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ABSTRACT. The principal importance of this paper is to obtain the existence of solution of single and multi-
dimensional fractional neutral functional g—differential equations with bounded delay based on operator
equations by using Krasnoselskii’s fixed point theorem. At the end, the examples which they contain some
tables, figures and related algorithms with numerical effect, are added to show applications of the our results.
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16 1. Introduction

% The quantum calculus is an old subject which was first introduced by Jackson in [1] then developed by
o Al-Salam who started fitting the concept of g—fractional calculus [2]. Further, some researchers studied
20 differential and g—differential equations with different types of fractional derivatives; see [3—13] for more
5, details.

v In 2008, Benchohra et al. [14] investigated various criteria for the existence and uniqueness of solutions
o3 for classes of functional fractional differential equations (FIFDEs) with infinite delay involving Riemann—

v Liouville fractional derivative as form:

25 { 2°y(t) =wlt,y), Viel0,%],0<0<1,
y(t)ze(t)v [E(—OO,O],

7 where 2° is the standard Riemman-Liouville fractional derivative, w : [0, %] x A — R is a given function

adl satisfying some assumptions that will be specified later, 8 € A, 6(0) = 0 and A is called a phase space [14].

9 Then in 2010, Agarwal et al. [15] studied the following initial value problems of fractional neutral functional

%0 differential equations (FNFDEs) with bounded delay:
31

3 { 7 (y(t)'— f(t,yt)) =w(t,yr), VteE (By,o0), % >0,
: yﬁo(t) = 97

34 where ‘29 is the standard Caputo’s fractional derivative of order 0 < ¢ < 1, w, f : [p,00) X Gy — R"
3 are given functions with satisfying some assumptions, 8 € 6y = C([—§,0],R") [15]. Later Baleanu et al.
36 in [16], investigated that m-dimension of the problem and demonstarted that it is equivalent to an integral
37 equation

z% yi(t) = 91(0) —fi("&(),e‘l(t),éz(t),. . aem(t)) +ﬁ<t7yt) +j6iwi(tayt)7
20 forte (fo,t0 + r], with conditions Yigy = 6;, fori=1,2,...,m[15].

26

33

41
1> Oriented by the above detailed literature, and recent excellent works [17-27], the purpose of this paper is

45 to establish and develop the existence of the following single and multi-dimensional functional problems:

4 ———
e *Corresponding author.
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(P1) Initial value problem of fractional neutral functional g—differential equation (FNF¢gDE)
(1.1) ‘DI (y(t) = ft,y) =w(t,y), Vi€ (Do,00), By >0,

under infinit delay yy,(t) = 8 € % for t € [-8,0], § > 0, where ¢ € J := (0,1), ‘g is the
fractional Caputo type g—derivative of order 6 € J, and f, w : [0y, o) X 6y — R”" are given
functional satisfying some assumptions. Let T > 0. If y € C([0 — &, + 7], R"), then for any
t € Jo = [, O + 7] define y; by y,(u) = y(t +u) for u € [-§,0].

(P2) m-dimensional system of FNFgDIEs

10 c‘@gl(yl(t)_fl(tvyt>):Wl(tvyt)a
" PP (v2(t) — fr(1,3:) ) = walt,¥1),

12 (1.2)

s

1 DI (ym(t) = fn (£,¥4) ) = wn (£, 31),

15

o for ¢ € (¥,0), ¥ > 0, under infinite delay

i ylﬁo :él) yzlso :927 ] ymlgo :Gma

18

9 for t € [-8,0], § > 0, where 7y’ is the standard Caputo type fractional g—derivative of order
ZE o, €J, i

217 f,-,w,-:H[ﬁo,oo)xcﬁo%]R”,

22 i

2E are given functions satisfying some assumptions that will be specified in the main section, y; =
24 (V1,525 +>Ym,) and 6; € €y fori=1,2,...,m. If y € C([ — &, % + 7], R"), then for each ¢ € Jy
25 define y, by y,;(u) = y(¢ +u) for all u € [—8,0] where T > 0 is a positive constant.

26
27 This paper is organized as follows: In Section 2, we state some useful definitions on the fundamental
28 concepts of g—fractional calculus and state Krasnoselskii’s fixed point theorem in operator equations. The
20 main theorems on the existence of solutions for one and multi-dimensional bounded value problem (1.1)
30 and (1.2) are proved. In Section 3. Section 4 is devoted to some illustrative examples that show the validity
31 and applicability of our results. Finally in Section 5, the conclusion of the paper is drawn where we conclude
32 some interesting observations.

33

34 2. Essential preliminaries

35 . . e
o In fact, we consider the fractional g—calculus on the specific time scale

p Tto:{O}U{titztoq”,neN,toGR,qe(0,1)}.

38
g If there is no confusion concerning 7y, we shall denote T, by T. Leta € R. Define [a]q = % [1]. The

49 g—factorial function (x — y)((;’) with n € Ny is defined by
41

n—1

n 0
“ e =y’ =Tle—d), =" =1.  xyeR,
o k=0
% here Ny := {0} UN [3]. Also, the function is defined for o € R, by
i oo k
46 (G) o X—=Yq
22 — = — 0.
47 ( ) (x y)q X ]E)x_yq6+k7 a#

15 Aug 2023 08:58:56 PDT
230118-Kaabar Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

SINGLE AND SYSTEM OF FRACTIONAL NEUTRAL FUNCTIONAL ¢g-DIFFERENTIAL EQUATIONS ... 3

The g—Gamma function is given by [1]

;
2
B L@ =(1-9)' (1-q) ", zeR\{-,-2,-1,0}.
4 Note that, T'y(z+ 1) = [z],T4(2) [9, Lemma 1]. For a function w : T — R, the g—derivative of w, is
5
— d w(x) —w(gx)
2. = — — 2\ A
ce3) Al = (g ) wea =G,
g forallt € T\ {0}, and Z,[w](0) = lim,_,0 Z,[w](x) [3]. Also, the higher order g—derivative of the function
9 wis defined by
10 Dy wl(x) = 24 [@;’*1 w]] (x), Vn>1,
"1 where 7 [w](x) = w(x) [3]. In fact
12 ©
13 1 L (1- )q k k
P 2.4 D w)(x) = q'w(xq"),
- I = g L i
o forxeT \ {0} [4]. The g—integral of the function w is defined by
T X
%(2.5) Jq[w](x):/o w(s)dgs =x(1—¢q Zq w(xq )

9 for 0 < x < b, provided the series is absolutely converges [3]. We can obtain the numerical results of
2 7,[w](x) when n — 0. If a in [0, 0], then

21

ah b

% (26) | w)ds = A1)~ Fwl(a) = (1

23

~9) Y. o [bw(bd) — awlaq")|
k=0
ZZ whenever the series exists. The operator .7 is given
25 n n—
2? jqo[w] (x) = W(x)7 jq [W] (X) = jq [ﬂq I[WH (X),
27 forn>1and g € C([0,b]) [3]. It has been proved that 7, [.7,[w]] (x) = w(x) and .7, [Z,[w]] (x) = w(x) —
28 w(0), whenever the function w is continuous at x = 0 [3]. The fractional Riemann-Liouville type g—integral

o9 of the function w is defined by

30 " _S(G—l)
@) i) = [ R R0 =),

33 fort€[0,1] and o > 0 [4, 5]. The Caputo fractional g—derivative of the function w is defined by

34 t (1 — g)lol=o-1)

. 28) a8l =7 [ l] ) = [ e A (0 s
:3% forr € [0,1] and 6 > 0 [5, 10]. It has been proved that

38 g, [ﬂ“[w]] (t) =27V [w](0), ‘9] [JG[WH (1) =w(t),

3% where o,V > 0[5]. Algorithms 1-8 in [28] show numerical technque for above calculus.

