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ABSTRACT. In this paper, we consider a kind of Liénard equations with deviating argument. Using the
fixed point theorem in cone and analytical technique, we obtain the existence of positive periodic solution
to the problem under the appropriate conditions. Some examples are presented to illustrate our results.
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" 1. Introduction

5 In this paper, we study the existence of positive periodic solution for the following equation

16
- (LD X(6) + f (x(1))X (1) + g (t,x(t — 7(1))) = 0,

18 where T is a @-periodic continuous function, g(¢,u) is @-periodic in ¢ and @ > 0.

19 The existence of periodic solution is an important aspect in qualitative analysis for differential
20 equation. Much work about periodic solutions for differential equations has been done by using
21 various theorems and methods of nonlinear functional analysis, see [1-3,6,7,10, 15,20,22,24-26]
22 and the references therein. When 7 = 0, (1.1) is reduced as the usual Liénard equation. There
23 are many work about periodic solution(s) or positive periodic solution(s) for Liénard equation, see
24 [4,5,8,9,13,14,17-19,23,28] and references therein. Recently, some researchers have focused on
25 periodic solutions to Liénard equation of deviating argument(s). Zhao and Nagy [27] discussed the
26 special cases of (1.1)

z% (1.2) X (t) +h(x(t)x' (t) +k(x(t —r)) =0,

-9 Where i,k € C*, h(0) > 0,k(0) = 0,k'(0) = 1, r > 0 is a constant. The authors proved the existence of
50 the Hopf bifurcation by center manifold analysis.
31 Zhou and Long [29] discussed the Liénard equation with two deviating arguments of the form

2 (1.3) 2'(8) + h(x()x (1) + g1 (£,x(t — 11 (1)) + g (t,x(t — 12 (£))) = v(¢),

— where h,71,72,v: R — R and g1, g2 : R xR — R are continuous functions, 7, 7, and v are @-periodic,
34

5 & and g, are w-periodic in the first argument. By using coincidence degree theory, they established

4 Some results on the existence and uniqueness of @-periodic solution for (1.3). One can refer to [12, 16]

— for similar method.

- Compared with periodic solution(s) of Liénard equation, the existence of positive periodic solutions

. for Liénard equation with deviating argument is considerably less often. Due to the influence of delay,
— some common methods for dealing with periodic solution problem cannot been directly applied to

40
41 2020 Mathematics Subject Classification. 34C25,34K43.
42 Key words and phrases. positive periodic solution; Liénard equation; deviating argument; fixed point theorem in a cone.
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study the existence of positive periodic solution for Liénard equation with deviating argument. To
the best of our knowledge, work about positive periodic solution for the following linear differential
equation

(1.4) x'(1) +ex (1) + p(t)x(t — ©(t)) = g(t)

are few so far, here c is a constant and p, g, T are @-periodic continuous functions.

The main purpose of this paper is to show the existence of positive periodic solution for (1.1) by

¢ means of fixed point theorem in cone. To this end, we transform the original equation into first order
9 functional differential system. With proper transformation, we need to consider only one first-order
10 honlinear functional differential equation. The existence of single positive periodic solution for (1.1)
11 has been established under suitable behavior of f and g on some closed sets. So some information on
1o the location of positive periodic solution is also obtained, leading to multiplicity results.
13 The paper is organized as follows. In Section 2, we prove a key lemma by using Schauder’s fixed
14 point theorem. In Section 3, the existence of positive periodic solution is studied with the help of the
15 fixed point theorem in cone of Banach space. In Section 4, by applying the result obtained, we give
16 some conditions guaranteeing that (1.4) has at least a positive @-periodic solution.

S fa|sfefm]-

17

8 2. Preliminaries

P LetX ={uecCR,R): u(t+ o) =u(t),r € R} with the norm |u|| = max, (o, |u(t)|-

20 Consider the equations

21

22 (2.1) u'(1) = k(t)u(r) —q(1),
22 (1) = —k{e)u(e) + (1),
- (23) W (1) = —a(u(t)) +h),

2z where k,q,h € X.
28

oo Lemma 2.1. [25] Assume that fom kdt # 0, then (2.1) has a unique periodic solution
30 t+o

o x(t) = ) G’{ (t,8)q(s)ds

%2 and (2.2) has a unique periodic solution

33

il o
s x(t) = G5 (t,5)q(s)ds,

35 !

