|VWj|2dX
N OHNAA2 X N

+ Cal de)(f 20|y Pax): (f 128y ziPdx)?, (4.3)
AHNIANoAL X

f 128y ztfax <cﬁ(f 2ndx) f 128y ztfax
2 OHNOAY X

+ C( ﬁdx) " (f 1= 2ﬁjvz+| dx): (f 1= 20|vw;| dxX)z, (4.4)
OHNAALNOAL X

where A} = (X € 2 1 Zy(X) 2 0}, A = {X € £; : Wa(X) > 0}, W = max{W,,0}, ZI = max{Z,,0},

C, > 0 is a constant which is bounded when A is away from zero.

Proof. We also just prove (4.3), the proof of (4.4) is omit. For any fixed constant 4 > 0, thus w and
W;’ < w belong to Ln%(z 1)- For & > 0 small, choose a suitable cut-off function . € C’(H) such that
0<n:.<1,

ne(X) =1, for 2e <|X —pyl <&,
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ne =0, for |X —pyl<e or |X—pl>2e",

and |Vn,| < Ce™! for & < |X — pa| < 2¢, |Vs| < Cefore7! < |X — p,| < 2¢7!, here C > 0 independent
of €. The test function ¢, = ang be used in (4.1) and (4.2). Hence one can assume w > w,. So that
[XI"F2% > |xa "2 ¥w, for any A > 0.

If z < z,, by assumptions of f in Theorem 1.2, we obtain that

FUxal™ 20w (), el Pz0(x)) = fxa" 2w (x), |xa" Pz (x )Wﬂ((x)))
n+2a
> faf =20, I A D

|x|n+2a W( )

and then
— ow _ % n—-2a n-28 w(x) e
(ava (91/" ) S | |n+2(1/ f(|x| W(x) |x| Z( ))(1 (—W(x) ) )
n—2a n-28 n+2a _W/l(x)
= I)CI"JrZC'f(| Sl z(x)) 2a/(1 w(x))

n—2a n=2p
_n+ 2a f(Ix" " w(x), X[ z(x) 1 (w(x) —wy(x))

n-2a 20w () e
C
< — —wa(x), 4.5)
I
for some constant C,.
If z > z,, we know that
n—2a n-28
FOR2 00, a2 2000) > £ 2000, a2yl Bl 2
"2 w(x) "2 z(x)
), ez P ) 20,
2w 2()
and then
0 0
G~ ) <0 |n+2(,f<IXI” P, af Pt - Ay Ay
< 0, P (1 - (A G0
|x] w(x) 2(x)
n_2a n-28 n+2a walx) . n+2B8 - za(x)
< |"+2“f(' 2w PG5 (- T+ 50 = 20
_n+2a f(x" 2w, [ Pa(x) 1
=— =T e OV = W)
n+ 28 f(" 2 w(x), [x"#z(x))
S R N e S N
C
w =)+ g () — ) (4.6)
15
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Hence, combine (4.5) and (4.6), for w > w,, we have

_(6_w _ aﬂ) < Cj
v v X

C
(W(x) = wa(x)* + |x|2aizﬁ (2(x) — 2a(x)".

Here we also have (2.11), and the estimate of I, can refer to Lemma 2.3. Next, we give the estimate
of I.

I= f YIEVWS - VpedX
)

=f YH G YW - vdx
A(ZaNsuppne)

C
( 2

|x|4a

Ca

< (w(x) = wa(x))" + o (2(x) = za(x) " )gpedx

f{;eR” 1 x>, e<|X—p,|<2e71}

1 1
<C, f (— (W) + —— W Z)dx
arnoa? |t T yper2s AT

1 2a + _2n_ n—-2a
5-dx) 7 ( (W) 2adx) =
JHNOA? |x] JHNIZ,

n=2

1 asp 20 pe 20 53
5, dx) 7 ( (W) dx) 2 ( Z)")=#dx) >
JHNIA2NIA! |x] JHNIT, GHNIZ,

<Cx(

+ C,](

Therefore, by the trace inequality (2.2), we finish the proof. O
Lemma 4.2. There exist Ay > 0 such that for all 1 > Ao, Wi(X) < 0 and Z(X) <0 forany X € Z,.

