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ABSTRACT. Asymptotic study on the partition function p(n) began with the work of Hardy
and Ramanujan. Later Rademacher obtained a convergent series for p(n) and an error
bound was given by Lehmer. Despite having this, a full asymptotic expansion for p(n) with
an explicit error bound is not known. Recently O’Sullivan studied the asymptotic expan-
sion of pk(n)—partitions into kth powers, initiated by Wright, and consequently obtained an
asymptotic expansion for p(n) along with a concise description of the coefficients involved
in the expansion but without any estimation of the error term. Here we consider a detailed
and comprehensive analysis on an estimation of the error term obtained by truncating the
asymptotic expansion for p(n) at any positive integer N. This gives rise to an infinite family
of inequalities for p(n) which finally answers to a question proposed by Chen. Our error

term estimation predominantly relies on applications of algorithmic methods from symbolic

summation.
CONTENTS

(I.__Introductionl 2
[2. A roadmap for the reader| 4
[3.  Estimation of the coeflicients g(t)| 6
4. Preliminary Lemmas| 13
/5. Estimation of (5;(¢))| 14
(6.1, The Lemmas . 1 tol5.4! 15
(5.2, The Proofs of Lemmasiy.1lto15.4! 15
(6. Frror bounds 26
(7. Main Theoreml 32

Append 36
[8.1.  Proots of the lemmas presented in Section 41| 36
[8.2.  The Sigma simplification of S3(¢, ) in Lemma |5.3] 38
9. Concluding remarks| 41

Date: May 25, 2023.

1991 Mathematics Subject Classification. 05A16, 11P82.
Key words and phrases. The partition function, the Hardy-Ramanujan-Rademacher formula, asymptotics,

error bound.

26 May 2023 03:51:01 PDT
230220-Radu Version 2 - Submitted to Rocky Mountain J. Math.



2 KOUSTAV BANERJEE, PETER PAULE, CRISTIAN-SILVIU RADU, AND CARSTEN SCHNEIDER

[10. Conflict of interest statementl 42
(11. Data availability statement| 42
[Referenced 42

1. INTRODUCTION

A partition of a positive integer n is a non-increasing sequence of positive integers which
sum to n, and the partition function p(n) counts the number of partitions of n. In their
epoch-making breakthrough work in the theory of partitions, Hardy and Ramanujan [13]
proved that

2n

1 2n
p(n) ~ e'V3 asn— oco. (1.1)

dn\/3

They also proved that p(n) is the integer nearest to

ji S VaAq(n)bg(n), (1.2)
q=1

where A,(n) is a certain exponential sum, v = v(n) is of the order of v/n, and

g(n) = di(eXp{i n > n F n\/?.

Extending v to infinity, Lehmer [15] proved that (1.2]) is a divergent series. Rademacher
[24-26] considered a modification of (1.2]) that presents a convergent series for p(n) which
reads:

J (sinh(C)\n/k) ) ",

pln) = Wlf > Al g —,

Lehmer [16,/17] obtained an error bound after subtraction of the Nth partial sum from the
convergent series (|1.3)).

The study of a full asymptotic expansion for p(n) can be traced in two directions by
considering two different classes that arise from imposing restrictions on parts of partitions.
The two restricted families are p®(n), the number of partitions of n into perfect sth powers,
and p(n, k), the number of partitions of n into at most k parts. As an application of the “circle
method”, Hardy and Ramanujan |13} Section 7, 7.3] obtained the main term in the asymptotic
expansion of p®(n). This of course retrieves when we take s = 1. Wright [32,33] extended
the work of Hardy and Ramanujan and obtained a full asymptotic expansion for p*(n).
Recently O’Sullivan [21] proposed a simplified proof of Wright’s results on the asymptotic
expansion of p®(n), and consequently obtained an asymptotic formula for p(n).
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Theorem 1.1. /21|, Proposition 4.4] Let n and R be positive integers. As n — oo,

p(n)=e4g\27< +Z “ +O( R/2>> (1.4)

with an tmplied constant depending only on R, where

= —k ym\t-2k
o= (0 e 9

The binomial coefficient is defined as (7) == az(x—1)... (x —k+1)/kl if k € Z>, (§) := 1,
and (i) =0 if k € Z<o. Szekeres [31] proposed an asymptotic expansion for p(n,k) for
n and k sufficiently large and considering k& = n, one obtains the expansion for p(n) as
p(n, k) = p(n). Canfield [5] proved Szekeres’ result by using a recursion satisfied by p(n, k)
without using theory of complex functions and as a corollary, obtained the main term of the
Hardy-Ramanujan formulas for p(n), see . For a probabilistic approach to the asymptotic
expansion of p(n), we refer to [4].

The primary objective of this paper is to obtain an explicit and computable error bound
for the asymptotic expansion of p(n). A main motivation to consider such a problem is that
from the literature, including the works [4,[5,21,/31,33], we could not retrieve any information
on the error bound for asymptotic expansion of p(n). An advantage of getting a control over
the error bound is that one can prove the log-concavity property of p(n) directly from the
asymptotic expansion as speculated by Chen [6, p. 121]. In the language of Theorem
Chen’s question can be formulated as follows:

Question 1.2. Do there exists d and ng such that

m\/2n/3 3 d m\/2n/3 3 d

e Wi e Wt

— 1+ E — == | <pn) < ———| 1+ E — + —=
4nv/3 t=1 N pn) nV/3 t=1 Vit

holds for all n > ny?

Chen remarked that implies that p(n) is log-concave for sufficiently large n. Now in
order to demystify the phrase “sufficiently large”, explicit information about ng is required;
a question being intricately connected with the computation of the error bound d. A similar
phenomena can be found in O’Sullivan’s work:

Theorem 1.3. |21, Theorem 1.3, (1.15)] For each positive integer k there exists Dy so that
for all n > Dy,

pk(n)2 > pk(n +1) -pk(n —1)-(1+n7?). (1.7)

For k = 1, Theorem merely implies that p(n) is log-concave for sufficiently large n
although we know that (p(n)),>2¢ is log-concave due to [11,20]. Moreover, O’Sullivan |21
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(5.17)] proved that for large enough n,

(n+1)p(n—1) T
B (“ mn3/2> b

settled by Chen, Wang, and Xie [8]. The first three authors and Zeng |3, Theorem 7.6] proved
a stronger version of ([1.7)) using an infinite familiy of inequalities for log p(n).

We conclude this section by discussing the novelty of this paper in brevity. In order
to elucidate the term O(n_R/ 2) in , determination of the asymptotic growth of the
coefficients w; in is required; a task which looks deceptively simple. Our representation
of wy is of the following form:

we =3 () S ().
u=0 s=0

In an effort to estimate the inner sum Y ¢ ;4(s), the use of the symbolic summation tool
Sigma [29] was essential. Schneider considered [27-29] a broader algorithmic framework that
subsumes the theory of difference field and ring extensions together with the method of
creative telescoping. This algorithmic tool began to be aimed at a wider class of multi-sums,
most frequently encountered in problems of enumerative combinatorics. For example, in
Andrews, Paule, and Schneider [2] we can see how Sigma assists to solve the TSPP-problem
in an LU-reformulation by Andrews. Beyond the world of combinatorics, applications of
Sigma transcends to solve a very general class of Feynman integrals which are of relevance
for manifold physical processes in quantum field theory, see |1]. This paper adds a new facet
to the regime of applications of Sigma; in particular, its foray into asymptotic estimation for
partition-like functions seems to begin with this work.

2. A ROADMAP FOR THE READER

In this section we will provide a roadmap on the structure of this paper; i.e., a navigation
from the starting point to the final goal of this paper, to facilitate for the reader to follow.

Using the Hardy-Ramanujan-Rademacher formula for p(n) and Lehmer’s error bound,
Chen, Jia, and Wang |7, Lemma 2.2] proved that for all n > 1207,

\/ﬁeu(N) 1 1 \/ﬁel‘(n) ) .
24n — 1 (1 o M(n)lo) <p(n) < G (1 R M(n)w), (2.1)

where for n > 1, p(n) := §v/24n — 1; a definition which is kept throughout this paper. More
generally, due to the first three authors and Zeng, we have the following result.

Theorem 2.1. [3, Theorem 4.4] For k € Z>a, define

k) = o (36 v(k)? + 1>,

T2
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5k loglog k

where v(k) := 2log 6 + (2log 2)k + 2k log k + 2k loglog k + log

and n > g(k) such that (n,k) # (6,2), we have

VTRMM<1_1__1k><pm)<vﬁhmm<y—1-+1k>- (22)

. Then for all k € Z>o

24n — 1 p(n)  p(n) 24n —1 p(n) — p(n)
The goal of this paper is to derive an inequality of the form

VI (U g(t) | LK) VI [ g(t) | Uk)
4ny'3 (t:o Vi ' \/ﬁk> s 4nv'3 (t:o NG ’ \/ﬁk>7

stated precisely in Theorem starting from the inequality (2.2). As a consequence we
obtain Corollary [7.6] which will give an explicit answer to the problem stated in Question

(2.3)

and which, as a further consequence reveals that p(n) is log-concave for all n > 26, see
Remark [T.71

The first step is to find explicitly the coefficients g(t) such that

\/ﬁeu(n) (1_ 1 )_ 6”‘/271/3 oo g(t)
24n — 1 wn),  4n/3 P \/ﬁt'

This is done in Section |3| by computing separately g(2t) and g(2¢t 4+ 1). In spite of having a
double sum representation for g(t), we will see that the coefficients ¢(t) are indeed equal to
wy as in Theorem

The next step is to estimate the number ¢(¢) in the following form:

F@) = 1U(t) < g(t) < f(t) + ul?), (2.4)

Here f(t) has the property that lim; % = 1, lim;_eo % = 0, and lim;_,o % = 0.
Precise descriptions for f(t), u(t), and I(t) are given in Section [5| along with the inequalities
of the form . In order to prove such inequalities, we will use the preliminary lemmas
from Section [4] and the summation package Sigma.

