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RIGHT HADAMARD FRACTIONAL DIFFERENCES AND SUMMATION BY PARTS

JIA-LI WEI, GUO-CHENG WU, AND RENE LOZI

ABSTRACT. This paper investigates the right Hadamard fractional differences. First, a Q—operator is
defined for continuous Hadamard fractional calculus. It shows that the left and right Hadamard operators
satisfy a dual identity. Then, the Q—operator is extended to define the right Hadamard fractional sum and
difference, and present their properties. Initial value problem of right fractional difference equations is
discussed. Finally the related summation by parts formulae are obtained. It can be concluded that the
right Hadamard fractional sum and difference are well defined.
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15 1. Introduction

16
17 In the past decades, since fractional derivatives can be used to describe long-term interactions or

1s memory effects in various nonlinear phenomena [1, 2], it has been developed rapidly. However, it
19 1s challenging to provide an exact discretization tool for both theoretical analysis and discrete—time
oo applications. The time scale theory can investigate dynamical systems in both continuous and discrete-
-, time cases. This feature is particularly suitable for fractional modelings with computer implementations.
> Thus, fractional calculus on time scales was paid much attention such as Riemann and Caputo fractional
-5 differences [3, 4], the basics of discrete fractional calculus [5], initial value problems [6, 7], boundary
-, value problems [8, 9], stability analysis [10, 11] etc.

-5  Recently, a left Hadamard fractional calculus was proposed on time scales [12]. The logarithm
o6 function [13] was used as a discrete kernel function. Some useful propositions and exact solutions of
7 linear fractional difference equations were obtained. Fractional chaotic dynamics were demonstrated
s [14]. Considering the right fractional calculus’s important role in the variation approach [15], Riesz
o9 potential [16], diffusion problems [17] and right fractional Black—Scholes equations [18], it is crucial
30 to define right fractional Hadamard differences and give their properties.

51 Infact, the left and right Riemann-Liouville fractional integrals and derivatives can be connected by
5> a Q—operator [19]. This Q—operator can also associate the left and right fractional Riemann-Liouville
3 fractional sums and differences (see [4, 20]). So we think that the left and right Hadamard fractional
34 calculus also satisfies the dual identity through the Q—operator. However, Q—operators for different
35 fractional calculus depend on the kernel functions. Thus this paper redefines a new Q—operator and
36 gives definitions of right Hadamard discrete fractional calculus through left ones.

57 The paper is organized as follows: Section 2 introduces preliminaries of the Hadamard fractional
g calculus. A new Q—operator is given and the dual identities between left and right Hadamard fractional
59 calculus are verified. Section 3 gives the definitions of right Hadamard fractional sum and difference,

40 2020 Mathematics Subject Classification. 26A33, 39A70.
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1 and some useful properties. Section 4 discusses the right Hadamard fractional initial value problem,
> and defines right discrete Mittag—Leffler function. Section 5 is devoted to the summation by parts for
'3 Hadamard fractional sums and differences. Section 6 arrives at the conclusion.

2. Hadamard fractional calculus

— In this section, we first present some definitions of the Hadamard fractional calculus. And the O—
— operator is defined to connect left and right Hadamard fractional calculus.

2 For the Hadamard fractional integral, define the space X (a,b) (c € R, 1 < p < o) [1] of those
% complex—valued measurable functions x on [a, b] for which ||x||xr < co, where

11

b de\1/p
= e = ([ el ) (1< p <o
Ja

18 and

% 1xllxe = ess supa<i<plt® [x(1)]].

16 Particularly, when ¢ = 1/p (1 < p < c0), the space X2 (a,b) is reduced to the classical L”(a,b) space
;7 with ,

© el = ([ Worar) " (1< p <)

— and
20

o |X]|ee = ess sUpa<i<p |x(1)|.

