Solvability of quartic integral equation in Holder space
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Abstract
In this paper, an existence theorem is proved for the solution of a nonlinear integral equation of Volterra type in
Holder space using the technique of relative compactness combined with fixed point theorem. Our main tool is the
Schauder fixed point theorem. We provide a suitable example to show the efficiency of our main result.
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1. INTRODUCTION

The study of existence of solution to nonlinear integral equation (IE) is an essential area as they appeared
in different branch of science. With the help of integral equation, we are able to define different physical
phenomena, see [3]. The nonlinear integral equations have huge application in science, engineering and
other fields. In particular, quadratic integral equation appears in the theory of radiative transfer, neutron
transport, kinetic theory of gases, viscoelasticity and so on, for instance see [6, 7, 9, 16, 17] and the references
cited therein.

The purpose of this paper is to enquires the existence of solution of quartic integral equation of Volterra
type .

Q)= 20 +60) [ hEn&@)IHEW) + o W)l W) (1)
for t,v € [0,1]. We will study the Eq. (1) in the space of Hélder functions by using Schauder Fixed Point
Theorem (FPT).

A similar type of quadratic IE of Volterra type studied in [22] by Salem in the space of C[0,1]. Caballero
et al. [4, 5] solved quadratic IE of Fredholm type in Holder space. It is worth mentioning that up to now
the work [19] studied by Ozdemir is the only paper of quartic integral equation of mixed Volterra-Fredholm
type in Holder space. Recently many researchers worked on different types of integral equations in function

spaces, for references one can see [2, 8, 10, 11, 12, 13, 14, 15, 18, 20, 21, 23] and references therein.
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2. PRELIMINARIES

By Cla,b] and C,[a, b] we denote space of all continuous functions and space of functions with tempered
increments (see [1]) on [a,b]. For fixed 0<a < 1, we write Hyla, b] to denote real functions space on [a, b]

satisfying the Hoélder condition, and defined as

|£1(t) - 51(5)| < H§1|t - s|oz’

for all ¢, s € [a,b]. By H¢, >0 we denote the least possible constant for which the above inequality satisfied.

More precisely,

He, = sup { |§1(|?_—85|(11(5)’

The space H,la,b] can be equipped with the norm
€1(t) — & (s)]

|t — sl

i t,s € [a,b],t;és}.

\51ua=\51<a>|+sup{ :t,se[a,b],t;«és}.

Also, the following inequality satisfied [1]
1€1[cc < max{1, (b—a)*}[&1]la

1€1lla < max{1, (b —a)""“}[&1 ],

where O<a<w < 1.

Now, a sufficient condition on relative compactness is given below (readers can also see [1]).
Theorem 2.1. [4] A bounded subset U in Hy|a,b|, is relatively compact in Hyla,b], where 0<a<w < 1.

3. MAIN RESULTS

We consider the Eq. (1) in H,[0, 1], « is a fixed number such that o € [0,1],0<a<w < 1.
We will formulate following assumption to study the Eq. (1).
(i) z € Hu[0,1]. More precisely,
|2(t) — 2(s)| < Zwlt — |7
for all t,s € [0,1] and Z5>0.

(ii) h:[0,1] x [0,1] x R — R is continuous and there exists function H : Ry — R, with nondecreasing

on R, also the inequality

‘h(tv v, él) - ]’L(S, V7§2)| < 7‘t - S‘ + H(’fl - §2|)
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holds for all t,v € [0,1], &1,&2 € R, where >0 is a constant.
(iii) f,g : R — R are continuous functions such that, there exist F,G : Ry — R being nondecreasing

on Ry and F(t),G(t) — 0 as t — 0, also the inequality

[f(&1) — (&) < F(|&1—&2l)
19(€1) — g(&2)| < G(|&1 — &2l)

holds for all £1,&5 € R.
Let us define F',G, H as

F = sup{|f(&1(t)) : t € [0,1]]}

G = sup{|g(&i(t)) - t € [0,1]}

H = sup{|h(t,v,0)| : t,v € [0,1]}.