Finally in Section @ applying the bounds for ¢(¢), given in Section |5, we find El(k:), ﬁl(k:)
such that

8

~

Lik) _ o g(t) _ Dulk)
\/ﬁk . \/ﬁt \/ﬁk

Also we compute explicitly Ly(k) and Us(k) such that

Il
B

eﬂ\/2n/3 Zg(k‘) _ \/ﬁ e,u(n) 1 _ e7r\/2n/3 UQ(k)
A3 /" 24n —1 p(n)* = 4nv3 "

~

Combining the error bounds as L(k) = Ly (k) + Lo(k) and U(k) = Uy (k) + Us(k), we arrive

at the desired inequality (2.3) for p(n).
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6 KOUSTAV BANERJEE, PETER PAULE, CRISTIAN-SILVIU RADU, AND CARSTEN SCHNEIDER
3. ESTIMATION OF THE COEFFICIENTS ¢(t)

From Theorem we have for all k € Z>9 and n > g(k) such that (n, k) # (6,2),

\/ﬁeﬂ(n) 1 1 \/ﬁeu(n) 1 1
m(l_m—w) <p(n) < 2 — 1 <1_N(n) #(n)k). (3.1)

V12 ep(n) 1
Rewrite the major term %nie—l (1 — m) in the following way:
V12 et 1 1 wn/2n73 (\J1— L 1 \-1! 1
¢ (1 . ) - N N N O ) (1 . —) (1 - —) (3.2)
24n — 1 wu(n) An\/3 24n p(n)

=A1(n)

:=Az(n)

Next we compute the Taylor expansion of the residue parts of A;(n) and Az(n), defined in

B2

Definition 3.1. Fort € Z>q, define

1, ift=0
ert) i =4 (1) (1/2 = )1 o~ (D) (—t)u (7@ L (3:3)
@ i ; t+0)2u—1) (35) > otherwise
and
1 R 1\2
E1<%> - ;el(t)(ﬁ) L n> 1. (3.4)
Definition 3.2. Fort € Z>q, define
o (D2~ (CD)Y(t)e Ry
orlf) = _12\/6< (24)t UZ:O (t+u+1)!(2u)! <%) ) (3:5)
and
1 ° 1\ 2t+1
O1|l—) =) oa)|— ,n>1 (3.6)
() = Lo ()
Lemma 3.3. For j, k € Z>,
SR (i/2) 1, j=k=0
;H) <z> < j > _{ (—1)]’2'?*%%(21],—_'6;1), otherwise (37)
Proof. The case j = k = 0 is trivial. By the inversion relation
k k
70 = 30 () ati) & a0y = o1 (¥) 0
i=0 1=0

(3.7) for j # 0 is equivalent to

e ()= ()
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which can be proved (and derived) by any standard summation method, resp. algorithm. [

Lemma 3.4. Let Ai(n) be defined as in (3.2). Let Ey(n) be as in Definition[3.1] and O1(n)
as in Definition[3.4 Then

1 1
Ai(n) = El(f)+ol(%). (3.8)
Proof. From Equation (3.2), we get

Ai(n) = V23 (V1-zia 1)

k=0
STV s (R e Y
- Z k! (vVn) Z i (=1) 1 2n,
k=0 i=0
oo k 00
(my/2/3)" k k k—i i/2 1)
- S I ey (M) (2) D
k=0 i=0 j=
oo ko0 k i+j
7T 1/2 .
DRI (ST
— £ k‘! (24)3 J
k=0 i=0 5=0
Define S := {(k,i,j) € Z%, : 0 < i < k}. In order to express Ay(n) in the form
S Oam(\}ﬁ)m, we split the set S into a disjoint union of subsets; i.e., S = |J V(¢t),
tEZzo
where for each t € Z>q, V(¢) —{klj EZO k—2]——}

Notice that for k& > j, by Lemma H ZZ 0 )(z/ 2) = 0. Furthermore, for each element
r = (k,i,j) € S, we define

S(r) = (ry/2[3)" (~1)F17 (f) (Zf) and f(r) =k — 2j.

k! (24)J

Rewriteas
M) = XSO0 =3 Y s )’
res =0 reV(t)
1 \2t 2641
= Sir)(—) + S . (3.10)

PILLICORIIP LD

Now

V©et) = {(kjij)eS: k—2j=-2t}
= {(ka%])eskEO(mod2)andk—2]:—2t}
= {Quij)eS:j=utt}={Quiuvtt)e2:0<i<2u}. (3.11)
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From (3.11]), it follows that

t=0 rev(2t)
S (D) (o 223 (1) o (20 (i) t
; ((2i)t <UZ:O 2(215)3!) (241))“ ;(_1) <27: ) (u +2t>> (\/15)2
() (N1 e (2u) [ t
- g ((2i;t (;) ((23! (6)2 ;(_1) <2z' > <uft>> <\/15>2
—&1(ut)
(3.12)
By Lemma
1, ifu=t=0
Ei(u,t) = 0, if u>t
2u1/ Qtagtu*)!l(_t)“, otherwise

Consequently, for all t > 1,

(1) my 2 (1/2 = Bis1 o~ (1)t 72\
Z (2u)! (6) Er(u,t) = . +1Z(t+u)!(2u—l)!(%> ) (3.13)

u=0 u=1

It follows that

B (=Dt (1/2 —t), (=1)%(—t)y /m2\w)\/ 1 \2
> > so(g) s 0 S e ) ) ()
= 5(7):
(3.14)
Similar to , we have
VEt+1) = {(2u+1,iu+t+1)€Z3,:0<i < 2u+1}, (3.15)

and consequently, it follows that

Z Z S (\/»>2t+1

t=0 rcV (2t41)

O (1) (S (r 2u+1_u2u+1 u i "
> (35 i e () () G

=01 (u,t)

(3.16)
By Lemma

0= | el e
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It follows that
s 1 \2t+1
> > s0()
t=0 reV (2t41)
2

o S (CD/2 - e o~ (CDM( e 12
__12\@;< (24)t . ;(t+u+1)!(2u)!(36) )(ﬁ)
1
:Ol(ﬁ)'
From , , and , we get .

Definition 3.5. Fort € Z>q, define

E2<\}ﬁ) _ iez(t)(\/lﬁ>2t with ex(t) := (211)7’

Definition 3.6. Fort € Z>q, define

0o (\/1?1) = i@(t)(\/lﬁ)%ﬂ with o09(t) := _w\?ﬂ <_i/2> ((;i))tt

9

(3.17)

O

(3.18)

(3.19)

Lemma 3.7. Let Ay(n) be defined as in (3.2). Let Es2(n) be as in Definition[3.5 and Oa(n)

as in Definition[3.60, Then
1 1
As(n) = Bo(—=) + 02( =),
2(n) 2 NG + 02 n
Proof. Recall the definition of Ay(n) from (3.2)) and expand it in the following way:

= Yol vm 2 (V) G ()
= E (\/15) + O, (\/1%)
This completes the proof of ,

Definition 3.8. In view of the Definitions 3.0, we define

s () = () )
s ()=o)
s () =B o ()
s )= e o ()
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1 1
Lemma 3.9. For each i € {1,2}, let Se,i(T) and SOJ(\?) be as in Definition . Then
n n

V12 et 1 (o 1
1— = eV i : 2
24n — 1 ( u(n)) 4n\/§ Z (f) +5. (\/ﬁ) (3.26)
Proof. The proof follows immediately by applying Lemmas and to (3.2). (|

Definition 3.10. Fort € Z>, define

! 1/2 —5)s (=1)%(=s)y (m2\u
; = uz_:l (s 4+ u)!(2u —1)! (%) ’ (3.27)
and )
Ge,1(t) = 4y (1 + 51 (t)>. (3.28)

Lemma 3.11. Let S¢1 <\f be as in . Let ge1(t) be as in Definition |3.10, Then

Sun (;ﬁ) - igm(t)(;ﬁ)”. (3:29)
Proof. From , , and , we have
5ol ) = () - (1 Tan()") 1+ X))
t=1

t=1
e’} ; 00 t—1 "
S CIET) (\})2 S (Z er(s)ea(t — s)) (%)2
t=1 t=2 \s=1
o'} t—1 ;
= 1+ (61(t) + eg(t) + Z el(s)GQ(t — 3)) (%)2
t=1 s=1
(3.30)
Combining (3.3) and (| m, we obtain
(—1)*(1/2 = t)i1 (D)“(=t)u  (m*\e, 1
b+ ealt +Zel Jerlt = 8) = ;(t+u)!(2u—1)!<36) 20y
L [(CDA/2 = 8)spa y~ (D (=s)u (w*y
+@S 1( s Jr11;(:34—u)!(2u—1)!(36>
= G (1+510) = 50,0 (3.31)
which concludes the proof of . O

Definition 3.12. Fort € Z>1, define

s

= -3/2 —1)¥%(—5), w2\ u
S2(t) = 2(1/2 s <t s/— 1> z_;) (s S— u)—l—(l)!()Qu)! (%) ’ (3:32)

s=0
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and
(-1
(24)f

ge,2(t) := Sa(t). (3.33)

1
Lemma 3.13. Let S, <T> as in (3.23) and ge2(t) as in Definition|3.14 Then
n

Se,z(\/lﬁ) = gge,g(t)(\}ﬁ)%. (3.34)
Proof. From (3:8), (3.19) and (8.23), we have
sl ) - oo
()

=0
oo [/t-1
1 \2
= Z o1(s)oa(t — s — 1)) —
t=1 (sO (\/H)
> 1 \2t
> ge,z(w(%) (by and (3.19)). (3.35)
t=1
O
Definition 3.14. Fort € Z>2, define
t -3/2\ s
(1/2 = 8)sr1 (57 (“D"(=8)u [\
S3(t) = SZ:I s uz:l (s +u)!l(2u —1)! (%) ’ (3.36)
and
(6 (-1 < —3/2 > :
- 1 S3(1) ), ift>2
ﬂv§Z(%§y (7Y% + Ss3(t) ), if
432+
9o1(l) = ¢ ———, ift=1. 3.37
10 23(6)4\/% J 337
-——, ft=0
i J
Lemma 3.15. Let S, (\}) as in and go1(t) be as in Definition|3.14. Then
n
1 > 1\ 2t+1
So,l(%) - ;go,l(t)(\/ﬁ) . (3.38)

Proof. From , and , it follows that
sl 1) = B(o()
- L <1 +3a (;ﬁ)m) (—ﬂjﬂ 3 oalt) (%)”)

-
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6 1 432+ 1 i " Et: (Yot — 3) 1 \2t+1

= ——F=—F + 02(t) + e1(s)oa(t — s (—)

24N 2304V6m \/n® vn

6 1 432+7% 1 1 \2t+1
= - - e - o1t —= by (3-3) and (3-19)).
/241 2304v/67 /n® ;g al )(\/ﬁ) (by B9

(3.39)
O
Definition 3.16. Fort € Z>1, define
Ny L (C)M(=s)e (mPyu
Si(t) = ;en (1/2 s>s+1uz:;) ot DI (55) (3.40)
and .
Go2(t) == —%\/6@54@)' (3.41)

