THE PROBABILISTIC ZETA FUNCTION OF A FINITE LATTICE

BESFORT SHALA

ABSTRACT. We study Brown’s definition of the probabilistic zeta function of a finite lat-
tice as a generalization of that of a finite group. We propose a natural alternative or
extension that may be better suited for non-atomistic lattices. The probabilistic zeta
function admits a general Dirichlet series expression, which unlike for groups, need not
be ordinary. We compute the function on several examples of finite lattices, establishing
a connection with the Stirling numbers of the second kind in the case of the divisibility
lattice. Furthermore, in the context of moving from groups to lattices, we are interested in
lattices with probabilistic zeta function given by ordinary Dirichlet series. In this regard,
we focus on partition lattices and d-divisible partition lattices. Using the prime number
theorem, we show that the probabilistic zeta functions of the latter typically fail to be
ordinary Dirichlet series.

1. INTRODUCTION

Let G be a finite group and s a non-negative integer. Define P(G, s) to be the probability
that a randomly chosen s-tuple from G* generates G. Hall [7] essentially found (in slightly
different terminology) a finite ordinary Dirichlet series expression for P(G, s), which may
be used to extend the definition of P(G,s) to the complex plane. The probabilistic zeta
function of G is then defined to be the reciprocal of the complex function P(G,s). The
name is motivated by the probabilistic interpretation of 1/{(2), where ( is the Riemann zeta
function (see [8, Theorem 332]). Moreover, the Euler product identity for ¢ gives

1

C(S) - 1;[ P(Z/va 5)7
where Z/pZ is the cyclic group of prime order p. Brown 3| defined an analogous probabilistic
zeta function 1/P(L, s) for finite lattices in order to show that P(G,s) depends only on the
coset lattice of G, that is, a lattice structure associated to G. The aim of this paper is to
study this definition for lattices in its own right.

We present some details of the derivation of the Dirichlet series for P(G, s) for complete-
ness. Clearly, P(G,s) - |G|® is the number of s-tuples which generate G. Since any s-tuple
in G® generates some subgroup H < GG, we have

(1.1) IGI*= > P(H,s) |H|".
H<G

We may extract P(G,s) from (1.1) via Mobius inversion for an arbitrary finite partially

ordered set (from here on, poset) & with partial order <, a technique first introduced by

Hall [7]. For us, the following “basic” description of the procedure will suffice. We would

like to have a real valued function p defined on & x &2, such that for any two real valued
1
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functions f and g defined on & with f(z) =>_, ., 9(y), we have

g(@) =Yy, ) f(y).

y<z

Plugging in the relation for f in terms of g, one easily arrives to the recursive definition
wlz,z) =1forallz € & and p(y,z) = =3, . (2, z) for y < z.

Using Mébius inversion on the poset of subgroups of G, as well as noticing that (1.1)
holds for any subgroup H of G (since it holds for an arbitrary group), we obtain

P(G,s) = 1, G) i 2_H<G; [G:H)=n H(H, G)

(1.2) G HF n

9

H<G n=1

where p(H, G) are the Mobius numbers of the poset of subgroups of G. The Dirichlet series
on the right-hand side of (1.2) is finite, has integer coefficients and may be used to extend
the domain of P(G, s) to the entire complex plane C.

Brown [3] uses a very similar setup and argument to define the probabilistic zeta function
of a finite lattice. He showed that the probabilistic zeta function of a finite group G is
related to that of its coset lattice € (G) via P(¢(G),s+ 1) = P(G, s).

In this paper, we give a natural alternative or extension of the probabilistic zeta function
of a finite lattice, by using join-irreducible elements as building blocks. The main novelty
is that the probabilistic zeta function of a finite lattice, unlike that of a group, need not be
an ordinary Dirichlet series. In this context, we begin a study of this lattice invariant in its
own right. For example, the probabilistic zeta function on the lattice of flats of a matroid
(so, any geometric lattice) probabilistically counts the generating sets for the matroid. In
particular, we are interested in lattices which retain the ordinary Dirichlet series structure.
This motivates us to define “strongly” and “weakly” coset-like lattices, both of which have
ordinary Dirichlet series expressions for their probabilistic zeta functions. We then compute
examples explicitly and investigate coset-like behaviour. In doing so for the d-divisible
partition lattice, we use a consequence of the prime number theorem on the existence of
primes in intervals of the form [z, (1 4 €)x] to show that the d-divisible partition lattice is
typically not “strongly” coset-like.

Structure of the paper. This paper is structured as follows. Section 2 contains the basic
definitions and theorems we shall need throughout the paper. In Section 3, we propose
a natural alternative definition of the probabilistic zeta function P(L,s) for finite lattices,
which may be better-suited for non-atomistic lattices. For atomistic lattices, our definition
is identical to the one given by Brown [3].

Section 4 contains computations of P(L,s) for a number of examples of finite lattices
as well as some connections with well-known identities. For example, in the case of the
divisibility lattice of a square-free integer (i.e. the Boolean lattice), we recover the Stirling
numbers of the second kind. This gives a natural extension of the Stirling numbers when
considering the non-restricted divisibility lattice. In Section 5, we define coset-like lattices
and investigate examples further.