22
25 Then, the space AC§|a, b] of Hadamard fractional derivative is given in [1]. Suppose function x(t)
24 have § =xD (D = d/dt) derivatives up to n — 1 order on [a,b] and 8"~ 'x(¢) is absolutely continuous
25 on [a,b]:
d

2% AC%a,b] = {x(t) : [a,b] = C: 8" 'x(t) € ACla,b], & = o
2E Here AC|a, b] is the set of absolutely continuous functions on [a,b]. AC|a,b] coincides with the space
20 of primitives of Lebesgue measurable functions:

z% x(t) € AC[a,b] < x(t) = x(a) + '/atx’(s)ds_

32

33
34 Definition 1. [21] Let | < a < b < oo and x € X/ (a,b). The left and right Hadamard fractional

a5 integrals of order a > 0 are defined by

Y0 1150 = g | (102 —toe)) ™ x5 € lan 1
:% and

o7 b oa— s

© Hpay () = F(la) [ (1og(s) ~1og(0)) lx(s)i, t€la, bl,

42 where I is the Euler gamma function.
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i Definition 2. [21] Let 1 <a < b <o, a >0, n=[a] + 1 and x € AC§[a,b]. The left and right
» Hadamard fractional derivatives of order o are defined by

3 1 t n—a—1  ds
Hpna _ n _ —
£ ED15(0) = gy (1080 —t0g()" " x(9 € fa 2
6 and
7 n b —
- Hpony - (D" s / _ " ds
B @ M0 = 1= (1oa(s) ~log())" x()s 1€ [a, b,
9
o - ,_dd d
o where § = tdt and & tyly e
_ ———
12 n

% Theorem 3. [21] Let 1 <a <b <oo, o >0, n= [a] + 1 and x € AC§[a,b]. Then

5 H yoH ryo o kHIn *x(a) _ a—k

E(5) I DYx ; Flo— kT 1) (log(t) 10g(a)>

17

18 and

19 n n kgn— kHIa (b) o—k
HjjoaH —

20 (6) S D x( ; Fla—k+ 1) (log(b) log(t)) .

21

22 We define a Q—operator to generate a dual identity, which shows that left and right Hadamard

23 fractional integrals and derivatives are related.
24
5 Definition 4. Let a,b € R and x is defined on inteval [a,b]. The Q—operator is defined as

26
2 () (090 =x(*).
28

29 We can verify that Q%x(t) = x(t). Next, the change of variable u = %
30 are obtained.

is used. The following results

31
— Proposition 5. Let x € X! (a,b) and o > 0. The left and right Hadamard fractional integrals satisfy
5 the following equation

o (£1703) (1) = (1) 0

35

36 Proof. According to Definition 1, we get

. 1 ' a=1 rab\ ds
o (1090 = i [ (102 o)) '+(2)
39

40 L/ ab ab\e—1 rab\ds
" ey, (e o) x(T)3

41

42
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Letu—= %. We have

1

= Hora 1 ¢ aby -1 du

° (100 (0) = gy [ (togte —102 )" ) S

5 1 b ab\ a-1 du

E = F(Ot)/a}’ (log(u) —log—) x(u -

% = o(71f%) (7).

El 0

_._.
_.‘o

Proposition 6. Let o > 0, n = [a] + 1 and x € AC|a,b]. The left and right Hadamard fractional
1o derivatives satisfy the following dual identity

13 (9) (YD x) (1) = (' Dfx) (1).
14
15 Proof. The proof process is similar to Proposition 5. By use of Definition 2, we obtain
16
- 1 ! n—a—1 rab\ ds
% (¢ DFOx) (1) = M5n/a (10g(f) —log(s)> x(?>?
— 1 ab ab\n—a=1 rab\ ds
9 =—-0" / <log——log—> x(—)—.
20 I'h—a) Ja s/)s
% Fornzl,wehavet%:—%dab andds——%du. So
2 I ab d\ [t/ ab . aby-a sabyds
— Hpno

07000~ 5t (- 58) [ () ()
24 (a D7 Q) (1) F(l—a) tdab g %85 )5
25
26 ab d )/“rb (10 o ab)*a ( )du
— - u—log— | x(u)—
27 t d“b g £ t —u

28 <a
29 ;

30

)/a <10gu—10g%> x(u)d:

a1 (HDb x) ().
32
o or n = 2, we can obtain —tdrtd, (—?(#) an
35
35 1 ab d \2 rt ab ab\1-o rab\ ds
H o
D t=7<—* )/(1 ! *) (*)7
Z% (a IQX)() F(Z—a) t dllTh Ja 08 s 08 t * s/ 8
. 1 ( ab d )2/‘b (10 o ab) x( )du
P — S~ < A u— T u—-
39 F2-o)\ 1 d%/) Ja T u
) — (D) (1),

41

42
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Through induction, we can get