3 Where

_ t

37 Gk(l S) — eprs—i_wk(l’)d}" Gk (f S) — eXp ftsk(r)dr ]
38 e exp [Ck(r)dr—1" 2 exp Jo k(s)dr—1

%9 We need the following well-known Schauder's fixed point theorem in our arguments.

40

41 Lemma 2.2. Let X be a Banach space with D C X closed and convex. Assume that T : D — D is a
42 completely continuous operator, then T has a fixed point in D.
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Lemma 2.3. Assume that there are M > m such that a € C'[m,M] and for all t € R,
a(m) <h<a(M) or a(M) <h<a(m).

Then (2.3) has at least one w-periodic solution it with m < it < M. Further suppose that a is strictly
monotone in R, the periodic solution of (2.3) is unique.

Proof. Since a € C'[m, M], there exists L > 0 such that
Ls+a(s), Ls—af(s)

are strictly increasing in [m, M].
Define operators 77 and 7 in X by

(Tiu) (2) = /fw Gi(t,5)[Lu(s) +a(u(s)) — h(s)]ds,

=
[@[R[=]3]e]e|~]o]a]s]|e]|r]|-

—
»

(Thu)(t) = /ZH(D G5(t,5)[h(s) + Lu(s) — a(u(s))]ds.

D Itis easy to check that the fixed points of 77, 7> on X are the periodic solutions of (2.3). Let A= {u €

EX, m<u<M}.
7 If aim) < h < a(M), for Yu € A, we have
18

19 Lm < h(t)+Lu(t) —a(u(t)) < h(t) + LM —a(M) < LM, Vt € R,
21 t+w
21 m = / G5(t,s)Lmds
2. o
2 < [ GHE9Gs) + Luts) — aluls)ds
t
2 o
25 < / G5(t,5)LMds = M,
26 !

o7, which implies that 7>(A) C A. Similarly, 71(A) C Aif a(M) < h < a(m).
os  Inaddition,

20 (Thw)'(t) = L(Tiu) (t) — Lu(t) — a(u(t)) +h(?),

30 (Tou)'(t) = —L(Tou)(t) + Lu(t) + h(t) — a(u(r)

81 from which it follows that there exists C > 0 such that

32

3 [(Tiu)'| <C, [(Tu)'| <C

Sz for Yu € A. Hence, Vu € A and V1,1, € R,
35

% |(Tiw) (1) = (Thiw) (12)] < Clty =12,

37 |(Tau) (11) = (Tau) (12)| < Clty =12,

a8 which imply that 7;,T5 : A — A are completely continuous. Using Lemma 2.3, T or 7> has a fixed
39 point on A, which is a periodic solution of (2.3).

20 Further suppose that a is strictly monotone in IR. Assume that u; and u; are two @-periodic solutions
41 of (2.3), we have

42 (ur —uw)' +a(ui (t)) —a(uz(t)) =0,
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/Ow[a(ul () — aluz(s))] (w1 (s) — ua(s))ds =0,

s

2

"3 which implies that

“ [a(ui(s)) —a(ua(s))][u1 (s) —ua(s)] =0, Vs,

i upr =uy,

% since [a(u;) — a(uz)](u; — uz) is of sign. Hence, the periodic solution of (2.3) is unique. O
E Remark 2.1. Under the conditions of Lemma 2.3, one can define an operator T, by
9 _

H Ta (]’l) =Uu.

7 Moreover, T, : X — X is continuous.

12

13 3. Main results

" At this section, we always assume that the following condition is satisfied
% (H) There are 0 < a < b < 4oo such that f € Cla,b], f(a) #0, f(b) # 0 and

17 F(x) = / " F(0)dt

18
E is strictly monotone, where f(b) = lim;_, o0 f () if b = +oo.

20  Let

21 £(b), 1> b,

2 0 =450, asi<n, FO)= [ fas

27 fla), t<a

2? then F is strictly monotone on R, 11m|,|_>ooF () = e and thus the inverse F~!of F exists,
27 F~ Y1) =F'(¢), Vmin{0,F(b)} <t < max{0,F(b)},

2 where F~! is the inverse of F.

