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Abstract

In this paper, we investigate the long-time behavior of wave equations with nonlocal
nonlinear damping and nonlinear colored noise defined on the whole space R™. We first
establish a continuous cocycle for the equations. And then the dissipative property
of solutions is obtained by utilizing the barrier method to overcome the difficulty
brought by the nonlocal nonlinear damping. Finally, we obtain the existence and
uniqueness of pullback random attractors. The asymptotic compactness of the cocycle
associated with the problem is derived by the aid of energy equation and uniform tail-
estimates to overcome the obstacle caused by the lack of compact Sobolev embeddings
on unbounded domains.
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1 Introduction

We consider the asymptotic behavior of solutions of the following nonlocal nonlinear

damping wave equations driven by nonlinear colored noise on the entire space R™:

wi — Du+ o([Vul)g(ur) + vu+ f(u) = ht,x) + R(t,a, u)Gs(0w),

u(r,z) = ug(x), w(r,z)=up(r), t>7, TR,

(1.1)
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where x € R", v is a positive constant, h € L?OC(R, L?(R™)), (s is the colored noise with
correlation time § > 0. The damping coefficient o(-) € C'(R*) and o(s) > 0 for all
s € RT, f,g and R are nonlinear functions on R which satisfy certain conditions. Here,
|| - || stands for the usual L?—norm.

For the deterministic case (i.e.,R = 0), the asymptotic behaviour of solutions for
wave equations with various different nonlocal damping were studied intensively, such as
nonlocal weak damping o (||Vu||?)us, nonlocal fractional damping o (||Vul|?)(—A)%u (0 <
6 < 1) and nonlocal nonlinear damping o (|| Vul|?)g(us)(see, e.g., [3,8,22] and the references
therein).

The main object of this paper is to analyze the asymptotic behavior of solutions for

(1.1) under the influence of the nonlocal nonlinear damping
o (|IVu]|*)g (ur). (1.2)

The damping (1.2) given by the product of two nonlinearities was first used by Silva and
Narciso in [12], in which they discussed the well-posedness and long-time dynamics for the

following extensible beam model
ue + D% — k([ Vul|?) A+ o (|| Vul*)g(ue) + f(u) = b, (1.3)

where k¢(s) > —ag,0(s) > 0,cqs]7 < [g'(s)] < cg (14 [s]7) and [f/(s)| < epr(1 4+ |s]P).
Later, Narciso [11] investigated the well-posedness as well as the asymptotic behavior of

solutions for a quasi-linear Kirchhoff wave model with nonlocal nonlinear damping
ue — ¢(||Vul?) Au + o (| Vul*)g(ur) + f(u) = h. (1.4)

Recently, Zhou and Sun [34] showed the well-posedness and long-time dynamics of the
wave equation (1.4) when ¢(||Vu||?) = 1 and the growth exponent p of the nonlinearity
f(u) satisfies 2 < p < px with p* = %(2 3).

The dynamics of stochastic wave equations driven by additive or linear multiplicative
white noise have been studied in [14,17,18,25,27] to the case of bounded domains, and
in [19,29,31] to the case of unbounded domains. As far as some researchers are aware, we
can only define a random dynamical system for the stochastic equation when the diffusion
term is a linear function, and that is why we are currently unable to prove the existence
of pathwise random attractors for stochastic wave equations with nonlinear white noise.

The colored noise is used to approximate the Wiener process in order to overcome the
difficulty caused by the nowhere differentiability of the sample paths. In many complex
systems, it is more reasonable to consider the random influences modeled by colored

noise rather than white noise since the stochastic fluctuations are actually correlated, see,
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e.g., [1,4,5,10,13,15,24]. Recently, the long term dynamics of PDEs with colored noise has
been extensively investigated in [7,9,16,20,21,23,26,28,32,33|. For instance, the existence
of random attractors of wave equations with colored noise on unbounded domains was
proved by Wang in [23]. In the present paper, we focus on the random attractors of (1.1)
with nonlocal nonlinear damping and nonlinear colored noise, because not only there has
no any results to (1.1), but also these problems have more challenges and more interesting

when the equation include nonlocal nonlinear damping and random term.

In order to obtain the existence of pullback random attractors for the continuous
cocycle associated with (1.1), as we all know, the key step is to establish the pullback
asymptotic compactness of the cocycle in H'(R") x L?(R™). The main difficulties come

from the following aspects:

(i) The Sobolev embeddings are no longer compact in unbounded domains. This is
essentially distinct from the case of bounded domains and is a major obstacle for proving

the asymptotic compactness of the solution operator.

(ii) Due to the influence of the nonlocal nonlinear damping, the energy is not de-
creasing along trajectories and the typical method based on the construction of a suitable

Gronwall’s inequality to prove dissipativity fails in our case.