1

E 1 ab d \n @ ab\n—a—1 du
H o _ 7 _ - _

B (0800 = 1 (~ T ga) [, (g —10g%)" ™ st =7

4

o B (fl)n %i n b B % n—o—1 %

Iy I —a)(rda[b) a’(log(u) log ) T

. ~ (D))

o Therefore, Eq. (6) holds.
H Proposition 7. Let o > 0, n = [a] + 1 and x € AC§[a, D). Then

2 (10 (¢ 174 D Qx) (1) = O (P I Difx) (7).
3 Proof. According to Theorem 3, we can get
14 n—k (Hpn—o
— H joH o ab L (6 ( I Qx))( ) a—k

1" DY Ox) (1) = <7> (1 1) —1 )
v <ab> i(S” k( Hla ))> (1 ab I ab
18 =X|— ) — og—_ ng)
o t = IMNa—k+1)
oo Forn =1, we have
o1 d d sab ab d ab
— t—Ox(t) =t—x(— ) = .
22 dth() dtx< t > dub ( t )
2iFornzZ, we have
4 d d

820x(t) = t—1t—QOx(t
Z% Ox(t) =11 Ox(t)
- td< ab d (ab))
p— — _—— x J—

< b
- dr t d% t
29 ab d ab d ab
= — (- T (7)
_ t t
st B ab d \2 sab
2 = (=% qa) (7))
33 1 !
34 Suppose 6" ' Qx(t) = (— %bdg,,) x(%) holds. We get
35 t
36 d ab d \n—1 sab
= & (- aa) (7))
87 Ox(r) = far t 4% "\
38 ab d ab d \n—1 sab
39 - dab ( dab) X<7>
o ab d \n sab
. (L)
42 t d”T t
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So we arrive at

(ZII;XHD;XQX) (t)

a

x<azb> _ki] T(o—k+1) <1°g(b) N logazby_k

O (11 Dyx) (1).

-
[Bfefe]~]ofoa]s]e]n]-

The Q—operator holds dual identities and it is very useful to reflect the left fractional calculus to the
11 right one. Now we turn to extend it to discrete cases and introduce how to obtain the right Hadamard
12 fractional sum and difference as well as their propositions.

13

14 3. Right Hadamard fractional sum and difference

15

16 Before giving our results, we introduce some definitions and notations. For real numbers a and b

;(1 < a < b < ), we denote

18 T, = e™Mioga = {a,aeh,aey’,...,ae(Nfl)h,aeNh, o}
19
o0 and

21 T = elogt(AN) — {...,beiNh7bef(N71)h
22 Notation 8.

23 1) The backward and forward jump operators are p(t) = te™" and o (t) = te", respectively.

24 II) The graininess function is defined by (t) = o(t) —t. The backwards graininess function is
25 defined by v(t) =1 —p(1).

26 [II) Given that the forward and backward difference operators are defined by Af(t) = Flo®)=1f(t)

% and Vf(t) = w respectively.

oo be™ M be™h bY.

28 (1)

2o 1V) In this paper; the logarithm function is used as L,(t,s) =log(%). The A—differentiation and
1 t

t
S
:E V—differentiation of £, (t,s) with respect to t are Kg(t,s) = i log (—)) and KIV, (t,5) = % log (ﬁ)

31 respectively. ~
2 V) We denote Af(t) = x— f2(t) and Vf(t) = w1V (1).

- f%(t,r) ZX(t,r)

SE Definition 9. [22] For arbitrary o € R, the h-factorial function is defined by
35

. L(£+1)

36 (11 r=ht——h e (hN)g

SE Definition 10. [12] Suppose f : T, — R and o > 0. The left Hadamard fractional sum of order o is
39 defined by
40

a—1

_ 1 tefoch a-1
;% (12) A f(r) = m ; <fp(t,r) —KP(G(S),r)) fﬁ(S,r)f(s),u(s), t € eMogaran.

h
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1 Definition 11. [12] Suppose [ : T, >R, M € Ny and M — 1 < o« < M. The left Hadamard fractional
2 difference of order o is given by

? ah — o —

e < 1R LA hN

L0y AO=g L (071~ tp(0(61) ) ), £ el
6 Lemma 12. [12] Let &, B > 0. Then

. B T(B+1) B

— +a

%(14) Aae(/);h (g (t,r)—fp(a r))h = m(ﬁp(t,r)—ﬁp(a,r))f, t Ee(hN)loga+(ﬁ+a)h
10 and

a (15) A% Bh (Ep(t, r)—Lpy(a, r))f ﬁ (Zp(t, r)—4py(a, r))f;, t € e™ogat(pm-—an
e (19 e B +1-a

