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ABSTRACT. The main goal of this article is to introduce the idea of (ay — F )-convex con-
traction in the context of orthogonal metric spaces and to provide some novel fixed point
results in that recently described spaces. Additionally, we offer a case study to illustrate the
originality of the outcomes. As an application of our key finding, we investigate the solution
of a nonlinear Volterra integral equation.

1. INTRODUCTION

In 1971, Cirié¢ [1] investigated a class of generalized contractions, which includes the Ba-
nach’s contractions and the mappings which satisfy

1
d(Tz,Ty) < a(d(z,Tx) +d(y,Ty)), 0 <a < 5

In 1974, Ciri¢ [2] introduced the quasi-contraction
d(Tx,Ty) < gmax{d(z,y),d(x,Tz),d(y, Ty),d(z,Ty),d(y, Tz)}

for some ¢ < 1. Also, he proved some fixed point results in these quasi-contraction of the
above all possible values (self-map on a metric space). In 1981, Istratescu [3] introduced a
“convexity condition” by proving the generalization of the Banach contraction principle. In
2011, Alghamdi et al. [4] obtained the generalization of the Banach contraction principle to
the class of convex contractions on non-normal cone metric spaces. Ghorbanian et al. [5]
proved some ordered fixed point results for convex contractions and special mappings which
satisfy some contraction conditions and are not necessarily continuous. Khan et al. 6]
recently addressed the concepts of the («,p)-convex contraction and asymptotically T2-
regular sequence and showed that the (o, p)-convex contraction reduces to two-sided convex
contraction. Additionally, they demonstrated through instances the independence between
the concepts of asymptotically T-regular and T2-regular sequences. We refer readers to the
researchers in [ [7] [10]] for additional details in this manner.

In 2012, Wardowski [11] introduced a new type of contraction called F-contraction and
prove a new fixed point theorem concerning F-contraction. Samet et al. [12]| introduced
a new concept of («,1)-contractive type mappings and established fixed point theorems
for such mappings in complete metric spaces. Further, more details (see [13]- [21]). Very
recently, Gordji et al. [22] introduced the orthogonal set (in short, O-set) and its properties.
Many researchers proved fixed point results used in the O-sets in various metric spaces, see
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( [23]- [31]). Touail and Moutawakil [31] introduced generalized orthogonal sets and Ly p-
contractions. They proved some fixed point theorems and gave an application to a differential
equation. Mehmood et al. [32] proved some fixed point results for self-maps in the setting
of two metrics satisfying F-Lipschitzian conditions of rational-type where F is considered as
a semi-Wardowski function with constant 7 € R instead of 7 > 0. Later on, Ramezani [33]
introduced the concepts of generalized convex contractions on orthogonal metric spaces and
established some fixed point results.

In this article, we introduce the notion of (a; — F )-convex contraction in the background
of orthogonal metric space (OMS) inspired by the work of Mahendra Singh, Khan, and
Kang [15]. We also provide a case study to illustrate the originality of the outcomes. We
investigate the numerical illustration of a nonlinear Volterra integral equation to satisfy all
conditions of the fixed point theorem.

Throughout this paper, we use the notations R represents (—oo, +00), Ry is (0,400) and
RY represents [0, +00) respectively.

Gordji et al. [22] introduced the following new notion of O-set in 2017.

Definition 1.1. [22] Let A be a nonempty set and L. C A x A be a binary relation. If 1
satisfies the following conditions:

dmp e A:(Vme Aymlmg) or (Vmée AjmyLlm),
then it is called an orthogonal set (briefly O-set) and it is denoted by (A, L).

Example 1.1. Let (A,G) be a metric space and T' : A — A be a Picard operator, that is,
there exists m* € A such that ma [8(¢0) =m* for all £ € A. We define m L( if
— 00

lim (m, I?(¢)) = 0.
B—00
Then (A, L) is an O-set.
Definition 1.2. [22] Let (A, L) be an O-set. A sequence {mg} is called an orthogonal se-
quence (briefly, O-sequence) if
(V€ Nymglmgyy) or (V€ Nmgiilmg).

