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POSITIVE PERIODIC SOLUTION FOR LIÉNARD EQUATION WITH DEVIATING
ARGUMENT

WEIBING WANG PIAO LIU AND XUXIN YANG

ABSTRACT. In this paper, we consider a kind of Liénard equations with deviating argument. Using the
fixed point theorem in cone and analytical technique, we obtain the existence of positive periodic solution
to the problem under the appropriate conditions. Some examples are presented to illustrate our results.

1. Introduction

In this paper, we study the existence of positive periodic solution for the following equation

(1.1) x′′(t)+ f (x(t))x′(t)+g(t,x(t− τ(t))) = 0,

where τ is a ω-periodic continuous function, g(t,u) is ω-periodic in t and ω > 0.
The existence of periodic solution is an important aspect in qualitative analysis for differential

equation. Much work about periodic solutions for differential equations has been done by using
various theorems and methods of nonlinear functional analysis, see [1–3, 6, 7, 10, 15, 20, 22, 24–26]
and the references therein. When τ ≡ 0, (1.1) is reduced as the usual Liénard equation. There
are many work about periodic solution(s) or positive periodic solution(s) for Liénard equation, see
[4, 5, 8, 9, 13, 14, 17–19, 23, 28] and references therein. Recently, some researchers have focused on
periodic solutions to Liénard equation of deviating argument(s). Zhao and Nagy [27] discussed the
special cases of (1.1)

(1.2) x′′(t)+h(x(t))x′(t)+ k(x(t− r)) = 0,

where h,k ∈C4, h(0)> 0,k(0) = 0,k′(0) = 1, r > 0 is a constant. The authors proved the existence of
the Hopf bifurcation by center manifold analysis.

Zhou and Long [29] discussed the Liénard equation with two deviating arguments of the form

(1.3) x′′(t)+h(x(t))x′(t)+g1(t,x(t− τ1(t)))+g(t,x(t− τ2(t))) = v(t),

where h,τ1,τ2,v : R→R and g1,g2 : R×R→R are continuous functions, τ1,τ2 and v are ω-periodic,
g1 and g2 are ω-periodic in the first argument. By using coincidence degree theory, they established
some results on the existence and uniqueness of ω-periodic solution for (1.3). One can refer to [12,16]
for similar method.

Compared with periodic solution(s) of Liénard equation, the existence of positive periodic solutions
for Liénard equation with deviating argument is considerably less often. Due to the influence of delay,
some common methods for dealing with periodic solution problem cannot been directly applied to
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POSITIVE PERIODIC SOLUTION FOR LIÉNARD EQUATION WITH DEVIATING ARGUMENT 2

study the existence of positive periodic solution for Liénard equation with deviating argument. To
the best of our knowledge, work about positive periodic solution for the following linear differential
equation

(1.4) x′′(t)+ cx′(t)+ p(t)x(t− τ(t)) = q(t)

are few so far, here c is a constant and p,q,τ are ω-periodic continuous functions.
The main purpose of this paper is to show the existence of positive periodic solution for (1.1) by

means of fixed point theorem in cone. To this end, we transform the original equation into first order
functional differential system. With proper transformation, we need to consider only one first-order
nonlinear functional differential equation. The existence of single positive periodic solution for (1.1)
has been established under suitable behavior of f and g on some closed sets. So some information on
the location of positive periodic solution is also obtained, leading to multiplicity results.

The paper is organized as follows. In Section 2, we prove a key lemma by using Schauder,s fixed
point theorem. In Section 3, the existence of positive periodic solution is studied with the help of the
fixed point theorem in cone of Banach space. In Section 4, by applying the result obtained, we give
some conditions guaranteeing that (1.4) has at least a positive ω-periodic solution.

2. Preliminaries

Let X = {u ∈C(R,R) : u(t +ω) = u(t), t ∈ R} with the norm ‖u‖= maxt∈[0,w] |u(t)|.
Consider the equations

(2.1) u′(t) = k(t)u(t)−q(t),

(2.2) u′(t) =−k(t)u(t)+q(t),

(2.3) u′(t) =−a(u(t))+h(t),

where k,q,h ∈ X .

Lemma 2.1. [25] Assume that
∫

ω

0 kdt 6= 0, then (2.1) has a unique periodic solution

x1(t) =
∫ t+ω

t
Gk

1(t,s)q(s)ds

and (2.2) has a unique periodic solution

x2(t) =
∫ t+ω

t
Gk

2(t,s)q(s)ds,

where

Gk
1(t,s) =

exp
∫ t+ω

s k(r)dr
exp

∫
ω

0 k(r)dr−1
, Gk

2(t,s) =
exp

∫ s
t k(r)dr

exp
∫

ω

0 k(s)dr−1
.

We need the following well-known Schauder,s fixed point theorem in our arguments.

Lemma 2.2. Let X be a Banach space with D⊂ X closed and convex. Assume that T : D→ D is a
completely continuous operator, then T has a fixed point in D.

Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

30 Jan 2024 03:07:02 PST
231205-Wang-2 Version 2 - Submitted to Rocky Mountain J. Math.
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Lemma 2.3. Assume that there are M > m such that a ∈C1[m,M] and for all t ∈ R,

a(m)≤ h≤ a(M) or a(M)≤ h≤ a(m).

Then (2.3) has at least one ω-periodic solution ū with m≤ ū≤M. Further suppose that a is strictly
monotone in R, the periodic solution of (2.3) is unique.

Proof. Since a ∈C1[m,M], there exists L > 0 such that

Ls+a(s), Ls−a(s)

are strictly increasing in [m,M].
Define operators T1 and T2 in X by

(T1u)(t) =
∫ t+ω

t
GL

1(t,s)[Lu(s)+a(u(s))−h(s)]ds,

(T2u)(t) =
∫ t+ω

t
GL

2(t,s)[h(s)+Lu(s)−a(u(s))]ds.

It is easy to check that the fixed points of T1,T2 on X are the periodic solutions of (2.3). Let Λ = {u ∈
X , m≤ u≤M}.

If a(m)≤ h≤ a(M), for ∀u ∈ Λ, we have

Lm≤ h(t)+Lu(t)−a(u(t))≤ h(t)+LM−a(M)≤ LM, ∀t ∈ R,

m =
∫ t+ω

t
GL

2(t,s)Lmds

≤
∫ t+ω

t
GL

2(t,s)[h(s)+Lu(s)−a(u(s))]ds

≤
∫ t+ω

t
GL

2(t,s)LMds = M,

which implies that T2(Λ)⊂ Λ. Similarly, T1(Λ)⊂ Λ if a(M)≤ h≤ a(m).
In addition,

(T1u)′(t) = L(T1u)(t)−Lu(t)−a(u(t))+h(t),

(T2u)′(t) =−L(T2u)(t)+Lu(t)+h(t)−a(u(t)).
from which it follows that there exists C > 0 such that

|(T1u)′| ≤C, |(T2u)′| ≤C

for ∀u ∈ Λ. Hence, ∀u ∈ Λ and ∀t1, t2 ∈ R,

|(T1u)(t1)− (T1u)(t2)| ≤C|t1− t2|,

|(T2u)(t1)− (T2u)(t2)| ≤C|t1− t2|,
which imply that T1,T2 : Λ→ Λ are completely continuous. Using Lemma 2.3, T1 or T2 has a fixed
point on Λ, which is a periodic solution of (2.3).

Further suppose that a is strictly monotone in R. Assume that u1 and u2 are two ω-periodic solutions
of (2.3), we have

(u1−u2)
′+a(u1(t))−a(u2(t)) = 0,
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ω

0
[a(u1(s))−a(u2(s))](u1(s)−u2(s))ds = 0,

which implies that
[a(u1(s))−a(u2(s))][u1(s)−u2(s)]≡ 0, ∀s,

u1 ≡ u2,

since [a(u1)−a(u2)](u1−u2) is of sign. Hence, the periodic solution of (2.3) is unique. �

Remark 2.1. Under the conditions of Lemma 2.3, one can define an operator Ta by

Ta(h) = ū.

Moreover, Ta : X → X is continuous.

3. Main results

At this section, we always assume that the following condition is satisfied
(H) There are 0≤ a < b≤+∞ such that f ∈C[a,b], f (a) 6= 0, f (b) 6= 0 and

F(x) =
∫ x

a
f (t)dt

is strictly monotone, where f (b) = limt→+∞ f (t) if b =+∞.
Let

f̃ (t) =


f (b), t ≥ b,
f (t), a≤ t < b,
f (a), t < a,

F̃(t) =
∫ t

a
f̃ (s)ds.

then F̃ is strictly monotone on R, lim|t|→∞ F̃(t) = ∞ and thus the inverse F̃−1 of F̃ exists,

F̃−1(t) = F−1(t), ∀min{0,F(b)} ≤ t ≤max{0,F(b)},

where F−1 is the inverse of F .
Consider the equation

(3.1) u′′(t)+ f̃ (u(t))u′(t)+g(t,u(t− τ(t))) = 0,

If the periodic solution u of (3.1) satisfies that a ≤ u ≤ b, u is also periodic solution of (1.1). Now,
suppose that u is a periodic solution of (3.1) and y = exp(u′(t)+ F̃(u(t))), then y > 0 and{

u′(t)+ F̃(u(t)) = lny(t),
y′(t) =−y(t)g(t,u(t− τ(t))).