Proof. Since - € L'(Z,), as 1 — +o then

|X|2n
1 1
f m = f = 0
aEnaA2noAl X7 Jx, X1

It follows that there exists Ag > 0, for all 2 > Ay such that

1 .
Ci( f —dx)v <1,
OHNAA2 | x|

and

1 ap
Ca( S—dx) " < 1.
OHNAA NaA2 | x]™"

By Lemma 4.2, we deduce

f V2 lvwifax =0

2
and
f V#VzZiPax = 0
)
for all 4 > Ag. Thus for 4 > dp and any X € X, W (X) < 0 and Z,(X) < 0 hold. |

As the definition of A in Section 3, we get the following lemma.
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Lemma 4.3. If A > 0 then Wa(X) = 0 and Za(X) = 0 for any X € .

Proof. By the continuity, we claim that if w = w, at some point Xy € Z,, then it holds in a neighborhood
of Xy, and hence w = wy In Z4.

In fact, by continuity of W and Z, we see Wa(X) < 0 and ZA(X) < 0 for X € Z,. Since w(Xp) =
wa(Xo), we have [X|"2%w(Xo) > [Xal">*wa(Xo) for X € B.(Xo) a neighborhood of Xy. Using the same

arguments as Lemma 4.1 and the fact that if #; > 7], &2 > t},, we know

) fop o
@) 2 f )P

and
’ t; P2 té q2
g(tlatg) > g(t), (=) (=)
n 15
And then
n—2a n—-28
FUxAP2 00 (0, leal$2(0) > F 2w, nf Py EAL_ WA, bl 2,
|x" 2 w(x) "= 2(x)
X n+22a walx
=f(|x|n—2a/w(x)’ |x|n—2ﬂz(x))| A| - ( A( ))Pl
|x|n+ 04 W(X)
therefore,
ow  Ow 1 2 e
(G - Wﬁ) P |mf(lxr’ 2w, A" 2f”z(x))—| |,Hz(,fﬂxAr’ WA (), lxal" P za(x)

1
< |Mam "2 w(x), "% (x>>—| |n+20f(|xA|"—2"wA<x), lxal™%z(x))
XA

(x)
< |Maf(l "2 0w(0), 1" 2001 = ( A( "
< —Cw(x) —wa(x)), in By(Xo),
for some constant C > 0 which depending on X and r. Hence,
div(y' 2 VWa(x,y)) = 0
lim y1 20 WA o
y—0* 6))
Wa <0,Wa(Xp) =0 in B.(Xp).

The strong maximum principle shows that W (X) = 0 in B,(Xp).

Now we claim that W (X) = 0 implies ZA(X) = 0. In fact, by the equations (4.1) and (4.2), we see
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that

FUX"20w(x), | 2(x) =

n—2a n—=243
e e bl bl (o)

1

n—2a n—-243
2|xA|(n—2ﬂ)q1|x|(n—2fl)p1f(|x| w(x), [XAl"" 7 za (X))

e /(2w 00, el 2n ().

Since f(t1, 1) is nondecreasing in f,, by the above inequality, we deduce that
" 2(x) > Peal™#zp (). (4.7)
By the assumption of f (¢, 1),

T £ w0, Ix" P z(x)) = oD

FUXA 2 w(x), [xal™ P za(x))

B [x |"+2a/ f(lxln—2(lw(x)’ |-xA|n_2'BZ(x))
A

1
> FU" 2 w(x), | 7(x)),

- |x|n+2<1
i.e.,
—Z n— 1 n—L«u n—
| |”+2(,f(|x|n 2 (), || 2ﬂz<x>>=| |"+2(,f(|xA| 2w(x), Ixa " za(x))
X XA
1 —2Q n—
= FUX"20w(x), [eal™#z(x)), (4.8)
|XA|n+Za
hence
SO 20w @), "™ #2()  fal 2 w@), xal™ ¥ () “49)
(2w ()P (" z(0)ar (XAl 2 w(x)Pr (Al z(x)) e
It follows from (4.7), that
"2 w() > Lxal" 2 w(),
and
I 2(x) = [xa"Pza(x) = |xal"Pz().
By (4.9) and assumption (ii) of Theorem 1.2, we have
FUA2 w0, X" #2(x)  fxal" 2 w(x), Al za(x)) @.10)

(20w ()P (P29 (xal 2 w())P (xa " P za(x)n

As a consequence of (4.8) and (4.10), z7' = zf\l is holds, and hence z = z, since g; > 0.
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Suppose that Wx(X) # 0 and ZA(X) # 0 in Z,, then w(X) < wa(X) and z(X) < za(X) in Zp. Let
Xs be the characteristic function of set S. Then # Xaa2 converges pointwisely to zero as 4 — A in
H\ (Ta U{pa}). Hence, if 0 < A — & < A (here 6 sufficiently small), then ﬁ)@mg < @)@M e L'(Zy).