Section 6 contains a discussion on the compatibility of the the probabilistic zeta function
with the lower reduced product of lattices. Finally, we present some questions that remain
open in Section 7.
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2. PRELIMINARIES

We use following definition of a lattice.

Definition 2.1. Let L be a non-empty set with two commutative, associative and idempo-
tent binary operations V : L x L — L (the join) and A : L x L — L (the meet) such that
for all x,y € L, the meet and the join are related in the following way:

zV(xAy)=zand x A (xVy) =z
The algebraic structure (L, V, A) is said to be a lattice.

The above definition is equivalent to the following one from order theory (see [6, Chap.
I, Sect. 1] for details) and we shall use them interchangeably as deemed appropriate.

Proposition 2.2. Given a lattice L, we may define a partial order < on L given by x <y
when © V' y = y. Moreover, any two elements of L have a unique supremum and a unique
infimum with respect to <, which coincide with the join and the meet of the two elements,
respectively. Conversely, we can construct a lattice from any poset with this property.

As we are only interested in finite lattices, from here on, the word ‘lattice’ should be
interpreted as ‘finite lattice’.

It is well-known that a lattice has unique identities for both of its binary operations. We
write 0 (and call it the bottom element) and 1 (the top element) for the identities of L
with respect to V and A, respectively. We say an element = € L\ {6} is join-irreducible if
it cannot be written as a non-trivial join of elements of L. Equivalently (due to finiteness),
an element z is join-irreducible if x = a V b implies that « = x or b = x. Furthermore, given
an element x € L\ {0}, it is either join-irreducible or else may be expressed as a non-trivial
join, say a V b. Repeating the same argument for a and b and continuing in this manner,
due to finiteness, we obtain a “factorization” of x as a join of join-irreducible elements of L.
In this sense, join-irreducible elements serve as building blocks for lattices.

Next, we lay out the theorems that we shall need from number theory.

Theorem 2.3 (The Prime Number Theorem |2|). For a real number x, let w(x) be the
number of prime numbers less than or equal to x. Then,

lim T8 g
T—00 Togz

In particular, for any given € > 0, there exists N = N(g) such that for all x > N, there is
a prime number between x and (1 + ¢)x.

In the context of the above statement of the prime number theorem and its consequence,
the following theorem of Nagura [10] gives an explicit value of N (e = 1/5).

Theorem 2.4. There exists a prime between n and 6n/5 for any n > 25.
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3. THE PROBABILISTIC ZETA FUNCTION OF A FINITE LATTICE

Let L be a lattice with distinct identities 0 and 1. Furthermore, let J = J (L) be the set
of join-irreducible elements in L. We say an s-tuple (z1,...,x5) in J® generates up to
x e L\ {0} if \/_, #; = . In this case, z; < z for each 4, therefore all components of such
s-tuples are elements of

Jp={jeJ:j<x}
If (x1,...,25) generates up to 1, we say the s-tuple generates L. Let P(L,x,s) be the
probability that a randomly chosen s-tuple from J£ generates up to = and define P(L,s) :=
P(L,1,s). Clearly, P(L,x,s)|J,|* is the number of s-tuples in J5 which generate up to .
Since every s-tuple in J generates up to some 0< y < z, we have

| Ja|” = Z P(L,y,8)|Jy‘S.

6<y§z

Applying Mébius inversion on L \ {0} as the underlying poset and plugging in = = 1, we
obtain

(3.1) P(Ls)= [f;(le])
AV ) S

where [J : Jp] := |J|/|Jz]| is the ratio of the number of join-irreducibles in L and the number
of join-irreducibles less than or equal to z (notice that J; = .J). We note here that if z < 1
is maximal in L, i.e. a coatom, then u(x,T) = —1 by definition of the Mobius numbers. As
before, the expression on the right-hand side could be used to extend the domain of P(L, s)
to the entire complex plane C. We refer to P(L,s) as the probabilistic zeta function
of L. We remark that this is not consistent with the definition of the probabilistic zeta
function of a finite group, which is defined to be 1/P(G, s), but we choose convenience over
consistency.

Some important remarks are due here. The definition of P(L, s) found in the last section
of [3| differs slightly from the one we have just given. This is because Brown sets J to be
the set of minimal elements of L\ {0}, namely the atoms of L. However, we may well be in
a situation where the join of all atoms is not T, and consequently where none of the s-tuples
would generate the whole lattice. Any chain of length at least two is an example of this
situation; a more interesting example is the divisibility lattice of any non square-free integer.
We avoid this degeneracy via our definition, since the join of all join-irreducible elements
below a given element x of a lattice is equal to x (so this holds for x = 1 in particular).
Indeed, note that the two definitions are equivalent for atomistic lattices, namely lattices
where the join-irreducible elements are precisely the atoms.