z% Consider the equation

s (3.D) (1) + f(u(e))ud () + g (¢, u(t = (1)) = 0,

32_If the periodic solution u of (3.1) satisfies that a < u < b, u is also periodic solution of (1.1). Now,

3% suppose that u is a periodic solution of (3.1) and y = exp(u/(¢) + F (u(t))), then y > 0 and
34

3 {u’(r) +Fu(0) =Iny(0),

36 Y(t) = —y()g(t,u(t —(1))).

> s Noting that Fis strictly monotone, by Lemma 2.3, we have

3E min{F ! (Iny,),F " (Iny")} < T;(Iny) < max{F ' (Iny,),F " (Iny")},
j% where

o y* =maxy(r), y.=miny(t).

teR teR
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1 Moreover,
2 Y =y =yl +g(t, Tp(ny)(t — ©(1)))],
S or
% Y = —py+ylp —g(t, Tp(Iny) (t — 7(1)))],
e where u € R.
- Define the operators and the cone in X by
— 4o
% A = | Gy (1,9)y(s) [+ & (s, T(Iny) (s — 7(s)))]ds,
10 o
" (By)(t) = G (t,5)y(s) (1t — g(s, T(Iny) (s — 7(s)))]ds,

N t

- K={ueX,u>Kklul}, k=eH°.
13

E Theorem 3.1. There exist i > 0 and R > r > 0 such that
5 (Hy) min{0,F(b)} <Inkr,InR < max{0,F(b)},
16 (Hy) g:Rx [min{F~'(Inkr),F~!(InR)}, max{F ! (InR),F ! (Inkr)}] — R is continuous and

— g(t,u)>—u or g(t,u) < p

19 for (t,u) € R x [min{F~(Inkr), F~'(InR)},max{F ! (InR), F~!(Inkr)}].

21 <H3) max/\aﬁsﬁl_\a wag(t7s)dt <0< minAgSSSI_\B wag<t7s)dt? where {a7ﬁ} = {R7 r}’
21 _

. A, =max{F ! (Inp),F'(Inkp)}, A, =min{F ' (Inp),F~'(Inkp)}.

EE Then (1.1) has a positive solution x € X with
24

e min{F~!(InR), F ! (Inkr)} < x < max{F~'(InR),F~'(Inkr)}.

EE Remark 3.1. F~'(InR),F~!(Inr), F~'(Inkr) and F~'(InkR) are well-defined since (H) and (H,)

27 are satisfied.

28
oo Proof. Without loss of generality, we assume that @ = R, = r and

30 gtu) <

~ for (t,u) € R x [min{F~!(Inkr), F~ (nR)},max {F ' (Inkr), F~' (InR)}].

—  Let Q = {veX:|ul| <} At first, we show that B : KN (Qr/Q,) — K. For any u € KN
33 —

o (Qr/Q)),kr <u <Rfort e R and

35 min{F ! (Inkr),F~'(InR)} < Tx(Inu) < max{F~'(Inkr), F~'(InR)},

zj (3.2) g(t, Te(Inu)(t — (1)) < pu, Vi,

(ﬁ t+20 eH»a)fs

i% (Bu)(t + w) = /IJ:D mu(s) [/.L —g(s, Tﬁ(lnu) (s— T(s)))] ds

1 t pltO—s

% = /; T u(s+ o) (1 —g(s, Tr(Inu) (s + © — 7(s + )))] ds = (Bu)(z),
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1+
(Bu)(t) = / G (t,5)u(s) [1 — g(s, T (Inu)(s — 7(s)))] ds