0
a .. Lemma 2.1 ([6, 29]). For o > 0, the general solution of the fractional g—differential equation  2°y(t) =0
o is given by y(t) = Y= Olet’ where e; € R for i =0,1,2,...,n—1 and n = [6]| + 1 here [G] denotes the

.3 integer part of the real number ©.

g Lemma 2.2 (Krasnoselskii’s fixed point theorem). Let <7 be a Banach space, let B be a bounded closed
45 convex subset of </ and let MM, N be maps of B into <7 such that M(y) +N(z) € B for every pair y,z € B.
46 If M is a contraction and N is completely continuous, then the equation M(y) +N(y) =y has a solution
47 on B.
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3. Main results

The main results are twofold. We firstly consider the one-dimensional FNFgDIE under bounded delay (1.1).
Secondly, we discuss m-dimensional of FNFgDE (1.2).

3.1. The FNF¢gDE (1.1). We define
T,(e) = {y € C([B— 8, % +r],R") : yg, = 60, sup |y(r) — 6(0)| < 8},

teJy

@[~[ofofs]e|n]-

9 where r, € are positive constants. For Banach space &7 = C(I), here I = [a,b] C R, we consider the norm
10 ||y[| = sup,¢q ) [¥(2)]. Before stating and proving the main result of this section, we introduce the following
™ hypotheses.

2 (HE1) w(t,p) is measurable with respect to ¢ on Jg and is continuous with respect to p on 6p;
13

" (HE2) There exist 0 < 6| < ¢ and a real-value function m(r) € L'/ (Jo) such that |w(z,y,)| < m(z), for
15

o any y € Y,(€) and for each 7 € Jo;
16

7 (HE3) Furthermore, f(t,y;) = fi(t,y:) + f>(t,y;) for any y € Y,(€) such that £; is continuous and for any

8 v, z€ X, (€), B

;% |fi(t,y) = filt,z) < lly—zll,  te€lo,

o where 0 < ¢ < 1, and f; is completely continuous, and for any bounded set 8 in Y, (€), the set
2 {t_>f2(t7yt) :ye%},

23

o4 is equicontinuous in C(Jo, R").

25

® Lemma 3.1. If there exist r € (0,7) and € € (0,0) such that Hypotheses (HE1) and (HE2) are satisfied,

27 then fort € (Sy, % + ], the problem (1.1) is equivalent to the following equation

Y(0) = 6(0)— £(50, 0(0))+ Flt.3) + STl 3)

30 . . to(f_ (o—1)

o G = 0(0) = F(0.80)) + e+ [} EET—w () 4,
= yo, =9,

gfort e Jo.

%_ Proof. Conditions (HE1) implies that w(t,y,) is Lebesgue measurable on Jo and
36

7 (t=q8) oV e LV ([0.1)),  Vieds.
38 The Holder inequality and condition (HE2) imply (t — ¢&)® Dw(&,y¢), is Lebesgue integrable with

39 respect to & € [Uy,1], foreach t € Jy, and y € Y,(€), and
40

N t

o Ly(0) 77wt = [ [(t=a8) ™ Dw(E.yg)| 4,8

42 0

43 3.2) < Fq(G) H(t - q&)(cil) HLI/(1_61>([190 1) ’ ”mHL'/o‘l o)’
44 ’

.5 Where

46 Vr

63 Il = | [Im@rag]|
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" for any LP-intagrable function 2 : I — R. It is easy to see that if y is a solution of the problem (1.1), then y
2 is a solution of the Eq. (3.1). On the other hand, if Eq. (3.1) is satisfied, then V¢ € (%, 9 + 1],

3
« “DIO() — F(1,0) = D [8(0) = (D0, 6)+.7Twla,w)| =D (S gwlt, )

5

> . (t — qﬁo)(_")

% = @qﬁ (,ﬂqGW) (t7yt) - m [,ﬂqaw(t,yt)] l‘:190

? _ (t — qﬁo)(_c) o

E —W(t,yt)—m [rﬂq W(t7yt):|t=l90'

9 Eq. (3.2) implies that [fq"w(t,y,)}l: 9 = 0. Indeed,

11

12 ‘D ()= fty)) =wt,y),  Vte (Do, B+l

13 and this completes the proof. U

% Theorem 3.2. Assume that there esist r € (0,7) and € € (0,0) such that hypotheses (HE1), (HE2) and (HE3)
5 are satisfied. Then the problem (1.1) has at least one solution on [0y, Oy + N| for some positive number 1.

17 Proof. Eq. (3.1) is equivalent to

18 y(t) = 6(0) — f1(B0,0) — (Do, 0) + f1 (D0, y:) + f2(D0, 1)
° ‘(1—g&) Y ;

;i + % Fq(G) W(é)))é) 467

2? kﬂo — é?

28 fort € Jo. Let 8 € Y,(¢) be defined as 6y, = 8, (% +1) = 6(0) for almost all 7 € [0,7]. If y is a solution
24 of the initial bounded value problem (1.1), let

— V(1) =0(S+1)+1(t), re]-8,7,

2Z then ky,+; = éﬁo+t +1;, for all € [0, r]. Thus [ satisfies the following equation

z% 1(t) = —£1(00,0) — £2(B0,0) + fi (S0 + 1,1 + O 1)

0 (34) +fo (S0 + 1,4+ Oy 40) + I w (So+1,1+0py40), Vi €[0,7].
381 Since fi, f> and y, are continuous in ¢, there esists 7 > 0, with 0 <t < ¥/,

32

o v . 1

33 | i (S +1,1+ Bgy44) — f1(00,0)| <38

34 . . 1

35 (3.5) |f2 (190+f,lr+9190+z) —fz(ﬁo,e)‘ < §8-

% Choose

37

o r 1 1—0; 7 1/(+B)(1-0y)
38 (3.6) n :min{r,r/, {8 ¢(0)(1+P) ] ,
39 3M

%0 where B = % € (—1,0) and M = [|m|| /5, z,)- Define Ey (€) as follows
41

s Ep(e) = {l €€y 1,(§)=0, foré € [-6,0]and, ||I]| < 8},

43
4 Where € =C([-8,1],R"). Then E; (€) is a closed bounded and convex subset of %,.. Now, we defined

45 the oprators 01 and 9 on Ey (), by

46 0, t €[-6,0],
— MI|(t) = . <

47 []() { _fl(ﬂme)—’_fl (190+talt+9190+t)7 IE[O,T”,
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0, t€[-9,0],
N[I](1) = ¢ —/f2(00,0) + f2 (Yo +1, 1 + Opy 1)
+ I W] (So+1,1 4 69,11 , t€0,7m].