% Theorem 13. [12] Suppose f: T, — R, a and B > 0. Then

5 (16) ASAPF) =D, P r(0) = A LA f (1), 1 € Mo,

16
;7 Theorem 14. [12] Suppose f: T, = R, aand B > 0. Then

% (17 deﬁhZ;ﬁf(t) =AY P 1), t € eMozar(prm-am,
o0 Theorem 15. [12] Suppose f: T, - R, LM € Ny and o, 3 > 0 be given with L—1 < oo < L and

ot M—1<B <M. Then

% dew—ﬁ)hggf(f) = Z(Hﬁf(t)

o, (18) K (ae(M*B)h ))_a_kN -

24 B h M—kx—(M—B) (M—B)h
25 Z —a—k+1) AT AT T ae )
26

57 wheret € eMioga+(L-a+M—p)h,

® Theorem 16. [12] Let f : T, — R, o, >0, M € Ny and M — 1 < B < M. Then

29 ~

30 AaeaM ﬁ)hAﬁf(t) = Agiaf(f)

3(19) — () (aeM—P)h r))‘xi*k~ ~

2 B Z " )h AM—kx (M ﬁ)f(ae(Mfﬁ)h)’
- Na—k+1)

34 °* wheret € e(hN)loga+(M B+a)h
35

36 From Hadamard fractional calculus, it is known that (§7%0x) (1) = Q(F1%x) (t) and (Y DFQx) (1) =
37 Q(H Dyx )( ). We extend this idea to define the right Hadamard fractional sum and difference. We use
38 the followmg notations:

39 1) A~ % represents the right Hadamard fractional sum. ;,A maps functions defined on , T to those
40 on elogb—an(AN)

s 2) bl"‘ represents the right Hadamard fractional difference. bZO‘ maps functions defined on , T to
42 those on e“’g/’*(M*aJh(hN), where M e Njand M -1 < o < M.
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We define Hadamard fractional sum as

1
2 (20 _
5 A =0 (A0 (1)
4
— 1 te oh a=1
: —Q<F(a)sza e,,(,,r>_e,,(a<s>,r))h e§<s,r><Qf><s>u<s>>
e —ah _ o(s) s
. B 1 e o (s) a-1(log == 10g;> ab
E _Q<m =~ <log_10g >h ‘U(S) T):u(‘s)
% 1 te=%h b b o—1 (IOg@*IOg c(lb) ) b
a a . sr o(s)r a
- :Q(ra) (“’go(s)r‘l"grr)h aey (s)““))
E _oh 1<£ (ab r) / ( b ))
4 B 1S ab ab = p\G(s) " ab
0 _Q<Fa> L (g -(7), MOREAE (S))
16
— 1 b b a—1
" =Q<Fa)u )y (ep<p<u>,r)—zp<“t, ))h (e,,(u,r)—ep(p<u>,r>)f<u>>
19
20 1 b ab a;(ﬁp(u,r)—fp(p(u) r)>
o1 =0 = 14 t),r)—Lp(—, u)v(u
% Q<F a) u—g‘eah< plp(u):r) = t r>>h v(u) Flujvlw)
2? 1 b ab a=1 v
o4 =0| = 14 )= (—, ¢, (u,
3 o( e Z( P =6 (Fr)) S r)f(u)V(u))
2E 1 b o—1 v
o i L (60w —66.0) Fensvi
o8 u=te%h
2E Similarly, we can define
30
o1 WA (1):~0(B%0f ) (1)
2 @D Lb il
33 = /¢ 4 / .
) g L, (6w -6060) S rave
Z% We give the definitions of the right Hadamard fractional sum and difference explicitly.

SE Definition 17. Suppose f : ,T — R and o > 0. The right Hadamard fractional sum of order o. is
38 defined by

39
a—1

— ~ 1 b a—1
I R R (6001 =6(0r) ) V), 1 er-n,
42
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1 Definition 18. Suppose f: ;T >R M e Ny and M — 1 < o« < M. The right Hadamard fractional
2 difference of order o is given by

—o—1

~ 1 b
03 A=y L h(e,J(p(s),r)—fp(m))

P EZ(Sa r)f(S)V(S)’ e elogb—(M,a)h(hN)‘

Next, we first give the right Hadamard fractional power rule. Then some properties of the right
Hadamard fractional sum and difference are given.