1 /t+w ) [ —g(s, T=(Inu) (s — ©(s)))] ds,

(Bu)(t) <

/t—i-w u(S) [[.L — g(s, Tf(lnu) (s — f(s)))] ds,

o_1/

@|~[ofo]s]e]n]-

(Bu)(t) = k| Bul|

5 Thus B: KNQg/Q, — K. It is easy to check that B: KNQg/Q, — K is completely continuous.
10  Next, we show that

" @3.3) u#ABu, uc KNodY, and 0 < A < 1.
12
13 Ifitis not true, there exist u € KNJQ, and 0 < A < I such that u = A Bu. Noting that
" (Bu)' (1) + pu(Bu)(t) = u(t) [ — g(r, Te(Inw) (t — (1)))],
15
6 we have
7 u' (1) + pu(t) = Au(t) (1 — g(r, Te(Inu) (1 — (1)))],
8 (Inu(t)) +p = A[u — g(r, Tp(Inu)(t — (1)))].
;% Integrating the equation above from 0 to w, we obtain
2 (3.4) /1/ (5, T (i) (s — 7(s)))ds = (A — 1w < 0,
22
EE where we use the fact 0 <A <1 and u(0) = u(w). Since kr <u <rforu € KNAQ,, Inkr <Ilnu <Inr
24 and
z% (3.5) A, =min{F~(Inr),F ' (Inkr)}] < Tz(Inu) < max{F ' (Inr),F ' (Inkr)}] = A,.
27 From (3.4) and (3.5), we have
8 )
. (3.6) min_ / g(t,5)di <0,
- A <s<A,JO

0
o which is a contradiction. So u # ABu,Yu € KNdQ, and 0 < A < 1.

5 Next, we show that

33 inf||Bu|| >0, u# ABu for uc KNdQg,A > 1.

Z% Suppose that inf ||Bu|| = 0 for u € KN dQk, there exists sequence {u, } C dQg such that ||Buy,| — 0
o Asn oo Hence, kR < u,(t) < R and

o
7 0< G (t,8)un(s) [t — g(s, Tz(Inu,) (s — 7(s)))]ds < ||[Buy| — 0 as n — oo.
38 1

3E One easily obtain that

40

o G g(s, Ts(Inuy,) (s — 7(s))) = 1 as n— oo
zg for Vs, which contradicts (3.2). Hence, inf||Bu|| > 0 for u € K N JQk.
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Suppose that u = ABu for u € KN dQg and A > 1. Similar to (3.4), we have

l/owg(s,TI;(lnu)(s— o(s)))ds = (A — 1w > 0,

Noting that InkR < Inu < InR for u € K NJdQ,

© 68) /0 " g(s, T (Inu)(s — 7(s)))ds > 0.
z Tr(Inu) = Tr(Inu) € [min{F~'(InR), F~'(InkR) }, max{F ' (InR), F~'(InkR)}],

10 we have

w
11 max_ / g(t,s)dt >0,
; AR<s<ArJO

13 Wwhich is a contradiction.
1+ Therefore, there exists u € KN Qg /Q, such that Bu = u. Moreover, kr <u < R for all t € R. Let

15 *=Tx(Inu), then
6 {QWY+uBu=um—gOAE%mMDU—fUDm

17

' that is,

o {wa>=;ﬂaw0x@—ra»x

21 X (1) + F(x(t)) = Inu(r),

= (1) + Fx()x (1) = —g(t,x(e = 7(1))).

2 Again x = Tx(Inu) € [a,b], we have

25 xX(6) + f (x(1))X (1) + g (t,x(t — 7(1))) = 0,

% which implies that x is a positive periodic solution of (1.1).

27 If g(t,u) > —u, we consider the operator A in the similar way. O
Z% Using the same idea, for the equation

0 (3.9) X (8) + L)X (1) + Gt x(t = 71 (£)), ooy X(E = Tu(1))) =0,

1
5, Where G(t+o,vy,....;vm) = G(t,v1,...,vm), T; are continuous ®-periodic functions, we have

SE Theorem 3.2. There exist L > 0,R > r > 0 such that (Hy) holds and
*  (Hy) G:Rx[min{F~'(Inkr),F~'(InR)},max{F~'(InR),F~'(Inkr)}]" — R is continuous and
35

36 G(t,v1,..sVim) > —l or G(t,v1,...,;vy) < U

87 for (t,v1,...,vm) € Rx [min{F ' (Inkr),F~!(InR)},max{F ! (Inkr), F~!(InR)}]™.
¥ (Hs)

39 0} ®

40 max / GtV ey vm)dt <0 < min / G(t,v1,...,vm)dt,
; Ao <vi<Aq,i=1,2,..mJ0 AB SvigAﬁ,i:l,Z,mm 0

42 where {a, B} = {R,r}.
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Then (3.9) has a positive periodic solution x with

1

2 min{F~'(InR),F ! (Inkr)} < x < max{F~'(InR),F ' (Inkr)}.
3

~, Example 3.1. Consider the equation

5 X'(¢) , 2sint+sinx(f — )

—(3.10 (¢ A =0

- G0 S PR s !