So, the operator equation = 9t(!) +91(!) has a solution [ € Ey (&) iff [ is a solution of Eq. (3.4). Thus
k(o +1) = 1(1) + 6 (o +1),

is a solution of Eq. (1.1) on [0,n]. Therefor, the existence of solution of the initial BVP (1.1) is equivalent
that I = 91(7) +91(7) has a fixed point in Zy, (€). At present, we show that 9t(1) 4+ 91(/) has a fixed point in
10 Ep(€). In this case, the proof is divided into three steps.

[ele|~lolofs]e]m]~

' Step L. For every pair y, z € Ey(€), we have M (y) +N(z) € Zy(€). In fact, for the pair y, z,
12

3 M(y) +N(z) € G-

i Also, M(y)(t) +N(z)(t) =0, € [-8,0]. Moreover, by Egs. (3.5) and (3.6) and condition (HE2),
s we have

6

17 |9 (y) (1) +9(2) (1)

8 < |=fi1(D0,0) + fi (Vo +1, + Ogysr) |

19 . « .

. + = f2(D0,0) + fo (S + 1,2+ Oye) | + 7wl (So+1,2+ Oy1r)
21 _ 2 1 (o= . 1=01 1 g+t N ; o

- 78 t_ 70‘1 0‘1

5 <Sermg Lo ag] [T et ag

23

=~ 2 Mn(HB)(1-01)

24 < -e+ <&, vVt € [0,m].

. O o

26 Therefore,

27 [M(k) +N(2)[| = sup [M(y) +N(z)| <&,

28 t€[0,n]

29 which mesns that M(y) +N(z) € Ey(€) forany y, z € =y (€).

30 Step II. 91 is a contraction on Zy (¢). For any y, z € Z; (€), we have y, + 09,11, 2t + 0,41 € Y-(€). Hence,
31 by (HE3), we get that

32 Y «

33 M (y) —M(2)| = | /i (Vo+1,5+ 0D +1) — fi (So+1,2 4 Opyse) | < Ly 2],
34 which implies that

35

o [ (y) = M) || < £lly —2|-

— In view of 0 < £ < 1, 91 is contractionn on Ey (€).

sStep III. Now, we show that 1 is completely continuouse operator. Let

(g O’ re _570 )

o e ={ ~ v ol

— _f1(60a9)+f2 (t0+tyzt+9190+l)7 fE[OaTIL

41

42

. 0, t€[-0,0],

43 m Z = v

E 2( ) { quW(00+t,l[+9t0+t), Z‘G[O,T[]

45 Clearly, 91 = 91 + 1. Since f> is completely continuous, 1; is continuous and

46

v £ ={() s En(e) .
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is uniformly bounded. Form the condition that the set {r — f2(¢,y;) : y € B}, be equicontinuous

;
2 for any bounded set 8 C Y, (&), we can conclude that 0, is a completely continuous operator. On
3 the other hand, for any ¢ € [0, 1], we have
4
5 M (2)] <27 |wl (Yo+1,2:+ Oy 14)
i 1 ¢ 1—0 S+t s (o3}
0 <t [/ e[ e o
- Mp(+B)(1=0)
10 Ly(o)(1+B)t-or
" Hence, E; = {M>(z) : z € Ey(€)} is uniformaly bounded. Now, we will prove that E, is equivon-
% tinuous. For each 0 <#; <1, <1 and z € E; (&), we get that
S ) " ) )
% “ﬁz[z](tz)—‘ﬁz[z](tl)‘ = F(G)/o [(tz—qé)(c 1)—(t1—q§)(6 1)}
> q
= xw (10 +&,lg + O v2) dq5
17
- 1 15
s +—/ (ts— gE) O Dy (9 + & 1z + 6 £
o T,(0) Jy ( g 190+¢f) q
o | "
20 < t— (o—-1) _ fH— (o—1)
= St (a9 V=g Y]
22 X |w (D0 + &, + Oy ie) | dgb
3 1 " _ «
24 + (2 —q&) ™V |w (% +&,1z + Oy, )| dgé
o5 FCI(G) 3l
v M [ m = 17
2% < / 1 €YD (4 _ £\ (0-D] T 4 ]
- Sty (a0 - T o
28 M [ N
29 "T,(0) |:/t [(tz_qg)(o l)} | dqé}
- 1
30
o < | "l —qé><ﬁ>—<rz—q§><ﬁ>dqé]l_cl
2 ~ Iy(o) [Jo
33 M t) 1—61
" b | [ g
Z% FCI(G) [ 3 7
= M 148 1+B 48]0
< t —t —+(tr —t
o <E e 1 e
— M
38 + Hh—1 (1+B)(1—o1)
- G
10 2M
40 < th—t (1+B)(1-o0y)
a ST e 2 ’

42 which means that E; is equicontinuous. Moreover, it is clear that 91, is continuous. So 1, is

completely continuous operator. Then 91 = 91y 491, is completely continuous operator.

43

% Therefore, Kransoselskii’s fixed point theorem shows that 991 + 91 has a fixed point on En (€), and hence the
s problem (1.1) has a solution

47 Y1) =0(0)+1(t—),  Vre[do,Do+n]
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' This completes the proof. O
2

5 In this case where f; = 0, we get the following result.

Z Corollary 3.3. Assume that there exist r € (0,7) and € € (0,00) such that (HE1) hold. Then Problem (1.1)
5 has at least one solution on [y, Oy + 1| for some positive number 1, whenever f is continuous and for any
S yzeX,(e),teldo, |f(t,y)— flt,z)] <L|ly—2z|, where 0 < £ < 1.

7
~ Corollary 3.4. Assume that there exist r € (0,7) and € € (0,0) such that (HE1) and (HE2) hold. Then

~y Problem (1.1) has at least one solution on (Do, 00 + n] for same positive number 1, whenever f is

1o completely continuous and for any bounded set B € Y, (€), the set {t — f(t,y;) : y € B}, is equicontinuous

;7 onC(Jo,R").
'2.3.2. The system of FNFgDE (1.2). Now, we consider the initial value problem of multi-dimensional

13 system of FNFgDE (1.2). Let I be an interval in R and </ with the norm [|y|| = sup,; |[y(¢)|. Consider the

!4 product Banach space (™, || .||) with the norme
15

o 101332,y = max { s Iyl ol -

7 'With the same definitions as the previous subsection 3.1, we define

18

E Tr(g) = {(yl7y27" 7ym) yilyo = éi: sup ‘yl(t) - 91(0)‘ < g, i= 1727"' ,I’H},
20 rely

ZZ where k; € C([%y — 8,09 +r|,R"). For obtaining our results, we need the following conditions:

22 (HS1) wi(t,p1,P2,- -, Pm) is measurable with respect to 7 on Jo, and is continuous with respect to p; on 6
3 foreach i,j=1,2,...,m;

24

2 (HS2) There exists 0 < 6;; < o; and a m;(t) € LYen (Jo) such that

26 _

27 |Wi(tayt)‘ SWli(t)7 v()’l»)’za---Jm)GTr(8>7VZ€J0§

2E (HS3) Furthermore

29 ﬁ(tvyt):ﬁl(t7y1)+ﬁ2(t7yl)7

30 for any (y1,y2,...,¥m) € X,(€) such that f;; is continuous, and

31 _

?; |fi1(t,yt)_fi1(t7zt)|§£i||y_Z||*7 Vt€J07

33 and for each y = (y1,y2,..-,Ym), Z = (21,22,...,2m) € Y,(€) where ¢; € (0,1) is a constant for
34 i=1,2,...,m,and fj is completely continuous and for all bounded set B belong to Y, (), the set
35

:g {t'_>fi2<t7yl‘) : ()71»)’2;--->Ym)€%}7

a7 is equi-continuous on [T, C(Jo,R").