Definition 1.3. [22] The triplet (A, L,G) is called an orthogonal metric space if (A, L) is
an O-set and (A, G) is a metric space.

Definition 1.4. j22] Let (A, L, G) be an orthogonal metric space. Then, a mapping ' : A —
A is said to be orthogonal continuous (or L-continuous) in m € A if for each O-sequence
{mg} in A with mg — m as § — oo, we have I'(mg) — I'(m) as f — oco. Also, I is said to be
L -continuous on A if I' is L-continuous in each m € A.

Definition 1.5. [22] Let (A, L, G) be an orthogonal metric space. Then, A is said to be an
orthogonal complete (briefly, O-complete) if every O-Cauchy sequence is convergent.

Definition 1.6. [22] Let (A, L) be an O-set. A mapping ' : A — A is said to be 1 -preserving
if TmLTC whenever mLl. AlsoT': A — A is said to be weakly 1 -preserving if I'(m) LT'(¢) or
['(¢) LT (m) whenever m LL.

Wardowski [11] introduced the following new notion of f -contraction in 2012.

Definition 1.7. [11] Let F € S be the set of all mapping, F : Ry — R satisfying the
stipulations:
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(Fy) F is strictly non decreasing, i.e., ¥ 6,e € Ry such that 6 < e, F (§) < F (€);
(Fy) For each sequence {dz} € N, ma =0« ﬁlim F(6p) = —o0;
—00 —00

(F3) 3k € (0,1) such that lim §5F (§) = 0.
d—0+

Definition 1.8. [11] We say that a self-map ' on A is an orthogonal F -contraction on
(A, G) if 3 F €S and p > 0 such that

G(Im, ) >0 = p+ F(G(T'm, IY)) < F(G(m, 1)), (1)
Vmle N withmll.

Example 1.2. [11] Suppose the functions F : Ry — R are in &
(1) F(9) = Ind;

(1i) F(9) = ln5+5

(iid) F(0) =

(iv) F(0) = ln(52+5)

Definition 1.9. [30] A self-map T : A — A defined on a non-void O-set A and a mapping

a:AxXA —[0,00). Then, I' is said to be an orthogonal c-admissible(shortly, o) -admissible)
ifm 0 € A withml/l, a(m,l)>1= olmI¥)>1.

Definition 1.10. [30/ Let ' : A — A be a self-map and a mapping o : A x A — (—00, +00).
Then, I' is called an orthogonal triangular c-admissible(shortly, /\, , -admissible) if

() aml) >1=a(nI?) >1,Vmnlec A wthmll;
(T'y) a(m,0) > 1 and a(0,€) > 1 imply a(m,¢) > 1, Vm,¢,0 € A withmlo and oLl imply
ml/.

Example 1.3. Let A = [0,00) and defineI' : A — A by I'm = In(1+m) Vm € A. Define

a( )‘6){ Y Z,]C puiy b

0, else.

Then, T' is oy -admissible as a(m,¢) > 1 = o(I'm,I'¢) > 1 form > ¢ and a(m,{) = a(¢,m)
Vm=/.

Definition 1.11. Let A # () and let T' be an o -admissible mapping on A. Then A has
the hypothesis(H) if for each m ¢ € Fiz(T") with mLll¢, 3 0 € A such that a(m,0) > 1 and
a(0,) > 1 withmlo and 0Ll — «(m,¥) > 1 withmL/.

Definition 1.12. Let I' be a self-map on an orthogonal metric space (A,G). Then, we say
that T is an orthogonal orbitally continuous on A zf hm IPem = o implies that hm Fﬂem =To.

A self-map I' : A = A on a non-void O-set A. Deﬁnerx( )={m: Fm—mforallmEA}

In the next section, we define an orthogonal o« — F -convex contraction and prove a fixed
results of the above mentioned contraction in metric space with an orthogonal concepts.