" where T € R.
8

9 We claim that for any / € N, there exists 4; > 0 such that (3.10) has at least / positive 27-periodic
10 solutions for |A] < A;.

11 Clearly, x = C > 0 is positive 2z-periodic solution for A = 0. Now, let A # 0 and choose a = 1,b =
12 oo, then F (1) = [{ %dt = Inu is strictly increasing for u > 1 and F ! (u) = e",u > 0. Let

13 1 . 4/+4 /4 T

i Al:glnm, szyl‘, rn:(2n+1)7t—g, anz(n‘i_l)n_g, n:(),,l—l

> Then,

6 lg(t,u)| <2|A|, VteR,ueR,

17 b4

18 k=e *mA > o LT B 811+6>2§12> (ZH_;)E_'_Z, kro > 1,

o 1

19

20 2nﬂ+g<krn<rn, (2n+1)n+§<kR,,<Rn,n:o,l,...,l,

2 kr,>R,_1, n=1,2,...,1—1.

Z0< A <A

23 -

— © T - 2r . .

24 max. / o5t < 2A [y sintdt 27 [ sintdt max 2mA sins

25 Ag, <s<Ag, JO 2+ kR, 2+R, kR,<s<R, 2+

26 __4A(-KR, 2

% = (2+R,)(2+kR) 24+R,

29 min / o - 21 [y sintdt n 22 [ sintdt + min 2mA sins
s S —

30 Ay <s<Ap, g - 24r, 2+ kry, kra<s<r, 2+

31

o S A1 (k—1)r, A -0,

a3 = 24r)24kr,) 2+,

37 If —ll < A< 0,

- 0] [0]

35 max_ / g(t,s)dt <0< min_ / g(t,s)drt.
0 0

36 Ay <s<Ay, AR, <s<Ag,

sz From Theorem 3.1, (3.10) has one positive 27-periodic solution x; € [kr;,R;],0 <i <1—1.

Z% Example 3.2. Consider the equation

© (3.11) ' (x) 24 () + [() (t—‘L'l)(Z—x(t—‘L'z))—i(l—i—sian)} ~0

41 100
g where 71, T, € R.
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1 In fact,
2 1 .
e w=1, f(t)=2, g(t,vl,vz,V3):m[vlvz@—\@)—0.25(1+sm27rt)].
4 Let 3
% dIO, b:+°°’ u:@, kzei'uwzo.87,
e r1:k71+0.()1, 7”22627 r3:e3, r4:es,
% then
i —1,,y_ U
E F (M) = E, u > 0,
m 1 5 5 1 Inkr Inr. )
12 lg(t,v1,v2,v3)| < 755 (2 x 3 X 2+2> =p, Vi€R, — Loy < 74(1 <i<3).
% In addition,
= ® 1 [In?r 1 1,
= max t,81,52,83)dt < — - — x2—1)<0,
6 A, <si<[\r1/o §t:51,52,83)d1 < 155 | = 2|~ q00™ )
17
e , ® 1 [A=Inr)In’kr, 17 (2-u)*—1
18 min / t,51,82,83)dt > —— ——|=——>0,
20 ® 1 [(4—Inr3)In’krs 1] (3—u)>-2

i t dt > — ——|=———>0
21 A,3<ms§2f\,3/0 8(t,51,52,83)d1 = 10 [ 3 4] 200 ;

22
23 1 {(4—lnkr4)ln2kr4 1] <0.

(0]
— max t,81,82,83)dt < — - =
24 Ar4SSiS/_\r4/O g( 1552 ) 100 8 4

Z% By Theorem 3.1, (3.11) has positive 1-periodic solutions x; and x, with

j— Inkry Inry Inkrs 3—u Inr. 5
27 < < —=1< =—Z < — = —.
s 2 =M= 2 e T

2 4. Application
30

?Z In this section, we apply Theorem 3.1 to (1.4) and give some conditions guaranteeing that (1.4) has at

82 Jeast a positive w-periodic solution. For a given continuous function £, let
33

o w
» 7= / h(s)ds, h* = max{h,0}, h~ = max{—h,0} = —h+h*.
0

35
26 Theorem 4.1. (1.4) has at least a positive ®-periodic solution if one of the following conditions is