® Lemma 3.5. Suppose that there exist r € (0,7) and € € (0,00) such that (HS1) and (HS2) hold. Then the
Lo System (1.2) is equivalent to the equation with conditions as follows

i kilt) = 6(0) = £i(D0,61(1), 62(0).... 6(1)) + fi(1.31) + 7 Fwile.y1)
42 = 6;(0) —f,-(ﬁo,(el (t1>)’ 6:(1),...,0u(1)) + fi(t,y:)
t t— O;—
© @) +/ﬁ0(r?615()6i)wi(§,y§)dq§, Vi € (t0,10+ 7],
i% | Vi, =6 i=12...m,

AZfor almost all t € J,.
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' Proof. Form condition (HS1), clearly wi(t,y;) is Lebesgue measurable on Jg and so
2

3 (1 — &)

-~ By using the Holder’s inequality and the condition (HS2), we get that (f — g&)(
% integrable with respect to & € [U,1], foreacht € Jo, i = 1,2,...,m, (y1,2,.--

7 ! - _
-z [ 0= i ve)| 46 <|fie-g2) )|
o o

2 By simple review, we conclude that if y = (y1,y2,...
19 solution of the equation (3.7). Now, suppose that y = (yy,y2,...
n 1 e (190,1904—}’]. Then yiﬁo = 9,‘ and

12

DeL0=e)([t,1]),  Vieldo.

,ym) € Y(€), and

0 gog 1 o)

3 DG (yilt) = yilt,y1)) = wi(t,y1),

14
;5 forallz e (Yo, % +r]andi=1,2,...
;¢ completes the proof.

,m. Thus, y = (y1,y2, ..

"l_l)wi(é,yé), is Lebesgue

,¥m) 1s a solution of the problem (1.2), then y is a
,Ym) is a solution of the equation (3.7) and

,Ym) is a solution of the problem (1.2). This

O

E Theorem 3.6. Suppose that there exist r € (0,7),€ € (0,00) such that hypotheses (HS1), (HS2) and (HS3)

18 hold. Then the problem (1.2) has at least one solution on [y, O + 1] with 1 > 0.
19
o0 Proof. Since the condition (HS3) holds, the equation (3.7) is equivalent to the equation

21? ki(t) = 6;(0) — fi (190,91,92, -+ 6m)
2? _ﬁ2<1907917927 7 )+fl (t yt)+ﬁ2(t yt)
o0 + ! (t—qé)("" w(ﬁ ye)d,&
4 M )
o5 S WI(e) /%
ZE y,-ﬁozéi, i:1,2,...,m
27
o5 forr € Jy. Let (91,02,...,9m) € Y, (&) be defined by Big, = 6; and
= (% +1)=6:0), Vrel0,r],i=1,2,....k
31 Ify=(y1,y2,-..,ym) is a solution of problem (1.2) and
32 «
3 y,-(190+t):9,~(190+t)+li(t), VIE[—5,r],i:1,2,...,m,
g thenyiﬁoﬂ = Viﬁ0+t+li[ fort € [0,r] andi = 1,2,...,m. Thus,
35
36 li(t) = = fi1 (00, 01,62,...,6n) — fi2 (D0, 61,62,...,64)
87 + fir (Do +1,11, + élﬁoﬂ,lz, + ézﬁoﬂ, R émﬂoﬂ)
38 Y . Y
(g +ﬁ2(00 +tvllt + 91190+,le[ + 92190+[7 s :lm; + 6m190+t)
40 1 t _ y y y
" (3.8) * Fq((yi) /0 (t B q&)("l l)ﬁ(ﬁo +§’llé + 01190+§’12§ + 0213‘0+§ [ "lks + em15‘0+-5) dqé'
42
s Since fj1, f;» are continuous and ;, is continuous at 7 for each i = 1,2,...,m, there exists > 0 such that
44 « « . . 1
g ﬁl(00+tallt+9]130+,712,+92,30+,7"'7lm;+ m190+t) ft ("907917927'--79111)‘ 3
46 - « “ . 1
; ﬁ2(190+tyllt+91190+,712,+92190+,7"'>lmf+0m190+r)_.fl'2(19'07917927' ‘ <3 3
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1 forO<t<randi=1,2,...,m. Take

E (3.9) n= min{r, ¥, min { ['C“T‘I(Gi)(l + ;) on ] 1/(]+ﬁi)(lcil)} },

4 1<i<m 3M;

% where i = = € (—1,0) and

7 Mi= il ey e Fi=1,2,0m

% Define

0 En(€) = {(ll,lz,...,lm) li € G 1i(E) =0, |l <&, & €[~8,0],i= 12m}

n
- Infact, E,(¢) is a closed, bounded and convex subset of []/Z | €. Define the operators )t and 9% on &y, (€)

14 m](ZI,ZZ,---;Zk)(t)
s 93?2(21,22,--- 7Zk)(t)
N m(ZIJZZw"?Zm)(t): N ’
27 ml(z1,227"'7zm)(t)
Mo(z1,22,- - 52m) ()
2 N(z1,225--+,2m)(t) = : ’

23 mm(ZhZZa"-va)(t)

26 mi(21722,.--72m)<t)

27 0, t € [-9,0],
29 - —ﬁl(ﬁoﬁb@z,---,éﬁ) ; 5

30 +fi1(190+t711;+91190+,712;+92190+,7---7lmz+0m,90+,)a re [O,TI],
a2 Ni(z1,22,- -, 2m) (1)

N O’ rc [_670]7

35 —fzz(l% 01,62,....6) )
36 +f12 190 +t lll + 9113 +t7lZI + 9219 +t7° l + 9m190+t)

7 qé (o
38 +/ W[<190+€,k15+9]ﬁ0+5,

2 l5+92ﬂ0+§,...,lm5+9mﬁ0+§>dq§, t€0,7),

‘E for i =1,2,...,m. One can easily to check that the operator equation 2%(y) + 91(z) = [ has a solution

42 7=(z1,22,...,2m) if and only if z; is a solution for the equation (3.8) for all i = 1,2, ..., m. In this case,

43 x

w yi(Vo+1) =1i(t) + 6:(%o +1),

g will be a solution of the system (1.2) on [0,7n]. Thus, the existence of a solution of the system (1.2) is
46 equivalent to the existence of a fixed point for the operator 2t + 91 on Z;(€). Hence, it is sufficient we

47 show that 90t 4 91 has a fixed point in Ej,(&). We prove it in three steps.
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' StepL Forally = (y1,y2,---+Ym)s 2= (21,22, ---,2m) € En(€), M(y) +N(z) € Ep(€). Lety, z € Ep(€)
2 be given. Then,
% 932,-(y)+‘ﬁ,-(z)€<€n, Vi=1,2,....,k.
. It is easy to check that
5 (M(y) +9N(2))(1) =0,  Vie[-6,0].
e Also, we have
8
s i) +9(2)]
0 <| = fi1 (%, 61,62,....64)
11 « - «
E +fll (190 +f,)’1, + 91190+tay2, + 92190+t7 sy Ymy + 9m190+,) ‘
E +|_fi2(190791592a'”79m)
% + fio (Vo +1,0, + O1gyo L2 02y 5o lm + 9m,90+,) |
— t
16 +—— [ {(t—q&) T D (So+ &1, + 6, ..,
- Fq(Gi) 0 ( q&) 1(190 g lg 1130+5
18 -
o by + 62y oeeoslmg + Oy ) [dgd
20 2 1 t (5i1) 1=onr o+t il G
< —-e+ / t— %1/ d } [/ m; % d
o et e ag] | [ @y
o 2 Mln(l+/31)(1 oi1)
“~ (3.10 < —-€e+ )
o 1 =3 (o)1 By
25 Thus,
2 [9:(y) + Mi(2)[| = sup [(Mi(y))(1) — (Mi(2))(1)| < &,
27 t€[0,n]
28 foralli=1,2,...,m. Hence, M(y) +MN(z) € Ey ().