(iv) The following inequality holds:

(F + Q)R(H) + ) +2)(2(0)] + 22)<7.

Theorem 3.1. Assume that hypotheses (i) — (iv) are satisfied. Then there exists at least one solution of

the Eq. (1) in the Hélder space H,[0,1], 0<a<w < 1.

Proof. Let us consider the operator P on H|[0, 1] for an arbitrary fixed function & € H[0, 1].
For arbitrary ¢, s € [0, 1] with ¢ # s. To show P& € H[0, 1].
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(P& () — (PE)(s)
£ sl
_Lz(t) = 2(s)

I e

J}_|€1 ) [y h(t, v, 6@)IF (&) + g1 W)e(w)dy — &u(s) [ h(s,v, &) [f(E1()) + g(€1(v))]Ex (v)dv|

|t —s[®

12D ~ 2(s)]

Tt

N €1(8) Jo h(t, v, Q))& (1) + g )& (W)dr = &u(s) fo bt v, &) F (&) + 9(& ())& (v)dv|

B
, 166) i bt 0D + @@ W)dy = €1(5) Jy (s, & WDIFE0) + 9@ (I
=5l
| 166) Ji s, DI W) + 96 I 0) = [61(5) J; hls v &I 1) + gl6a()a (V)
£ sl
_I2(t) ~ 2(s)]
T

L@ = &)l JolP(t, v, &10)) |1 (61(2) + 9(&a (0))][€1 (v) | dv

t— sl
| 6 Ikt 1.6 ) = hls v &OIFE ) + 96 ) lgr ()|
t— s
| [ @ LA v & 0IFE) + g @) a0l
t— sl

t t
<Zo t Il / H(&1]].0) + B)E + G) [lea]l oo dv + 2]l o]t — 5| / (F+G) || o dv

T Nl oo It — 517 / (H(IE ) + F)E +G) 6] dv

<Zoo + 612 H(IE1 ) + H)(E + G+ &1l At — s/ == (F + Gyt
2 1t = s/ = (H (L) + H)(F +G)

<Ze + 202 (Hla] L) + B)(EF +G) + &2 +(F + G)

<o+ G2 (F+G) 2(H(|&ll,) + H) +7] .
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Also,

[(P€1)(0)] < [2(0)]. 3)

Combining Eq. (2) and Eq. (3), we obtain

1Pl < 12(0) + Ze + 16112 (F + G) [2(H(ll€4ll,) + H) + 7] <co. (4)

This shows the operator P transforms H |0, 1] into itself.
The inequality

12(0)| + Zw + 13(F + G) [2(H (ro) + H) +~] <ro.

1—/1-40(]2(0) |+ Z=) 144/1-40(12(0) [+ Z=)

is satisfied for values between the numbers r; = 20 and ro = 20 , where
0= (F+G)[2(H(ro) + H) +7] .
Clearly, 71, 72>0 by assumption (iv). Also, from Eq.(4), it follows that P transforms the ball B = {&; €

Hg[0,1] : ||§1]lw < 7o} into itself, where r1 < 79 < 9. By Theorem 2.1, the set By is relatively compact in
H,[0,1], for any 0<a<w < 1. Moreover, B is a compact subset in H,[0, 1].
In the sequel, we will prove that P is continuous on the ball B with respect to the norm||. ||, where

O<a<w < 1. Let us fix & € By, and €>0. Suppose that y € By, and {1 — §2]|o<d. Then we obtain
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[(P€1)(t) — (P&)(1) — [(P&1)(s) — (P€2)(s)]]

|t — s

51(0/0 h(t%&(l/))[f(&(ﬂ))+9(£1(V))]€1(V)dv—€2(t)/0 h(t, v, &(v))[f(&2(v)) + 9(&2(¥))]Ea(v)dv