Noting that F̃ is strictly monotone, by Lemma 2.3, we have

min{F̃−1(lny∗), F̃−1(lny∗)} ≤ TF̃(lny)≤max{F̃−1(lny∗), F̃−1(lny∗)},

where
y∗ = max

t∈R
y(t), y∗ = min

t∈R
y(t).
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POSITIVE PERIODIC SOLUTION FOR LIÉNARD EQUATION WITH DEVIATING ARGUMENT 5

Moreover,
y′ = µy− y[µ +g(t,TF̃(lny)(t− τ(t)))],

or
y′ =−µy+ y[µ−g(t,TF̃(lny)(t− τ(t)))],

where µ ∈ R.
Define the operators and the cone in X by

(Ay)(t) =
∫ t+ω

t
Gµ

1 (t,s)y(s)[µ +g(s,TF̃(lny)(s− τ(s)))]ds,

(By)(t) =
∫ t+ω

t
Gµ

2 (t,s)y(s)[µ−g(s,TF̃(lny)(s− τ(s)))]ds,

K = {u ∈ X ,u≥ k‖u‖}, k = e−µω .

Theorem 3.1. There exist µ > 0 and R > r > 0 such that
(H1) min{0,F(b)} ≤ lnkr, lnR≤max{0,F(b)},
(H2) g : R× [min{F−1(lnkr),F−1(lnR)},max{F−1(lnR),F−1(lnkr)}]→ R is continuous and

g(t,u)>−µ or g(t,u)< µ

for (t,u) ∈ R× [min{F−1(lnkr),F−1(lnR)},max{F−1(lnR),F−1(lnkr)}].
(H3) max

Λα≤s≤Λ̄α

∫
ω

0 g(t,s)dt < 0 < min
Λβ≤s≤Λ̄β

∫
ω

0 g(t,s)dt, where {α,β}= {R,r},

Λ̄p = max{F−1(ln p),F−1(lnkp)}, Λp = min{F−1(ln p),F−1(lnkp)}.

Then (1.1) has a positive solution x ∈ X with

min{F−1(lnR),F−1(lnkr)} ≤ x≤max{F−1(lnR),F−1(lnkr)}.

Remark 3.1. F−1(lnR),F−1(lnr),F−1(lnkr) and F−1(lnkR) are well-defined since (H) and (H1)
are satisfied.

Proof. Without loss of generality, we assume that α = R,β = r and

g(t,u)< µ

for (t,u) ∈ R× [min{F−1(lnkr),F−1(lnR)},max{F−1(lnkr),F−1(lnR)}].
Let Ωl = {v ∈ X : ‖u‖ < l}. At first, we show that B : K ∩ (Ω̄R/Ωr) → K. For any u ∈ K ∩

(Ω̄R/Ωr),kr ≤ u≤ R for t ∈ R and

min{F−1(lnkr),F−1(lnR)} ≤ TF̃(lnu)≤max{F−1(lnkr),F−1(lnR)},

(3.2) g(t,TF̃(lnu)(t− τ(t)))< µ, ∀t,

(Bu)(t +ω) =
∫ t+2ω

t+ω

et+ω−s

eµω −1
u(s)

[
µ−g(s,TF̃(lnu)(s− τ(s)))

]
ds

=
∫ t

t

et+ω−s

eµω −1
u(s+ω)

[
µ−g(s,TF̃(lnu)(s+ω− τ(s+ω)))

]
ds = (Bu)(t),
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(Bu)(t) =
∫ t+ω

t
Gµ

2 (t,s)u(s)
[
µ−g(s,TF̃(lnu)(s− τ(s)))

]
ds

≥ 1
eµω −1

∫ t+ω

t
u(s)

[
µ−g(s,TF̃(lnu)(s− τ(s)))

]
ds,

(Bu)(t)≤ eµω

eµω −1

∫ t+ω

t
u(s)

[
µ−g(s,TF̃(lnu)(s− τ(s)))

]
ds,

(Bu)(t)≥ k‖Bu‖.
Thus B : K∩ Ω̄R/Ωr→ K. It is easy to check that B : K∩ Ω̄R/Ωr→ K is completely continuous.

Next, we show that

(3.3) u 6= λBu, u ∈ K∩∂Ωr and 0 < λ ≤ 1.

If it is not true, there exist u ∈ K∩∂Ωr and 0 < λ ≤ 1 such that u = λBu. Noting that

(Bu)′(t)+µ(Bu)(t) = u(t)[µ−g(t,TF̃(lnu)(t− τ(t)))],

we have
u′(t)+µu(t) = λu(t)[µ−g(t,TF̃(lnu)(t− τ(t)))],

(lnu(t))′+µ = λ [µ−g(t,TF̃(lnu)(t− τ(t)))].

Integrating the equation above from 0 to w, we obtain

(3.4) λ

∫
ω

0
g(s,TF̃(lnu)(s− τ(s)))ds = (λ −1)µw≤ 0,

where we use the fact 0 < λ ≤ 1 and u(0) = u(w). Since kr≤ u≤ r for u ∈ K∩∂Ωr, lnkr≤ lnu≤ lnr
and

(3.5) Λr = min{F−1(lnr),F−1(lnkr)}]≤ TF̃(lnu)≤max{F−1(lnr),F−1(lnkr)}] = Λ̄r.