2. ORTHOGONAL (a — f )-CONVEX CONTRACTION

This section will discuss the beauty of orthogonal (a — F )-convex contractions. Assume
that ' represents a mapping on (A, L,G). We denote

M (m, £) = max{G"(m, ¢),G"(T'm,I'f),G"(m,'m), G*(I'm, Im), G*(£, T¢), G* (T, T%0)}.  (2)

24 Apr 2023 10:51:38 PDT
221113-0zgurEge Version 2 - Submitted to Rocky Mountain J. Math.



NOVEL RESULTS OF AN ORTHOGONAL (a — F)-CONVEX CONTRACTION MAPPINGS 4

Definition 2.1. We say that a self-map T' on A is an orthogonal (o« — F )-convex contrac-
tion(shortly, (ay — F)-convex contraction) if 3 two mappings a : A x A = RY and F € S
such that

G (M*m,T20) > 0 = p+F (a(m, )G (T?m, %)) < F (M"(u,£)), (3)
Vm, ¢ €A withmll, where v € [1,00) and p > 0.

Example 2.1. Let A = [0,1] with G(m,¢) = |m — ¢|. Define a mapping I' : A — A by
I'm = ’“72 + % Vme A with a(m,l) =1 for allm, ¢ € A withm 1. Then, I' is a) -admissible.
Now, we get I' is non-expansive, since we obtain

1
II'm —I'Y| = §]m2 — P <|Im—¢ VmleA withmll.

Setting F € § such that F (r) = Ing,xt > 0. Then, Vm,¢ € A withm 1l and m # ¢, we obtain
a(m, £|T?%m, [?(| = |T%m, T2/

= (" + %) — (' + 7))

IN

(jm* — €% + [m* — %))

IN

1

IN
=W N ool — o]

max{|I'm — I'/|, [m — ¢|}
“Hpl(m, £),
where —p = In(%). Applying logarithm on both sides, we have

pt F(a(m OG0, %)) < F (6 (m,0)).

We conclude that I' is an (o — F )-convex contraction with v = 1.

IA
o

3. FIXED POINT RESULTS OF AN (a; — F )-CONVEX CONTRACTION
First, we prove the following lemma using an («; — F )-convex contraction.

Lemma 3.1. Let (A, L,G) be an OMS and ' : A — A be an (ay — F )-convex contraction
the following affirmations hold:
(1) T is oy -admissible;
(17) 3 mp € A such that a(mg, I'mg) > 1;
(17i) L-preserving.
Define an O-sequence {mg} in A bymgyy = I'mg = TP 1my for all B > 0, then {G'(mg,mpy1)}
is strictly non-increasing sequence in A.

Proof. By the definition of orthogonality, there exists mg € A be such that
(V0 € Aymo L0) or (V0 € A, 0 Lm).
It follows that mgLI'(mg) or I'(mg) Lmg. Let
m = D(mp);my = T'(my) = M(mp); ... ;mpy = ['(mg) = TP (my)
for all g € NU{0}.
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If mg = mgyy for any B € NU {0}, then, it is clear that Ag is a fixed point of I. Assume
that mg # mg; for all 5 € NU{0}. Thus, we have G(mg,mg;1) > 0 for all 5 € NU{0}. Since

I' is L-preserving, we have
mglmgi; or mgyqlmg (4)

for all 5 € NU {0}. This implies that {mg} is an O-sequence. Postulating that ms # mgy
V 8> 0. Then, G(mg,mp41) > 0V 3 > 0. Letting v = max{G"(mp,m; ), G¥(my,mp) }. From (),
taking m = my and ¢ = m;, we obtain