To overcome these difficulties, we first utilize the barrier method to overcome the
difficulty brought by the nonlinear term o(||Vu||*)g(u;) and then prove the dissipation
as in [3,22,34]. Hereafter, we use the idea of energy equation along with the uniform
tail-estimates of solutions to establish the desired pullback asymptotic compactness in
H(R™) x L?(R™), see Lemma 4.4 for more details.

This paper is organized as follows. In the next section, we recall some basic concepts
and results on colored noise as well as pullback random attractors for continuous cocycles.
Section 3 is devoted to the existence of continuous cocycle of (1.1) in H1(R™) x L?(R").
In the last section, we prove the existence and uniqueness of pullback random attractors.

Hereafter, the inner product and norm of L?(R™) will be denoted by (-,-) and || - |,
respectively. The letter ¢ and ¢;(i = 1,2,---) are generic positive constants, which may

be different from line to line.

2 Preliminaries

In this section, we recall some basic concepts and results on colored noise as well as

pullback random attractors for continuous cocycles, see [2,4,15,31].
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2.1 Pullback random attractors for continuous cocycles

Let (X, || - ||x) be a complete separable metric space with Borel o-algebra B(X). We

first recall the definition of Hausdorff semi-distance of two non-empty sets A, B:
distx (A, B) = sup inf dx(z,y).
z€AYED

Definition 2.1 Let (2, F,P,{0;}icr) be a metric dynamical system with probability space
(Q, F,P) and measure-preserving group 6 : R x Q — Q of translations on 2. A mapping
P :RT xR xQx X — X is called a continuous cocycle on X over (0, F,P,{0;}1er) if
forallT € R,w € Q and t,s € RT, the following conditions are satisfied:

(i) ®(,7,-,) : RT x Q x X = X is (B(RT) x F x B(X), B(X))-measurable;

(i1) (0, 7,w,-) is the identity on X ;

(i17) ®(s +t,7,w,-) = P(t, 7+ s, 05w, - )P(s, T,w, *);

(v) ®(t,7,w,-) : X — X is continuous.

Let D be a collection of some families of nonempty subsets of X.

Definition 2.2 A family K = {K(T,w) : 7 € R,w € Q} € D is called a D—pullback
absorbing set for ® if for all D € D,7 € R and w € Q, there exists T = T(D,T,w) > 0
such that, for allt > T,

O(t, 7 —t,0_yw,D(T —t,0_4w)) C K(T,w).

Definition 2.3 The continuous cocycle ® is called D—pullback asymptotically compact
in X if for all D € D,7 € R and w € Q, the sequence x, € P(tn, T — ty,0_¢,w, D(T —

tn,0_t,w)) has a convergent subsequence in X as t, — +o0.

Definition 2.4 A family A = {A(T,w) : 7 € Rjw € Q} € D is called a D—pullback
random attractor of ® in X if for every 7 € Ryw € Q, the following conditions are
satisfied:
(i) A(T,-) : Q@ — X is measurable with respect to F, and A(T,w) is compact in X;
(ii) A is invariant: ®(t,7,w, A(T,w)) = A(t + 7, 0,w),Vt € RT;
(1ii) A attracts every member of D in X : for every D = {D(1,w) : 7 € R,w € Q} € D,
lim distx (®(t, 7 —t,0_4w, D(T — t,0_w)), A(T,w)) = 0,

t——+o0

where distx(-,-) is the Hausdorff semi-distance in X .

We have the following result for continuous cocycles on X.
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Theorem 2.5 ( [30]). Suppose X is a separable Banach space. Let D be an inclusion-
closed collection of some families of nonempty subsets of X, and ® be a continuous cocycle
on X over (Q, F,P,{0;:}icr). Furthermore, we assume

(i) ® has a closed measurable D—pullback absorbing set K = {K(T,w) : 7 € R,w € Q}
m D ;

(ii) ® is D—pullback asymptotically compact in X.

Then ® has a unique D—pullback random attractor A in D which is given by

X

Alr,w)= [ | @7 —t,0_w, K(r —t,0_4w))

to>0t>tg

2.2 Colored noise

To describe the colored noise, we introduce a probability space (2, F,P), where 2 =
{w € C(R,R) : w(0) = 0} equipped with the compact-open topology, F is the Borel o-
algebra of Q, P is the Wiener measure. The classical transformation {6; };cr on 2 is given
by Oiw(-) = w(-+1t) —w(t) for all (w,t) € Q@ xR. Let W be a two-sided real-valued Wiener
process on (2, F,P), for each § > 0, we define

0
G:Q—=R by (w) = (15/ esdW (s).

Then the process (5(6iw) is called a real-valued colored noise (also known as an Ornstein-
Uhlenbeck process) which is the unique stationary solution of the one-dimensional stochas-
tic differential equation

1 1
d —(sdt = =dW.
Ca+5<§5 5W

Note that there exists a subset of full probability measure (still denoted by €2) such that

for all w € Q, (5(fiw) is continuous in ¢t € R and lim;_; 10 M =0.