4, satisfied

38 (1)c>0,ﬁ>0,q>0andp20,O%>qf0rallt€]R;
39 (2)C>0,ﬁ<0,6<0andp§0,%+q>0forallt€]1§;
j% (3)c<0,ﬁ<0,6<0andp§0,q>(%forallt€]R;
m @ <0, p>0, g>0andp>0, %<—qforallt€R.
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Proof. Clearly f(t) =c, g(t,u) = p(t)u—q(t). Leta = 0,b = oo, then

1
z F "ed 0), F'(u)==u>0
B (u)—/oct—cu(u> ) Pl = 2> 0).
4 Assume that case 1 or case 2 holds. Let R be sufficiently large and
5
> > _ _ _
5 0<8<min{cq, min{cq—a)q}, min{c_q—l—a)q}},
7 3 P teR | D teR | p
8 q_g 1 fcg 3
— P = — -
o T T (p 2 ) |
% then
11 c C
o kr = e(%_s_%%s) =e2 > 1,
13 F~Y(Inkr) > 0,F~'(InR) > 0,
14 Ink InR
5 p(t)x—q(t) > —q(t) > —u for t € R, ke <x< n—, if case 1,
i c c
6 Ink InR
17 p(t)x—q(t) < —q(t) < pu for t € R, il <x< n—, if case 2.
’ c c
'8 If case 1 is satisfied,
o o Inr D (cq P
20 max_ / g(t,s)dtgp—q:p<q—e) —q:—£e<0,
o1 Ar<s<A,J0O c c\p c
22 o InkR 17
- min_ / gt 8)dt >t g =Linkr—g>0.
23 Ar<s<AgJo c c
24 If case 2 is satisfied,
= o InkR 5
26 max_ / g(t,s)dtgﬁn —q:—|3|-lnkR—q<0,
— Ar<s<Ag JO c c
28 ® ] 5 (cq 5 P
o min_ / g(t,s)dtZﬁﬂ—q:B g—e —a:—££:|£|£>0.
29 Ar<s<A,Jo ¢ c\p ¢ c
%9 Assume that case 3 or case 4 holds. Let
31
_ 1 1 vl
32 O<8<min{—cq,min{qa)—cq},min{qa)—i—ﬁ}},
5 2 D teR P ) teR iz
34 q_ 1 g
g r:eﬁq 8, R:e_‘g’ “:(—cq—2€>,
2 o p
3 then
37 Inkr  InR
— r<R<Il, u>0, —>—>0,
38 c
39 InR Ink
0 p(t)x—q(t) < —g<pu for t € R, n—gxgﬂ, if case 3,
il c c
41 InR Ink
1 p(t)x—q(t) > —qg> —pu for t € R, n—gxgﬂ, if case 4.

i C C
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If case 3 holds,

1
? (0] l 7} Y7l 73

3 max_ / g(t,S)dtgpm—q=p<cq—8) —g=-Le <o,

= Ar<s<A,Jo ¢ c\P c

4

5 o InkR P D[ cq P

= min_ / g(t,5)dt > P —q:p(—,uw—e)—q:p<c—|—£) —g=Le>0

6 AR<s<Agr JO c c c\p c

7 If case 4 holds,

£ ® InkR P P

9 max_ / g(t,s)dt <p —q:B(—uw—e)—q:£8<O,

H AR<s<Agr J0 C & C

? (0] l n Y7l 73

o min_ / g(t,s)dthnr—q:p<cq—8) —q:—Be>0.

— Ar<s<A;JO c ¢ p ¢

% Hence, by Theorem 3.1, (1.4) has at least a positive w-periodic solution. Il

- Next, we consider the case that p may change sign.

E Theorem 4.2. (1.4) has at least a positive @-periodic solution if one of the following conditions is
17 satisfied

B 1) e>0,p>0,3>0 0|p|pt <cpforallt €R and w%% > min{A,A,}, where

19

20 (0T — a5
21 Ar=max{ i)}, A2 =max{—@i(1)}, u(r) = —LL—P)

- o ek cp—|plop*

22 - .

3 (@ ¢>0,p<0,7<0, o|p|p~ < —cpforallt € R and ;;4 > min{By,B>}, where
. .