Mv(m()a ml) = max{gv (m07 m1)7 gv(rm(h Fm1>7 gv(m[b FmO)a gv(rmm F2m0)7 gv(mla le)v gU(th F2m1)}
= max{gv(mo, ml)a gv(mla m2>7 gv(moa ml)) gv(mlamQ)a gv(mla m2>7 gv(m27 mS)}
= max{G"(mp, m;), G"(my, mp), G"(my, m3)}. (5)

By (F) and a(mg,m;) > 1, by (3) and (5), we obtain

If max{v, G"(m2,m3)} = G”(ms, m3), then (0)) gives
F(G"(m2,m3)) < F(G"(m2,m3)) — po < F (G (mgz, m3)).
This is a contradiction. It follows that
F (G (m2,m3)) < F(0) — pn < F (0).
Since p > 0 and by (F}), we have
G(my,m3) < v = max{G"(mg,my),G"(my, my)}.

Again, by (2)) taking with m = m; and ¢ = my, we get
M (my, my) = max{G"(m;,my),G"(I'my, I'my), G¥(my, Tmy ), G¥(T'my, Tmy ), G (my, Tmy), G¥(T'my, my) }

= max{g”(ml,mz), g”(mg,mg), gv(m17m2), g”(mmms), g”(mg,mg), gv(m3,m4)}

= max{G"(m;, m), G"(m2, m3), G (m3, my) }. (7)
By and , we obtain

F(G"(m3,my))

F(G¥(I?my, [%my))

F(a(my,mp)GY(T%my, [my))

F(M(mi,me)) —

F (max{G"(mi,m), G"(mz, m3), G"(m3, my) }) — po.

If max{G"(m;,my), G"(my, m3), G"(mg,my)} = G¥(m3,my), then we obtain
F(G%(m3,mq)) < F(G"(m3,ma)) — o < F (G (m3,my)).

Which is a contradiction. We obtain

max{gv(mth)? gv(m27m3)} > gv(m37m4)'

IA A
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Therefore,
v > g”(mg,mg) > g”(mg,m4).
Continuing in this way, inductively prove that the non-increasing O-sequence {G"(mg, mg41)}

is strictly in A. O

Theorem 3.2. Let (A, L,G) be an O-complete metric space and T' : A — A be an (ay — F)-
convex contraction the following affirmations hold:
(1) T is oy -admissible;

(i7) I mp € A such that a(mg, I'mg) > 1;

(17i) T is L-continuous or, L-orbitally continuous on A;

(1v) L-preserving.
Then T has a fized point in A. Moreover, for any my € A if mgy; = [#*lmy # T'mg for all
B € NU{0}, then Bh_}m my = o.

Proof. By the definition of orthogonality, there exists mg € A be such that
(V0 e Aymo L) or (V0 € A, ¢ Lmy).
It follows that my LT (mg) or I'(mp) Lmy. Let
m = D(mp);my = T'(my) = M(mp); ... ;mpyy = ['(mg) = TP (my)

for all 5 € NU{0}.

If mg = mpyy for any f € NU {0}, then it is clear that Ag is a fixed point of I'. Assume
that mg # mg; for all # € NU{0}. Thus, we have G(mg,mg;1) > 0 for all 5 € NU{0}. Since
I' is L-preserving, we have

mglmgyy; or mgyqlmg (8)
for all 5 € NU{0}. This implies that {mgz} is an O-sequence.

Now, we postulate that mg # mgy; V § > 0. Then, G(mg,mg1) > 0V 8 > 0. By (i),
we have a(mg, I'mg) > 1 = a(my,my) = a(T'mg, [?my) > 1. Therefore, inductively shows that
a(mg,mgy1) = a(TPmy, IPTlmg) > 1V B > 0. Letting v = max{G"(mg,m;), G¥(m;, mp)}.