E Lemma 19. Let o, > 0. Then the following relations hold:

12 ~ B rpg+1 B+a

5 O pend a(epw,r)—ep(r,r))h=r<,a(+1+)a><€p<b,r>—ep<r,r>>h, t € et (prani)
"

Eand

; (B+1)

e ~ B I'(g+1 B-a

= @5) e p A (b (br) — Ly (.0)) = Bii—a) (Lp(byr) — £y (t,7)) =, 1 € elozb-(Bam-apn(N),

19
0 Proof. Due to

21

22 Q((ﬁp(b,r)—ép(t,r))5> = (gp(b’r)_gp(atb’ ))5
o = (p(t,) ~ Lyl

26 _and by Eq. (14), we have
27

2? A—a B
20 po B (Lp(byr) —Ly(1,7)) )

(
. ~ 08,8600~ 1))
(

32

. rp+1) l3+a>

33 =0| =—————(U,(t,r)—Ly(a,r));—

o Q F(ﬁ+1+a)(p( r) P(ar))h

3% _ T+ Bta

- ST s e CLGIR G

37

QE So the formula (24) holds. Eq. (25) can be proved in a similar way. O
39

40 Theorem 20. Suppose f:,T — Rand a, B > 0. Then

41
42 (26) befﬁhgiabziﬁf(t) = bzfocfﬁf(l‘)7 te elogbf(aJrﬁ)h(hN)'
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Proof. Through Theorem 13, we get

1
2

3

4

s A a B = Q(KO‘ AP Qf) (1

? be—Bh b aeBPh—a

7 ~

N = Q(A;“‘ﬁQf) (1)

9 ~

10 =0 <bA_a_Bf> (1)

11 ~

o =, AP 1),

13

14

15

16 So the relationship (26) holds. O

17

18
15 Theorem 21. Suppose f: ;T — R, B >0, M € Ny and M — 1 < a < M. Then the following equality

o0 holds:

21

2

23 o -

oa (27) be_ﬁhAahAfﬁf(t) = bAafﬁf(I), te elogbf(ﬁJrM*O‘)h(hN).

25

26

o7 Proof. Using Theorem 14, the method of proving Eq. (27) is similar to Theorem 20. O

28

29

30 Theorem 22. Suppose f:,T — R, L, M € N; and a, B > 0 be given with L—1 < o < L and
31 M—1<B <M. Then

32

33

34

35 - - M (g (be—(M—B)h r)— 0, r))fafk
36 oA AP £ (1) =, AP £(1) — P ’ p\LT))p
% (28) pe-1-p A% pA” f () =p A% f(2) 1;1 N ki)

37 _ B

38 (= 1)MhGM =k, A=(M=B) £(po=(M=P)h),

39

40

4
42 where t € elogb—(L—a+m—pn(AN)
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Proof. According to Theorem 15 and the properties of Q—operator, we have

be%Mfﬁ)hZabzﬁf(t) =0 <K2‘6<M A Qf) (1)

— 0, (aeM=B)h py)==k
—Q<A0‘+ﬁQf Z ( (a k+1) ))h

MM G £ (geM—P) ))

—k

I
[a[=[a[s][=]3]e]e|~]o]a]s|e]|r]|-~

" M aeT ) —=Lp(%, )"
ooy - g et

.gM—kQ<bg—<M—B> f> (ae(M—ﬁ)h)>

(£p(be™M=P)h ) g, (b r))—=*

M
7 — Ao+B h
0 Q<Q(b 1)@ L T(—o—k+1)
19
2E ( 1)M—kvM—k A_(M_B)f(be_(M_B)h)>
21
k . Cuk
22 B A‘”ﬁf(t)—{: (£p(be= M= 1y —0,(2,1))
= b = T(—a—k+1)
24
26
o, Which completes the proof. O

8 Theorem 23. Let f: )T >R, a,p >0, M eNjand M —1< B <M. Then
29

30 IO ~ Mo(¢ (be=M=B)h 1y —p (¢ r))u
o Cor A AB £ (1) = AP (1) — ) 22 L
2%(29) pe- -~ p A" f (1) =p A" £ () k; Tla—kt 1)

% ()M AR p(pem MR,

34

a5 Wheret € elogb—(M—p+a)n(MN).