From (3.4) and (3.5), we have

(3.6) min
Λr≤s≤Λ̄r

∫
ω

0
g(t,s)dt ≤ 0,

which is a contradiction. So u 6= λBu,∀u ∈ K∩∂Ωr and 0 < λ ≤ 1.
Next, we show that

inf‖Bu‖> 0, u 6= λBu for u ∈ K∩∂ΩR,λ ≥ 1.

Suppose that inf‖Bu‖= 0 for u ∈ K∩∂ΩR, there exists sequence {un} ⊂ ∂ΩR such that ‖Bun‖→ 0
as n→ ∞. Hence, kR≤ un(t)≤ R and

0≤
∫ t+ω

t
Gµ

2 (t,s)un(s)[µ−g(s,TF̃(lnun)(s− τ(s)))]ds≤ ‖Bun‖→ 0 as n→ ∞.

One easily obtain that

(3.7) g(s,TF̃(lnun)(s− τ(s)))→ µ as n→ ∞

for ∀s, which contradicts (3.2). Hence, inf‖Bu‖> 0 for u ∈ K∩∂ΩR.
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Suppose that u = λBu for u ∈ K∩∂ΩR and λ ≥ 1. Similar to (3.4), we have

λ

∫
ω

0
g(s,TF̃(lnu)(s− τ(s)))ds = (λ −1)µw≥ 0,

(3.8)
∫ w

0
g(s,TF̃(lnu)(s− τ(s)))ds≥ 0.

Noting that lnkR≤ lnu≤ lnR for u ∈ K∩∂ΩR,

TF̃(lnu) = TF(lnu) ∈ [min{F−1(lnR),F−1(lnkR)},max{F−1(lnR),F−1(lnkR)}],

we have

max
ΛR≤s≤Λ̄R

∫
ω

0
g(t,s)dt ≥ 0,

which is a contradiction.
Therefore, there exists u ∈ K ∩ Ω̄R/Ωr such that Bu = u. Moreover, kr ≤ u≤ R for all t ∈ R. Let

x = TF̃(lnu), then {
(Bu)′+µBu = u[µ−g(t,(TF̃(lnu))(t− τ(t)))],
x′+ F̃(x) = lnu,

that is, {
u′(t) =−u(t)g(t,x(t− τ(t))),
x′(t)+ F̃(x(t)) = lnu(t),

x′′(t)+ f̃ (x(t))x′(t) =−g(t,x(t− τ(t))).

Again x = TF̃(lnu) ∈ [a,b], we have

x′′(t)+ f (x(t))x′(t)+g(t,x(t− τ(t))) = 0,

which implies that x is a positive periodic solution of (1.1).
If g(t,u)>−µ , we consider the operator A in the similar way. �

Using the same idea, for the equation

(3.9) x′′(t)+ f (x(t))x′(t)+G(t,x(t− τ1(t)), ...,x(t− τm(t))) = 0,

where G(t +ω,v1, ...,vm) = G(t,v1, ...,vm), τi are continuous ω-periodic functions, we have

Theorem 3.2. There exist µ > 0,R > r > 0 such that (H1) holds and
(H4) G : R× [min{F−1(lnkr),F−1(lnR)},max{F−1(lnR),F−1(lnkr)}]m→ R is continuous and

G(t,v1, ..,vm)>−µ or G(t,v1, ...,vm)< µ

for (t,v1, ...,vm) ∈ R× [min{F−1(lnkr),F−1(lnR)},max{F−1(lnkr),F−1(lnR)}]m.
(H5)

max
Λα≤vi≤Λ̄α ,i=1,2,...m

∫
ω

0
G(t,v1, , ...,vm)dt < 0 < min

Λβ≤vi≤Λ̄β ,i=1,2,...m

∫
ω

0
G(t,v1, ...,vm)dt,

where {α,β}= {R,r}.
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POSITIVE PERIODIC SOLUTION FOR LIÉNARD EQUATION WITH DEVIATING ARGUMENT 8

Then (3.9) has a positive periodic solution x with

min{F−1(lnR),F−1(lnkr)} ≤ x≤max{F−1(lnR),F−1(lnkr)}.

Example 3.1. Consider the equation

(3.10) x′′(t)+
x′(t)
x(t)

+λ
2sin t + sinx(t− τ)

2+ x(t− τ)
= 0,

where τ ∈ R.

We claim that for any l ∈ N, there exists λl > 0 such that (3.10) has at least l positive 2π-periodic
solutions for |λ | ≤ λl.

Clearly, x≡C > 0 is positive 2π-periodic solution for λ = 0. Now, let λ 6= 0 and choose a = 1,b =
+∞, then F(t) =

∫ u
1

1
t dt = lnu is strictly increasing for u≥ 1 and F−1(u) = eu,u≥ 0. Let

λl =
1

8π
ln

4l +4
4l +3

, µ = 2|λ |, rn = (2n+1)π− π

6
, Rn = 2(n+1)π− π

6
, n = 0, · · · , l−1.