Brown [3] related the probabilistic zeta function of a finite group to that of an atomistic
lattice associated to the group (in fact, this is the primary reason why Brown introduced
the concept of the probabilistic zeta function for lattices). For a finite group G, let €(G)
be the set of all cosets of all subgroups of G, together with the empty set. Then, € (G) is a
lattice with meet given by set intersection, and join given by x1H; V xoHy = x1H = x2H,
where H = <x1_1x2,H1,H2). We shall refer to € (G) as the coset lattice of G. Indeed,
an element of ¢ (G) is join-irreducible if and only if it is a coset of the identity group, so
J(€(G)) corresponds to G. Brown proved that

(3.2) P(€(G),s +1) = P(G, 5)
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by noticing that an (s + 1)-tuple (zo, 1, ..., =) generates € (G) if and only if the s-tuple
(xg a1, w5 w2, . .., x5 txs) generates G. Of course, €' (G) is atomistic, hence (3.2) holds also
for our definition of the probabilistic zeta function.

4. COMPUTATION OF EXAMPLES

In this section, we compute the probabilistic zeta function on a number of examples of
lattices, establishing connections with well-known identities.

4.1. Divisibility Lattice. Let O, = {d € N : d | n} be the set of positive divisors of
a positive integer n > 1 with canonical factorization p{*p5?---p&r, where pi,...,p, are
distinct primes and «; > 1 for all ¢ = 1,2,...,r. Indeed, O, is a lattice with join lcm and
meet ged. The join-irreducible elements of O,, are precisely the prime powers p;, p?, Pyt
for each ¢ = 1,2,...,r. Thus, there are ) | o; join-irreducible elements in total. For a
given d € O,,, we may write d = p’flp; iy -pET, where 0 < B; < o; foralli =1,2,...,7, so
the number of join-irreducible elements which are at most d is Q4 = Y] 8; (in particular,
Q, =7 ;). The Mobius numbers of the divisibility lattice (as a poset) are closely related
to the usual number-theoretic Mébius function. This is the content of the following lemma
from [11, Chap. 3, Sect. §|.

Proposition 4.1. The Mébius numbers p(d,n) of the divisibility lattice O,, are given by
wu(d,n) = u(n/d), where the p on the right-hand side is the usual number-theoretic Mdbius
function.

As an immediate corollary, p(d,n) is non-zero if and only if n/d is square-free. In this
case, we have u(d,n) = p(n/d) = (=1)* =% and Qg > > (o — 1) = Q,, — 7.
Putting everything together, we obtain
:U’(d’n) 2 (M (_1)Qn_Qd
POws)= D (7. 57:= 2 1 (*)75
1<an]'JM 1<d|n; d/ (§n/S2a)
Qn

g & e e

" k=Qn—r 1<d|n;
Qu=k

BN r
(4.1) _ ! é) 3 (—1)k<ﬂn_k>ks.

o k=Qu,—r

The last equality follows as there are precisely (Qnt k) divisors d of n such that n/d is square-
free and €4 = k (from the r primes, we may choose any §2,, — k of them to set their exponent
equal to a; — 1).

Let us now consider the special case when €, = r, i.e. when n is square-free. The
expression (4.1) simplifies to

(42) POy = Y ()

rs
k=1

Firstly, since Op,...,, and the Boolean lattice B, of all subsets of {1,2,...,7} ordered by
inclusion are isomorphic, (4.2) is also the probabilistic zeta function of B,.
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Secondly, notice that for positive integer values of s, (4.2) may be rewritten as r!1S(s,r)/r®
where S(s, ) is the Stirling number of the second kind (see [11, 1.94a]), namely the number
of ways of partitioning s elements into r non-empty parts. Of course, an s-tuple generates
Op,...p, if and only if it contains all of the primes p1,...,p, and for r given primes, there
are precisely r!S(s,r) ways of distributing the positions 1,2,...,s of the s-tuple to the r
ordered parts determined by the primes. In other words, r!S(s,r) is the number of s-tuples
in {p1,...,pr}* which contain all of py, ..., p,. We summarize this in the following corollary.

Corollary 4.2. For positive integer values of s, we have
r!
P(B,,s) = ;S(s,r),
where By is the Boolean lattice and S(s,r) is the Stirling number of the second kind.

Returning to (4.1) and noticing that an s-tuple generates O, if and only if it contains all
of the r maximal prime powers p{',...,pS", we get that (4.1) is a possible generalization
of the Stirling numbers of the second kind, in the sense that Qf P(O,, s) is the number of
s-tuples over a set with €2, elements which contain all elements of a fixed subset with r
elements. Generalizations of the Stirling numbers of the second kind have been studied in

[5, 9].

4.2. Subspace Lattice of a Finite-Dimensional Vector Space Over a Finite Field.
Let g be a prime power and consider the set S (F;‘) of all subspaces of the vector space
[y over the field with ¢ elements F,. Indeed, S(Fy) is a lattice with join + (i.e. addition
of vector subspaces) and meet N. The join-irreducible elements of S(Fy) are precisely its
atoms, that is, the 1-dimensional subspaces of Fy. Thus, the number of join-irreducible
elements in S(Fy) is (¢" —1)/(g —1).

Now, let V' < Fy be a vector subspace. Notice that |Jy |, the number of join-irreducible
elements which are at most V', that is to say, the number of 1-dimensional vector subspaces
of V, is precisely (¢#™" —1)/(¢ — 1). The M&bius numbers were found by Hall [7].