:% Proof. The prove is similar to Theorem 22. (]

38

-~ 4. Initial value problem of right fractional Hadamard difference equations

40 In this section, we use the above theorems to give an equivalent form of the right Hadamard fractional

41 initial value problem.
42
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1 Theorem 24. Suppose F(x(-),-): T — Rand 0 < o < 1. The x(t) is a solution of the right Hadamard
> fractional difference equation

= 30 pA%x(t) = F (x(tel1=0) 1=,

% ( ) blaflx(be(afl)h) = C) t e elogb—(l—a)h(hN)‘

E if and only if it is a solution of

7 — oa—1

- 0,(bel %V Py ¢ (t,r)) 7 — -

i(31) X(l) _ ( P( e I’) P( r))h C+ be(a_1>hA_aF(x(I€(l_a)h),te(l_a)h), te elogh(hN)‘

: [(a)

E Proof. Suppose x(t) = ¢(¢) is a solution of the initial value problem (30), then
b pA“O(1) = F (9 (1e =" re1 =2,
12 =

bAa_1¢(be(a_l)h) =C,t€e elogb—(lflx)h(hN).

13

E By Theorem 23, we obtain
15

— (£, (bel @V ) — 0, (2,r)) 5

16 ¢([> — h bza—l¢(be(a—l)h)

- )

18 a1 ATOF (@ (1179 1e(1=001) 1 p ¢ erogp (AN,

9 Due to the initial value condition

20 ~

o A" x(bel® ) = C,

22 we get

= (€p(bel @D ) — 0, (£, 7)) & N

2i ¢(f) — p F(a) p h C_|_ be(afl)hAiaF((P(te(lia)h)gte(lia)h)-
25

2E Therefore, x(¢) = ¢(¢) is also a solution of Eq. (31).
27 On the other hand, let x(¢) = ¢ () be a solution of Eq. (31), then

28 “Dh a—1

o o(1) = (E,,(be(“ D) ,T) —E,,(t,r))h

50 (32) I'(a)

31 + be(aq)hg_aF((P(te(l_a)h),te(l_a)h), 1 € elozp(MN),
32 -

. We apply the operator ,A%* to obtain

34 ~ pAX (0, (bel@=Dh ¥y —¢ (1. r a-1 ~ ~

z% From Lemma 19 and Theorem 21, we can give

3 bA% Ly (be @Vt ) — £, (1,r)) 7 =0

% and

Li blabe(ml)hx_af?((])(te(l_a)h),te(l_a)h) = befhgabe(a—l)hz_aF((P(fe(l_a)h),le(l_a)h)
a = F (9 (el =), el =),
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from which we arrive at

1
E bga‘l)(l) = F((P(te(]*“)h)?te(l*a)h)_
2 ¢(7) also satisfies the initial condition of (30). In fact, we apply the operator ,A%~! to both sides of
-~ Eq. (32) to get
D A%~ - ~1
6 P U Coeumilts 71 U0) Pl
- b [(e)
8 —+ he—hxail be(afl)hziaF((P (te(] —a)h) 7 te(] 705);,)
9 ~
3 — C ot i A OF (9 (11O, (1=,
11 It follows from
= be(afl)hAiaF((p(b),b) =0
" that

14 ~
o pAY Lo (bel M) = C.
16 Asaresult, ¢(7) is a solution of the initial value problem (30). The proof is completed. 0

% Definition 25. For A € R and o > 0. The discrete Mittag—Leffler function of right Hadamard type is
o defined as

20 = (0 (belm @R py g ()T
33 A (p(b)—1)%) = § AmP LA AL
21 (33) a4, (p(b) —1)%) mzz‘,o T(ma +a)

22
zE Example 26. A right Hadamard fractional discrete—time equation is defined by

24 ~
25 (34) pA%x(t) = Ax(te(1 =),
. pAY Lx(bel* =) = C,

27
. where t € eloep—1-0n™N) a0 < o <1.

29 By Theorem 24, the solution of the initial value problem (34) is
30

0 35) x(r) =
32

(a—Dh .y _ a-1
(ﬁp(be ]i_‘r()(x) ép(tyr))h C"‘lbe(afl)hgiax(te(lia)h), te elogbfh(hN)'

And the iterative scheme is

33

34 _ 1 .
35 X1 (1) = %0(0) + A pyia1pA ™o (e 7M),
— (36) (tp (el r)—t, ¢ r))a;l

36 W , p(t0),

— xo(t) = e C.