3 Continuous cocycle

In this section, we establish the existence of continuous cocycle of (1.1) in H*(R") x
L?(R™). Throughout this paper, we make the following assumptions on the nonlinear

functions in (1.1). Let f : R — R be a continuous function which satisfy, for all s, s1, s9 €

R,
lliI‘ninf sf(s) >0, (3.1)
F0)=0, [f(s1) = f(s2)| < ar(|s1P~" + [s2[" ) |s1 — s2l, (3-2)
5
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F(s) > as|s|’™, (3-3)

where p > 1 forn=1,2and 1 < p < 25 for n > 3, a1 and ag are positive constants, and
F(r) = [y f(s)ds for all r € R.
Let R: R x R™ x R — R be continuous such that for all ¢, s, s1,s9 € R and x € R"™,

|R(ta$78)| < /Bl(t7x)‘5|q+ﬁ2(ta$)v (34)
|R(t,2,51) = R(t, 2, 50)] < Ba(t,x)(|s1|"" + [s2] 77" + Ba(t, ))[s1 — s2], (3.5)
2p+2 2p+2

where 1 < ¢ < ZEL By € LT (R, Lvit-2(R")), By € L2 (R, L*(R")), and B3, B4 €
L>®(R, L*(R™)).
The nonlinear damping g(-) € C*(R) is a monotone increasing function, g(0) = 0, and

there exist two positive constants x; and ko such that
r1ls|7T < g/ (s) < ka(14|s]771), Vs ER, (3.6)

where’yZlforn:1,2and1§’y§fl—fgforn23.

To define a continuous non-autonomous cocycle for the nonlocal nonlinear damping
wave equations (1.1) driven by nonlinear colored noise, we first give the definition of weak
solutions to problem (1.1). Given 7 € R,w € Qug € HY(R") and w19 € L*(R"). A
mapping u(-, 7,w, up, u10) : [, +o0) — HL(R™) is called a (weak) solution of (1.1) if for

U(T, T, W, Ug, ULO) = uo, ’U,t(T, T, W, Ug, ul,O) = U1i,0,

u(-, 7w, ug,ut0) € L(r, 7 + T} Hl(Rn)) NC([r, 7+ 1T, LQ(R”)), (3.7)

w (-, T,w, up, u10) € L(1, 7+ T} LQ(]R”)) NC([r, ™+ T, H_I(R")), (3.8)

and u satisfies that for all T > 0 and ¢ € C§°((7, 7+ T') x R"),

T+T

T T
- / ()t + / (Y, Vip)dt + / (o (| Vul®)g (ur), ) dt

T

T+T T+T
—l-V/ ’ (u,w)dt—i—/ " - flu(t,x))(t, z)dzdt

T+T T+T
_ / (h(t), b)dt + / [ Rt u(t, )0t ), (3.9)

for every ¢ € C§°((7,7 +T) x R"™) and for almost all t € [r,7 + T].
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If, in addition, u(t, T, ug,u10) : @ — HYR") is (F,B(H'(R")))-measurable, and
ue(t, 7, ug, ur o) : Q@ — L2(R™) is (F, B(L?(R™)))-measurable, then u is called a measur-
able solution.

Since the nonlocal nonlinear damping wave equations (1.1) can be viewed as a deter-
ministic equation parametrized by w € €2, then by the Galerkin method as in [6], we prove
that for every 7 € R,w € Q, and (ug,u19) € H(R") x L*(R"), problem (1.1) under the
assumptions (3.1)-(3.6) admits a unique weak solution u(t, 7,w, up, u1 ) for all t > 7 in the
sense of (3.7)-(3.8) such that u is continuously depends on (ug,u10) € HY(R™) x L*(R"),
and u is (F, B(H'(R™)) x B(L*(R")))-measurable in w € €. Furthermore, the solution u
of (1.1) satisfies the energy equation

& (o + ol + 17l +2 | Pt o) + 2009007 [ glotsunteo)de
— 2(h(#), ua(t)) + 265 (0,) / R ult, )l @), (3.10)

and

d

(U(t%uz:(lt))JrVIIUIIQJrIIVUH2+U(IIVU|!2)/}Rng(uz:(tfl?))U(?f,ﬂ«“)d%L fut, z))ult, x)dz

% R

= |lue]|* + (h(t),u(t)) + Cg(@tw)/ R(t,z,u(t, z))u(t, x)dx, (3.11)

n

for almost all ¢t > 7.