Proposition 4.3. The Mébius numbers u(V,Fy) of the subspace lattice S(Fyy) are given by

. n—dim V'
p(V, ) = (—1)n-dim V(L")
Thus, we immediately obtain

P(SE).s) = — T (o gimy

n __
(" =1)° e

= % i(—l)”_k mqq(n2k>(qk - 1),

(¢" —1)* =~

where [Z] is the number of k-dimensional subspaces of Fjy. We recall the explicit expression

q
(see [11, Chap 1, Sect. 7])

[n] _A-g)(—g"") (A —g" M
Kl,” Q=)0 —¢ - (1—q
which is a “g-analog” of the binomial coefficient.

The subspace lattice S(F) is a natural extension of the Boolean lattice By, in the sense
that many results about S(IFy) degenerate to results about the Boolean lattice B, when
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g — 1. Thus, in many ways B,, plays the role of the subspace lattice of a n-dimensional
vector space over a field with one element (if one were to exist). The following proposition
is yet another instance of this.

Proposition 4.4. Viewing P(S(Fy),s) as a continuous function of q with a removable
singularity at ¢ = 1, we have limy_,1 P(S(Fy), s) = P(By, s).

Proof. This immediately follows by the well-known identity limg_; 4= _ i which gives

q7—1 J
limg_yq [Z] = (Z) Now,
q

n

: 1 n—k [T n-k s (71)
hmi)sZ(—l) K L{;Lq( 2 )(qk—l) =

q—1 (qn -1 P
as desired. [ |

4.3. Partition Lattice. Let II, be the set of all partitions of {1,2,...,n}, ordered by
refinement. Then, II,, is a lattice (see [11, Chap. 3, Sect. 10]). The join-irreducible elements
of II,, are precisely its atoms, i.e. partitions with only one non-trivial part of size 2. As
such, we have |J| = (g), for the atoms of II,, bijectively correspond to the 2-element subsets
of {1,2,...,n}. The join-irreducible elements which are at most a partition P are precisely
the partitions corresponding to all possible pairs of elements in the parts Pi,..., Py of P,
therefore Jp = |_|f:1 (I;l) This gives |Jp| = Zle (‘};il). The relevant Moébius numbers are
given in the following proposition from [11, Chap. 3, Sect. 10].

3
3
T
—_
~—
ol
N
> 3
N—
oy
V)
Il
3
(o]
3
Va)
~—~

Proposition 4.5. For a partition P € I1,,, we have u(P,111,) is given by (=1)FI=1(|P|=1)!,
where |P| is the number of parts of P.

So, we may write P(Il,, s) in the following form:

P =Y X ci-n | X ()

2) k=1 Pell,; |P|=k QeP
5. COSET-LIKE BEHAVIOR

Recall that an ordinary Dirichlet series is a series of the form Y >, a,n™%, where
a, € C. This is a special case of a general Dirichlet series, which is a series of the
form "7, ane % where a, € C and \, is a strictly increasing divergent sequence of
non-negative real numbers.

Notice that in (3.1), the ratio [J : J;] need not be an integer. Consequently, P(L, s) need
not be an ordinary Dirichlet series. In this regard, the obtained expression for P(L,s) is a
finite general Dirichlet series with integer coefficients. For example, we have

5 10 n 20 N 6 6
(5/3)*  (5/2)*  (10/3)s =~ 551 10—
Since for a coset xH in the coset lattice € (G) of a finite group G, the ratio [J : Jyu| =

|G : H| is always an integer (by Lagrange’s theorem), we call lattices with this property
coset-like. More precisely:

P(H5,S):1—

Definition 5.1. We say a lattice L is strongly coset-like if |J,| divides |J| for every
x € L\ {0}.
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This divisibility condition may not be necessary for P(L, s) to be a finite ordinary Dirichlet
series, for the Mobius numbers may happen to cancel out in just the right way to eliminate
non-integer ratios. Thus:

Definition 5.2. We say a lattice L is weakly coset-like if P(L,s) is a finite ordinary
Dirichlet series.

In principle, it is unclear whether the above two definitions are equivalent. Some structural
property of lattices could potentially prevent “local sums” of the form

from vanishing (note that P(L,s) = 3> .o S(¢)g~*). However, this is not the case. A
computer search by Havard Damm-Johnsen [4]| has revealed that the following lattice on 10
points (given by its Hasse diagram) is a minimal example of a weakly coset-like lattice which

is not strongly coset-like.

1

|

8

|

4

|

3 6
RN
2

One readily computes that the above lattlce has probabilistic zeta function 1—1/2%—2/45,
but [J : J3] = 8/3. Indeed, one obtains an infinite family of such lattices by simply adjoining
k new atoms with k£ chosen appropriately. This increases the number of join irreducibles to
8 4+ k but does not alter the Mébius numbers of the original lattice. Thus, whenever k # 1
(mod 3) (so that 8+ k is not divisible by 3), we get an example of a weakly coset-like lattice
on 10 + k elements which is not strongly coset-like. This covers the residue classes 0 and 1
modulo 3. To get the residue class 2 modulo 3, we start from the following lattice instead
(also obtained by [4]).