2EStep II. 9 is a contraction on =y (€). Lety = (y1,¥2,---,Ym), Z = (21,22,---,2Zm) € En(€). Then,

30

; ()’1,+91190+,7}’2,+92190+,7~--7ym,+9m190+,)7

32 (21,4 61y 1022, 024 Ly Zm + Oy L, ),

Z% belong to &y (&) and so

SE ‘fmi()’) —fmi(l)‘ = ‘fil(ﬁo +1,y1, +é100+,,y2l +é2,90+,,---7)’mt +ém,90+,)

2 —fa (Do +1,21, +é1190+wz2r +é2190+w"vzkt +ém190+t)‘

= (.11 <lly—zl, Vi=12,....m

39 This implies that ||§)ﬁ( ) —N(2) [« < Ly — z||«, where £ = max{¢y,£s,...,4y}. Since 0 < £ < 1,
40 21 is a contraction on &y (€).

4 Step III. M is a completely continuous operator. Suppose that

5(3.12) Ni1 (21,22, -, 2m) (1)

“ 0, t€[-9,0],
i(3'13) - _ﬁ2(§0761762779m)

46

o +fi2 (S0 +1,21, +él%+,,22, + ézﬁm,,---,zm, +émﬁ0+t), te€[0,m],
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o and
2
?(314) miZ(ZhZZ,---aZm)(t)
4 0, te[-4,0],
5 { .
6 (3.15) - / [ g1
o xw,(to+£j 21g + 0y 22+ 0 sz + Ok L) g8, 1€ [0,m],
9 fori=1,2,...,m. Itis clear that
10
. RASEIE S
o | M+
" :
14 M1 + N2
'® Since f; is completely continuous for all i = 1,2,...,m, N;; is continuous and also
16
17 Ej = {mil(Z) 1z € En(f)}7
18

. is uniformly bounded. From the condition (HS3), we conclude that E;; is equi-continuous. On the other
— hand,
20

21 , oi—1)

= Pl < s [ —4)

23 « « «

27 X |W[(00+é7Z1§ + 91190+57Z2§ + 92190+57"'7Zk§ +9k190+§)|dqé
25 1 d R e 2 e
26 < / t— =01 d / m; % d

5 A Mt I ALY
28 . (1+Bi)(1-051)

28 M

i% (3.16) < (G)(1+ B0

31 This implies that

2 Ep = {’ﬁiz(z) 1z € En(é‘)},

33

. is uniformly bounded. Now, we prove that E;> is equi-continuous. Let 0 < % < ¥ <1 and z € &y (€) be
— given. Then, we have

36 |Mia[2](2) — Mia[2) (11) |

37 1 Ll _ _

e = e [ 5= a8 ) — (31— gy )

o Ly(0) Jo

41 Xwi<190+(é?l]5 +é113 +§a125 +é2190+§7"~7lm§ + m190+§> qé
41

S 1 /

e (% —q&)lo~

‘E Fq(O'l)

‘i XW1<190+£ llé +6119 +§712€ +9219 o+E7 ll’l’lé +émﬂ0+§>dq§
45

46 1 %

il < _g&\(oi=1) _ _ g&\(ai=1)

- Srar [0 (o))
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X ‘Wi(ﬁo 6 +01, b + 02, oyl + 9m190+§> ‘ dg8
1 02 |
gy
Ly(ai) Js, ( )

X ‘Wi<190+€7llé+élﬁo+§’lzﬁ+é2‘l9()+57“"lm5+émﬁ0+5>‘dqé

= Mi i {/0191 [<l91 - qg)(ci_l) — (% — 45)(61'—1)} 1/(1=ay) dqé} 1-o0j

2 M, /191 8 (8 ]1_6”
< U — i — — V1d
5 < s [0 =gt = (32— g Wt
14 -6
_ Ml |:/192 (/3) il
5 + (92 —q&)" d,8
16 Ly(oi) [ /o !
_ 1-o0,
17 M; 4B o 1+p; 1+B} !
N < ,19_ () 19 l_|_ ,19_ i
18 Ly(oi)(1+ B;)'—on { : (%2~ %)
= M, (8 — ) (H+BI(1-0n)
= Ty(o7) (14 Bi)!—on
21? < 2Ml (192_191)(1"'[))1)(1 Gl])
2 =T, (o) (1+B) o
oq foralli=1,2,...,;m. Thus, Ej is equi-continuous. Moreover, 1;; is continuous and so 91 is a completely

-5 continuous operator. Now, by using the Kranoselskii’s fixed point theorem we get 9T+ 91 has a fixed point
26 on Ey(€) and so the system (1.2) has a solution k = (ki,ka, ..., kn), where y;(t) = 6;(0) +1;(t — ), for all

27 1€ [D,%+n], i=1,2,...,m. -
28 If we put f;; =0foralli=1,2,...,m, then we obtain next result.
29

20 Corollary 3.7. Suppose that there exist r € (0,7) and € € (0,0) such that the conditions (HS1) and (HS2)
31 hold, f;is continuous foralli=1,2,...,mand

32 |fi(t,y:) — fit,2)] < Lilly — 2]+,

% forally = (y1,52, .-, ym) 2= (21,22, --,2m) € B(€) and t € T, where {; € (0,1) is a constant for all

Z% i=1,2,...,m. Then the system (1.2) has at least one solution on [0y, Oy + N| for some positive number 1.
36 If weput fp =0foralli=1,2,...,m, then we obtain next result.

7 Corollary 3.8. Suppose that there exist r € (0,7) and € € (0,00) such that the conditions (HS1) and (HS2)
z% hold, f; is completely continuous for all i =1,2,... ,m and the family

0 {1 1Ey) s 01z € B,

41 _
Lo I8 equi-continuous on [T, C(Jo,R") for all bounded set *B in E,(€). Then the system (1.2) has at least one

L5 Solution on [Bo, Do + N for some positive number 1.

44 s s s .
e 4. Applications with illustrative examples
46 Here, in this section, we consider an application to examine the validity of our theoretical results on the

Az fractional-order representation of the motion of a particle along a straight line. In this case, we consider
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' a constrained motion of a particle along a straight line restrained by two linear springs with equal spring

2 constant (stiffness coefficient) under external force and fractional damping along the ¢-axis. The springs

3 unless subjected to force are assumed to have free length (unstretched length) and resist a change in length.