The rest of this paper is devoted to the existence of random atractors of (1.1). To
that end, we need to define a continuous cocycle in terms of the solution operator of
(1.1). Given t € RT,7 € R,w € Q and (ug,u1,0) € HY(R") x L}(R"), define a mapping
d:RT xR x Q2 x HY(R") x L2(R") — H'(R") x L%(R"™) given by

O(t, 7, w, (uo,u10)) = (u(t + 7,7, 0_rw,up), ut(t + 7,7, 0_rw,u1)), (3.12)

where u is the unique solution of (1.1) and u is (F, B(H'(R™) x L?(R")))-measurable in
w € Q. Therefore, ® is a continuous cocycle on H(R") x L*(R") over (Q, F,P, {0;}1cr)
in the sense of [30].

4 Pullback random atractors

In this section, we first construct a pullback random absorbing set, and then prove
the pullback asymptotic compactness of solutions. Ultimately, we achieve the existence of

pullback random attractors for (1.1).
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Recall that a family D = {D(7,w) : 7 € R,w € Q} of bounded nonempty subsets in
HY(R") x L?(R") is tempered if for every C > 0,7 € R and w € €,

lim G_CtHD(T - t, G*tw)H?—Il(R")XL2(R”) = 07 (41)

t—+o0

where || D|| g1 (gnyx 22y = SUPgep |0l a1 (rr)x 2(mn)- Let D be the collection of all tem-
pered families of bounded nonempty subsets of H!(R") x L%(R"), i.e.

D={D={D(r,w) : 7 € Ryw € Q} : D satisfies (4.1)}. (4.2)
From now on, we also assume f satisfies: for all s € R and p € (0, 1],
f(s)s — oF(s) > 0. (4.3)

Since k1, k2,1, v,00 and o1 are positive constants, v > 1, and p € (0, 1], we find that

there exists a sufficiently small positive number ¢ such that

2.2 2

4—2 1
0<£<min{1,y, Q, Jomw},agm—ggl@>O,lao—2s—4sg—€89>0.
@ ~(201k9) 7 v v v
(4.4)
We further assume that
/ e1°05||h(s)||%ds < 00, ¥ T € R, (4.5)
—0o0
and for any C > 0,
: —Ct 0 Leos 2
lim e e1°®||h(s —t)||“ds = 0. (4.6)
t—4o00 — oo

Note that condition (4.6) implies that the non-autonomous term h(t) is tempered in
L?(R™) as t — —oo. To derive the uniform estimates of solutions for large time, we now

assume that the functions 5 and £y in (3.4) satisfy:

B, € L®(R, Li+i-22 (R™)), B, € L¥(R, L2(R™)). (4.7)

4.1 Construction of pullback random absorbing sets

We first derive uniform estimates of the solutions for large time.

Lemma 4.1 Suppose (3.1)-(3.6) and (4.5) hold. Then for any 7 € R,w € 2 and D € D,
there exists T = T(1,w, D) > 0 such that for all t > T and all r € [—t,0], the solution u
of (1.1) satisfies,
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Hut(T +r, 71, ‘9—7"*‘-)7 ul,o)”z + HU(T +r, 71 9_7—w, uO)H%ﬁ(R")

+/ Fu(t+r,7 —t,0_rw,up))dx
T471 1
+ / AT (Jlun(s, 7 = 1,07, w1 0) | + s, T = 07, 00) 31 ) ) s

i [0 2 ) 2041)
< Lyem 2% [ ed™ (14 ||h(s 4+ 1)[|” + [¢s(0sw) [F1-20)ds,
—00
where (ug,u10) € D(T —t,0_4w) and Ly is a positive number independent of T,w and D.

Proof. By (3.10) and (3.11) we get

GV.t) + =Vl + 20| Tul?) /R gt @)t 2)da

—elug||* + ev|ul|® + €/Rn flu(t, z))u(t,z)dx

= (h(t) + R(t, -, u(t))(s(Oiw), eu + 2uz) — eo (|| Vul?) / g(ue(t, x))u(t, x)de, (4.8)

Rn

where

V() = [luel® + vlful® + [[Va]? + 2/ F(u(t, z))dz + &(u, ug).
R?’L
We now estimate the right-hand side of (4.8). By Young’s inequality, we have
[(R(E, -5 u(t))Cs (Brw), eu + 2uy)|

<ellR(t, - u(t))Cs () | Ju@)] + 2[[R(E, -, u(t)) G5 (Orw) | [Jue (D)

< serllu@ I + Sl + erll R, u)GsOw)] (4.9

where ¢; = 2 + 2. By means of (3.3), (3.4), (4.7) and the Hélder inequality, we get

v

IR(t, - u(t))Gs(8pw) | < 2/Rn G (Ge) [ (181t 2) P lu(t, 2) | + [ Ba(t, 2)[?) da

cocy o / Jut @) de e /R (1G5 (0u) 81 (8, 2) %)) 7573 dr=21G5 (00) 2821

1 2(p+1) 9
coc; / Fu(t, 2))da + e5]Cs (0 713 + 15 (0h0) . (4.10)
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where c3 > 0 depends on ¢, v, 7, ag, 51 and [a. Inserting (4.10) to (4.9) yields