7

7

5
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2\
N

=

AN

_—

/

3

e

0

This is also a weakly coset-like lattice which is not strongly coset-like, for its probabilistic
zeta function is 1 — 3/2% 4+ 2/4%, yet [J : J4] = 8/3. Following the same process of adding
k new atoms, we get an example of a weakly coset-like lattice on 11 + k elements which is
not strong coset-like whenever k #Z 1 (mod 3) (such that 8 + & is not divisible by 3). This
covers the residue classes 1 and 2 modulo 3. As such, we have examples of such lattices on
any number of vertices above 10.

In contrast, the following lemma gives a simple criterion for when we may extend a “not
strongly coset-like” result to a “not weakly coset-like” one.

Lemma 5.3. Let L be a lattice with distinct identities 0,1. If there exists x € L\ {0,1}
such that |Jz| > |Jy| for ally € L\ {0,1} and |J;| does not divide |J| (i.e. the strongly
coset-like condition for L fails at ), then L is not weakly coset-like.

Proof. Firstly, we show that the conditions of the lemma imply that x is a coatom. If z
were not maximal, then there would exist y € L with 1> y > x. Further, we would have
|yl > |Jz| > |Jy|, so |Jz| = |Jy|. When combined with J, C J,, we would get J, = J,,.
Then, z = \,c;, 7= \/jejyj =y > x, a contradiction.

Since z is a coatom, we have p(z,1) = —1. Furthermore, if y € L is such that |.J,| = | Tyl
then y is a coatom, thus also u(y,1) = —1. It follows that the term 1/[J : J,|* appears

in P(L,s) with a non-zero coefficient, as desired to show that P(L,s) is not an ordinary
Dirichlet series. n

5.1. Partition Lattice. The examples computed in the previous chapter show that the
divisibility lattice Op (hence also the Boolean lattice B,) and the subspace lattice S(Fy)
are typically not weakly coset-like, hence also not strongly coset-like. We now examine the
partition lattice II,,. As a first step, it is easy to prove that II, is typically not strongly
coset-like. This is expected, for we saw in the previous section that the structure of the join
irreducibles in the partition lattice is additive in nature.

Proposition 5.4. The partition lattice 11, is strongly coset-like if and only if n < 4.

Proof. 1t is trivial that I, II3 are strongly coset-like, as there are no non-trivial elements
which are not join-irreducible. For Ily, it suffices to check that (g) = 3 and (g) + @) =2

divide (3) = 6.
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Suppose now that n > 5. Consider the partition Py = {{1},{2,3,4,...,n}}. Then,
|Jp,| = (”;1) does not divide (}) = (”;1) +n — 1, for this is equivalent to (”;1) | n—1, yet
(”51)>n—1forn25. [

Lemma 5.3 allows us to deduce further that the partition lattice II,, is weakly coset-like
if and only if it is strongly coset-like.

Theorem 5.5. The partition lattice 11,, is weakly coset-like if and only if n < 4.

Proof. By Proposition 5.4, it suffices to show that Py = {{1},{2,3,...,n}} € II, satisfies
the conditions of Lemma 5.3 for n > 5. Let P = {P;, P»..., Py} be any non-trivial (that is,
1 < k < n) partition in II,, set | = |k/2] and consider P’ = {P{, Py}, where P| = U}_, P;
and Pj = L}, 41 P;. Thus, P’ is a coatom and by supra-additivity of the function z (5)
(ie. (3)+ (¥ < (*3¥) and induction), we get

l k
|Pi| | Fil 1P| | P n—1
=2 (5) s 2 (5) = (5) + (5) = (15 7) =om
=1 1=l+1
The last inequality follows by the fact that the function z — (5) + ("5) is symmetric with
respect to x = n/2, strictly decreasing on [1,n/2] and strictly increasing on [n/2,n — 1],
so that its maximum on [1,n — 1] is attained at the boundary point z = 1. Note that the
inequality |Jp| < ("51) is strict when P is not a coatom. [

5.2. d-Divisible Partition Lattice. We turn our attention to the d-divisible partition lat-
tice Hgn, namely the set of all partitions of {1,2,...,dn} with the property that each part is
of cardinality divisible by d, ordered by refinement, with the empty set as an artificial bot-
tom element. There was initially more hope for positive results regarding coset-like behavior
of Hgn, motivated by the multiplicative nature of the structure of the join irreducibles (see
below). d-divisible partition lattices are also similar to coset lattices in terms of E'L-labeling
considerations [13]. Although we unexpectedly obtained negative results, they are more
intriguing than the previous results for IL,,.

The join-irreducible elements of Hgn are precisely its atoms, i.e. partitions where all
parts are of cardinality exactly equal to d. An elementary counting argument shows that
for a partition P with part sizes dp,...,dps, we have |Jp| = Hle(dpi)!/((d!)pipi!), where
Zle p; = n. So, whether Hgn is a strongly coset-like lattice reduces to the following question
about divisibility.

Question 5.6. Let n be a positive integer and let k € {1,2,...,n}. Is it true that for any
positive integers p1,p2 ..., pr such that Z§:1 p; = n, the divisibility relation

(1) (%)
holds?