1
Lemma 3.17. Let S, (7) be as in (3.25) and go2(t) be as in Definition|3.16, Then
n

1 _ ° 1 2t+1. |
$o2( 77) t};go;(t)( 7) (3.42)
Proof. From , and m, it follows that
() = o )m()
= i (Zt: o1(s)ea(t — s)) (\}ﬁ)%—i—l

t=0 \s=0
> 1 \2t+1
— ng)(%) (by (3:6) and (BI8)). (3.43)
t=0
O

Definition 3.18. For each i € {1,2}, let gci(t) and goi(t) be as in Definitions 3.16|

We define a power series

Zg ( )zig?t( ) +Zg2t+ (

>2t+1
)

f
where
9(2t) := ge 1 (t) + ge2(t) and g(2t +1) := go1(t) + go2(t)- (3.44)
Lemma 3.19. Let G(n) be as in Definition[5.18 Then
12 er(n) 1 1
VI2e (1 - ) = VI3 G(n). (3.45)
24n — 1 w(n) 4n\/3
Proof. Applying Lemmas to Lemma we immediately obtain (3.45]). O
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Remark 3.20. Note that using Sigma and GeneratingFunctions due to Mallinger [18/, we
observe that for all t > 0,

9(2t) = ge1(t) + ge2(t) =wa and g(2t + 1) = go1(t) + go2(t) = wars1, (3.46)

where wy s as in (1.5). Equivalently,

t4+1

- s (3 )wem @) e

k=0

However this was already clear from the uniqueness of the asymptotic expansion for p(n) and
its proof can be considered as an additional verification of our computations. The reader might
wonder at this point why we did not use the single sum expression found by O’Sullivan to
bound the remainder of the asymptotic expansion for p(n). We tried this indeed, but could not
obtain from wy an effective upper and lower bound. The summation package Sigma could not
rewrite wy as a definite sum which is crucial for our estimations. However going to the double
sum expression g(t), Sigma was able to give a definite sum expression for the inner sum as
we will see later, and this enabled us to obtain effective upper and lower bounds in the sense

that we described earlier. Namely, I(t) < g(t) < u(t) and lim;_ % = limy 00 % =1.

4. PRELIMINARY LEMMAS

This section presents all the preliminary facts needed for the proofs of the lemmas stated
in Section [5} The proofs of Lemmas [4.1] to except are presented in Subsection [8.1]

Lemma 4.1. Let x1,x0,...,2, <1 and y1,...,y1 be non-negative real numbers. Then

(L-o)(la)(=m) | N~ N~
)0 (L = 2% 20

Lemma 4.2. Fort > 1 and non-negative integer u < t, we have

S Gl 7 Gl M 1<1 e é)

1
2t = (14 2t)(t+ u)(t), — 2t t

Lemma 4.3. Fort > 1 and non-negative integer u < t, we have

(=) (—1)¢ 3 2
2u+12 1 n 2t Z( t)zg 1) Z2u+1_4u + 6u” +8u +3
2t L4+2t " 1+2t & (t+i)(t) 2 122
Throughout the rest of this paper,
™
o= —.
6
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14 KOUSTAV BANERJEE, PETER PAULE, CRISTIAN-SILVIU RADU, AND CARSTEN SCHNEIDER

Lemma 4.4. We have

> aQu 0 ua?u 1 ' > u2a2u Oé2 a
1;) 0! = cosh(a), q;) 0! = 5@ sinh(a), 1;) @) = Zcosh(a) + Zsmh(a),
% 3 2 2 2 41
uz:;) 7(23)! = % cosh(a) + oa”+1) sinh(a)
1
and Z ulo® ! a?(a® + 7) cosh(a) + 16(604 + ) sinh(a).

Lemma 4.5. Letu € Z>q. Assume that apy1—ayn > bpt1—by, for alln > u, and lim,_, ap =

limy, oo by, = 0. Then
bn > ayn for all n > u.

Lemma 4.6. Fort > 1 and k € {0,1,2,3} we have

uka2u Ck a42k

< ZE with O, =22
Qu)l = " TET R

u=t+1

Lemma 4.7. [3, Equation 7.5, Lemma 7.3] For n,k,s € Z>1 and n > 2s let

45  [(s+k—1)\ 1
o) = ()1

Vs+k—1\ s—1
then
25 1 ( 1)15
0< Z < ) < bpn(s). (4.1)
Lemma 4.8. [3, Equation 7.9, Lemma 7.5] For m,n,s € Z>1 and n > 2s let
2 s™
Cmn(S) = p——
then
Cmn(8) 1/2\ (- )k i
- < — < 0. 4.2
2> () S (4

Lemma 4.9. [3, Equation 7.7, Lemma 7.4] For n,s € Z>1, m € N and n > 2s let
2 (s+m—1

then
k

< Bmn(s). (4.3)

0 < z (‘)

5. ESTIMATION OF (S;(t))

For the sake of a compact representation the organization of this section is as follows. We
first present the statements of the lemmas needed; then, in a separate subsection we present
the proofs.
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ERROR BOUNDS FOR THE ASYMPTOTIC EXPANSION OF THE PARTITION FUNCTION 15
5.1. The Lemmas [5.1] to 5.4l

Lemma 5.1. Let S1(t) be as in Definition [3.10, Then for all t > 1,

1 - S1(t) (—1)t 13

.
-5 ~—— — ~—5—(cosh(a) — 1) + —asinh(a) < —. (5.1)
8t (_1)t( tg) ( t2) 2t 25t
Lemma 5.2. Let So(t) be as in Definition[3.14 Then for all t > 1,
11 Se(t)  (—1)t sinh(a) 1
_ 220 70 osh e G2 5.2
01 < (7%) (7%) cosh(a) + o <7 (5.2)
t t
Lemma 5.3. Let S3(t) be as in Definition [5.14 Then for all t > 2,
71 Ss(t)  (=1)F . 12
— h 1 — cosh —. 5.3
TR (_%) + (_%) asinh(a) + cosh(a) < 5es (5.3)
¢ t
Lemma 5.4. Let Sy(t) be as in Definition[3.16, Then for ¢t > 1,
1 Sa(t) (—1)tsinh(a) 1 13
- < - + —cosh(a) < —. (5.4)
2 _3 _3 2
3t (_1)t( tg) ( t2) a 2t 20t
5.2. The Proofs of Lemmas [5.1] to 5.4l
Proof of Lemmal5.1: We rewrite S (t) as follows:
t t
(—1)"a® ¢~ (=1)° (1 (=5)u
Si(t) = -
1(t) ; (2u — 1)! SZ; s (2 8)3+1 (s + u)!
_ Ztl (~1)ra® 8 (=) (L-s-) (=5 — u),
= (2u-1)! = stu \2 s+utl (s+2u)!
=:51(t,u)
(5.5)

We use the summation package Sigma (and its mechanization by EvaluateMultiSums)ﬂ to

derive and prove that

t

3
2

St u) = (—1)t< ) D" 4 ), (5.6)

2u

where

_ H=tu(=D)" -y, 1 2~ (01
A = T3 wm, ( Ciem fTra & G0, )

Now by Lemmas [4.2] and
1 (=) 2u4+1 u*+3
2t (—%) 2t 2t2
t

1 O 2u+4+1 4u+6uZ+8u+3
§A1(t,u)§2t+( 3) _ 2u+ u® + 6u” + Su +
2

_ 2
( } ) 2t 12¢

2For further explanations of this rigorous computer derviation we refer to Appendix and Remark
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16 KOUSTAV BANERJEE, PETER PAULE, CRISTIAN-SILVIU RADU, AND CARSTEN SCHNEIDER

It is convenient to reorder the terms in this inequality with respect to the powers of wu:

-0t 1w u? (-t 1 1 u?  ud
L _Z_ —_ < Ay(tu) < — 2 — .
(Chy At 2T 1t u) < () Tt (31&2 ) 22 " 32 (5.7)
t t
Combining (5.5) and (5.6)), if follows that
=3\ &= @A (L, )
Si(t) = (—1f(2) > et 5.8
0= (72) X G 6.9
To derive a lower bound, combine (5.7) with (5.8) to get
Si(t) (-t 1 Lot 1w 1 u?a?t
> - N
(_l)t(_t%) - (—t%) 4¢2 7;1 (2u)! t uz::l (2u)!  2t2 ; (2u)!
(_1)t 1 0 o2 0 o2 1 0
> _ —1- _ -
() (S X )12 2t22< o
() u=0 u=t+1
(-1t 1 = o ot 1
- —1— _
~ ( (—t%) 4¢2 1;] (2u)! 18t2 Z (2u)! 212 Z
=" _ 1
by Lemma [4.6] and 3> for all ¢t >1
()
(-1t 1 o 1. 1 /a2 a .
= ( (_%) -2 (cosh(a) -1- @) — 5@ sinh(a) — ﬁ(? cosh(a) + 1 smh(a))
t

(by Lemma {4 )
o2
4

> ((_13)15 — 12> (cosh(a) — 1) — a—4 — la sinh(a) — i( cosh(a) + %smh( ))

—-1)¢ 1
as( 3)——2<1f0rallt>1
SO

—1)! cosh(a) — ot a? a
= (=) (cosh(a) — 1) — itoz sinh(a) — L <h()1 + — + — cosh(a) + 1 sinh(a)).

(f%) 2 2t2 2 9 4
t
(—1)t 1 1
> (_%) (cosh(a) — 1) — %asmh( ) 2
t
cosh(a) =1 ot o? a 1
(as # + ? —+ Z COSh(OL) —+ Z smh(a) < Z .