* The springs are anchored on the 7-axis at# = —1 and # = 1, and the vibration of the particle in this example
5 is restricted to ¢-axis only (see Fig. 1). The motion of the system along z-axis is independent of the initial

© spring tension. The vibration of the system is represented by a system of equations with the first equation

" having similar form of simple harmonic oscillator which cannot produce instability.
8

9

10

o

12

13

14 L

15

16 FIGURE 1. A particle along a straight line restrained by two linear springs with equal spring constant.

17
8

‘ ‘

. Herein, we give some examples to show the validity of pur main results for the problem (1.1) and (1.2).
. In this way, we give a computational technique for checking the problems.

21 Example 4.1. Consider the FNFqgDE of the form:
22

23 ¢ s 2t2siny(t) cosy(r) -
~— 4.1 Dy | y(t) — = , teJy=1[0,27],
24 ! <() 5(t+v/10)°) V102 +1 0=1027]
25

26 s for q € {5, 5 8} under bounded delay yy = 6 € 6y = C([—7,0],R"). Clearly 6 = g €(0,1), 6 =m,
o7 Yo=0,7T=27and

28 . :

29 Yor(€) = {y € C([—m,2x],R") : yo = 6o, sup ‘y(r) — 9(0)} < 8}.
5 tedy

{ Also, the functions f,w : [0,00) X 6y — R" define by

32

— 2t2siny(t t

5 Fle = 2280y = LY

" ©5(t4++/10)2°

V102 +1

% and y,(u) = y(t +u) for u € [—x,0]. One can see that w(t,p(t)) is measurable with respect to t € Jo and is

% continuous with respecst/to p(t) on 6y. If put o 2: % <2% then = (% —-1)/(1— %) = —% € (—1,0). By
) B .

3? taking m(t) = \Tot e L?(Jo) and f(t,y;) = SeryI02! sin(y;). We have

39

= Wit y,) = \/lrotcos(yt) } — m(r),

41 -
2 Jorany k € Yaor(€) and for almost all t € Jo. Also, we have

= B | 2%siny(r)  27sing(7)

% | f(t,y) f(hz:)l—’s(H_m)z ST V107

5 iy

4 <|— | |siny(r) —sinz(r)| < = |y<> 20)] < Ly -z,

e ’5(t+\/ﬁ)2
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" here, 1 = % On the other hand, function f is completely continuous and for any bounded set B € Y.(€),

2 the set {t — f(t,y;) : y € B}, is equicontinuous in C(Jo,R"). Therefore all hypothesis (HE1), (HE2)

> and (HE3) hold. Now, if r = 21 € (0,27) then,

4
? o 2 5/2 2/5

— M = ||m(t - = ||m(t -\ = — d = 12.4841.
B lm ()l 01 7y = Ol 527, /0 705 3

7

8

9 TABLE 1. Numerical results of 1 for three different values of g = %7 %, % and € = 0.95 in Example 4.1.
10

" 9=7 9=73 q=1

2 n | Iy(o) A n Iy(o) A n Iy(0) A n
8 1] 1.0737 0.0080 0.0080 1.0759 0.0081 0.0081 0.8929 0.0051 0.0051
14 2| 1.0770 0.0081 0.0081 1.0993 0.0085 0.0085 0.9448 0.0058 0.0058
15 31 1.0776 0.0081 0.0081 1.1103 0.0087 0.0087 0.9825 0.0064 0.0064
E 4 | 1.0777 0.0081 0.0081 1.1157 0.0088 0.0088 1.0113 0.0069 0.0069
; 51 1.0778 0.0081 0.0081 1.1183 0.0089 0.0089 1.0341 0.0073 0.0073
E 6 | 1.0778 0.0081 0.0081 1.1196 0.0089 0.0089 1.0525 0.0076 0.0076
— 71 1.0778 0.0081 0.0081 1.1203 0.0089 0.0089 1.0677 0.0079 0.0079
9 8 | 1.0778 0.0081 0.0081 1.1206 0.0089 0.0089 1.0802 0.0081 0.0081
20
> : : : : : : : : : :
— 29 | 1.0778 0.0081 0.0081 1.1209 0.0089 0.0089 1.1511 0.0095 0.0095
Zi 30 | 1.0778 0.0081 0.0081 1.1209 0.0089 0.0089 1.1516 0.0095 0.0095
23 31 | 1.0778 0.0081 0.0081 1.1209 0.0089 0.0089 1.1520 0.0095 0.0095
24 32 1 1.0778 0.0081 0.0081 1.1209 0.0089 0.0089 1.1524 0.0096 0.0096
o5 33 1 1.0778 0.0081 0.0081 1.1209 0.0089 0.0089 1.1528 0.0096 0.0096
o
27 .
s Now, we choose € = 6.45 then the exists ¥’ = 67”, such that from Eq. (3.6), we have
29 0.0081, g==

1 _ 5

o A Erq(G)(l +ﬁ)l—0'1 /(1+B)(1-01) 0.0089 ]
o - 3M -y T 1T 2
32 0.0096, g= %
33 and so,
34 ' / El—‘q(G)(l—Fﬁ)]*G‘ 1/(1+B)(1-07)
35 N =minqr,7r, M
36
37 0.0081, ¢g=14

— 4\ (2\¥545 ) 5
39 777 3M - — 2
0 0.0096, ¢ =g,

Table 1 shows the results of 1 for q = 5, 2, 8 It nicely shows that the value of N when q is close to zero, in
‘3 less repetitions, is obtained with four decimal places. As seen in Figure 2, with the data of the problem,
3 Theorem 3.2 is valid for different values of q. Further, from the above facts, in view of Theorem 3.2, we

4 conclude that Problem (4.1) has at least one solution on
45

— [0, 0.0081], [0, 0.0089], [0, 0.0096],

Efor q= % % % respectively, provided that y(t) = 0(0) +1(z).
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1
o 0.01 . . . . . |
3 0.009 |
4 0.008
S 0.007 [
6
— 0.006
7
5 = 0.005
9 0.004 -
10 0.003 |
F —f—q=1/5
o 0.002 ——q=1/2| ]
=7/8
2 0.001 | =2
13
> : . . . .
14 0 5 10 15 20 25 30
P n
15
16 . . . . .
— FIGURE 2. Graphical representation of 1} in Example 4.1 with different values of g.
17
18

o In the next example, we discuss different values of order ©.

ZE Example 4.2. Consider the FNFgDIE (4.1) with different values of order © € {%, %, %} and constant
21 g = % € (0,1) as form:

22
— : 2t siny(t) cosy(t) -
23 (4.2) ‘99 (y(t) - = , t€Jo=10,27],
2 /o 5(t+4/10)2 V1012 + 1
% under bounded delay yo = 6 € Gy = C([—m,0],R"). If we put
26
27 o=l <P =<’ 6 a=2<V ¢
e S T T e T e TR F I
ZE then we have s . 1
%0 A
31 o—1 9 2 1
o _ _ 2 1
2 Peig =y is =0 °=2
33 n-l__1 5_10
3Z [ 2 11
35 Clearly m(t) = \/%t belongs to L'/ (Jo), flt,y) = mtz sin(y;), and according to Example 4.1, we
36 have
37 2 . 2 .
> t*siny(t) t*sinz(1)
t,ye)— f(t,z)| = - <Llly—z|l,
. e0) = o)) = | 5 — STl <y

40 where [ = % On the other hand, function f is completely continuous and for any bounded set B € Yoz (€),
41 the set {t — f(t,y;) : y € B}, is equicontinuous in C(Jo,R"). Therefore all hypothesis (HE1), (HE2)
‘E and (HE3) hold. Now, if r = 17—2717 € (0,27) then by Eq. (3.3), we obtain

= 124841, o=+£,
44 2| 9 Gil 1oy o
i M = Hm(t)HLl/Gil (j()) = |:/0 \/71>0§ d€:| ~ 124841, o = 11
“° 124841, o =19
47
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h TABLE 2. Numerical results of 1 for three different values of ¢ € {%7 %, %} when g = % and € =43
2 in Example ??.