S

h(s, v, &(v))[f(&2(v) + g(fz(V))]fz(V)dV]}

t—s|™®

- [ms) /0 “h(s, m ) @) + 9 ))a ) dy — &fs) /0

t

(&) - 52@)/0 h(t, v, &) [f(&1(¥)) +g(§1(V))]€1(V)dV+52(t)/D h(t, v, &1(v))[f (62(¥)) + g(&1(¥)]E1 (v)dv

—52(75)/0 h(t, v, &(v))[f (&1 (v)) +9(£1(V))]£1(V)dl/+£2(t)/0 h(t, v, &) [f(&21(v)) + 9(&1(¥)]61 (v)dv

—52(75)/ h(t, v, &(v))[f (&2(v)) + g(&2(v))]61 (v)dv +€2(t)/0 h(t, v, &) [f (E2(v)) + 9(&2(v))]&1 (v)dv

0
—SQ(t)/O h(t, v, &2(V))[f (§2(v)) + g(&2(v))|&2(v)dv — [(51(8) —52(8))/Osh(sav,&(V))[f(fl(V)) +9(& ()& (v)dv
+62(s) /Osh(s,l/, S (6(v)) + g(& ()61 (v)dv — &a(s) /Osh(&% EW)If (&) +9(&(w)l&r(v)dv
+82(s) /Osh(s,v, EW)[f(& () + 9(& (V)61 (v)dr — &2(s) /Osh(s,v, EW)If (L)) + g(&2(v))]6(v)dv

s

(s, v, () F(E(0)) + g(@@))}&(u)du}

|t =57

T eals) /0 s £ (€0) + s(@)Ia W) - &) [

0

(@(t) - (1)) /0 Bt 1, 6.0 FEW) + g(2 () ()

#6alt) [ (0. 640) — it & DI W) + 961 0)es )
+6lt) [ L6 W) + 96 0) ~ () ~ o6 )i
+6alt) [ it IS EW) + (EONE0) — )i
-6 - &) [ nraeirae) s e
+625) [ 161 60) = hon QONAE0) + 96 W) v
+6(9) [ B WG +9@0) - F6) - gl )

|t =57

+6l) [ Ao @60 + (@6 w) - @(u))du]
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=|[62() = &a(t) — (&a(s) — €a(s))] /Ot h(t,v, &) (& (V) + g(&1(¥)]& (v)dv
+ (&1(s) — &2(9)) /Ot h(t, v, & () [f(&1(v)) + g(&(V)]&1 (v)dv
= (&u(s) — &(s)) /Ot h(s, v, GW)f (&) + g(& ())& (v)dv
+ (&1(s) = &2(9)) /Ot h(s, v, &aW)If (€1 (¥) + 9(&1 ())& (v)dv
+ (&2(t) — &a(s)) /Dt[h(t, v, &1(v)) = h(t, v, &W))][f(61(¥) + (&1 (v))]61 (v)dv
+ &2(s) /Ot[h(tv v, &1(¥) = h(t, v, &W)[f (&1(v)) + 9(&1())]&1 (v)dv
— &2(s) /Ot[h('s, v, &1(v) = his, v, &W))[f (&1(v)) + 9(&21(v))161 (v)dv
+&2(s) /Ot [h(s,v,61(v)) = (s, v, ())I[f (&1(v)) + g(&1(»)))€1(v)dv
+ (&2(t) — €a(s)) /Dt h(t, v, (W) [f(&1(v)) = f(&2(v)) + 9(&1(v)) — 9(E2(v))]&1(v)dv
+ &2(s) /Ot h(t, v, (W) [f(&1(v)) = f(&2(v)) + 9(&1(v)) — g(&a(v))]&1 (v)dv
— &2(s) /Ot h(s, v, &W)f(&1(¥) = F(&() + g(&1(¥)) = g(&())I&1 (v)dv
+&2(s) /Ot h(t,v, &W)[f (& (v)) = f(&(V) + 9(&(v)) = 9(&2(v))]&1(v)dv
+ (&2(t) — €a(s)) /Ot h(t, v, &(v))[f(&2(v)) + 9(&(¥))](&1(v) — &a(v))dv
+ &2(s) /Ot h(t, v, &(v))[f(&2(v)) + 9(&2(¥))](&1(v) — &a(v))dv
— &2(s) /Ot h(s,v, &()[f (&2(v)) + 9(&2()](61(v) — &2(v))dv
+&2(s) /Ot h(s, v, &())[f (&2(v)) + 9(E2()](61(v) — &2(v))dv
= (&1(s) = &2(5)) /Os h(s, v, &a(W)If (&) + g(&1(v))]6r(v)dv
— &2(s) /Os[h(s, v, 61(¥)) = his, v, W)N[f (€1(v)) + 9(&1())]&1 (v)dv
— &2(s) /OS h(s, v, &W)f(&1(¥) = f(&(v)) + 9(&1(v)) = g(&2(¥))]& (v)dv