(5.9)
Similarly, for the upper bound, we have for all ¢ > 1,
Si(t)
1)
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ERROR BOUNDS FOR THE ASYMPTOTIC EXPANSION OF THE PARTITION FUNCTION 17

(1)t a2 1A ua 1 <~ a2 2 < uat 1 ua?v 1 uda?t
< _ = il il _ -
=5 Zl Qu)! 1 21 2u)! 1 Zl 2u)! 3 Zl 2u)! T2 Zl Qu)! 32 Zl 2u)!
t u= u= u= u= u= u=
(—1)¢ . Q2 1T w2t 1 X ua?t 1 o a2u
= — - +- +—
(_t%) uZ::l (2u)! ¢ UZ:O (2u)! ¢t U;H (2u)! 4t2 — (2u)!
2 — u?a?? uda?t
3¢ - o Z T3 Z
—1)" 1 S 1
< ((_g)) (cosh(a) — 1) = Zasinh(a) + 9% + 15 cosh(a) + zasinh(a)
t
1 (o2 o 1 [ 3a? ala? +1)
- - h o h o - h . h
o0 ( 1 o8 (a) + 4 Sin (a)) + 3t2< g cos (@) + g sin (a)
(by Lemmas [4.4] and -)
(—1)t 1. 1fa* a%2+1 afa? +12) + 12)
= (_%) (cosh(a) — 1) — % sinh(a) + 2\ o + 1 cosh(a) + smh
t
< (-1 (cosh(a) — 1) — l04 sinh(a) + 1 &4 + o +1 cosh(a) + (a + 12) smh
T () 2t 2\ 9 4
t
(—1)t 1 13
< (_%) (cosh(a) — 1) — % sinh(a) + 252
t
ot a?+1 ala? +12) 13
— h ————sinh — 1
(as 9 + 1 cos (o) + o1 sinh(a) < o (5.10)

By (5.9) and (5.10), for all ¢ > 1, it follows that

1 Sh(t) (1) 1. 13
- =< — ~———(cosh(a) — 1) + —asinh(a) < — (5.11)
2 3 _3 27
8t (__1)t( t2) ( t2) 2t 25t
which concludes the proof. O
Proof of Lemmal[5.9: Rewrite Sa(t) as follows:
t—1 t—1
_ (Do (1 -3 (=8)u
S2(t) = Z: (2u)! ;(2 S)s+1 t—s—1)(s+u+1)!
t—1 t—u—1
—1)%2u 1 _3 e
_ Z@Z(,_S_u) 5 (s —wu
et (2u)! = \2 stuti\t —s—u—1) (s +2u+1)!
=:52(t,u)
(5.12)
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18 KOUSTAV BANERJEE, PETER PAULE, CRISTIAN-SILVIU RADU, AND CARSTEN SCHNEIDER

Using the summation package Sigma (and its mechanization by EvaluateMultiSums)ﬂ we
derive and prove that

_3
S(t,u) = ( t?)(—1)u+1(,4271(t,u) +A2,2(t,u)), (5.13)
where
Ao (t.1) = 2 (t — u)(—t)u(—1)
21 = 000 (1 1 20)( + w)(f)a
and

(-1 1 2t (=1)(—t);
Ago(t,u) = 5 LT 1+2t; (t+a)(t);

From ({5.12)) and (5.13)) it follows that

_3
So(t) = —< t?) (52,1@) n 3272@)), (5.14)
where
t—1 a2u t—1 2u
3271(t) = 1;) wAQJ(t, u) and 52,2 (t) = 7;) mAQ’Q(t, u) (5.15)

By Lemma we have

1 v +u+ i t— u?+ 1 t—
- 2 < iy 2) < Api(tu) < —— 2 (5.16)
1+2u t(1+2u) — t(1+2u) t : t(1 + 2u)

Plugging (5.16) into (5.15)) we obtain

e T G
Tor TV 22 (o Ly & =521) = o T 7
Wﬂ@u+1) t = (2u + 1)! Wﬂ@u+m. t — (2u+1)!
and consequently,
e 2u 00 2u o 9 1
@ o 1 utut 2 2u
(90 1\ o0 1 1\ 1 — < t) <
Z(%H)! Z(2u+1)! tz Qu+ " < s21(8) <
- - "~ (5.17)
> a?u 1 00 ’LLOézu 9] ua2u :
;)(2u+1)! ot UZ:;) (2u + 1)! _z::t Qu+ 1))
By Lemma [4.6]
o0
UJOZ Cl 2a2
Zi= QZ - <Sh=tn (619
ut(2u+1 « 2u 1' ut+1 2t 9t
and
Pl o0 2 2u 2
ua® 2 uor 20, 4o
Qu+1) S < —a =gz 5.19
Z (2u+ ]_ a2 Z - o2 (2u)| — a2t2 9t2 ( )
u=t u=t+1 u=t-+1

3We refer again to Appendix and Remark to see the underlying machinery in action.
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ERROR BOUNDS FOR THE ASYMPTOTIC EXPANSION OF THE PARTITION FUNCTION 19

Plugging (5.18) and (5.19) into (5.17) gives
2u 2u

« 2c 1 utu+ 5 « 1 U 4o
7_72_7 72a2u§52,1(t)§ e ANt L 7'+73
UZZO (2u+1)! 92 ¢t UZ:O (2u+1)! UZZO Qu+1)! ¢t UZ:O (2u+1)! 9t

(5.20)
Using Lemma [4.4] (5.20) further reduces to
sinh(a) 1 cosh(a) sinh(a) = asinh(a) 202
i — | < t) <
o t( 4 + 4o + 4 +9 *82’1()*
(5.21)
sinh(a) 1 [ cosh(a) sinh(a) 4;042
o t 2 20 9 )
A numerical check shows that
cosh(a) = sinh(a) asinh(a) 2% 7 cosh(a) sinh(a) 4a? 3
2ol and - S
L T A T AR 20 9 ~ 40
This, along with (5.21)), gives
sinh(a) 7 sinh(a) 3
- — t — 5.22
o 10~ W< g (5.22)
Next we employ Lemma and get
2u+1  4ud+6u’+8u+3 (—1)H! 2u+1  (=1)H
— < Asgo(t < . 5.23
2t 12¢2 + (—%) < Agp(tiu) < 2t + (—%) ( )
t t

Plugging (5.23) into (5.15]), we obtain

§ o (2ut1 (D) du’+ 6w +8u+3) 0 < § o (ut1, (-1
T — s - ,
u)\ 2t g 122 =R = L u) | 2t g

u=0 (715 )

which, using p3(u) := 4u® + 6u? + 8u + 3, can be rewritten as

I &< u+1a® 1K Qu+1a? (1)K o 1 X pslu)a?
%1;) 2u)! _EZ Qu! 3 Z(Qu)v_m?Z (2u)!

(_tE) u=0 ‘ u=0
1 et 2u_|_1) (_1)t+1 o o2 (_1)t+1 e Q2
< s9.2(t) S*Z + 3 Z -3 Z
2t = (2u)! () = (2u)! (72) — (2u)!
(5.24)
By Lemma we obtain
o o
(2u — 1 2ua w2 40y 8a?
Z 20! QZ S@Z S 9p =9 (5.25)
u:t u=t+1 u=t+1
and
i(2u+1 i 2u( u—1)2 2u .8 i uda®t < 8Cs 3202 (5.26)
"2 = 52 = 4242 2 '
—~  (2u)! a? o=, a* o= (2u)! ~ a?t 9t
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20 KOUSTAV BANERJEE, PETER PAULE, CRISTIAN-SILVIU RADU, AND CARSTEN SCHNEIDER

Combining (5.25)) and (5.26]) with (5.24) gives
1= Qu+Da®™ 13202 (D)X o Zpg(u)a
204 (2u)) 2 92 ( 2u)l  12t2 2u)'

) =
< s2(t S%Z 2u—|—

1 ( 1)+ 2u (1)t 8a?
3 9 —3\ 042
( t2) u=0( u) ( t2) ot
(5.27)
Furthermore, for all ¢t > 1 we have (Qtt) > 24—\;2 which implies
(_1)t 22t+1 1
= <1, t>1. (5.28)
i 242 » b
( t2) t+1 (t+1)
Applying (5.28) and Lemma [£.4] to (5.27)), we obtain
-1 t+1 1 C
( ()3) cosh(a) + o5 (cosh(a) + asinh(a)) - 2’;2(04) < spo(t) <
2 TV
' ::lcsh(o” ; (5.29)
—1)tF 1 8
( 7)§ cosh(a) + ﬂcsh( a) + 02
()
where
160> a?cosh(a) a?sinh(a) cosh(a) —asinh(a) 8a2 1
_ 1 and 2% <=,
Coplo)=—g=+ = +*—; T3 T 5 <ltad <
Therefore
-1 t+1 1 1
( ()g) cosh(a) + 2—tcsh(oz) 5 < s9o(t) <
t
5.30
(_1)t+1 1 ( )
3 cosh(a) + ﬂcsh( a) + L
t
Applying (5.22)) and (5.30)) to (5.14) we obtain
sinh(a) 7 (=1)t! 1 1 So(t)
PR Ly osh —csh(a) — = < — <
o 10t (7%) cos (a)+2tcs (@) 5 S (_73) <
t t
sinh(a) 3 (=1)t! 1 1
=2 h ~ csh il
5 +40t+ (7%) cos (oe)—i-ths (a)+4t2,
t
which implies that for ¢ > 1,
sinh(a)  (—1)! 1 7 csh(a) Sa(t)
I 1] <= <
L T cosh(oz)—i—t 10-1— 5 1] < (,73) <
tm ! (5.31)
sinh(a) (—1) 1{3 csh(a) 1
a + _% COSh(Oé)—i-; E‘i‘ 9 +1 .
t
Since 7 esh(a) 3 esh(@) 1 11
csh(a csh(a
S i S S | BT S AT et
10 2 >l ad S T <
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ERROR BOUNDS FOR THE ASYMPTOTIC EXPANSION OF THE PARTITION FUNCTION 21

from (5.31)), it follows that for all ¢ > 1,

1 inh —1)t+1 t) 11
_L_sinh(@)  (EDT ey = 20 1L (5.32)
“ () () 1
Multiplying by —1 on both sides of ([5.32)), we get (5.2]). O
Proof of Lemma/[5.5: Rewrite S3(t) as follows:
t t
(—1)ua?v 1/1 =3\ (—9)u
t) = A A — (=2 —
S3(t) ; (2u —1)! S:u3<2 S)s+1 t—s) (s+u)!
t t—u
—1)%2u 1 1 _3 —s—u)y
_ oy Bl (2-s—) > V(5w
= (2u—1)! = stul\2 stutl\t —s—u) (s+ 2u)!
=:S3(t,u)
(5.33)

Using the summation package Sigma (and its mechanization by EvaluateMultiSums), the

sum S3(t,u) can be rewrittenﬁ] as an indefinite sum

_3
S3<t,u) = ( t2) (—l)u <A3’1(t, u) + A3’2(t, u)), (5.34)
where
t(1 4 2t — 2u)(—t),(—1)"
Aga(tw) = O 20C D)
2(1 + 2t)u(t + u)(t)y
and
(—1)tHt 1 2 o (—1t)i(—1)*
Aso(t,u) = :
() () T T Tra (t+0)(1);
. -
From (5.33)) and (5.34)), it follows that
_3
Sg(t) = < t2> (83’1(75) + ngg(t)), (5.35)
where
a2u a2u
t) = —— A3 (2 d t) = —— Az (t,u). 5.36
s3,1(t) UZ:I Gu—1) 3,1(t,u) and s3(t) uz:l Gu—1) 3.2(t, u) (5.36)
By Lemma [4.2] we have
142t —2u1u®+3 14+2t—2u 1 1 2u—1
_ - < Agq(tu)— T D A () — — <0. (5.
oz Al u o Asalbw) m g T <00 (537)
Equation (5.37)) implies that
3ul+2u+i WP+l wgplogy g 1 2u-—1
_ = — — — < Asq(t - — < - <0. (5.38
4ut 2ut 2ut dut  — 31(tv) 2u ~  dut (5.38)