Now form , taking m = mg_o and ¢ = mg_; with 8 > 2, we have
M (mg—o,m5-1) = max{G"(mg—2,ms-1),G"(Tms—2, Tmg_1), G" (ms2, Tmg_), G* (Tmg_o, [*mg o),
gU (mﬁ—h Fm,@—l)a gv(rmﬁ—la FZmﬂ—l)}
= max{G" (mﬁ*% mﬁfl)ﬂ g* (mﬁflvm/ﬁ)’ g* (mﬁ’*?? mﬁfl)a gv(mﬁflv mﬁ)?
G'(mp-1,ms), G"(mg, mp1) }
= max{G"(mg—2,ms1),G"(mg-1,mg), G"(mg, mg1) }.
Since I' is an () — F )-convex contraction mapping, we have
F (G (mg,mpi1)) = F (G (T?mp_2, T*ms 1))
< F(a(mp-2,ms-1)G"(Tms—2, [*ms_1))
< F MY (mp_2,mp_1)) — p
< F (max{G"(mg_2,ms-1),G"(mg_1,mg), G (mg, mp11)}) — -

[fmax{G"(ms—2,ms-1), " (mg-1,ms), G"(mg, mg41)} = G"(ms, mg41), then we obtain
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F(G"(mg,mp11)) < F(G"(mg,mp1)) — o < F (G (mg,mp41)).
This is a contradiction. Therefore
F(G"(mg,mg11)) < F (max{G"(mg_2,ms1), G (ms-1,m3) }) — p1-
Since {G"(mg,mp41)} is strictly non-increasing. Therefore, we obtain
F(G°(mg,mp11)) < F (G (mg-2,m31)) —pp < .o < F(0) = T, (9)

whenever =2 Jor f=2J+1for J>1.
From , we obtain

lim £ (6" (mg,m3:1)) = —oo. (10)
Therefore, by (F2) and by equation , we have
lim Gy, ms.) = 0. ()
By (F3), 30 < k < 1 such that
T 6" (s, 1 )F (G (ms, 1)) = 0. (12)
Also, by equation (9)), we get
(G (g, ma)J¥[F (G¥ (mg, mp 1)) — F (0)] < —[G”(mg, mp1)] Jpu <0, (13)
where =2 Jor =2 J+1for J>1. Setting § — oo in alongwith and ,
we have
. k
Jim - J[G(mg, ms1)]" = 0. (14)

Now, we arise two cases.
Case-(i): If § is even and § > 2, then by equation ([14)), we have

lim BG(ms,m)]* =0, (15)
Case-(ii): If §is odd and § > 3, then by equation , we have
Tim (5~ 1)[G(ms,m1 ) = 0. (16)
Using , gives
lim BG(ms,m)]* =0, a7

We conclude the above cases that, 3 #; € N such that
BlG(mg,mp11)]K <1V B> .

Therefore, we obtain
1
G(mp,mpy1) < 5—;, vV B> pi.
k

Now, to prove the O-sequence {mg} is a Cauchy. V v > q > f;, we have

g(mvqu) < g(mlnmv 1) + g(mv 1, My— 2) + ...+ g mq—i—lamq Zg mﬁamk—&-l S Z

t=q

o
X‘\H| =
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Taking q — oo, we get lim G(m,,m;) = 0, since Zg’iq %% is convergent. This proves that
’U,q—)OO k
the O-sequence {mg} is a Cauchy in A. By O-completeness property, 3 o € A such that

ma mg = 0. Next, to prove o is a fixed point of I'. By (iii), we obtain
—00

G(0,T'0) = lim G(mg,I'mg) = lim G(mp,mz41) = 0.
B—00 B—00
This implies that o is a fixed point of I'.
Also, by (iii), we get
mgy; = I'mg = T'(TPmg) — To as B — 0.

By O-completeness, we obtain I'o = o. Therefore, Fiz(I") # 0.
To prove the uniqueness property of fixed point, let £* € A be a fixed point of I". Then

we have I'’(0*) = o* and I'’(¢*) = ¢* for all 8 € N. By the choice of oy in the first part of
proof, we have

[09Lo™ and 0 L¢*] or [0* Loy and £* Log).
Since I is | -preserving, we have
[P0y LT?0* and TP0o LTP¢*] or [IPo* LTP0q and TP¢* LT 0).
for all € N. Therefore, by the triangle inequality, we have
G(0*, %) = G(I'Po*, TP 1*)
< G(I%0*,T04) + G(I0q, TP %)
< G(0%,00) + G(mog, £*)
< G(o", 7).