(R (0)Gs (00), u -+ 200)] < Sevfu®) + el (D

1 2(p+1)
—|—§<€g F(u(t,z))dz + 0163’@;(6,5&})‘1’*?1*2‘1 + c1e3]¢s(Oiw))?. (4.11)
Rn

Using Young’s inequality, we have
1 1
[(h(t),eu + 2uy)| < §6V|IU(75)H2 + gfllm(t)H2 +elh(®)]*. (4.12)

Due to (4.3), there holds

n

e | flu(t,x))u(t,z)dz > EQ/ F(u(t,z))dz. (4.13)
Rn
According to (3.7) and the continuity of o, there exists a constant C' > 0 such that

o(|Vul*) £ max_o()\) = oy, (4.14)
0<A<C
where 1 = o1 ([|(uo, u1,0) | 1 Ry x L2(R7)) > 0. Using the Holder inequality and embedding
HY(R") — LYTL(R"), we get

—eo (| Vul]?) /R glnlt2)ult, 0)dr

Ssamg/ \ut(t,m)]u(t,x)\dx—i—samg/ [ug (t, )| u(t, x)|dx
Rn R

+1 G +1 o2
< eorke||ut||||ul| + eo1k2 lu(t, )7 dx lu(t, z)|" " dx
R"L n

< eovrp|luglfull + eormalluel e llull

y+1

gl y+1)

-1 1 2
< cormalfucl ull + edr (el Vel 7)) 7 + SelFuf 751

2.2
EOTK 1 =1 1
< %HutHZﬁI + fVHW +edy |l ] |Vl T+ §6HWH2 + ecy, (4.15)

where we have used the fact that

2,.2
EOTK

2.2
EOTK
[ %HWHEL + ecy,
1
and d; = 2%(01%2)%,@ > 0 depends on +. Inserting (4.11)-(4.13) and (4.15) into (4.8)

yield
dV(t) 2¢|| ||2+16 | ||2+1€||V 12
—_— — U —EV||U — u
dt © t 2 2

10

3 Jul 2023 17:55:50 PDT
230119-QiaozhenMa Version 2 - Submitted to Rocky Mountain J. Math.



1

+2EQ/n F(u(t,z))dz + 20 (|| Vul?) /]R” g(ue(t, z))ue(t, x)dx

2.2
+1 =1 EOTK 41
< edi[Jue|l 5 [Vl 7 + %HWHZW

2(p+1) 9 9
+ere3]Cs(Oyw) | P+1=20 + cre3|Cs(Oiw)|” + c1||h(E)||7 + ecq. (4.16)

Thanks to (4.16), it leads to

d 1 1 1 1
DVa(t) + eoVelt) + (<26 — L)l + Fev(2 — o) ull* + 1e(2 o) [Vul?
1
—jeluun) + 20(Vul®) [ glunlt,z))un(t,a)do
Rn
41 -1 eoik) y+1
< edifue o [IVall 7 + = luel[ 5
2(p+1) 9 9
Feres|Cs(0iw)| 741720 + creslCs(Ouw)|” + ca[|h ()] + eca. (4.17)
Note that
1 1 2
120l )| < Svolull + Sl (1.18)
Then it follows from (4.17)-(4.18) that
d

1 1 1
Velt) + geoVe(t) + gevld — 20— co)|ulP + 162 — o) Vul?

dt 8

+20(|[Vul?) / 9(us(t, ) yug(t, 2)da

]Rn

1 ) 1 11 £0?K3 1
< 2=+ o+ SOl + el T3 IVl 5 + L2 g 21,

2(p+1) 9 9
Fe163]Cs (Opw)[7+1720 + cres|Cs (Brw) | + cr[[A(2)[|” + ec. (4.19)

Since o is a strictly positive continuous function on R, then there exists a constant oy > 0
such that

o(|[Vull?) > 00 >0, (4.20)

where oo = oo(||(u0, u1,0)|| 1 (mr)x L2(R7)) > 0. In addition, by (3.6), we have

20(19ul?) [ glulta)ult)ds = o0 [ gt o)utapde+ 2wl 3 (@20

n gl
11
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According to (3.6), there exist [ > 0 and L > 0 such that ¢’(s) > [ when |s| > L. Then

we get

/ gt )t x)dr > 1 /@ g (1, ) 2,

where O = {z € R" : |z| > L}. Thus,

1 g2
o0 [ gtult)ut, o)z — (25 + oo+ Tl

1 ) 9
> (log —2e — —cp— —) [ |w(t,x)|*dx — c5, (4.22)
4 v o)

where ¢; > 0 depends on €, v, p. By condition (4.4), there exists a sufficiently small positive
number ¢ such that