4We refer again to Appendix and Remark to see the underlying machinery in action.
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Plugging (5.38) into (5.36]), we obtain

> (3u2+2u+%)a2“< 12 (3u? +2u—|— $)a? Zt:a“
o7 > 5] < sza(t
2t — (2u)! 2t = 2u)! =

<0

—_

and consequently,

1 o0 (3u2 + 2u + %)O[Zu 0 a2u 0 a2u 0 a2u
_ — < t) — < — <0. (5.39
2t (2u)! uz 2uy = *31) 2 2u)! = 2. ouy =0 (6:39)

Applying Lemmas and to (5.39) gives
1 1 <3a2 cosh(a) + Tasinh(a) + 2 cosh(a) — 2 N o’

<
2t t

8 9
(5.40)
Next, by Lemma we obtain
4u? + 6u? + 8u + 3 (-1t 2u+1
- < Asoft — — <0. 5.41
12¢2 = 3,2( 7“) + (7%) o > ( )
t
Applying (5.41) to (5.36)), it follows that
t t
(—1)t ot 1 (2u + 1)a?v
s32(t) + - = — <0 (5.42)
(—t%) uz::l (2u—1)! 2t ; (2u —1)!
and
t 2u t 2u t 2u
1~ (2u+ Da 1 & ops(wa
>
sa2(t Z u—l 5 2 Qu—1)l = 12t2z(2u—1)!
u:l u=1 u=1 (5 43)

1 > p3(u)a®
122 2= (2u— 1)V

where p3(u) = 4u? + 6u® + 8u + 3 is as in (5.24). Equations (5.42)) and (5.43) imply that

(1) o I < (2u+Da® (-1 X o
salt) (3 ; Qu—1) %; Qu_1l = (3 ugl(m—n!’ (5.44)

and

1\t =® a2 st U a2u
8372(75) + ((_13) Z 2 1 Z% >

) & (2u-1)! 24 (2u—1)
a B - - (5.45)
1202 2= 2u—1)! 2t &< (u—1)!
By Lemma we obtain
e 2u e 2u 4 4
2
Sy e da 20 (5.46)
(2u — 1)! (2u)! = 3-32 92
=t+1 u=t+1
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ERROR BOUNDS FOR THE ASYMPTOTIC EXPANSION OF THE PARTITION FUNCTION 23

and
—_—_— 2 < — . '4
u§1 (2u —1)! uu;l Qu)l 3.3 o (5.47)

Substituting (5.46)-(5.47) into (5.44]) and (5.45)), it follows that

(-1t o 1 = (2u+1a?* 3 22* ot
t R - < - — = — 5.48
s32(t) + () Z(2u—1)! 2752 Qu—1) —2 92 32 (5.48)
t u=1 u=1
and
2u 2u
p3(u 504 pa(u 1 10a*
<
12t2z u—l t2_ 12t22 u—l 2t 92 —
(5.49)
(1) o 1 & (2u 4 1)a?
Sgg(t) + - — -_
(—t%) 1; (2u—1)! 2t ; (2u —1)!
Using Lemma into and ( -, we obtain
61 1 { 3a? sinh(« ot + 2402) cosh(a 3asinh(« 5at
e <>+< Jcosh(a) | 3asinh(a) , 5at) _
100¢ t 8 24 4 9
5.50
)+ TV sinh(a) — Lsch() < & < 3 o
s asinh(a) — —sch(a —_— < —
32 -3 2 =312 T 1002

2

t
where sch(a) := a2 cosh(a) + 2asinh(a). Combining (5.40) and (5.50]), and then plugging
into (5.35)) it follows that

1 61 Ss(t) (=1t . 1 3
57 h(a) — —sch 1 — cosh —.
55~ 10082 < (_%) + (_%) asinh(a) 575C () + cosh(a) < 10082
t t
Since for t > 2,
_1 61 +i h(a)>—71
2t 100t2 100t
and 3 1 12
~sch il
To022 20 < g5y
we finally get
12 S3(t) (=1t . 71
= 28 2 hsinh 1 — cosh _ = 51
e T 531
t t
O
Proof of Lemma/[5.4 Rewrite Si(t) as follows:
t t
(_1)ua2u 1 (_S)u
Sai(t) = ~ 7 - 1= = o\ Ju
0 = 2 g 2 G=%).eres
t t—u
(1)t ] (s — )
_ N A _1)5tu(Z g — N2 e
1;0 (2u)! ;( ) <2 i u>s+u+1 (s +2u+1)!
=:S4(t,u)
(5.52)
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Using again the summation package Sigma (and its mechanization by EvaluateMult 1Sums)EL
we rewrite S4(f,u) as an indefinite sum

Sult,u) = (‘f) (—1)utt (A4,1(t, w) + Ado(t u))
where

(5.53)
A4,1 (t, U) =
and

t(_t)u(_l)u
21+ 2t)(t+u)(t +u+1)(t)

1 [(= 2 (=D (—t)i
Aga(t - -
12(tu) = 1+2u((t) 1+ 2t 1+2t;(t+i)(t)i
From ([5.52)) and (5.53)) it follows that

_3
Salt) = (—1>t( 2
where

(5.54)
a?u
saa(t) =) (

t
| ) ’
= 2u)!
From Lemmas [4.1}{4.2] we have

—— Ay 0(t). )
2] 1,2(t) (5.55)
u=0
1 wtu+3 1 1 u? + 1 1
—(1- 2] < —1- Z | < Ayq(t
4t2< t >—2(t+u+1)2t< t 11(tu) < 55

Combining (5.56]) with (5.55]), we obtain

1 o (u? +u+ 3)a?
4752u20(2u 4t32

1
< sq1(t) <
and consequently, we get

J e (u? +u+ 3)a?
412 2 (2u)! 412 2. (2u)! 43 Z
u=0 u=t+1

1 o
< t) < — . (.57
1) = 35 2 g 657
u=0

Equation together with Lemmas imply

1 3 1 1 {a* (a®+6)cosh(a) 3asinh(a)
—~cosh(a) — — < — cosh(a) — = [ —

322 (@) ~ 55 < g coshl@) — 3 (72 * 16 MG

N——
- IA
V2]
=
>
=
IA

Next, by Lemma we obtain

2 cosh(a)
(5.58)
1 (-1)t 2u+1 1 p3(u)
0< Ays(t,u) — — < 5.59
< A2t u) 1+2u<(—§) 2t >_1+2u 1212 (5.59)
t
5We refer again to Appendix and Remark to see the underlying machinery in action
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where p3(u) is as in (5.24). Plugging (5.59)) into (5.55)), it follows that

= a2 (=)t 2u+1 > a?u (=" 2u+1
o§54,2(t)—;(2u+1)!< Y >+Z (2u+1)!< -5 2 )

(2) u=t+1

1 — pg(u)a2“
2 E
1262 2= (2u + 1)!

which implies that

L o 1 g (Do
2 , '
1202 24 Qu+ 1) 2 2= " (ut1)
By Lemma [4.6]
e 2u & 2u 4 4
o o o o
2 S 2 = = (5.61)
= | = 3. 3142 2
u=t+1 (2u+1)! u—ii1 (2u)! = 3.3t 18t
and

i (2u + 1)a2v < i (2u + 1)a?v < Co+20; a*(1+4+4) 5ot

T(2u+1) = =—. 5.62)
! = 2 312 D) (
u=t+1 (2’LL + 1) u=t+1 (2“) t 3-3lt 18t
Applying (5.61) and (5.62)) to (5.60) and using Lemma[4.4] we finally obtain
3 2 o (-1)" ot (—1)!sinh(a) 1
T 1000¢2 T 3 <= < sa2(t) — ——5- — cosh(a) <
10002 = "3 182 = (5 1822 sa.2(?) (5 o« + 5 cosh(a) <
t t
1 [ (® 4 6) cosh(a) N asinh(a) N 5at _ 7
2 24 8 36 ) 2002
(5.63)

From (5.58)), (5.63)), and ([5.54]), it follows that

t2 1000 4 5] — 1000t2 583 4¢2 -
Sa(t) (—1)tsinh(a) 1 1,7 1
— — cosh — [ = + - cosh )
(—1)t(_t%) (_t%) o + 57 cosh(a) < 2 (20 + 1 cos (a))
This implies for ¢t > 1,
13 Sa(t) (—1)t sinh(«) 1 1
> — + — cosh(a) > ——. (5.64)
2 _3 _3 2
20t (_1)t( tQ) ( t2) « 2t 3t
O
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6. ERROR BOUNDS

Lemma 6.1. For alln,k € Z>1,

S 1
- < ; - < 73(24@” (6.1)

Proof. The statement follows from

[e. 9]

1 1 24n, Qe 2 A s
— 8l a0 T
2o (24n) ~ (4n)F2dn—1 ° 24n—1 23 "
O
Lemma 6.2. For alln,k,s € Z>1,
3
1 > (2) 1 12 1
< < . (6.2)
(k+1)*~ 24n tZ; (24n)" " 5(k 4 1)~z (24n)F
Proof. Rewrite the infinite sum as
_3 242
t t t° :
po ts (24n) el (24n)
For all t > 1,
4t <2t> 4t
24/t t 7t
From (6.3)) we get
3
o] o] 1 t(—35 o)
Z\/t—i—l 1 SZ( ) (72) 1 Siz i1 1 (6.4)
ts (24n)t ts (24n)t ™ 2t (24n)t
t=k t=k t=k
For all £ > 1,
© (“1)(73) 1 < ViFl 1 < 1 1 1
P L T
po t (24n) — (24n) —(t+1)5: (24n) (k+1)5z (24n)
(6.5)
and
3
(D2 1 4 SVE+1 1 4 & 1 1
2 | )ts( 2 (24n)t = 72 2% (24n) 72 s—1 (24n)t
t=k t=k ik (t+1)°72
4 =1
<
Valk+1)z ; (24n)*
4-24 1
< by (6.1))).
23/ (4 1) 3 ( 7 &D)
12 1 1
= 6.6
5 (k+ 11 20 (o)
Equations (6.5) and imply (6.2]). O
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Lemma 6.3. Forn € Z>1and k € Z>y,

— (-3 (1) VEFT
0< 2 ( t2> ((24n))t < 4\/§W. (6.7)

Proof. Setting (n,s) — (24n,2) in (4.1)), it follows that for all n > 1,

=N (), VEET
0= ; ( t2> Gy <V i

Definition 6.4. For all k > 1 define

- 6a sinh(a) 3 L o\2
Li(k) == (cosh(a) - 5Vk+ 1 - 10(k + 1)3/2> <\/ﬂ)

and

[ 24cosh(a)  asinh(a) 5 1 \2k
m._( xhia) _ 2m+4(k+1)3/2>(m> |

Lemma 6.5. Let Ly(k) and Uy(k) be as in Definition [6.4 Let ge1(t) be as in Definition
[3.10, Then for all n,k € Z>1,