Notice that the multinomial (> x;)!/ ][] z;! being an integer implies both that the numer-
ator of the product divides (dn)! as well as that the denominator of the product divides n!.
This naturally leads us to believe that the answer is no.

In order to show that H%,Qm is not strongly coset-like for any m > 2, it suffices to show
that the partition

P={{1,2....2m},{2m+ 1,2m + 2,...,4m}}
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fails to fulfill the strong coset-like property. That is, we would like to show that ((2m)!/m!)?
does not divide (4m)!/(2m)!, i.e. that (27;”) does not divide (;ﬁ) for any m > 2.

Lemma 5.7. Let m > 2 be an integer. Then, (27;") does not divide (;ﬁ)

Proof. Let m > 15. Notice that any prime p € (m,2m) divides (2m)! (and consequently
(QnT)) precisely once. Writing (gz) = (4m)!/(2m)!?, we would like to find a prime p €
(m,2m) which divides (4m)! precisely twice as many times as (2m)!. That is, p should
satisfy 3p > 4m, so that p divides (4m)! precisely twice.

By Theorem 2.4, there exists a prime p,, € [5m/3,2m), therefore p,, divides (27:’:) but not
(4m), as desired to show that (2;:) does not divide (;%) The remaining cases (2 < m < 14)

2m

follow by a computer check on https://www.wolframalpha.com/. |

We remark that a trick similar to the above is used in the proof of Bertrand’s postulate
found in [1, Chap. 2|. As a corollary, we obtain the following.

Proposition 5.8. The 2-divisible partition lattice 113, is strongly coset-like if and only if
n<4orn=>5.

Proof. 1t is straightforward to check by hand that H%n is strongly coset-like if n < 4 or
n = 5.

If n > 4 and n is even, the previous lemma gives that H%n is not strongly coset-like.
Assume now that n > 5 is odd and write it as n = 2m + 1 for some m > 3. Consider the

partition P = {{1,2,....2m},{2m+ 1,2m +2,...,4m + 2}} € Hg.(2m+1)' Then, |Jp| | |/|

is equivalent to (2m)!/m!- (2m + 2)!/(m + 1)! | (4m + 2)!/(2m + 1)! or equivalently,

(5.1) (2m + 1) <27Z‘> ’ (4m + 1) <;ﬁ)

Any prime py, € [5m/3,2m) lies strictly between (4m + 1)/3 and (4m +1)/2, thus does not
divide 4m + 1. Therefore, for m > 15, we are done by the proof of the previous lemma. The
remaining cases follow by a computer check on https://www.wolframalpha.com/. |

For d > 2, we present an asymptotic result, for which we shall utilize the prime number
theorem.

Theorem 5.9. For any integer d > 2, there exists N = N(d) such that Hfiln s mot strongly
coset-like for anyn > N.

Proof. For d = 2, we may take N = 4 (this is the content of the previous proposition). Now,
assume that d > 2 and firstly, let n = 2m for some m. Consider the partition
P={{1,2,....,dm},{dm+ 1,dm +2,...,2dm}} € 1%,,..

The divisibility condition |Jp| | |J] is equivalent to

(dm)!\? ‘ (2dm)! Lo 2m ‘ 2dm
m! 2m)!’ T \m dm )’
We follow the same strategy as before: we would like to find a prime p € (m,2m) (so that
p divides (27;”) precisely once) that does not divide (ng). Let §(d) = d/2 if d is even and

d(d) = (d+1)/2if d is odd. Writing (Qd'i;”) = (2dm)!/(dm)!?, we would like to find a prime p
which divides (dm)! with multiplicity 6(d) and divides (2dm)! precisely twice as many times
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as (dm)!. Choose N large enough so that primes p > m > Nj/2 satisfy p?> > 2dm. Then,
it suffices to find p satisfying

(20(d) +1/2)p > 2dm > 25(d)p and (6(d) + 1/2)p > dm > §(d)p.
Rearranging gives
2dm m
2@ +1/2 P =5
Choosing ¢ > 0 sufficiently small (i.e. € < (26(d)+1/2)/(26(d))—1), we may, by Theorem 2.3,
take N(g) > Ny such that there exists a prime p,, in the desired interval for all m > N(e).
Suppose now that n = 2m + 1 for some m. Consider the partition

Q=1{{1,2,....dm},{dm + 1,dm +2,...,2dm + d}} € 14, ..
The divisibility relation |Jg| | |J| is equivalent to
d—1 d-1
(dm)! (dm+d)! | (2dm +d)! . 2m 2dm
ml (m+1)! 1 (2m+1)! e m -H(dm—l—s) ‘ dm -H(2dm—|—s).

s=1 s=1

It suffices to show that the same choice of p,, as in the previous case does not divide the
product ng(de + s). We have