Then,
|g(t,u)|< 2|λ |, ∀t ∈ R,u ∈ R,

k = e−4π|λ | ≥ e−
1
2 ln 4l+4

4l+3 > e−
1

8l+6 >
8l +5
8l +6

>
(2l +1)π + π

2
Rl

, kr0 > 1,

2nπ +
π

2
< krn < rn, (2n+1)π +

π

2
< kRn < Rn, n = 0,1, ..., l,

krn > Rn−1, n = 1,2, ..., l−1.
If 0 < λ ≤ λl,

max
ΛRn≤s≤Λ̄Rn

∫
ω

0
g(t,s)dt ≤

2λ
∫

π

0 sin tdt
2+ kRn

+
2λ
∫ 2π

π
sin tdt

2+Rn
+ max

kRn≤s≤Rn

2πλ sins
2+ s

≤ 4λ (1− k)Rn

(2+Rn)(2+ kRn)
− πλ

2+Rn
< 0,

min
Λrn≤s≤Λ̄rn

∫
ω

0
g(t,s)dt ≥

2λ
∫

π

0 sin tdt
2+ rn

+
2λ
∫ 2π

π
sin tdt

2+ krn
+ min

krn≤s≤rn

2πλ sins
2+ s

≥ 4λ (k−1)rn

(2+ rn)(2+ krn)
+

πλ

2+ rn
> 0.

If −λl ≤ λ < 0,

max
Λrn≤s≤Λ̄rn

∫
ω

0
g(t,s)dt < 0 < min

ΛRn≤s≤Λ̄Rn

∫
ω

0
g(t,s)dt.

From Theorem 3.1, (3.10) has one positive 2π-periodic solution xi ∈ [kri,Ri],0≤ i≤ l−1.

Example 3.2. Consider the equation

(3.11) x′′(x)+2x′(t)+
1

100

[
x(t)x(t− τ1)(2− x(t− τ2))−

1
4
(1+ sin2πt)

]
= 0

where τ1,τ2 ∈ R.
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In fact,

w = 1, f (t) = 2, g(t,v1,v2,v3) =
1

100
[v1v2(2− v3)−0.25(1+ sin2πt)].

Let

a = 0, b =+∞, µ =
13
100

, k = e−µw ≈ 0.87,

r1 = k−1 +0.01, r2 = e2, r3 = e3, r4 = e5,

then
F−1(u) =

u
2
, u > 0,

|g(t,v1,v2,v3)| ≤
1

100

(
5
2
× 5

2
×2+

1
2

)
= µ, ∀t ∈ R,

lnkr1

2
≤ vi ≤

lnr4

2
(1≤ i≤ 3).

In addition,

max
Λr1≤si≤Λ̄r1

∫
ω

0
g(t,s1,s2,s3)dt ≤ 1

100

[
ln2 r1

4
·2− 1

4

]
≈ 1

400
(µ2×2−1)< 0,

min
Λr2≤si≤Λ̄r2

∫
ω

0
g(t,s1,s2,s3)dt ≥ 1

100

[
(4− lnr2) ln2 kr2

8
− 1

4

]
=

(2−µ)2−1
400

> 0,

min
Λr3≤si≤Λ̄r3

∫
ω

0
g(t,s1,s2,s3)dt ≥ 1

100

[
(4− lnr3) ln2 kr3

8
− 1

4

]
=

(3−µ)2−2
800

> 0,

max
Λr4≤si≤Λ̄r4

∫
ω

0
g(t,s1,s2,s3)dt ≤ 1

100

[
(4− lnkr4) ln2 kr4

8
− 1

4

]
< 0.

By Theorem 3.1, (3.11) has positive 1-periodic solutions x1 and x2 with

lnkr1

2
≤ x1 ≤

lnr2

2
= 1 <

lnkr3

2
=

3−µ

2
≤ x2 ≤

lnr4

2
=

5
2
.

4. Application

In this section, we apply Theorem 3.1 to (1.4) and give some conditions guaranteeing that (1.4) has at
least a positive ω-periodic solution. For a given continuous function h, let

h =
∫ w

0
h(s)ds, h+ = max{h,0}, h− = max{−h,0}=−h+h+.

Theorem 4.1. (1.4) has at least a positive ω-periodic solution if one of the following conditions is
satisfied

(1) c > 0, p > 0, q > 0 and p≥ 0, cq
ω p > q for all t ∈ R;

(2) c > 0, p < 0, q < 0 and p≤ 0, cq
ω p +q > 0 for all t ∈ R;

(3) c < 0, p < 0, q < 0 and p≤ 0, q > cq
ω p for all t ∈ R;

(4) c < 0, p > 0, q > 0 and p≥ 0, cq
ω p <−q for all t ∈ R.
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POSITIVE PERIODIC SOLUTION FOR LIÉNARD EQUATION WITH DEVIATING ARGUMENT 10

Proof. Clearly f (t) = c, g(t,u) = p(t)u−q(t). Let a = 0,b =+∞, then

F(u) =
∫ u

0
cdt = cu(u > 0), F−1(u) =

u
c
(u > 0).