By the dominate convergence, as 4 — A, we have

1
f 2n -0,
JHNOA% | X]|

Ca( dx) <1
JHNIA% | X

then

and

1 a+p
Ca( -dx) 7 <1
JHNOA N9A |x]

for all A € (A — 6, A), which implies that

1
cﬁ<f —dx) <1, VAe(A=8A).
aHNdAL |x|™"

By Lemma 4.1, we claim that

f V2w ffax = 0
2

and

f Y Evziax =0
)

for all 4 > A — 6, which implies that
Wi<0 and Z; <0 in £, forany 4> A -9,

this contradicts with the definition of A. O
Proof of Theorem 1.2: By the assumption that (u,v) is a positive solution of (1.1). Take the Kelvin
transform about point p € H and definition A in Section 3. If A = 0, for all p, we know that (w,z) is a
radially symmetric with respect to all p, then (w, z) must to be constant, so does to (&, v). If A > 0, we
have (w, z) is radially symmetric about some point, that is (, v) should be radially symmetric about some
point. O
Proof of Theorem 1.3: We claim that the key estimates in the proof of Lemma 4.1 also hold. The

rest of the processes are as same as the Theorem 1.2 with some necessary modifications. In fact, the
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condition (ii)’ holds. For any fixed A > 0, [x|""2 > |x,"*2?, it follows that if z < z;, and following the

nonincreasing condition y = 248 (Blyn-2a <

w(x) x|
0 0 1 1
%E%__mh_lWumﬂwmmwulwmmd@%_uWﬂmﬂmmﬂ%m@LMWQ%AM)
gl
< = f(|x|n—2(tw(x)’ |x|n—2ﬁz(x))_ — f(|x/l|n Z(YW/](X) |x/1|n 28 ( )W/l(x))
™= a2 W)
|wwﬁﬂwmwwuwwd»u <??W%
= |x|4 = wa(x)),
Ifz > z3,
0 0 1
_(a;}r av:(j) I |n+2a/f(| X2 (x), |2 7(x)) — p ln+2af(|m|"_zawﬂ(x)» el #z,(x)
X3
1 n-2a n-28 1 2 WAZA®) | aswa(0)2a(x)
meﬂM WO, ) = L bl = bl =)
n-2a -2 Wa(x) n2a 2)(x), 228
<| |n+2af(lxl w(x), |x|""Pz(x))(1 - (W(x)) (z(x)) 5)

C
s@ﬁwwm—mmn@m—mm,

where we use the condition with y = VVV;((XX)) ('l’ijll)” 2a ZZ‘((XX)) ('l’;lll)" ¥ <.

The condition (ii) holds. For any fixed A > 0, [x|""2% > |x,|"*?* always right, if z < 7, the proof must

be same as (ii)’.
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0 0 1
_(_W _ ﬂ) = X2 w(x), |5 Pz(x)) —

n—2a n-24
e ) T e |x1|n+2af(|lel wa(x), [xal" " za(x))

IA

T LA 20w, 1" 2(x)) = £ 2w (), 16" za(x)))

1

P A2, 1™ 2(x)) = £ 20w, 11 za(x)))

2 (FUx" 20 w(x), [x" P z0(x)) = £l wa(x), 16" z3(x))

[L(m)|x"" 2P (2(x) = za(x)) + £ 2 w(x), 3" za(x))

IA

|x|n+20/

A (), |x|"—25zﬂ<x>vfj(—(xx))>]

Wa(X) _n20

E0)

1
< ———[Lm)l" P (2(x) = 2a(0)) + f(x" > W), " Fza(0))(1 = (
|2 w(x)

W) (.x) n+2a

L) (2(x) = 2a(0)) + L2 W), " P2(0)(1 = (=) )]
|x|n+ 04 W(X)

C
< WT/LZB[(W()C) —wa(x) + (z(x) — Z2(X)].

The same arguments as in Lemma 4.1, we know that the key inequalities are hold. O
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