2dm +1 2dm + s 2dm +d—1
< <

dm 2dm
5(d) Pm 25(d)+1/2

for every s € {1,2,...,d—1}. As m gets large, the left-hand side is arbitrarily close to and
greater than 20(d), whereas the right-hand side is arbitrarily close to 26(d) + 3. This shows
that for large enough m, (2dm + s)/py, is not an integer for any s € {1,2,...,d — 1}, thus

pm does not divide Hg;i (2dm + s). This concludes the proof. [ |

Note that unlike before for II,,, Lemma 5.3 cannot be used to extend Theorem 5.9 to a
“not weakly coset-like” result, for Py = {{1,2,...,dm},{dm+1,dm+2,...,2dm}} € 1%, .
is not where the maximum of |Jp| is achieved. If we consider

Py=1{{1,2,...,d},{d+1,d +2,...,dn}} € 1%,
instead (because this is typically where the maximum is achieved), the corresponding divis-
ibility condition is
(d(n—1))! | (dn)!
(n—1)! n!
This reduces to (d —1)! | (dn —1)---(dn — d +1). As the product of d — 1 consecutive
integers is divisible by (d — 1)!, the latter divisibility does in fact hold.

dl-

6. PrRoDuUCTS

We recall that two groups GG and H are coprime if no proper subgroup of G x H surjects
onto both factors. Brown [3] proved that for coprime finite groups G and H, the relation
P(G x H,s) = P(G,s)P(H,s) holds. On the level of lattices, the identity is

P((G x H),s+1) = P(€(G),s + 1)P(€(H),s + 1).

Thus, we are naturally led to ask: what is the appropriate product x on lattices for which
P(LxK,s)=P(L,s)P(K,s)?

We start with stating the following multiplicativity result involving the M&bius numbers
from [11, Chap. 3, Sect. §|.
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Proposition 6.1. Let P and Q be posets and let up, pug and pupxg be the Mobius functions
of P,Q and P x @Q, respectively. Then, for any (z,y),(z,w) € P x Q, we have

/LPXQ((xv y)v (Zv ’U))) - :U’P(xa Z)MQ(yv w)
In particular, if P,Q are lattices, then ppxo((z,y), (1,1)) = MP(.%',T)MQ(Z/,T).

It is therefore natural to ask for the same multiplicative behavior in the join-irreducible
ratios, i.e. that [J, | = [Jz| - |Jy|. It is immediate that the Cartesian product does not
work, since the element (x,y) need not be join-irreducible if z,y are, for (z,y) may be
written as a non-trivial join as (,0) V (0,y).

Lower Reduced Product. We consider the lower reduced product x of lattices, defined
as L+ K = (L\ {0}) x (K \ {0}) U {0}, with componentwise meet and join. This is a
natural product to consider, because for groups G, H for which all subgroups of G x H
may be factored as S x T for some S < G and some T" < H, the coset lattices satisfy
¢(G x H) = €(G) x¢(H). This happens, for instance, when G and H have coprime
orders (see [12, Chap. 2, Sect. 4]). It is worth noting that Brown [3] made a more general
related observation involving homotopy equivalence. Adding a mild assumption for one of
the lattices, we get the following result.

Proposition 6.2. Let L and K be lattices, where L is an atomistic lattice. Then, we have
P(L*K,s)=P(L,s)P(K,s).

Proof. By Proposition 6.1, the Mobius function remains multiplicative over the lower reduced
product. That is, pu((z,y), (1,1)) = pu(z, Du(y, 1), as in P(L * K, s), the Mébius numbers
are taken over the poset (LxK)\{0} = (L\{0}) x (K \ {0}), a Cartesian product of posets.
Next, we show that J(, ) = Ju X Jy. If (x,y) € Lx K is join-irreducible, then for z = aVe
and y = bVd, we have (z,y) = (a,b)V(c,d). This means that (a,b) = (z,y) or (¢,d) = (z,y),
as desired to show that both z,y are join-irreducible.
Conversely, if x is join-irreducible in L and y is join-irreducible in K, then for

(z,y) = (a,b) V (¢,d) = (aV ¢,bV d),

since z is an atom, without loss of generality, we may take a = z. If ¢ = 6, this forces d = 0
due to the definition of x, so b =y, i.e. (a,b) = (z,y). So, assume that ¢ = x also. If b # y,
join-irreducibility of y implies that d = y, so that (¢,d) = (z,y), as desired to show that
(z,y) is join-irreducible. We finish the proof with a simple computation. We have

ul(z,y). (1,1))

P(LxK,s) = Z [(J(L* K) : Jiggl®

0<(z,y)eLxK

-~ ~

B p(z,1) - ply,1)
= > > [J(L) : Jo]* - [J(K) : Jy)

O<zeLO<yeK
_ (v _nd) _nly 1)
J(L) : J;|® N J(K) : J,l®
6<zeL[ (L) : Tl O<yeK[ (K) + ]

— P(L,s)P(K,s),

as we desired to show. [ |
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7. QUESTIONS

We now present some problems that remain open and are possible interesting avenues for
further research.