— &2(s) /08 h(s, v, &a(W)[f (E2(¥) + g(E2(W)](E1(v) — &2(v))dv ||t — 5|7
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< [€1() = &a(t) — (&a(s) —

§2(s))] / |ty v, W) F(E0(v)) + g(&1(v)) ]| (v) ] dv

|t_3,a
# B0 s 6409) - hssns 60 + ol D s
'fl(ﬁ_s,a 1 [ s, + alea 0l ()
+ O =801 Finn,60) — it 17600 + 6 D a0l

+ [€2(s) Ht—Sla/ At v, &1(v) = h(t, v, &2(v)) = (h(s, v, &1(v)) = h(s, v, &) f(€1(v)) + 9(&21(¥))[|&1 (v)|dv

+1&2(s)llt — s a/ [h(s,,61(v)) = (s, v, &2(W))[[ f(€1(v)) + g(&1())[[€1(v)|dv

1 18l —ab)] / (h(t, v, W) (E() = F(E() + g(E1()) — g(&w))l|&(v)|dv

|t = sl

+ 1€2(s Ht—S\_O‘/ At v, €2(v) = h(s, v, W) F(E1(v)) — f(€2() + 9(&1(v)) — g(&2())[1€1(v)|dv

+1&2(s)[1t - Sl_a/ [h(s, v, W) (E1(¥) = f(&2(v)) + 9(&1(v)) — 9(&a(¥))[|&1 (v)|dv

+'52<’/ (bt v, )] F(E0)) + 9(&)) 1) — &)y

|t — 8|

+ [€a(s IItSI_a/ |h(t, v, &2(v)) = h(s, v, &) f (&2(v)) + 9(&2())[[61(v) — La(v)[dv

+1&2(8)[t = Sla/ (s, v, &) f(E2(¥)) + 9(&2())[[61(v) — La(v)[dv

<[l&1 = &lla(H(lIg1]lo0) + H)(F + G)lI€1lloct + 1181 — E2lloolt — 5|7Vt = s|(F + G)||&1] |t
+[61 = &lloolt — s~ (H(|[1]]oo) + H)(F + G)l|1]|oolt — 5]
+llaH (161 = &2lloo) (F + G)l[61]loot + [I&2]loc[t — 5|7 x 0 x (F'+ G)l[&1] |t
+182lloolt = s| T H (|1€1 — &2lloc) (F + G) €1 loc|t — 5|
+1€2lla(H ([|€2]]o0) + H)(F(|[61 — &2lloo) + G(lI61 = &2lloo))lI1] |t
+ [[€2lloolt — 5|7 y[t = s|(F([I&1 = &2lloo) + G([[61 — Ealloo)) €10t
+l€2lloolt = s| ™ (H([l€2lloc) + H)(F(J1€1 — E2lloo) + G/ — E2lloc))[[€1/]sc]t — 5]
+12lla(H([|2]s0) + H)(F + G)lIg1 — alloot + l[&2lloc [t — s|™*v[t — s|(F + G)|[&1 — &aloot

+1€2lloolt = s|™*(H ([lylloo) + H)(F + G)|I61 — &aloolt — s|-
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Since, |1&1]]oc < ||&1]]a < [|€1]]e, 0<a<w <1, therefore replacing
[1€11]oos [1€11]ar Y (111l