2

1 e o0kl EOTK3 _ 00Kl A
00 = 28— E0— o > 0, 5 ” > 2 2 (4.23)
It follows from (4.19)-(4.23) that
DY)+ SeoVit) + 2ev(d — 20 — o) ul]? + (2 — o)]|Vul?
Al 1cove 861/ o —¢co)l|u 1€ 0)||Vu
y—1 2(p+1)
< ol (V)5 = ) o (14 IR + les )l F57 ) . (a2

where ¢g > 0 depends on ¢1,c3,¢4 and ¢5. When v = 1, from condition (4.4), we can
rewrite (4.24) as

d 1 1 1
SVA(E) + g2eVe(t) + gevd — 20 — o) ul’ + 722 — )|Vl + (dz — ) el
9 2(p+1)
< g | L4 A7 + |Co(Opw) | P12 ) (4.25)

Solving (4.25) on [t —t, 7+ 7] with ¢ > 0 and all r € [—t, 0], after replacing w by 6_,w,

we get

||ut(7- +r,7—t, H*TW’ U170)||2 + VHU(T +r, Tt 977'(")) u0)||2 + HVU(T +r,T—1t, ‘977(“)7 u0)||2

+2 / Fu(t+r,7—1t,0_;w,up))dx+c(u(t+r,7—1t,0_rw,up), us(t+7r,7—1t,0_rw,ui0))

T+7r 1

+(dg — €d1)/ a5 uy (s, 7 — , 05w, u1 )| *ds

T—1
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1 T+r
—|—§€I/(4 — 20— EQ)/ gacels=r=r) [u(s, T —t,0_rw, uo)||*ds
T—t

1 ™
+Z€(2 - 0) / e1%=T )|V (s, T — t, 0_rw, ug)||2ds
T

—t

< e Feeltn) <||u1,o||2 ool + Vol +2 | Fluot, 2))de + < (uo, u>>
Rn

1 r 1 9 2(p+1)
+cge 455""/ e1®® [ 1+ [|h(s + 7)||7 + |¢5(Osw)| P24 | ds. (4.26)
—t
For the first term on the right-hand side of (4.26), by (3.2) we have
et <uu1 oI vl + Va0l +2 [ Fun(t.a))da -+ (o, u10))

< cpe et (1 + JJuol® + HuOHHl(R" + ||“0”H1 R"))

< ege” 1) (14 | D(r — 1,6_w)||PT1) = 0, as t — oo (4.27)

Combining with (4.5) and (4.26)-(4.27) we infer that there exists T = T'(7,w, D) > 0 such
that for all t > T and r € [—t,0],

lue(T+ 7,7 —1,0_rw, uLo)H2 +v|u(r+r,7—t0_ w0, uo)H2 + |Vu(r+r,7—1t,0_rw, uo)H2

+2 / F(u(t+r,7—t,0_rw,up))dz+e(u(r+r,7—t,0_rw,up), ut(T+r,7—1t,0_rw,u1p))

T+7r
+(dg — €d1)/ €i69(5777T)HUt(8,7’ —t,0_,w, Ul,O)HZdS
T—t
1 T+7 1
—|—§51/(4 — 20— €0) / et [y (s, 7 — £, 0_rw, ug) || 2ds
T—t

1 T+
+Z€(2 —0) / eisg(S_T_r)HVu(s, T —t,0_,w,u)|*ds

—t

0 )
< 096411697"/ eic < + |h(s + 7)|1* + |5 (0 Sw)]PH 2Q> ds. (4.28)

—0o0

By (4.4) and Young’s inequality, we have

le(u(r + 7,7 —t,0_rw,up), u (T + 7,7 —t,0_rw,uip))]

1

1
—ellu(r +r, 7 —1t, H_Tw,UQ)H2 + §€Hut(7' +r,7—t0_,w, u170)||2

\]
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2.

1
< —vu(r+r,1—1t0_w0, u0)||2 + §Hut(7 +r, 7 —t,0_rw,u1)

DN |

Inserting (4.29

~—

1 1
iHut(T +r T —t,0_rw,u10)]? + §V\|u(7' + T —t,0_rw,up)l?