Assume that case 1 or case 2 holds. Let R be sufficiently large and

0 < ε <
2
3

min
{

cq
p
, min

t∈R

{
cq
p
−ωq

}
, min

t∈R

{
cq̄
p̄
+ωq

}}
,

r = e
cq
p −ε , µ =

1
w

(
cq
p
− 3

2
ε

)
,

then
kr = e(

cq
p −ε− cq

p + 3
2 ε) = e

ε
2 > 1,

F−1(lnkr)> 0,F−1(lnR)> 0,

p(t)x−q(t)≥−q(t)>−µ for t ∈ R,
lnkr

c
≤ x≤ lnR

c
, if case 1,

p(t)x−q(t)≤−q(t)< µ for t ∈ R,
lnkr

c
≤ x≤ lnR

c
, if case 2.

If case 1 is satisfied,

max
Λr≤s≤Λ̄r

∫
ω

0
g(t,s)dt ≤ p

lnr
c
−q =

p
c

(
cq
p
− ε

)
−q =− p

c
ε < 0,

min
ΛR≤s≤Λ̄R

∫
ω

0
g(t,s)dt ≥ p

lnkR
c
− q̄ =

p
c

lnkR−q > 0.

If case 2 is satisfied,

max
ΛR≤s≤Λ̄R

∫
ω

0
g(t,s)dt ≤ p̄

lnkR
c
−q =−| p̄

c
| · lnkR− q̄ < 0,

min
Λr≤s≤Λ̄r

∫
ω

0
g(t,s)dt ≥ p̄

lnr
c
−q =

p̄
c

(
cq
p
− ε

)
−q =− p

c
ε = | p

c
|ε > 0.

Assume that case 3 or case 4 holds. Let

0 < ε <
1
2

min
{
−cq

p
,min

t∈R

{
qω− cq

p

}
,min

t∈R

{
qω +

c−→q
p

}}
,

r = e
cq
p −ε , R = e−ε , µ =

1
ω

(
−cq

p
−2ε

)
,

then

r < R < 1, µ > 0,
lnkr

c
>

lnR
c

> 0,

p(t)x−q(t)≤−q < µ for t ∈ R,
lnR

c
≤ x≤ lnkr

c
, if case 3,

p(t)x−q(t)≥−q >−µ for t ∈ R,
lnR

c
≤ x≤ lnkr

c
, if case 4.
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POSITIVE PERIODIC SOLUTION FOR LIÉNARD EQUATION WITH DEVIATING ARGUMENT 11

If case 3 holds,

max
Λr≤s≤Λ̄r

∫
ω

0
g(t,s)dt ≤ p

lnr
c
−q =

p
c

(
cq
p
− ε

)
−q =− p

c
ε < 0,

min
ΛR≤s≤Λ̄R

∫
ω

0
g(t,s)dt ≥ p

lnkR
c
−q =

p
c
(−µw− ε)−q =

p
c

(
cq
p
+ ε

)
−q =

p
c

ε > 0.

If case 4 holds,

max
ΛR≤s≤Λ̄R

∫
ω

0
g(t,s)dt ≤ p

lnkR
c
−q =

p
c
(−µw− ε)−q =

p
c

ε < 0,

min
Λr≤s≤Λ̄r

∫
ω

0
g(t,s)dt ≥ p

lnr
c
−q =

p̄
c

(
cq
p
− ε

)
−q =− p

c
ε > 0.

Hence, by Theorem 3.1, (1.4) has at least a positive w-periodic solution. �
Next, we consider the case that p may change sign.

Theorem 4.2. (1.4) has at least a positive ω-periodic solution if one of the following conditions is
satisfied

(1) c > 0, p > 0, q > 0, ω|p|p+ < cp̄ for all t ∈ R and cq̄
ω p+

> min{A1,A2}, where

A1 = max
t∈R
{ϕ1(t)}, A2 = max

t∈R
{−ϕ1(t)}, ϕ1(t) =

c(pq−qp)
cp−|p|ω p+

.

(2) c > 0, p < 0, q < 0, ω|p|p− <−cp̄ for all t ∈ R and −cq
ω p−

> min{B1,B2}, where

B1 = max
t∈R
{ϕ2(t)}, B2 = max

t∈R
{−ϕ2(t)}, ϕ2(t) =

c(pq̄−qp)
cp̄+ |p|ω p−

.

(3) c < 0, p > 0, q > 0, ω|p|p+ <−cp̄ for all t ∈ R and −cq
ω p+

> min{C1,C2}, where

C1 = max
t∈R
{ϕ3(t)}, C2 = max

t∈R
{−ϕ3(t)}, ϕ3(t) =

c(pq−qp)
cp+ |p|ω p+

.