Ll(k)<\/lﬁ>2k < g ge,l(t)(;ﬁ)% < Ul(k)(\/ﬁ>2k. (6.8)

Proof. From (3.28) and (j5.1)), it follows that for ¢ > 1,
_3 _3
(') 1(=1)"(2)

cosh(a) — asinh(a) — < (24)'ge1(t) = 1+ S1(t)
2t 8 12 ’
1 1 (6.9)
— 2 13 — 2
2 TNt G 2N e )
< cosh(a) 57 asinh(a) + 5% 2 .
Now, applying (6.1]) and (6.2) with s = 1 and 2, respectively, to (6.9), it follows that for all
kE>1,
> 12t 6a sinh(a) 3 1 \2
e1(t)| —= > h — —
tz;g 71( )(\/ﬁ) (COS (Oé) 5 /k+1 10(k+1)3/2>( /24n>
and
> 1 \2t 24cosh(a) asinh(a) 13-12 1 1 \2
e1(t) | — < —
S an0(gr)" < (P - e - 2 ) ()
- 24 cosh(a)  asinh(a) +§ 1 ( 1 )Qk
23 Wk+1  4(k+1)32 ) \24n/
O
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Definition 6.6. For all k > 1, define

_ [ 24cosh(a) 12 1 \2k
La(k) := < 23 5\/m> (\/ﬂ)

and

Us(k) = <— cosh(a) + 4\[282111(0[)\/14: +14 25;%) ( ! )Qk.

Lemma 6.7. Let Ly(k) and Us(k) be as in Definition [6.6, Let ges(t) be as in Definition
[3.13, Then for all n,k € Z>1,

Lg(k)(\/lﬁ>2k < ig@g(t)(\/lﬁ)% < Ug(k)(\/lﬁyk. (6.10)

Proof. From (3.33)) and (5.2)), it follows that for ¢ > 1,

—3\ sinh(« 1)
coste) + (- () 202 - EULE) < oty a0 = (1t

(e} t
< —cosh(a) + (—1) (_tg> sinh(a) i 11 (_1)t(_t§) '

o 10 t
(6.11)
Now, applying - with s =1 and - ) to , it follows that for all k£ > 1,
12t 24 cosh(a) 12 1 \2k
ca®)(—=) > |- —~
;gz( )<\/ﬁ> < 23 5\/k+1><\/24n>
and
> 12t 44/2 sinh(a) 1 \2
(L) < (= cosh(a) + 22N, gy, 00 :
g;;g 2 )(VAE) ( cosh(a) « 25\/k<+. ) <~/24n>
O

Definition 6.8. For all k > 1, define

19 109 23 1 1 \2k+1
Ls(k) == (ma sinh(a) — 10 cosh(a)Vk +1 — H)\/m> (\/ﬁ)

and

Us(k) :== <2a sinh(a) + i):;\/klﬁ) (\/1274)2/%1‘

Lemma 6.9. Let Ls3(k) and Us(k) be as in Definition [6.8 Let go1(t) be as in Definition
3.14 Then for all n,k € Z>1,

L3(k) <7>2k+1 < Ego ) ( >2t+1 < U3(k;) (\}ﬁ

2k+1
) . (6.12)
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6 _3
2

Proof. Define ¢y (t) := ——(—1)*( . ). From (3.37) and (5.3), it follows that for ¢ > 2,
T

S3\ 126 (—1)f( 2 Ss(t
gasinh(a) — 6cos.h(a)(—l)t( 2) - 6 (=)' () < (V24 Mg, () = ()| 1+ 3(3)
T T t 257 t ’ (*tg)

3

—3\ 716 (=1)'()

= _ = h —1)¢ 2 t
< 7Tasmh(oa) —cos (a)(—1) < ; ) 100 = ;

(6.13)

A numerical check confirms that (6.13]) also holds for ¢ = 1; see (3.37). Now, applying (6.1)),
(6.2) with s =1, and (6.7)) to (6.13)), it follows that for all k > 1,

Z%;(ﬂ(\}ﬁ)%H > (iasinh(a) - G'iﬁ cosh(a)Vk + 1 — 12-6-12 1 >( 1 >2k+1
t=k

25-5-m\VE+1)\V24n
19 109 23 1 1 2k+1
~ asinh(a) — — cosh(a)Vk + 1 — =2
> <1Oas1n (@) T ()VEk+ 10 m)(\/m)

and

i (t)<1>2t+1< 6 - 24 ,h()+71-6-12 1 ( 1 >2k+1
e o Ssinn( o
£ 9o\ 23 -7 100-5-7vE+ 1) \vV2an

< (20sinn(@) + 331 < 1 )2k+1
[62) -— .
10 VE+1 ) \24n

Definition 6.10. For all k > 1, define

Latk) = <4\//<:+1 20 a 50 (k+1)32

lcosh(a) 1lsinh(a) 41 1 ) ( 1 )2k+1
V24

and

Ua(k) = Ecosh(a) B Esinh(a) n 21 1 ( 1 >2k+1
T 100VETL 25 a 50 (k+ 1)32 |\ /22 -

Lemma 6.11. Let L4(k) and Uy(k) be as in Definition . Let go2 be as in Definition
[3.16, Then for all n,k € Z>1,

L4(k)<\}ﬁ>2k+l _ igog(t)(\/lﬁftﬂ _ U4(k)<\}ﬁ)2k+l. (6.14)
t=Fk
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Proof. Define ca(t) := —%(—1)%1%). From (3.41)) and (5.4)), it follows that for ¢t > 1,
3 3
T (-D*(72)  wsinh(a) 13-7 (=1)'(72) Sa(t)
_ h t _ o t 24 2t+1 o t) = ) ——=
5.2 cosh(a)— 6 a 06 2 < (V2 () = eaf )(_1)t(—§)
t
3 3
w (-D'(2) wsinh(a) =« (=1)'(72)
0 <h t _ t )
<Gog s 6 a 63
(6.15)
Now, applying (6.1) and (6.2) with s = 1 and 2, respectively, to (6.13)), it follows that for all
k>,

i ) (L)QHI - 7 cosh(e) 24-7sinh(a) 13-12-7 1 ( 1 >2k+1
t:kgo,z vn 12VE+1 236 «a 20-6-5 (k—|—1)3/2 V24n
> lcosh(a) 1lsinh(a) 41 1 ( 1 >2k+1
4vE+1 20 « 50 (k + 132 ) \\/2an

and
R 1 \2t+1 12 -7mcosh(e) wsinh(a) 127 1 1 \2k+1
02(t)| —= - =
2972()(\/5) < (12-5\//<+1 6 a 635kt (,@n)

<<63 cosh(a) 13sinh(a) , 21 1 >< 1 )2k+1'

100VE+1 25 « 50 (k + 1)%/2 ) \\/2dn

Definition 6.12. For k > 1, define

~ 1 1 1 ~ 1 1 k
Lo(k) := — 1— d Us(k):= — —
2( ) Oék /24k( 4\/5) an 2( ) Oék /24k( 3”)
Definition 6.13. For k > 1, define
k+2
k)= ——.
no(k) = =55

Lemma 6.14. Let Ly(k), and ﬁg(k:) be as in Definition . Let no(k) be as in Definition
6.15. Then for all k € Z>1 and n > no(k),

e™V20/3 Ty (k) _ V2 1 eVl Us(k)
4n/3 \/ﬁk 24n —1 p(n)k an/3 \/ﬁk

(6.16)

Proof. Define

Sln k) — V12 et(m) 1 Uln. k _e7rv2n/3 1
k) = St =1 e Y0 =
and
(1
Q( k‘) L S(Tb,k‘) _eﬂ\/:( o 1> 1 (1_1>_k42—2
= Un,k) ak Nory 24n '
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Using (4.2)) with (m,n,s) — (1,24n,1), we obtain for all n > 1,

T @ T g (1@ i <O

which implies that for n > 1,

1 _x [2 T 2—”( 17L71>
(1——)<e 12V3n <o V3P 2n < 1.

6.17
Hence
1 1 *% 1 1 —
71——) (1 )< n, k 7<1——) 6.18
(o - V/24)F ( 24n 4\/n Qn, k) < (a - /24)k 24n, ( )
1 _k+2
In order to estimate (1 - %) : , we need to split into two cases depending on k is even
or odd.
For k = 2¢ with ¢ € Z>o:
1\ 1\~ (e+D) — (—(C+ 1)\ (=1)
1- —) - (1 - —) =1 y
( 24n 24n + ]z; < J > (24n)7
From (4.3)) with (m,s,n) — (1,¢+ 1,24n), for all n > “‘1, we get
=L+ 1)\ (—1)7 (+1
. nl+1)=—,
O<Z< i) @iy <Pl D=,
J=1
which is equivalent to
1\ k+2 k+2
1< (1- —) 1 forall > "=, 1
<( 50 < +24n orall n>—7 (6.19)
For k =20+ 1 with / € ZZ():
1\ 1\ 52 (=23 (—1)
() ) T S ()
24n 24n = J (24n)J
Using (4.1)) with (k,s,n) — (1,£+ 2,24n), for all n > @f, we get
25+3 (_1)] g_i_ 9
0 b1oan(l +2) = ——
<3 (77 ) iy <hame+2= 15,
which is equivalent to
1\ k+3 k k+3
1<(1-o0) 7 <1+ 2 <14 forall n> 2 2
< 9in +12n +3n or all n > 15 (6.20)
From (6.19) and (6.20)), for all n > %££2 it follows that
1\ k+3 k
1- —) RN B 21
( 24n <4t =4 3n (6.21)
Combining (6.18)) and (6.21]) concludes the proof.
a
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7. MAIN THEOREM

Definition 7.1. For w € Z>1, define

(13,16), if w is even

(o), m(w)) = (21,11), ifw is odd

Definition 7.2. Let vo(w) and v1(w) be as in Definition[7.1. Then for all w € Z>y, define

PN 3 SOV -
L(w) := —( )(\/ﬂ‘a)w d U(w) :=( )(\/ﬂ-a)w'

Lemma 7.3. Let g(k) be as in Theorem and no(k) as in Definition [6.13 Let g(t)
be as in (3.47). Let L(w) and U(w) be as in Definition (7.9 If m € Z>, and n >
max{1,ng(2m),g(2m)}, then

VIR (L g v L(2m) VS (S 1N U2m)
o (10« ) <r < S (S oo (o) 22
Proof. Recalling Definition from Lemma we have