2 By =max{@(t)}, By =max{—@:(t)}, @(t) = f’qi‘ll’i

26 teR 1eR cp+|plop

27 (3) ¢<0,p>0,g>0, o|p|p" < —cpforallt € R and 574 > min{Cy,C,}, where

28

29

% Cr=max{gs(1)}, G =max{-p3(1)}, ps3(r) =

31

w» @) c<0,p<0,g<0, o|p|p~ < cpforallt € R and <L > min{D,,D,}, where

c(pq—qp)
cp+|plop*

o o
33 o

> P

fa D; :rgaﬂé‘{¢4(t)}> Dzzfg%é({—¢4(t)}, (pz(t):_(pqiqpl_.
= cp—|plwp

36 Proof. (1) Let

37 o

38 1 g—ptomin{A;,A 5 \!
il 0<eg <-mind 1,22 pi —{ . 2}’<max|p|p> :
3 2 P+pto teR ¢p—|p|pT

41 0 JE—

S R= e%Jr%“w“lz, = e%—%uw—e%’ _ Ap+¢€,A1 < A,

=z Ay +¢€1,A1 > A,
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1 Then
2 cq_p-
. Inkr = — —-"“—po—pow—=¢
— p p
4 1 _ _
E = ; (cﬁ—p+a)min{A1 Ay} —ptog — 158%)
5 1 _ _
7 > = (c@—p*a)min{Al,Az} — (p+w+ﬁ)£1) > 0.
8
E For @ <x< I“TR,
0 InR Inkr
1" pt)x—q(t) < p* 7—1? — 4
2 — _
8 = r q+B*Nw+€1 - —HO+ q—B*Nw & | —q
14 ¢ \P ¢ p
15 5 +oF L D54t - + 4 p
= q p'pt+p p+p p p +p
16 = p-—q+ - Ho -+ €
° p cp c
o i et el
18 = pg_ q+ PP ,ua)+—el<A1+£1 if A <Aj,
19 cp
o o, Inkr InR
20 px=qlt) > p'———p ——q
2 <
22 c
23 = p<q no-L po- ﬂ) L <q I)Hw+&> q
— ¢ p p ¢ p
. plpt el
25 = g_— PP ,LL(J)—£81 —(A2+81) if A1 > A».
- p cp c
o7 In addition,
28 o —Inr —Ink p P
29 max_ / giydr < pr—p L =L P pw—g
— Ar<s<A,JO c c c c
0. _ /. — — _
o = p<cf1—p_yw—sf>+puw—q:—pef<0,
32 c\p p c c
33
34 (O] Tt = 2] Ht
- min_ / g(t,s)dt > p—lnkR—p—lnR—q: BlnR—p—,uco—q
- AR<s<ArJO C C C C
36 _
= 5 ca pF =+ =
a7 = PlYy Ll jorel |- T po-g="Le>o0.
- c\p p c c
%9 (2)Let
40 _ |
i1 1 —(cqg+ p~ ®min{B;,B P a
“ 0<é& < -minq 1, (cq—l—pf min{B1,5:}) (max clplp > ,
a2 2 pO—p 1€k cp+|plp~o
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Then

Inkr

-
[Bfefe|~]ofo]s]w]n]-

—_
—_

12 For Iokr <y < ok
13

- p(t)x—q(7)

. p(t)x—q(t)

_ (O]

26 max_ / g(t,s)dt
27 ARSSSAR 0

28

29

30

— (0]

3t min_ / g(t,5)dt
32 Ar<s<A,JO

33

34

®(3) Let
63

37
38

39

40

— ., pt

41 R=e¢?

42

30 Jan 2024 03:07:02 PST

v

IN

IN

\Y)

1
i 0<83<2min{1,

B, +¢&,B; > Bj.

. <B
P G P g2 B+ &,B1 < By,
HOTE L r=er TR =

—[cg+ p~@min{By,B,} + p~ we; — pe3]

—[cg+p-omin{B1,B} + (p~ 0 —p)&:] > 0.