One might be interested in obtaining an alternative (e.g. purely lattice-theoretic) char-
acterization of coset-like lattices. The most naive question is whether a lattice is (strongly)
coset-like if and only if it is a coset lattice. In this regard, note that the partititon lattices Il
and II3 are both isomorphic to coset lattices, namely the coset lattices of the trivial group
and Z /37, respectively. However, I14 is not isomorphic to the coset lattice of any group. For
if 14 would be isomorphic to €' (G) for some group G, the group would be of order 6 because
% (G) has precisely |G| join-irreducible elements and I, has 6 join-irreducible elements. So,
we would either have G = Z/6Z or G = S5 (the symmetric group on 3 points) but ¢ (Z/67Z)
consists of 13 elements and % (S3) consists of 19 elements. In contrast, I has 15 elements,
S0 it is not isomorphic to either. A less naive but vaguer question is then:

Question 7.1. May every (strongly) coset-like lattice be embedded in a coset lattice in a way
that is compatible with the ingredients of the definition of the probabilistic zeta function of
a lattice?

Note that merely being a sublattice is not instructive, for the subgroup lattice of every
group is a sublattice of the coset lattice, yet we saw that the subgroup lattice of Z/nZ
(i.e. the divisibility lattice O),) is certainly not strongly coset-like. Because the coset lattice
¢ (G) of a group has a natural G-action associated with it given by (xH)Y = (gx)H, one
might expect better behavior from sublattices which preserve the group action through a
subgroup. More precisely, if L is a lattice and G is a group which acts on L, we may consider
sublattices K of L for which there exists some subgroup H < G which acts on K via the
restricted action. It turns out, however, that the structure of join-irreducible elements of
such sublattices may still significantly differ from the structure of the original lattice. For
example, the sublattice of € (Z/6Z) generated by {0}, {3} and {1,4} is not a weakly coset-
like lattice, although the subgroup {0,3} < Z/6Z acts on it via the restricted action of Z/6Z
on € (Z/6Z). Nonetheless, we regard compatibility with the group action as natural and
therefore require it. Additionally, we require that the structure of join-irreducible elements
is preserved when passing to a sublattice. One possible model of appropriate sublattices is
the following.

Definition 7.2. Let G be a finite group. We say a sublattice L of the coset lattice €(G) is
a good sublattice, if all of the following hold:

(i) there exists a normal subgroup H < G such that H acts on L via the restricted
action of G on € (G),
(i) the set J(L) of join-irreducible elements of L is a subset of the set of join-irreducible
elements of (G) (and therefore corresponds to a subset of G), and
(iii) no three elements in J(L) correspond to group elements that belong to three distinct
cosets of H in G.

We show that the above definition guarantees that a good sublattice of ¢'(G) is strongly
coset-like.

Proposition 7.3. Let G be a finite group. Then, any good sublattice of € (QG) is strongly
coset-like.
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Proof. Let L be a good sublattice of ¢ (G) and let H < G be the normal subgroup that acts
on it. Notice that the first clause of the definition of a good sublattice implies that if some
coset K of some subgroup K of G is in L, then so is (hx)K for every h € H. In particular,
if {g} € J(L) for some g € G, then {hg} € J(L) for all h € H.

Since L is a good sublattice, J(L) is the union of at most two cosets of H, say, Hg1 = g1 H
and Hges = goH (note the use of normality of H). For any K € L, the set JILK of join-
irreducible elements in L less than or equal to K has cardinality

|JLK| — |.%'K |’_]gl}%“ if ng = 92H>
ltKNgi1H|+ |xK NgoH| if g1H # goH.

Note that in general, xK N gH is either empty or a coset of K N H. Thus, \J£K| is either
equal to |[K N H| or 2| K N H| (in the second case, this depends on whether only one or both
of the intersections are non-empty). If g1 H # goH, because K N H < H and |J(L)| = 2|H],
it follows that |JL| | [J(L)| for any 2K € L. The same conclusion holds if g1 H = goH,
hence L is strongly coset-like. |

We remark that for ¢(Z/8Z) and H = {0,4} < Z/8Z, the sublattice L < € (Z/87Z)
generated by J(L) = {{0}, {1}, {2}, {4}, {5},{6}} (i.e. such that J(L) consists of 3 distinct
cosets of H) is acted on by H, yet is not strongly coset-like. This plausibly justifies clause
(iii) in the definition of a good sublattice, although this phenomenon is likely part of a more
general scheme. As for the normality assumption in clause (i), it serves to control the tension
between left and right cosets.

If L < €¢(G) is a good sublattice with H < G acting on it and J(L) corresponds to
precisely one coset Hx of H, then it is clear that L = ¥(H) (by the isomorphism that
simply adjoins x everywhere). Therefore, by the first remark of this subsection, we observe
that II4 cannot be embedded in a coset lattice as a good sublattice with the set of join-
irreducible elements corresponding to a single coset of some normal subgroup. However, it
remains an open question whether this can be done using a normal subgroup H of order 3
of some group G and 2 distinct cosets of H.

We close with the following question, which also remains open. This was motivated by
the initial version of the paper, which did not include examples of weakly coset-like lattices
that are not strongly coset-like. However, the examples in this paper are all non-atomistic
lattices. A computer search [4] up to lattices on 10 points (including a significant portion of
lattices on 11 points) failed to find any such atomistic examples. Therefore:

Question 7.4. Does there exist a weakly coset-like atomistic lattice that is not strongly
coset-like? In particular, is the d-divisible partition lattice weakly coset-like?
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