This is a contradiction. Thus it follows that o* = ¢*. Finally, let 0 € A be arbitrary.
Similarly, we have

[09Lo™ and 0g_Lo] or [0" Loy and o_Log.

Since I' is | -preserving, we have

[P0 LT%0* and TP0yLT%0] or [[Po* LT¥0 and TP LT o).
for all § € N. Hence, for all g € N, we get

G(0*,T%0) = G(I'?0*, T¥0)

(Fﬁo Iog) + G(I'P0y, o)
G(0",00) + G(moy, 0)
g(

*

0*,0).
Hence the proof is completed. 0

Corollary 3.3. Let (A, L,G) be an O-complete metric space and a mapping o : A X A —
[0,00). Postulating that I' : A — A be a self-map the following affirmations hold
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(i) Vml e A withmll,

G'(Im, I'?0) > 0
= a(m, )G(Im, T*) < kmax{G(m, (), G(T'm,T¥),G(m, I'm), G(I'm, [*m),
G(6,T0), G(TE, 120)} (18)

where k € [0, 1);
it) T is a) -admissible;
(i1) I my € A such that a(mg, 'my) > 1;
(iv) T is L-continuous or, L-orbitally continuous on A;
(v) L-preserving.

Then, T has a fized point in A. Moreover, for anymy € A if mgyy = [PHlmy # Pmy V 8 €
NuU {0}, then ma Pmy = 0.
—00

Proof. Setting F (r) = In(zx),r > 0. Obviously, F € &. Applying logarithm on both sides of
D), we get

— Ink + Ina(m, £)G(I*m, T%/)
< ]n(ma’x{g(mu €>, g(rmv F€)7 g(m7 Fm)7 g(rmu Fzm)a g(& Fﬁ), g(F& F2£)})7

which implies that
w4 £ (a(m, 0)G(I?m, T20)) < F (M (m, £))

Vm ¢ € A with ml¢ and m # ¢ where p = —Ink. It follows that I' is an (a; — F )-convex
contraction with v = 1. Thus, all the affirmations of Theorem (3.2)) are hold and hence, T’
has a unique fixed point in A. O

Corollary 3.4. Let (A, L,G) be an O-complete metric space and a mapping o : A x A —
[0,00). Postulating that T' : A — A be a self-map the following affirmations hold:

(1) Vml e A withml/l,

G'(I*m, I?0) >0 = a(m,£)G(I'*n, /)
< a1G(m, f) + aeG(Tm, T'Y) + a3G(m, T'm)
+ 4G (Tm, T%m) + asG (¢, TY) + agG (T4, T20),

where 0 < ap < 1,8 =1,2,...,6 such that 25:1 ap < 1;
it) T is ) -admissible;
(i1) I my € A such that a(mg, I'mg) > 1;
(iv) T is L-continuous or, L-orbitally continuous on A;
(v) L-preserving.

Then, T has a fized point in A. Moreover, for anymy € A if mgyy = [PHlmy # Pmy V B €
NuU {0}, then Blim Pmy = 0.
— 00
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Proof. Setting F (r) = In(x),r > 0. Obviously, F € §. Vm,¢ € A with m L/ and m # ¢, we
obtain

a(m, 0)G(Im, T2¢) = G(I%m, T'¢)
< a1G(m, l) + a2G(I'm, ') + a3G(m, I'm)
+ sG(Tm, T?m) + asG (¢, 1) + agG(T¢,T20)

< kmax{g(m, 0),G(I'm,T'¢),G(m, T'm), G(T'm, ["*m),

G, 10),G(Ie, F2€)},

where k = ZE:1 a¢ < 1. By Corollary (3.3)), I has a unique fixed point in A. O

Corollary 3.5. A L-continuous self-map I' on an O-complete metric space (A, L,G). If
Jk € [0,1) satisfying the following inequality

G'(IMm, %) >0 =
G(I*m, I'*() < kmax{g(m, 0),G(Tm, T¢),G(m,Tm), G(I'm,"*m), G(¢,T'¢), G(TY, F2€)}
Vol e N withmll, then I' has a unique fized point in A.