!

pTInR p Inkr

q
Cc Cc
+(cd - R
£ fq—pf#w+€zz -2 fq+pfuw—uw—822 —q
c\pP P c\pP P
g_q_@ﬂw+@£§<31+82, if By < By,
p cp c
+ —
P inkr—L-mR—gq
c C
q_q4‘p‘puw_|f|822>—(32+82) if By > By,
P R—Pimkr—g=Lnr+pow—g
C C c

= -
p—lnkr—p—lnr—q

c c

— T —
Blnr—p—u(o—q: —3822 > 0.
c c c

—cg— ptomin{C,,C,} ( —|plp )‘
— , | max ———=—— ,
pro+p 1€R cp+|plpto
po+e? e ecpjf”[z;uwfeg _ Ci+¢&,0 <,
G+ 63,01 > G
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1 Then

2 g p* L = — _2

3 —?+~—uw+% p@q+pﬂmmMChGﬁ+p+w&+p%)<0
-

5 0<r<R<I1.

6

ZFM%ng %,

£ _Inkr IR

o pt)x—q(t) < pT——p ——¢

10 ¢ ¢

0 N - ==

n = p(—uw+q—puw—e§>—p<q+puw+s3>
2 ¢ p P c \Dp

S q \plp* Pl »

14 = pP=—9q— uw———%<q1ifC1§CL
- p cp

— InR _Inkr

16 p(t)x—q(t) > p"——p — —¢

17 ¢ c

= = pg_ q-+ |P|P M<93> —u if C; > Gy,
19 cp

50 o — InkR —InR

= max_ / gt,s)dt < p+ —-p ——4q

21 AR<s<Ag /O ¢ ¢

= r* p

23 = —mR—A—uw— =gl <0,

— C

24 ) o —lnkr —lnR _

25 mln_/ gt,s)dt > pt———p~——7q

— ArSSSAr 0 c c

26 _ — _

27 = gmHJLuw—q:—£%>0.

28 C C C

2i(4)Let

30 o 1
Ay 1 g —p~omin{D{.D —\p|p -
3l 0< s < Lmind 1, 4P @min{Dy, 2},(max’l”l’) ,
32 2 poO—p t€R ¢p—|plp~®

Pi

34 .

35 R:e%—%uw—&—e‘f’ r—ecfl;u_[7 Ho= 84%7 — Di+&,D1 < Dy,
36 Do+ €4,D1 > D».
37

ss Then

39 g p b 1. — — =22

o — ——uw+¢& =—=[cg—p omin{D;,Dr} — p-we+pe’] <0
il )4 14 14

At

42 r<R<1.
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InR Ink
LFornTgxg =,
2
i Inkr _InR
3 p(t)x—q(t) < pT——p ——¢
s c c
4 v .
— c
5 = P po-eipo |- P (L pwred | ¢
. c\p P c\p D
7 — —
I’y = pg—q+|p|lj ,UCO—M&%<D1+84 if Dy <D,
S D cp c
9
10 InR _Inkr
T pt)x—q(t) > P*Ti—P‘Tf—q
2 a el lpl .
13 = = — [,L0)+f£4>—(D2—|—84) if D1 > Dy,
o p cp
s ® —Inkr —1In 2 T
15 max_/ g(t,s)dt = pt r—p——r—nglnr——,uw—q
6 Ar<s<A,J0 c c c c
- - o7 oF 5
. - 2D 0-gt) - Z o7~ L <,
i cC\ P P ¢
19 —
. ® —InR —InkR D D
20 min_ / g(t,s)dt > pt— —p~ —g= Plng+ p—,ua)—ﬁ: B&% > 0.
29 AR<s<AR J0O c c Cc c c

22 In either case, by Theorem 3.1, (1.4) has at least a positive w-periodic solution.

23
-, Example 4.1. Consider the equation

% (4.1) x”(t)—l—cx/(t)—l—Zx(t—g) — d +sint,
26

2Z where ¢,d € R.

Z% Clearly, d > 0 if (4.1) has positive 27-periodic solution. From Theorem 4.1, if
30 d

0 ﬂ>d+1andd>o,

31 4

32 (4.1) has positive 27-periodic solution. Let
33

34 x(t) =ap+ Z (ay cosnt + by sinnt)

35 n=1

36 be 27-periodic solution of (4.1). Substituting into (4.1), we have

37 d 2—c —1

38 610:5, anzanO(nZZ), alzm; lzma
39

o which implies that x changes sign if

) W

42 2 1+ (c—2)2
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1 and (4.1) has a unique positive 27-periodic solution if

2
3 d - 1
4 2 1+ (c—2)2

5
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