00 1 : 2m—1 1 ¢ 00 1 t

> o)) = ; 90(7) + 3 9 (5)

t=0 t=2m

7

i
3

t=m

Using Lemmas by assigning k +— m, it follows that

Li(m)+ La(m) =~ Ls(m) + La(m) d 1\t  Ui(m)+Us(m) Us(m)+ Us(m)
2m + Imt1 < 9(t) (7) < 2m + 2m+1
vn NG S VD Vn NG
(7.2)
Moreover, by Lemma with k& = 2m, it follows that
V12 e g e™V21/3 [y (2m) (7.3)

< .
24n—1 p(n)?™ = 43 "
Finally, from (7.2]) and (7.3]) along with the fact that Us(m) + Us(m) > 0, we obtain

n T n 2m—1 ¢ (m = m
\/ﬁeu()<1_ 1 1 ><eﬂ< o (L) +Zf:1UZ( )+ Us(2 )>'

24n — 1 m/3 \ & N7 i
(7.4)
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Since for all m > 1, Lg(m) + La(m) < 0, it follows that

V12eH(n) 1 1 emV/2n/3 (] 1N\t L Litm) — Ua(2m)
24n — 1 <1_u(n)_u(n)2m> " a3 (; %> A NG '

(7.5)
From Lemmas [6.5 and for all n > max{1,no(2m)},

1
/f242m

4

~ 4 2 1 2m

f 2 1 1+ ——(14+—
2 Uilm) + Ua2m) < (* T e Y +3n)>

4 2 2m 1
1 6/ 1|a?m 14— )| ———7

1
(\/ﬂ . a)?m'

4 2 2m
< |2 6vm + 1+ —
( by s T R +3n>

2
For all 1 < m < 10 observe that ng(2m) < 1 and therefore, g—m < 7; whereas for m > 11,
n

2 8 9
no(2m) > 1. Consequently, 377:: < ﬁ <8 e, 377: <8

Continuing our estimation

4
N 4 2 1
U; Us(2 < 10 6 l1|————
; (m) + Ua(2m) ( T T mae vm + )Nﬂa)gm
16vm +1
< —=U(2m). 7.6
Similarly, for all n > max{1,n¢(2m)},
ib(m)—ﬁ(?m) S T Y/ TS ) R
= i m+1 2(m+ 1) (V24 - a)2m
13vm +1
————F = L(2m). 7.7
o = Lem) &

Plugging (7.6) and (7.7)) into (7.4) and (7.5), respectively, and applying Theorem [2.1] we get

VI2eHM 1 1 emV2n/3 (Znl 1\t U(2m)
p(n)<24n_1<1— + >< yE: (; g(t)(%) | 19)

V12eHm) 1 1 emV/2n/3 (2l 1\t L(2m)
p(n)><1— . >> yRoYe (; g(t)(%) + . (7.9)
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Lemma 7.4. Let g(k) be as in Theorem and no(k) as in Definition [6.13 Let g(t

be as in Equation (3.47). Let L(w) and U(w) be as in Definition [7.4 If m € Zx and

n > max{1,ng(2m +1),g(2m + 1)}, then

emV/2n/3 [ 2m 1\t L(2m+1) emV2n/3 (21 1\t U@2m+1)
m( 10 75) +\/ﬁ2m“>< RN ( () *wn>

vn
Proof. Recalling Definition by Lemma we have

S oi(L) = Se(L) s S (L)
;g@)(\/ﬁ) - ng( =)+ 2 e ()

t=2m+1

= o) s () 3 ()’

= S a0() 4 30 000 Y (0 a0
t=0 t=m

t=m+1

Using Lemmas by substituting & — m + 1 and Lemmas [6.9 by substituting
k — m, it follows that

Li(m+1)+ La(m+1)  Lz(m)+ Li(m) > 1\t
L MO < 5 a0( )
Ui(m+1) 4+ Ux(m+1) n Us(m) 4+ Us(m)
\/52m+2 \/ﬁ2m+1 .
(7.11)

By Lemma with £ =2m + 1,
VI2 et - e™V20/3 Uy (2m + 1)
24n -1 /’L(n)QmJ’_l 4n\/§ \/ﬁZm+1 .
From (7.11)) and (7.12)) along with the fact that Uj(m) + Us(m) > 0, we obtain

v12er™) 1 1 emV/2n/3 [ 2m 1\t U@2m+1)
24n — 1 <1_u tom >< i3 <t§g(t)<\/ﬁ) +W , (7.13)

(7.12)

where
U2m +1) = Uy(m+ 1) 4 Us(m + 1) + Us(m) + Us(m) + Up(2m + 1).
Since for all m > 0, Li(m) + La(m) < 0, it follows that

V124 1 1 emV2n/3 [ 2m 1\t L(2m+1)
2471—1(1_ 1  u(n > > Anv/3 (Zg(t)(\/ﬁ) +W (7.14)

with
L(2m+1) = Li(m+ 1) + Ly(m + 1) + Lz(m) + La(m) — Us(2m + 1).
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Next, we estimate ﬁg(Qm +1). Recall from Lemma that for all n > ng(2m + 1),

~ 2m +1 1
U2(2m + 1) — (1 + n ) (\/ﬂ . a)2m+1-

2m + 1) <8
3n -
) < 9. Hence, for all

We note that for 0 < m < 10; n > 1 > ng(2m + 1), and therefore, (1 +
2m 4+ 3 2m+1
n

whereas for m > 11, n >
n > max{1l,no(2m + 1)},

This implies that (1 +

PN 9
Us2m+1) < —————.
2(2m +1) (v/24 - a)2m+

From Lemmas 6.5 and and applying ([7.15)), for all n > max{1,ng(2m + 1)}, we get

(7.15)

~ 5 1 1
U@em+1) < [10+ + N N ) P —
(@m +1) ( m+1  (m+1)3/2 " ) (V24 - a)?mtl
114/ 2
VML o 1 1), (7.16)
(‘ /24 . a)2m+1
Similarly for all n > max{1,no(2m + 1)}, it follows that
L@em+1) > 10 5 ! 13vm + 2 !
m —10 — - - m —_—
m+1  (m+1)3/2 (V24 - o)?m+l
21/ 2
2V ES  pom ). (7.17)

>
- (‘ /24 . a)2m+1
Plugging (7.16)) and (7.17)) into (7.13) and (7.14)), respectively, and applying Theorem [2.1]

we get

V12ek() 1 1 emV2n/3 [ 2m 1\t U@2m+1
P (1_u(n)+u(n)2m“> 3 (tzog“)(\/ﬁ) *W) 719

V12 1 1 emV2n/3 [ 2m 1\t L(2m+1
p(n) > 5 (1_u(n)_,u(n)2m+1> > ( ) +(+)>. (7.19)

4n\/§ — \/ﬁ \/ﬁQm-‘rl
(|

Theorem 7.5. Let g(k) be as in Theorem[2.1] and ¢(t) as in (3.47). Let L(w) and U(w) be
as in Definition[7.4. If w € Z>1 with [w/2] > 1 and n > G(w), then

emV/2n/3 (W=l ' w om/2n/3 (=1 . w
<Z o) () +L()> <pn) < (Z o) () +U()>. (7.20)

an3 \ = Vn v anv3 \ = Vn v
Proof. Combining Lemmas and together with the fact that g(k) > max{ng(k), 1},
we arrive at ((7.20)). O
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Corollary 7.6. For all n > 116, we have

emV2n/3 (3 g(t) 11 emV2n/3 (2 g(t) 13
/3 P "oz ) <P < e\ 2 T a0nr ) (7:21)
nv3 \i=5 vn nv3 \i=5 Vn
where
72 4 72 T2 + 432 7t + 129672 + 93312
0)=1, g(1) =— , =" ¢g(3)=— .
9(0) g(1) YW 92) = o153 903) 197664v6r

Proof. Plugging w = 4 into ([7.20)), we obtain the inequality (7.21)). O

Remark 7.7. Corollary [7.0 provides an answer to the Question [1.3, asked by Chen. As a
consequence from (7.21)), one can derive that p(n) is log-concave for all n > 26.

8. APPENDIX

8.1. Proofs of the lemmas presented in Section
Proof of Lemma[{.1]: For n =1 we have to prove

1-— Il

L4+

>1- 1 — Y1,
which is equivalent to
l—z > (1+y)1—z1—y) 21 -2 —yi —z11 & 0> —1f — 211

This is always true because x1,y; are non-negative real numbers. Now assume by induction
that the statement is true for n = N. Next we prove the statement for n = N + 1. For
n = N, we have P > (1 — S) with

N N
P .= (L—2){ —2) - (1~ 2n) and S := Zﬂfj +Zyj.
j=1 j=1

(T+y)(X+y2)-- (1 +yn)

This implies that
1—xNn41
1+yns1
Therefore it suffices to prove that

1—
S TN+1

> (1 — .
1+ ynt1

(1 —S)l — TN+1

>1—-S5S—YnNy1 — TN+1,
1+ ynt1 * *

which is equivalent to
(1=9)-ans) =2 (1= —yn+1 — an41)(L+yn+1)-
Equivalently,
1—anp1 =S+ S any1 > 1= S —ani1 — Yhy1 — TNHIUN+L — S - YN+1,
which amounts to say that
S TN41 > —YR1 — TNHIYN+L — S YN+,

and this inequality holds because x 11, yn+1,5 > 0. O
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(_1)1'(_0" = (=1)’ H Lj_l — H w,
J J

(t) Lt -1
we obtain
H—t)u(-1)" t TEt-G-1 1 Tl
(1+2t)(t+u)(7ﬁ)u_2(t+§)(t+u)j1;[1 t+j—1 2t + )1+ )1;[1+J;

Since t > 1 and u < t, it is clear that

By Lemma [4.1] it follows that

R eemen 1 e,
2t(1+%)(1+%)j211+%_2t t 2t T
Combining and concludes the proof. O
Proof of Lemma[{.3: By Lemma
1,1 _1 1 Zi@_i)zi_i (8.3)
207 142t 2t(1+4) 2t 2t 2t 42
Now
AT G > Ht—y+1 11 &1 -
1+ 2t _1+2ti: thit st -1 t1+%i:11+%j:11+%'
Ast > 1 and u < t, it directly follows that
L o il_%<3. (8.4)
Plt g 1+ 1+

Applying Lemma [4.1] u we obtain

1 Z H i1—2+z+223 7 —-1) Eiu(2u2—|—3u+4)
1 1 = 2 :
t1 ?z11+t] 11+] t t t ot
(8.5)
Finally, (8.3), (8.4), and (8.5 imply the desired inequality. O

Proof of Lemma[4.5: Let n > u be fixed. We have to show that b, > a,. First we note

that
k

k
Upp1 — an = Y _(aj11 — ay) Z j+1 = bj) = b1 — bn.
j=n j=n

Consequently, for all £ > n we have

k1 — Qp = bk+1 —bp & by — b1 > an — Q41
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This implies that

bn = lim (bn — bk+1) 2 lim (an — ak:+1) = Qp.
k—o00 k—00

Proof of Lemma : We apply Lemma with a, =Y oo il (]; j? and b, = %:

_ (n+1)ka2n+2
(2n +2)!