(4) c < 0, p < 0, q < 0, ω|p|p− < cp for all t ∈ R and cq
ω p−

> min{D1,D2}, where

D1 = max
t∈R
{ϕ4(t)}, D2 = max

t∈R
{−ϕ4(t)}, ϕ2(t) =

c(pq−qp)
cp̄−|p|ω p−

.

Proof. (1) Let

0 < ε1 <
1
2

min

{
1,

cq− p+ω min{A1,A2}
p+ p+ω

,

(
max
t∈R

|p|p
cp−|p|p+

)−1
}
,

R = e
cq
p + p+

p µω+ε2
1 , r = e

cq
p −

p−
p µω−ε2

1 , µ =

{
A1 + ε1,A1 ≤ A2,

A2 + ε1,A1 > A2.
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Then

lnkr =
cq
p
− p−

p
µω−µω− ε

2
1

=
1
p

(
cq− p+ω min{A1,A2}− p+ωε1− p̄ε

2
1

)
>

1
p

(
cq− p+ω min{A1,A2}− (p+ω + p̄)ε1

)
> 0.

For lnkr
c ≤ x≤ lnR

c ,

p(t)x−q(t) ≤ p+
lnR

c
− p−

lnkr
c
−q

=
p+

c

(
cq̄
p̄
+

p+

p̄
µω + ε

2
1

)
− p−

c

(
−µω +

cq̄
p̄
− p−

p̄
µω− ε

2
1

)
−q

= p
q̄
p̄
−q+

p+p++ p− p̄+ p−p−

cp̄
µω +

p++ p−

c
ε

= p
q̄
p̄
−q+

|p|p+
cp̄

µω +
|p|
c

ε
2
1 < A1 + ε1 if A1 ≤ A2,

p(t)x−q(t) ≥ p+
lnkr

c
− p−

lnR
c
−q

=
p+

c

(
cq̄
p̄
−µω− p−

p̄
µω− ε

2
1

)
− p−

c

(
cq̄
p̄
+

p+

p̄
µω + ε

2
1

)
−q

= p
q̄
p̄
−q− |p|p

+

cp̄
µω− |p|

c
ε

2
1 >−(A2 + ε1) if A1 > A2.

In addition,

max
Λr≤s≤Λ̄r

∫
ω

0
g(t,s)dt ≤ p+

lnr
c
− p−

lnkr
c
− q̄ =

p̄
c

lnr+
p−

c
µω− q̄

=
p̄
c

(
cq̄
p̄
− p−

p̄
µω− ε

2
1

)
+

p−

c
µω− q̄ =− p̄

c
ε

2
1 < 0,

min
ΛR≤s≤Λ̄R

∫
ω

0
g(t,s)dt ≥ p+

c
lnkR− p−

c
lnR− q̄ =

p̄
c

lnR− p+

c
µω− q̄

=
p̄
c

(
cq̄
p̄
+

p+

p̄
µω + ε

2
1

)
− p̄+

c
µω− q̄ =

p̄
c

ε
2
1 > 0.

(2) Let

0 < ε2 <
1
2

min

{
1,
−(cq+ p−ω min{B1,B2})

p−ω− p
,

(
max
t∈R

c|p|p
cp+ |p|p−ω

)−1
}
,
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R = e
cq
p −

p−
p µω+ε2

2 , r = e
cq
p + p+

p µω−ε2
2 , µ =

{
B1 + ε2,B1 ≤ B2,

B2 + ε2,B1 > B2.

Then

lnkr =
cq
p
+

p+

p
µω−µω− ε

2
2 =

cq
p
+

p−

p
µω− ε

2
2

=
1
p
[cq+ p−ω min{B1,B2}+ p−ωε2− p̄ε

2
2 ]

≥ 1
p
[cq+ p−ω min{B1,B2}+(p−ω− p)ε2]> 0.

For lnkr
c ≤ x≤ lnR

c ,

p(t)x−q(t) ≤ p+ lnR
c
− p− lnkr

c
−q

≤ p+

c

(
cq
p
− p−

p
µω + ε

2
2

)
− p−

c

(
cq
p
+

p+

p
µω−µω− ε

2
2

)
−q

= p
q
p
−q− |p|p

−

cp
µω +

|p|
c

ε
2
2 < B1 + ε2, if B1 ≤ B2,

p(t)x−q(t) ≥ p+

c
lnkr− p−

c
lnR−q

= p
q
p
−q+

|p|p−
cp

µω− |p|
c

ε
2
2 >−(B2 + ε2) if B1 > B2,

max
ΛR≤s≤Λ̄R

∫
ω

0
g(t,s)dt ≤ p+

c
lnR− p−

c
lnkR− q̄ =

p
c

lnR+
p−

c
µω− q̄

=
p
c

(
cq
p
− p−

p
µω + ε

2
2

)
+

p−

c
µω−q =

p
c

ε
2
2 < 0,

min
Λr≤s≤Λ̄r

∫
ω

0
g(t,s)dt ≥ p+

c
lnkr− p−

c
lnr−q

=
p
c

lnr− p+

c
µω−q =− p

c
ε

2
2 > 0.