+|Vu(r + 7,7 —t,0_rw, up)||* + 2/ F(u(t+r,7—1t,0_;w,up))dx

n

T+
+(dg — edy) / eieg(s_T_T)Hut(s, T—t,0_rw, ul,o)szilds

T—t

1 T+7r
+8ﬂ442ese{/ 1%~ u(s, 7 — ,6_,w, uo) | *ds
T—t

1 T
+Z€(2 - 0) / e3¢~ [Ty (s, 7 — £, 0_rw, ug) || *ds

—t

2(p+1)

0
S@fkf/‘$”@+Wm+ﬂW+mwMW“”)w
—00

which yields the desired uniform estimates when v = 1.

into (4.28), we can conclude that for all £ > T and all r € [—t, 0],

(4.29)

(4.30)

Next, we discuss the case of v > 1. We infer from (4.24) the following crucial result:

For any s > 7 such that

2y

do \ -1
<| = —ci0 =
VZ—:(S) > <€d1> C10 QD(E),
then
E
edi(Ve(t) @ —da <0, Vt>s>7,
ie.,
dy \ 7
1
Ve(t 27 Vi>s>
< (Z)7 vizeze

which implies
-1
edi(Va(s))™ —dp <0, Vs>

14
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(4.31)

(4.32)

(4.33)



Thus exploiting the continuity of V.(t), we have (4.32) is valid for ¢ from some interval
[s,s +T). If T < +o0, there exists T* > 0 such that

ey (Vo(1) ™ —dy <0, Vi€ [s,s+T) (4.34)
and
edi(Va(s + T*)) B — dy = 0. (4.35)

From (4.24) and (4.34), we deduce

d 1 9 2(p+1) "
ﬁvg(t) + Z€QV5(7§) <cg | 1+ ||R@O)|° + |¢5(Ow)| P20 |, YVt € [s,5+T7]. (4.36)

Integrating (4.36) from s to ¢ yields

_1 t— t _1 (t—) 2 2(p+1)
V() < emacel S)VE(S)JFCG/ e 1%L+ |R(r) 17 + [Cs(Orw) [PF1720 ) dr. (4.37)

S

By (4.5), we have
Vo(t) < e 129V (s) + c19, VEE [s,5+ T (4.38)

When t = s + 1™, we infer from (4.31) and (4.38) that

. dy \ 7T
Ve(s+T%) < Ve(s)+cio < | — .
6d1
This contradicts to the second relation in (4.35). Hence T' = 400 and (4.32) holds.
So we infer from (4.24) that
d

1 1 1
ZVL) + 320Ve(t) + gev(d — 20— 2o)ul + 122 — o)V

9 2(p+1)
<co {1+ [|A(0)7 4 [Co(Orew) [PF1=20 ) . (4.39)

Similar to the arguments in (4.25)-(4.30), we get the desired estimates when v > 1, which
completes the proof together with (4.30). O

As a consequence of Lemma 4.1, we conclude that the cocycle ® has a D—pullback

random absorbing set.

15
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Lemma 4.2 Let (3.1)-(3.6), (4.3) and (4.5)-(4.6) hold. Then the cocycle ® possesses a
closed measurable D—pullback absorbing set K = {K(1,w) : 7 € R,w € Q} € D, which is
given by

K(r,w) = {(uo, u1,0) € H'(R") x L*(R") : ||uoll3s oy + uroll* < R(7,w)},  (4.40)

where
0

1 2 2(pt1)
R(r,w) = Ll/ €3 (L + |[h(s + )| + [Gs(Osw)|P#1-20 )ds,

—00

and Ly s the same number as in Lemma 4.1.

Proof. Together with (3.12) and Lemma 4.1 with r = 0, we find that for every 7 € R,w €
Q and D € D, there exists T'= T'(7,w, D) > 0 such that for all t > T,

O(t, 7 —t,0_4w,D(T —t,0_4w)) C K(T,w). (4.41)

On the other hand, by (4.5)-(4.6), one can verify that for every ¢ > 0,7 € R and w € Q,

t—lg—rgloo €_CtHK(T —t, G_tw) HHl (R)x L2(R") = 0. (442)
By virtue of (4.41)-(4.42) we know that K € D is a closed measurable D—pullback ab-
sorbing set of ®. O

The following uniform estimates on the tails of solutions will be crucial for proving
the D—pullback asymptotic compactness of ®. To this end, we choose a smooth function
p: R"™ — R such that 0 < p(z) <1 for any x € R", and

1
p(x) =0 for |z| < X and p(z)=1 for |z| > 1. (4.43)

For every m € N, let

x
=p(—), zeR"

pn(@) = (D),

Then there exists a positive number ¢y independent of m such that |Vpm,(z)| < Lcq for

all z € R" and m € N.