1162/ [oos [|€2]la DY [I€2]]
and
€1 — &2lloo by [§1 — &2]]a

and by putting their appropriate values, we get

|[(P€1)(t) — (P&)(1) — [(P&1)(s) = (P€2)(s)]]

|t = sl

<0ro(H(ro) + H)(F + G) + oroy(F + G) + 6ro(H (ro) + H)(F + G) + 15 H(0)(F + G)

+ 13 H(8)(F + G) + r3(H(ro) + H)(F(8) + G(8)) + rgv(F(5) + G(9))
+12(H(ro) + H)(F(5) + G(5)) + 6ro(H (ro) + H)(F + G) + Sroy(F + G) (5)
+6ro(H(ro) + H)(F + G)
<46ro(H(ro) + H)(F + G) + 20r9y(F + G) 4+ 2r2H(6)(F + G)
+2r2(H (ro) + H)(F(5) + G(5)) + r2v(F(6) + G(5)).
Now
|(P€1)(0) — (P&2)(0) = 0. (6)
Combining Eq.(5) and Eq,(6),
|P& — Pé&s|| <4dro(H (ro) + H)(F + G) + 20rey(F + G) + 2r2 H(0)(F + G)
+2r2(H (ro) + H)(F(5) + G(5)) + 13v(F(6) + G(9)).
This proves the continuity of the operator P at & € H,[0,1]. since BT is compact in Hy |0, 1], by the

classical Schauder fixed point theorem [23], we complete the proof. O

We provide an example which illustrates the efficiency of our results.

Example 3.1. Consider the following nonlinear intergal equation

an—! tlet — 12 10 et .
) = BV +§1(t)/0 ( 4 e+ M) <sm§1(u) " 1+¢1*%(u)> qwdv.  (7)
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10

Comparing Eq. (7) with Eq. (1), we have

Now,

1
|2(t) — 2(s)| = m[ tan~ v/t — tan~! /5]

1
ToglVE— Vsl

1 1
— |t — s|2.

IN

IN

Hence, z(t) satisfies assumption (i) with Z% = 0.01.

Also, |z(0)| = 0.
et—v? et e’ — 12 es
9 _ __ 1o 9 o
0 51+1t2+2 10 \/§2+s2+2
s 2 e

‘h(t’ v, 61) - h(S, v, 52)| =

6t—V2 e —v

<

10 10

1
t 10 s 10
9, ¢ (o, &
<§2+t2+2> (§2+52+2>
et \ 10 &5\ 10
(t2+2> _<s2+2>

1 3 9 ¢
<1glM(ellt = s+ & — &[0 + |hy(e2)l|t — 5|

_l’_

Jun

1 9
< et —ef| 4+ |& — &)10 +

IN

(gl + e ) 1= o +16r ~ el

<0.7718|t — 8| + |&1 — &]10.
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11

9

Hence, h(t,v, &) satisfies assumption (i) with v = 0.7718, H(r) = rio.

|f(fl> - f(§2)| = ‘Sin& — SiH§2| = |2cos 51 ;éQ sin fl 552 <2 ‘sin&;& < |€1 _ £2|
1 . 2\—1 _
19(§1) — 9(&2)| = \14+>§1 ]_+>£2’ (1+&) ' = (1+8)7 <& - &l
Therefore, f and g satisfies assumption (#i).
F =sup{|sin&(t)|:t€[0,1]} =1
G = sl gl it 1) =1
A = sup{|h(t,v,0)| : t,v € [0,1]}
2
= sup €t10y+ Ky t2€_1t_2 tt,v e 0,1]

The inequality of assumption (iv) has the form
(1+1D)[2(H(r) +1.3) + 0.7718](0 + 0.01)<—

We can easily check that the above inequality is satisfied when r = 1. Therefore, using Theorem 3.1, we

assert that Eq. (7) has at least one solution for r = 1 in the space Hq[0,1] with 0 < o < £
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