(3) Let

0 < ε3 <
1
2

min

{
1,
−cq− p+ω min{C1,C2}

p+ω + p
,

(
max
t∈R

−|p|p
cp+ |p|p+ω

)−1
}
,

R = e
cq
p̄ + p+

p µω+ε2
3 , r = e

cq
p −

p−
p µω−ε2

3 , µ =

{
C1 + ε3,C1 ≤C2,

C2 + ε3,C1 >C2.
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Then

cq
p
+

p+

p
µω + ε

2
3 =

1
p
(cq̄+ p+ω min{C1,C2}+ p+ωε3 + pε

2
3 )< 0,

0 < r < R < 1.

For lnR
c ≤ x≤ lnkr

c ,

p(t)x−q(t) ≤ p+
lnkr

c
− p−

lnR
c
−q

=
p+

c

(
−µω +

cq
p
− p−

p
µω− ε

2
3

)
− p−

c

(
cq
p
+

p+

p
µω + ε

2
3

)

= p
q
p
−q− |p|p

+

cp̄
µω− |p|

c
ε

2
3 < µ if C1 ≤C2,

p(t)x−q(t) ≥ p+
lnR

c
− p−

lnkr
c
−q

= p
q
p̄
−q+

|p|p+
cp

µω +
|p|
c

ε
2
3 >−µ if C1 >C2,

max
ΛR≤s≤Λ̄R

∫
ω

0
g(t,s)dt ≤ p+

lnkR
c
− p−

lnR
c
− q̄

=
p
c

lnR− p+

c
µω−q =

p
c

ε
2
3 < 0,

min
Λr≤s≤Λ̄r

∫
ω

0
g(t,s)dt ≥ p+

lnkr
c
− p−

lnR
c
−q

=
p
c

lnr+
p−

c
µω−q =− p

c
ε

2
3 > 0.

(4) Let

0 < ε4 <
1
2

min

{
1,

cq− p−ω min{D1,D2}
p−ω− p̄

,

(
max
t∈R

−|p|p
cp−|p|p−ω

)−1
}
,

R = e
cq
p −

p−
p µω+ε2

4 , r = e
cq
p + p+

p µω−ε2
4 , µ =

{
D1 + ε4,D1 ≤ D2,

D2 + ε4,D1 > D2.

Then

cq
p
− p−

p
µω + ε

2
4 =

1
p
[cq− p−ω min{D1,D2}− p−ωε + pε

2]< 0,

r < R < 1.
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For lnR
c ≤ x≤ lnkr

c ,

p(t)x−q(t) ≤ p+
lnkr

c
− p−

lnR
c
−q

=
p+

c

(
cq̄
p̄
+

p+

p̄
µω− ε

2
4 −µω

)
− p−

c

(
cq
p
− p−

p
µw+ ε

2
4

)
−q

= p
q
p
−q+

|p|p−
cp̄

µω− |p|
c

ε
2
4 < D1 + ε4 if D1 ≤ D2,

p(t)x−q(t) ≥ p+
lnR

c
− p−

lnkr
c
−q

= p
q
p
−q− |p|p

−

cp
µω +

|p|
c

ε
2
4 >−(D2 + ε4) if D1 > D2,

max
Λr≤s≤Λ̄r

∫
ω

0
g(t,s)dt = p+

lnkr
c
− p−

lnr
c
−q =

p
c

lnr− p+

c
µω−q

=
p
c

(
cq
p
+

p+

p̄
µω− ε

2
4

)
− p+

c
µω−q =− p

c
ε

2
4 < 0,

min
ΛR≤s≤Λ̄R

∫
ω

0
g(t,s)dt ≥ p+

lnR
c
− p−

lnkR
c
−q =

p
c

lnR+
p−

c
µω−q =

p
c

ε
2
4 > 0.

In either case, by Theorem 3.1, (1.4) has at least a positive w-periodic solution. �

Example 4.1. Consider the equation

(4.1) x′′(t)+ cx′(t)+2x(t− π

2
) = d + sin t,

where c,d ∈ R.

Clearly, d > 0 if (4.1) has positive 2π-periodic solution. From Theorem 4.1, if

|c|d
4π

> d +1 and d > 0,

(4.1) has positive 2π-periodic solution. Let

x(t) = a0 +
∞

∑
n=1

(an cosnt +bn sinnt)

be 2π-periodic solution of (4.1). Substituting into (4.1), we have

a0 =
d
2
, an = bn = 0(n≥ 2), a1 =

2− c
1+(c−2)2 , b1 =

−1
1+(c−2)2 ,

which implies that x changes sign if

|d|
2

<
1√

1+(c−2)2
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and (4.1) has a unique positive 2π-periodic solution if

d
2
>

1√
1+(c−2)2

.
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