Ck(QTL + 1)

and b1 —b, = _n2(n—|—1)2'

an+1 — @

Therefore b, 11 — by < ant1 — ay is equivalent to

(n+ 1)Fa?n+2 < Cr(2n+1) n?(n 4 1)k+2o2n+2 <C
n+2)  ~ n2(n+1)? Cn+1)@2n+2)! —

In order to prove f(n) < Cj, it suffices to prove f(m) < Cf, where m is such that f(m) is
maximal. Hence in order to find such a m, we find the first m such that f(m + 1) < f(m).

This is equivalent to finding 5‘( +)1) < 1, also as we will see there is only one such maximum.

Then max f(n) = f(m). Now

< f(n):=

fin+1)  (n+1)%*n+2)"2a>"™ 2n+1)2n+2)!  a?(n+2)F22n+1)
fin)  (2n+3)2n+4)! n2(n+1)k2a2t2  (2n +4)(2n + 3)2(n + 1)kn2
Using Mathematica’s implementation of Cylindrical Algebraic Decomposition |10], we obtain
that
a?(n+2)"2(2n + 1) 800
<1, forall o < —
2n+4)2n +3)2(n + Fp2 = 7 0 o’ < o

As o? = 55 < 38 max f(n) = f(1)s e, f(n) < F(1) =

8.2. The Sigma simplification of S3(¢,u) in Lemma

Using the symbolic summation package Sigma [29] and its underlying machinery in the setting
of difference rings [28] the inner sum Ss(¢,u) can be simplified as follows. Recall from (5.33)
that

3

Sa(tu) = Sz: S —il- U (% T u>s+u+1 (t —_35— u) m

=0

After loading Sigma into the computer algebra system Mathematica

In[1]:= << Sigma.m
‘ Sigma - A summation package by Carsten Schneider (©) RISC-JKU ‘

we input the sum under consideration
t—u

_ 1 /1 -3 N(=s—u)u,
In2l:= mySum3 = ;) " (5 —s— u)s+u+1 (t _ 52_ u> st 20

and compute a recurrence of it by executing

In[3]:= rec3 = GenerateRecurrence[mySum3]
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Out[3]= (t —u)uSUMu] +2(2+t)(1 + u)SUMu+ 1]+ (2+u)(2+ t + u)SUMu+ 2] ==0

As a result we get a homogeneous linear recurrence of order 2 for S3(¢,u) = SUM[u] (=mySum3).
Internally, Zeilberger’s creative telescoping paradigm [23| is applied which not only provides
a recurrence but delivers simultaneously a proof certificate that guarantees the correctness
of the result.

Verification of the recurrence. Denote the summand of S3(¢,u) by f(t,u,s); i.e. set

1 =3 (=5 wa
f(t,u,5) = s+u(§ _S_u>s+u+1(t—82—u>(5+2u)!.

Then one can verify that the polynomials ag(t,u) = u(t — u), a1(t,u) = 2(2+¢)(1 + u) and
as(t,u) = (2+u)(2 4+t + u) (free of the summation variable s) and the expression

_3 1
’y(ta u, S)S(—S—l-l%—u) (_S - u)u(§ -5~ ’LL) 1+s+u
s+2u)l(s+u)(14+s+2u)(2+s+2u)(3+ s+ 2u)(—1+ 2s — 2t + 2u)

g(t7 u, 8) = -
(
with

Y(t,u,8) = — 65 — 652 + 165 + 854 4 6t — 65t — 465>t — 2053t + 12t% + 30st> + 125°t>
— 12u — 225u + 665%u 4 64s3u + 8s*u — Ttu — 138stu — 1265%tu — 1653tu
+ 52t%u 4 57stu + 85°t%u — 27u? + 88su” + 172s%u* + 4453u* — 108tu?
— 235stu? — 68s%tu’ + 57t2u? + 24st?u? + 32u® + 192su® 4 925%u?
— 140tu® — 98stu® + 18¢%u® + T5u’ + 86su” — 48tu* + 30u”

satisfy the summand recurrence
g(ta U, s+ 1) - g(t) u, 5) = aO(t7 u)f(t) u, 5) =+ al(tv U)f(t, u+ ]-7 S) + a2(ta U)f(t, u+ 2’ 5) (86)

for all 0 < s <t—u with ¢ > u. The components of the summand recurrence can be obtained
with the function call CreativeTelescoping [mySum3]. Summing the verified equation
over s from 0 to t — u yields the output recurrence Out[3], which at the same time yields a
proof for the correctness of Out. 0

We remark that Sigma’s creative telescoping approach works not only for hypergeometric
sums (here one could use, for instance, also the Paule-Schorn implementation [22] of Zeil-
berger’s algorithm [23]), but can be applied in the general setting of difference rings which
allows to treat summands built by indefinite nested sums and products. More involved ex-
amples in the context of plane partitions can be found, e.g., in [2].

We are now in the position to solve the output reccurrence Out with the function call

In[4]:= recSol = SolveRecurrence[rec3, SUM][u]]
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u 2+t—u) (—th RS (=) (=%)s
Out[4]= {{o,(q) 1, {o, e W 2T o +2(—1) ;m},{1,o}}

This means that we found two linearly independent solutions (the list entries whose first
entry is a zero) that span the full solution space, i.e., the general solution to Out[3] is

u 2+t—u) (=t (D)
Gt,u) = er(t) (=1) +02<u(2+t+u) (2+t)u+2(_1) ;(2+i+t)(2+t)i) (87)

where the c1, co are constants being free of u. For further details on the underlying machinery
(inspired by [23]) we refer to [28].

Verification of the general solution. The correctness of the solutions can be verified by plug-
ging them into the recurrence Out and applying (iteratively) the shift relations

()" = (=1,
(=t)14u = (=t + u)(—t)u,
(24 )10 = (24 + u)(2+ ),

14+u . u .
(=D'(=t)i (=1 (=t)i (=D)"(t —u)(=t)u
Z (2+i+t)(2+1); ; 2+i+6)2+t); C+t+u)B+t+u)(2+1t),

i=1
Then simple rational function arithmetic shows that the obtained expression collapses to

Zero. O

Finally, we compute the first two initial values (by another round of symbolic summation)
and find that

_3
1) = (1) = 5 (T2,

B . (BTt =3
5362 =0 e ()

With this informati ter = —(=1)t + 52D (72 and ¢; = 1(72) so that th
i is information we can set ¢; = sainaro | ) and ca = 5(72) so that the
general solution (8.7) agrees with S3(¢,u) for uw = 1,2. Since S3(t,u) and the specialized
general solution are both solutions of the recurrence Out[3] and the first two initial values
agree, they are identical for all u > 0 with v < ¢t. This last step of combining the solutions

accordingly can be accomplished by inserting the list of two initial values

P (t+2) —32 (847t +1t3) —3\\
In[5]:= initialL = {(—1)t — 201 —|—t)( t2),_(_1)t + m( tz)}7

and then executing the command

In[6]:= FindLinearCombination[recSol3, {1, initialL}, u, 2]
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3
Outel= —(=1)*(=1)"+ % <_t§> (u(éttt_—s-l;)) (é_—s-ti;u * (71)‘1(1 j— t 24t Z m))

Carrying out all the steps above (including also the calculation of the initial values) can
be rather cumbersome. In order to support the user with the simplification of such problems,
the package

In[7]:= << EvaluateMultiSums.m
‘ EvaluateMultiSum by Carsten Schneider (© RISC-JKU

has been developed. More precisely, by applying the command EvaluateMultiSums to the
input sum mySum3(= S3(¢,u)), all the above steps are carried out automatically and one
obtains in one stroke the desired result:

In[8]:= so0l3 = EvaluateMultiSum[mySum3, {}, {u, t}, {0, 1}, {t, co}]

e o, Ly 2+t—u) (~th u
outfgl=  —(—1)*(~1) +5( t2)(u(2+t+u) Gro, T (

)i
1+t+ﬁ+ Z(2+1+t )2+ t): )

Since we prefer to rewrite the found expression in terms of the Pochhammer symbol ().,
we execute the final simplification step with the function call
In[9]:= SigmaReduce[sol3, u, Tower — {(t)u}]

N . [~ t(14+2t—2u) (—t) o/ 1 2t = (1) (—t);
ouPl= —(=1)*(-1) +<t2><2(1+2t)u(t T @, TV (ot 5aes (i+t)(t)i))

i=1

Remark 8.1. We should mention that there is no particular reason for explaining the details
of Sigma application only for Ss(t,u). The simplification of the sums Sy(t,u), Sa(t,u), and
Sa(t,u), as in -, -, and (| -, respectively, works completely analogously.

9. CONCLUDING REMARKS

We conclude this paper with a list of possible future work based on the method devised in
this paper and its further applications.

(1) A prudent application of our method might lead to obtaining full asymptotic ex-
pansion and respective error bounds for a broad class of functions; for example:
g(n)-partitions into distinct parts, p®(n)-partitions into perfect sth powers, k-colored
partitions, k-regular partitions, Andrews’ spt-function, a(n)-nth coefficient of Ra-
manujan’s third order mock theta function f(q), the coefficient sequence of Klein’s
j-function, etc.

(2) More generally consider the class of Dedekind n-quotients which fit perfectly into
19, Thm. 1.1] or [30, Thm. 1.1]. Therefore one can also obtain a full asymptotic
expansion and infinite families of inequalities for the coefficient sequence arising from
the Fourier expansion of the considered Dedekind n-function.

(3) Theorem can be utilized as a black box in order to prove inequalities pertaining
to the partition function by constructing an unified framework. A major class of
inequalities for p(n) can be separated into the following two categories among many
others:
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(a) Turdn inequalities and its higher order analogues related to the real rootedness
of Jensen polynomials associated to p(n), studied in [11], 7], and [12].
(b) Linear homogeneous inequalities for p(n); i.e.,

D p(n+w) < p(n+ ).
=1 i=1

For more details we refer to [14,/19].
(4) More generally, it would be interesting to design a constructive method to decide

whether for some positive integer N a relation of the form

My Ty ) My Ty '
> IIntn o) <3 TLotn+ )
j=1i=1 i

holds for all n > N or not.
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