3s Apply Lemma 19 to show that

i% X1 ([) = )C()(Z) —|—lbe(afl)hzia)m(te(]ia)h)
o (e e (008 )~ )
a2 N I'a) * I'2a) .
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Through induction, we obtain

I At B )

T (¢ CZA T(mo+ o)

When n — o, we obtain the solution

x(t) = Cga,a(l, (p(b)— I)Q), t € elogb—h(hN)

5. Summation by parts

44
=[3lele|~]ofa]a|e]|r]-~

o In this section, we obtain the summation by parts of Hadamard fractional sum and difference.

'S Theorem 27. Let o > 0. If f : T, — Rand g : , T — R, then we have
14

15 b .
16 (37 Y, 0 (t.r)gt)Af Z () f A %) (7).
17 t=ae®h

' Proof. By the Definition 17, we have
19

Z/V (1B F V)
o3 b reoh o
n =L €Z<r,r>g<r>r(la) Y (4oltr) = 6p(0().r)) s~ (s.n) F()p(s)v(a).

25

26 Then, we interchange the order of summation and arrive at
27

2? b - b€7a17 1 b »
v L B0 OV = L 60RO rg L (Ge0).0—t0);

— t=ae®h s=a t=se%

30

= L3N8V

32

o zerr (1A g(1) 11 (1)

(ﬂ

35 This concludes the proof. O
36

37 Theorem 28. Let o > 0. If f: T, — R and g : , T — R, then we have

38

39 4 \ Ao re A Ao

) ), L (n)g ALV = Z Co(t,r) F(0)pA%g (1)1 ().

; t=ae~%* =a

42 Proof. The proof process is similar to Theorem 27, so we do not give the proof here. 0J
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1 6. Conclusions

Z 1In this paper, we define a Q—operator for Hadamard fractional calculus. It is verified by the Q—operator

o that left and right Hadamard fractional integrals and derivatives satisfy dual identities. By use of these
- dual identities, we extend the Q—operator to definitions of right Hadamard fractional order sum and
e difference are obtained. Then some useful properties are given such as right Hadamard fractional sum
— and difference of power-law functions, composition law, etc. A fractional sum equation is provided for
o the initial value problem. At the same time, the integration by parts formulas of Hadamard discrete
o fractional calculus is also given. This shows that the right Hadamard fractional sum and difference
o are well-defined. In the nearest future, other right fractional calculus on other time scales can be
o investigated such as the fractional calculus with general kernel functions [23, 24]. In addition, within
o the right Hadamard fractional differences, discrete fractional Laplacian and boundary value problems
— et al can be considered further by the results of this paper.

15 Acknowledgments

g This work is financially supported by the National Natural Science Foundation of China (NSFC) (Grant
. No. 62076141) and Sichuan Youth Science and Technology Foundation (Grant No. 2022JDJQ0046).

19

20 References

21

— [1] A.A. Kilbas, H.M. Srivastava and J.J. Trujillo, Theory and Applications of Fractional Differential Equations, North
22 Holland Mathematical Studies, Amsterdam, (20006).

23

[2] V. Kiryakova, Generalized Fractional Calculus and Applications, Vol. 3010of Pitman Res. Notes in Math., Wiley and
24 Sons, New York, (1994).

25 [3] T. Abdeljawad, On Riemann and Caputo fractional differences, Comput. Math. Appl. 62 (2011), 1602-1611.

o [4] T. Abdeljawad, Dual identities in fractional difference calculus within Riemann, Adv. Differ. Equ. 2013 (2013).

p— [5] C. Goodrich and A.C. Peterson, Discrete Fractional Calculus, Springer, (2015).

— [6] FM. Atici and P.W. Eloe, Initial value problems in discrete fractional calculus, Proc. Amer. Math. Soc. 137 (2009),

28 981-989.

29 [7] M.T. Holm, The Laplace transform in discrete fractional calculus, Comput. Math. Appl. 62 (2011), 1591-1601.

30 [8] C.S. Goodrich and C. Lizama, Existence and monotonicity of nonlocal boundary value problems: the one—dimensional

31 case, P. Roy. Soc. Edinb. A. 152 (1) (2022), 1-27.