4. APPLICATION

In this section, we prove the existence of fixed point for (ar; — F )-convex contraction to
nonlinear integral equation of Volterra type

o(r) = / T(r5,x(0))Gb + 7(7),7 € [0, 7). (19)

Consider the following assumptions:
(b1) Here J : [0,P] x [0,P] x R — R,v : [0,P] — R are continuous functions and
I=1[0,P],P > 0.
(o) 3 a strictly increasing O-sequence {mg }aepu(o) satisfying for any n € A such that

"-7(7-7 bam) - ‘7(7—7 bag)’ < eiuiT’m - f‘ (20)

forall ,b € I, u € (0,1) and m, ¢ € R.

Let the set of all continuous functions J = C(I,R) defined on [0,P] endowed with the
O-complete metric space. Define G : J x J — R by

M(m, ¢) = max {|m(7) — ()|} (21)
T€[0,P]
for allm, ¢ € J = C(I,R) with ((C(I,R)),G) is an O-complete metric space.

Theorem 4.1. If (b1) and (by) are fulfilled, then the non-linear integral equation of Volterra
type Equation has a unique solution in (C(I,R)).

Proof. For any m € J is a solution of iff m € J is a solution of the integral equation

m(7) = /OT(J(ﬂ >, m(b))Gb + (7). (22)
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Then, is equivalent to prove I'(m) = m for m € J. Define a relation 1 on J by
mll < m(T)l(T) >0, (23)

for all 7 € [0,P]. Since J is an orthogonal for allm € 7, 3 ¢(7) =0, V 7 € [0, P] such that
m(7){(7) = 0: We examine

M(m, 0) = max {|m(7) — £(7)|e” "},

T€[0,P]

for all m, ¢ € J. So, the triplet (7, L,G) is an O-complete metric space. This implies that
[ is L-continuous. Now, to prove I' is L-preserving. Let m(7)L{4(7), V 7 € [0,P]. Now, we
have

m(r) = /O " (r5,m())Gb + A(r) > 0. (24)

which yields that I'm(7) LT'¢(7), i.e., ' is L-preserving.

Define a mapping o : J x J — R* by a(m,¥) =1V mnl € J. Therefore, T is a,-
admissible. Letting F € & such that F (r) = In(r),r > 0. In this point, from Definition 2.1,
we get,

pA F(a(m 0)GY(IMm, I20)) < F(MY(m,0)) = pu+F(|Pm—P* e ™) < F(jm—Lle)
= pu+ In|P?m— P < Injm—{|e”

= u<lIn [ — e
W= P — pryfe—
= o< m = fe
|P?m — P2l|eT
Pt pr < B
eH
Thus,
7| D2 2 m—lle™”
¢ \Pm—P€]<—M, (25)
for all m, ¢ € C(I). We conclude that for any b € I, we get
m(b) — £(v)| < ¢ maxe’[m(b) — £(b)]
< ¢ M(m, ()
<" M(m,0). (26)
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Therefore due to (b2), we obtain,

|I'm(7) —T'(7)| < \/OT J(7,0,m(b))Gb — /OT J(7,b,€(p))Gb|

< / T bm(b)) — T (b, £(6))[G
<eHT '

max |m(b) — £(b)[e~"e"Gb

o P€[0,P]
< e“T./\/l(m,ﬂ)/ ¢’Gb
0

< e T M(m, 0)[e" — 1]
<eM(1l—e")M(m,?)
< e *M(ml);T el (27)

By O-sequence {mg}, we have,
M(m, )e™ "

¢ "|Tm(7) — T¥(7)| < o

,7el (28)

Letting supremum in (28)), we have,
i+ F(a(m, 0G(Tn, T0) < F (M(n, )
Therefore, I has a unique solution by Theorem (|3.2)). U

5. OBTAINING A NUMERICAL SOLUTION TO INTEGRAL EQUATIONS

Example 5.1. Let J = {f(7)/f(1) be a continuous function defined on [0,1]}, i.e., J =
C[0,1].