3

A c=% c=% c=1

— n[Teo) A m T0) A n T A 7
— 11]1.1104 0.0565 0.0565 1.0578 0.3140 0.3140 1.0224 1.4578 1.4578
R 2 | 1.1518 0.0845 0.0845 1.0831 0.4072 0.4072 1.0342  1.6530 1.6530
8 3| 1.1733 0.1035 0.1035 1.0961 0.4644 0.4644 1.0402 1.7618 1.7618

9 41]1.1848 0.1153 0.1153 1.1031 0.4978 0.4978 1.0434 1.8224 1.8224
10 51 1.1911 0.1222 0.1222 1.1068 0.5169 0.5169 1.0451 1.8560 1.8560
" 6 | 1.1945 0.1261 0.1261 1.1089 0.5277 0.5277 1.0461 1.8747 1.8747
o 71 1.1964 0.1283 0.1283 1.1101 0.5337 0.5337 1.0466 1.8851 1.8851
— 8 | 1.1975 0.1296 0.1296 1.1107 0.5371 0.5371 1.0469 1.8909 1.8909
8 9| 1.1981 0.1303 0.1303 1.1111 0.5390 0.5390 1.0470 1.8941 1.8941
“ 10 | 1.1984 0.1307 0.1307 1.1112  0.5400 0.5400 1.0471 1.8959 1.8959
15 11| 1.1986 0.1309 0.1309 1.1114 0.5406 0.5406 1.0472  1.8969 1.8969
16 12 | 1.1987 0.1310 0.1310 1.1114 0.5409 0.5409 1.0472  1.8975 1.8975
17 13| 1.1987 0.1311 0.1311 1.1114 0.5411 0.5411 1.0472 1.8978 1.8978
B 14| 1.1988 0.1311 0.1311 1.1115 0.5412 0.5412 1.0472  1.8979 1.8979
— 15]1.1988 0.1311 0.1311 1.1115 0.5412 0.5412 1.0472  1.8980 1.8980
9 16 | 1.1988 0.1312 0.1312 1.1115 0.5413 0.5413 1.0472  1.8981 1.8981
20 17 | 1.1988 0.1312 0.1312 [.1115 0.5413 0.5413 1.0472 1.8981 1.8981
21 18 | 1.1988 0.1312 0.1312 1.1115 0.5413 0.5413 1.0472 1.8981 1.8981
2 19 | 1.1988 0.1312 0.1312 1.1115 0.5413 0.5413 1.0472 1.8981 1.8981
23
24

o5  Now, we choose € = 43 then the exists ¥ = 67”, such that from Egq. (3.6), we have

26

— 0.1312, o=3%

27 —o, 7 Y/(+B)(1-0y) ’ I

— el,(o)(1 =0 !

o A:{ a(0)(1+5) ] ~{ 05413, o=2,

— M

29 1.8981, o =19,

30

31 and so,

= e 0.1312, o==,
= ely(o)(1 —ol R

34 n=min{ r,r, { ol )(yJB) ] ~ ¢ 05413, o=,
il 1.8981, o=1%.
36

37 Table 2 shows the results of N for fifferent values of order 6 = 1%, 19—1, % when g = g. In fact, if the

38 values of the order o tend to zero, the values of N also decrease. As seen in Figure 3, with the data of the
39 problem (4.2), Theorem 3.2 is valid for different values of 6. Thus, Theorem 3.2 implies that Problem (4.2)

40 has at least one solution on

41

s 0, 0.1312], [0, 0.5413], [0, 1.8981],
2 foro =L, &, 1% respectively, provided that y(t) = 6(0) +1(t).
44

45

46 In the next interesting example, we present the obtained results for a system of FNF¢gDE.
47
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1
2 2 |
3 181
4 16k —E— ;=8/11

— ' —O—=9/11

i 1.4 o=1011] |
6

_ 12}

7

- -
8

3 oat

10 06

11 04|

2 0zt

13

2 0 ) ) ) )

14 0 5 10 15 20 25 30

- n

15

16 . . . . .

— FIGURE 3. Graphical representation of 7) in Example 4.1 with different values of order o.

17

18

E Example 4.3. Consider the follow 3-dimensional system of FNFgDE.
20

- (¢ Slellye] ) _ sin’(yi)

2 " () - i) = P

22

on e/’ 2exp Ayl ) _ ltlcos(yr)

% (4.3) 9q ( 9(lyi[+2) ) = 10[[+4.25°

24

25 8/9 tsm )\ — _ tlyl

o ~10(sin?(y,)+1) exp(1?)[y:[+2°
27

og Jort e [0, %] under infinite delay yi, = 61, y,, = 6, y3, = 03 € 6o =C([ - %,

ss 02 =3, 03 =3 belong t0 (0,1), § =%, % =0, t=m, Jo = [0,7] and

30

O] ,R"). Clearly o1 =

31 Y,.(S): {(yly}’27)73) yi():éia Sup‘yl(t)_el(o)l §£f0ri:1,2,3}.

?; tedy

33 Also, the functions f;,w; : [0,) X 6y — R" define by

34

35 5(¢]y:] 2exp(—1?)|yi| V1 sin® (y;)
Ci z, = 9 7 —7 Z, = )
37

. -2

38 t sin”(p(1)) [t]cos(p(1)) tlp ()]

b Wl( 7p) W—I—%’ WZ( 7p) 10|t|+425, W3( 7p) exp(t2)|yt’+27
40 and

41 . o n .

s vi,(u) =yi(t+u), Yu € [ 2,0],1—1,2,3.

43 One can see that w, (t p (1)) is measurable with respect to t € Jy and is continuous with respect to p(t) in

44 %. prul‘611—3<6 61,621—§<2—62,631—9<9—G3then
45

46 2 31—
et 1 5
3 bi=12=2 P=

—_—

2 51

_ 2 7
3 1-1

um\;
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' respectively. By taking

2
3 t 2 |t| 5 t 9/7
— mi (1) = 7 e L*(Jy), my(t) = 15 eL*(Jy), ms(r) = 3 e L’ (Jp),
5
— and
8
7 5t |yl
O fu(t,y:) = fia(t,y:) = 6(]+5)’
9
i exp(—1°)|y
10 far(t,ye) = faalt,y:) = 9(|(y|+)‘2)t|,
- t
11
. Vit sin®(y;)
2 t,yr) = fu(t,y:) = :
o fi(t,y) = fl(t,y) 20 (sin’(y,) + 1)
Al we have
E B t sin®(y;) t
17 Wl(fy}’z)—\g/?T_H_%—ml(t)?
1 |t|cos(y:) lt]
1y, = < = ms(t
o wal:¥) = J04T 405 < 325~ ™)
20
2 wslty) = — Y,
o exp(t?)t|y|+2 ~ 2