32 [9] C.S. Goodrich, An analysis of nonlocal difference equations with finite convolution coefficients, J. Fix. Point Theory A.
. 24 (1) (2022), 1-19.

— [10] R. Abu-Saris and Q. Al-Mdallal, On the asymptotic stability of linear system of fractional-order difference equations,
al Frac. Calc. Appl. Anal. 16 (2013), 613-629.

35 [11] J. Cermak, I. Gyori and L. Nechvatal, On explicit stability conditions for a linear fractional difference system, Fract.
36 Calc. Appl. Anal. 18 (2105), 651-672.

37 [12] T.T. Song, G.C. Wu and J.L.. Wei, Hadamard fractional calculus on time scales, Fractals (2022), 2250145.

3g [13] D.R. Anderson and M. Bohner, A multivalued logarithm on time scales, Appl. Math. Comput. 397 (15) (2021), 125954.
29 [14] G.C. Wu, T.T. Song and S.Q. Wang, Caputo—Hadamard fractional differential equations on time scales: Numerical
— scheme, asymptotic stability and chaos, Chaos 32 (9) (2022), 093143.

40 [15] O.P. Agrawal, Formulation of Euler—Lagrange equations for fractional variational problems, J. Math. Anal. Appl. 272
4“a (2002), 368-379.

42 [16] F. Riewe, Mechanics with fractional derivatives, Phys. Rev. E §5 (1997), 3581—3592.

12 Feb 2023 07:22:53 PST
221028-GuoChengWu Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

RIGHT HADAMARD FRACTIONAL DIFFERENCES AND SUMMATION BY PARTS 16

1 [17] F. Liu, V. Anh, I. Turner, Numerical solution of the space fractional Fokker-—Planck equation, J. Comput. Appl. Math.
o 166 (2004), 209-219.
? [18] J. Duan, L. Lu, L. Chen, Y.L. An, Fractional model and solution for the Black—Scholes equation, Math. Meth. Appl.
— Sci. 41 (2018), 697—704.
A [19] S.G. Samko, A.A. Kilbas and O.I. Marichev, Fractional Integrals and Derivatives: Theory and Applications, Gordon
5 and Breach Science Publishers, Switzerland (1993).

6 [20] T. Abdeljawad, On delta and nabla Caputo fractional differences and dual identities, Discrete Dyn. Nat. Soc. 2 (2013),
7 1-12.
? [21] A.K. Anatoly, Hadamard-type fractional calculus, J. Korean Math. Soc. 38 (6) (2001), 1191-1204.
o [22] D. Mozyrska and E. Girejko, Overview of Fractional A-difference Operators, in: Advances in Harmonic Analysis and
— Operator Theory, Springer Basel, (2013), 253-268.
0 [23] H. Fu, G.C. Wu, G. Yang and L.L. Huang, Continuous—time random walk to a general fractional Fokker—Planck
" equation on fractal media, Eur. Phys. J. Spec. Top. 230 (2021), 3927-3933.
12 [24] Q. Fan, G.C. Wu and H. Fu, A note on function space and boundedness of a general fractional integral in continuous
E time random walk, J. Nonlinear Math. Phys. 29 (2022), 95-102.
14

E SCHOOL OF APPLIED MATHEMATICS, NANJING UNIVERSITY OF FINANCE AND ECONOMICS, NANJING 210023,
—~_ JIANGSU PROVINCE, PR CHINA

E Email address: weijiali95@163.com

17

18 DATA RECOVERY KEY LABORATORY OF SICHUAN PROVINCE, COLLEGE OF MATHEMATICS AND INFORMATION
? SCIENCE, NEIJTANG NORMAL UNIVERSITY, NEIJIANG 641100, PR CHINA

—  Email address: wuguocheng@gmail .com

20

51  LABORATOIRE DE MATHEMATIQUES J.A. DIEUDONNE, UNIVERSITE COTE D’ AZUR, PARC VALROSE, 06108 NICE
2? CEDEX 02, FRANCE

g Email address: Rene.lozi@univ-cotedazur. fr

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38

39

40

41

42

12 Feb 2023 07:22:53 PST
221028-GuoChengWu Version 2 - Submitted to Rocky Mountain J. Math.



	1. Introduction
	2. Hadamard fractional calculus
	3. Right Hadamard fractional sum and difference
	4. Initial value problem of right fractional Hadamard difference equations
	5. Summation by parts
	6. Conclusions
	Acknowledgments
	References