Define G: J x J — R by G(a,b) = sup,cp{m(7) = €(7)[} for allm,l € J.

Clearly, (J,G) is an O-complete metric space. Define O : J — T by:

On(1) = (1) —l—/o J(7,b,m(b))Gb;m(T) € J. (29)

Define a mapping F : (0,00) — R defined by F (x) = In(z),r > 0 and a mapping o : T x T —
R by a(m () =1V mnleJ. Takingy(r) = 27 and J(7,b,m(b)) = Z(1 +m(b)). Then Eq.
reduces to Om(1) = §T+f01 2(1+m(b))Gb, where 37, Z(1+m(b)) are continuous functions
and Om € C[0,1]. Let us assume that || < ¢ #77. To prove that O is a (a-F )-contraction,
we need to prove G(Om, OF) < M(m, £)e ",

Since
w4 F(a(m, )G (Mm, T%)) < F (MY (m, £)) = p+ In(G(Om, OF)) < In(M(m, ()
|Om — O/ c_
m—f
= [Om— O/ < |m—Llle*
— G(Om, Of) < M(m, l)e™".

— In
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Consider
]Om(7)—(9€(7)|:\/0 J(T,b,m(b))gb—/o J (7,5, £(5))Gb|
< / T (7,b,m(b)) — T (7., £(5))|Gb
< [ Gaat) - S0+ aonie
< [ tat) = ctpioy
< / 2 llmo) — €0)1G0, (30)
then,

sup [0(r) = 07 < [ lls) 0l

t€[0,1]

< /0 (o) — £0)[G5

< e Hn(b) — £(b)|e" / "o
< e lu(b) — £()]e . (31)

Therefore, G(Om, Of) < ¢ *M(m, ().
Therefore, all the hypothesis of Theorem are satisfied and O has a unique fixed point
and the nonlinear integral equation of Volterra type equation has a unique solution.
Verify that m(1) = 7 is the exact solution of the Eq. . Utilizing the iteration process,
we get

24 Apr 2023 10:51:38 PDT
221113-0zgurEge Version 2 - Submitted to Rocky Mountain J. Math.



NOVEL RESULTS OF AN ORTHOGONAL (a — F)-CONVEX CONTRACTION MAPPINGS 14

Let mo(1) = 0 be the initial condition. Letting f = 0,1,2,... in Eq. successively, we

obtain,
my (1) = 0.8757,
my(7) = 0.9843757,
(1) = 0.9980468757,
my(7) = 0.9997558593757,
ms (7) = 0.9999694824218757,
mg(7) = 0.9999961853027343757,
mr(7) = 0.9999995231628417968757,
mg(7) = 0.9999999403953552246093757,
mg(7) = 0.9999999925494194030761718757,
myo(7) = 0.9999999990686774253845214843757,
my1(7) = 0.999999999988358467817306518554688T,
ma(7) = 7.

Therefore m(T) = T is the exact solution.
By Theorem (3.2)), we proved that the integral equation of Volterra type Eq. has a unique
solution. Then, the Fq. has unique solution.

6. CONCLUSION

In this paper, we improved the results of Mahendra Singh et al. [15] by conferring examples
of an (a; — F)-convex contraction of the self-map in the framework of o, -admissible. The
notions of an (a; — F)-convex contraction extend other well known metrical fixed point
theorems within the literature.
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