2 fory € Yz (€) and for almost all t € [0, ). Let y,z € Yz (€), then we have

= | SkbO skl

% fuat,y0) = fult,2)l = ‘ 16(1t[+5)  16(]1 +5)‘

< 6l PO~ 201 £ S b0 0] < lly—zl,
= oAb exp(-)e(0)

z Prltn) = P21 = oy +2) o)1 +2)

33 exp(—12

> < 2O (o) 2] < 5 ()~ <) < Loy,
36 | Visin?y(r) B V1 sin? (1)

a7 arlton) = Fa(t2)l = |36 Gy ) 20(sinzz(t)+1)‘

jg | Visin?y(e) — Vi sin®z(r) ‘

o |20(sin y(r) + 1) (sin®z(r) + 1)

j; < 20 |siny(7) —sinz(t)| [siny(¢) + sinz(z)|

< 20050000 < 2 () <) < lly 2.

g So, ) = 15—6, by = %, U3 = 223—()‘/%. On the other hand, function f» is completely continuous and for any bounded
47 set B € Yr(€), the set {t — fuo(t,y:) : y € B} for i =1,2,3, are equicontinuous in C(Jo,R"). Therefore
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1 all hypothesis (HS1), (HS2) and (HS3) hold. Now, if r = 57” € (0,7) then by using Eq. (3.3), we obtain
2

3 S
0 wn=(1 7
5 | &
6 M2 = (/ —
z 0 25
8
9

4]
M3:(/0”§

Now, we can choose € = 16.5 < {€|,&,,&}. Then there exists ¥’ = % such that from Eq. (3.9), we have

3/2 2/3

dé) —2.8858,
2/5 5/2

dcj) =1.1611,

9/7 7/9
d§> = 2.4674.

el (or)(1 1-o1y 1/(14+B1)(1-011)
E n:mln r’ 7/7 qz( 1)( +B1) ,
= 3M,
= -81—‘%’(62)(1 +ﬁ2)1_°-21_ 1/(1+B2)(1-031)
15 |
16 I 3M, | |
” 0.2542, g=+
17 ] _ ) | .
18 el (o3)(1 +ﬁ3)1,631 1/(14B3)(1-031) ) e N
1o L 3M; ] o~ . . q ?(;
20 0.4049, ¢=19
21 Figures 4a, 4b, 4c and 5 show numerical results of A;, i = 1,2,3 and M for g = ﬁ, %, % respectively. Also,

— 03 0000000009
26 '
E— 03 14
27

30 —a—gtit
—_— —b—a=12

Q=101

> (A)q=1f B)g=1 (©)g=10

> FIGURE 4. Graphical representation of A;,i =1,2,3 forg = 11—1, %, % in Example 4.3.

v Table 3 shows these results (See MatLab lines 1). Further, from the above facts, in view of Theorem 3.6, we

39 conclude that the system (4.3) has at least one solution on

40 [0, 0.2542], [0, 0.3462], [0, 0.4049],

41 . .
s for different values of g, respectively.

43 .

— S. Conclusion

44

45 In this paper, we first gave some properties of the fractional g—derivative and integral, and then using the
46 proposed properties we established the existence of sultions for the single and multi-dimensional fractional

47 neutral functional g—differential equations (1.1) and (1.2) on a time scale and show the perfect numerical
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s TABLE 3. Numerical results of A;, i = 1,2,3 and 7 for three different values of g € {11—1, %, %} when
2 € = 8.35 in Example 4.3.

3

& 9= 9=13 q=1

% | A A A 7 AL A A7 AL A A7
— 110254 6.232 0.909 0.254 0.283 8.819 0.999 0.283 0.084 0.789 0.296 0.084
e 210254 6270 0911 0.254 0.315 11.139 1.108 0.315 0.113  1.473 0.397 0.113
8 310254 6274 0911 0.254 0.330 12.406 1.163 0.330 0.139 2.281 0.489 0.139
9 410254 6274 0911 0.254 0.338 13.065 1.190 0.338 0.164 3.169 0.573 0.164
10 510254 6.274 0911 0.254 0.342 13.402 1.204 0.342 0.185 4.103 0.649 0.185
" 6| 0.254 6.274 0911 0.254 0.344 13571 1.211 0.344 0.205 5.057 0.719 0.205
o 710254 6274 0911 0.254 0.345 13.657 1.214 0.345 0.224 6.012 0.782 0.224
. 810254 6274 0911 0.254 0.346 13.700 1.216 0.346 0.240 6.951 0.839 0.240
14 : : : : : : : : : : : : :
15 68 | 0.254 6.274 0911 0.254 0.346 13.742 1.218 0.346 0.404 20.044 1.411 0.404
6 69 | 0.254 6.274 0911 0.254 0.346 13.742 1.218 0.346 0.404 20.049 1.412 0.404
— 70 | 0.254 6.274 0911 0.254 0.346 13.742 1.218 0.346 0.405 20.053 1.412 0.405
7 71 1 0.254 6.274 0911 0.254 0.346 13.742 1.218 0.346 0.405 20.057 1.412 0.405
18 72 1 0.254 6.274 0911 0.254 0.346 13.742 1.218 0.346 0.405 20.061 1.412 0.405
19 73 1 0.254 6.274 0911 0.254 0.346 13.742 1.218 0.346 0.405 20.065 1.412 0.405
20

21

22 0.4

23

24 0351 1900000000000000000009

s 03 2 .

26

o7 005 | EECOEEES COROEoOEEoODoOEEOEODOREEDSTEES

28 =

29 02y

X 015 —8—q=1/11

31 —O—q-112

32 o1k g=10/11

33

34 % 5 0 15 20 25w 3 4

35 n

36

— FIGURE 5. Graphical representation of 17 in Example 4.3.

38

59 effects for the problem which it confirmed our results. Compared to published articles in the literature, this
40 article has new and numerical computational techniques.

41

42
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26

z% Algorithm 1: MATLAB lines for calculating the numerical results of variable in the multi-dimensional problem (1.2)
29| 1 clear;

37 2 format long;

31| 3 syms v;

s | 4 9=I1/5 1/2 7/8);

—1{ 5 epsilon=6.45;

33 | 6 tau=pij;

341 7 sigma=4/5;

35| 8 sigma_1=2/5;

9; 9 beta=(sigma-1)/(l-sigma_1);

37 10 M=eval (int ( ((abs (2*v/sqrt(10))) " (1/sigma_1)) " (sigma_1),v,0,2+tau));
vt r=12%pi/7;

0 12 rprime=8xpi/7;

—~ 113 column=1;
40| 14 for i=1:3

41|15 for n=1:120

E 16 Parammatrix (n, column)=n;

43 | 17 Gl=gGamma (g (i), sigma, n);

E 18 Parammatrix (n, column+1)=G1;

—1 19 Lambda=( (epsilonxGl...

4190 « (1+beta) " (1-sigma_1))/ (3%M)) " (1/ ((l+beta)« (1-sigma_1)));
‘E 21 Parammatrix (n, column+2)=Lambda;

47 | 22 eta=min (min (r, rprime), Lambda) ;
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17 23 Parammatrix (n, column+3)=eta;
2] 24 end;
3125 column=column+4;
4126 end;
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