Lemma 4.3 Let (3.1)-(3.6), (4.3) and (4.5)-(4.6) hold. Then for everyn > 0,7 € R,w €
Q and D € D, there exists Ty = To(s, 7,w, D) > 0 and mg = mo(s, 7,w) > 1 such that for
allt > Tp,r € [—t,0] and m > myg, the solution u of (1.1) satisfies

/ (lwe(T + 7,7 —t,0_rw, u1,0)|2 + Ju(t 4+ 7,7 —t,0_rw, up) Pda
|z|>m

—i—/ |Vu(r 47,7 —t,0_rw,ug)|[?)dx < 776_%897",
|z[>m
for all (ug,u10) € D(T —t,0_4w).
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Proof. Given m € N, let p,, be the smooth function as defined by (4.43). Similar to the
energy equation (3.10), we find

d

7 pm () (|ut(t, x)\Q + v|u(t, av)|2 + |Vu(t, :U)|2 + 2F (u(t, x))) dz
Rn

+20(|[Vul?) /R pm(@)g ot )t 2)da

= —2/n ug(t, ) Vu(t,z) - Vg (x)dx + 2/ pm () h(t, x)us(t, z)dx

n

+2¢5(Orw) / pm(z)R(t, x, u(t, x))u(t, x)dx. (4.44)

Similar to (3.11), we have

d

@t Jon pm(2)u(t, x)u(t, x)dx + Z//R" pm () |u(t, z)|?dz + /]R" pm (2)|Vu(t, z)|2da

n

+o(IVul?) [ pu(@gtuta)utt.a)de+ [ poa) stttz
= /n P ()| g (t, )| 2d — /n u(t,z)Vu(t,z) - Vpp(z)de

—|—/n pm(T)h(t, x)u(t, z)dz + g};(@tw)/ pm(T)R(t, x,u(t, x))u(t, z)dz. (4.45)

n

It follows from (4.44)-(4.45) that

d

& e pm (@) (Jue(t, z) 2+ vlu(t,z)]? + |Vu(t, z)|? + 2F (u(t, z)) + eu(t, z)u(t, z)) d

—€ ) |ue(t, z)|2dx + ev ()| u(t, 2)|?de + e o (2)|Vu(t, z)|?dz

L pn@luttofdevev [ pu@lut.ofde e [ pula)Tuita)a

v [ pul@f(utt.uita)ds + 20Vl [ (ot a)u(t.a)ds
/R pm(x) (h(t, ) + R(t, x,u(t, z))(s(0w)) (eu(t, x) + 2u(t, z))) dz

z-:/ u(t,z)Vu(t,z) - Vo (z)de — 2/ u(t, ) Vu(t,x) - Vg, (x)dx
R”

n

—o([IVul) /R pm(@)g(unlt, 2)ult, 2)dz. (4.46)
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By (4.3) and (4.46), we obtain

4
dt Jan

pm (@) (Jue(t, 2) 2 + viut, ) > + |Vult, 2)[* + 2F (u(t, 2)) + eu(t, 2)u(t, 2)) do
—c () |ug(t, ) Pdx + ev () |u(t, )| Pda + ¢ m(2)|Vu(t, 2)|?de
| pa@utta)fis+ev [ puutoPdee [ pu@)lVatt.a)Pd
2
se0 [ pl)Plutt.a))ds + 20(19ulP) [ pu(elotunlt, o)t o)ds

< /n pm(z) (h(t,z) + R(t, z,u(t, x))(5(0rw)) (eu(t, ) + 2u(t, x))) do

—€/n u(t,z)Vu(t,z) - Vo (z)de — 2/ ut(t, ) Vu(t,x) - Vg, (x)dx

n

~o(IVul?) [ pu(@gtun(t,z)ult.a)do. (.47

Following the arguments of (4.9)-(4.12), by (3.3)-(3.4) and (4.7) one can verify that the
first term on the right-hand side of (4.47) is bounded by

/n pm(x) (h(t,z) + R(t,z,u(t, z))(s(Ow)) (eu(t, x) + 2u(t, x)) do

< iszx/npm(:r)|u(t,x)\2dx+6/w pon () s (£, 7) 2z + ;ag/ oo (2) F(u(t, 7))

n

+c11 /R" pm () <|h(t,x)]2 + K(;(Htw)ﬂl(t,x)]sgg)q + |C5(9tw),82(t,:1;)|2> dz, (4.48)

where c¢1; > 0 depends on ¢,v and p. By the property of p,,, we have

n

—E/n u(t,z)Vu(t,z) - Vo (z)dr — 2/ ut(t, ) Vu(t,x) - Vg (x)dx

< %(HU(UH + lue @DV, (4.49)

where c12 > 0 depends only on &, but not on m. Similar to (4.15), we arrive at

~o(IVulP) [ pul@gtun(t.o)utt,a)da

co2K2 1 1
< ;2/ pm(az)]ut(t,x)|7+1dx+4au/ pm(x)lu(t,x)lzdﬁ?a/ pin ()| Vu(t, z)Pde
n R R™

18
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y—1

—I—ed1/ pm () [ug (t, )T da (/ pm(m)|Vut(t,1:)|2d:r) ” + ecy. (4.50)
R R

Inserting (4.48)-(4.50) into (4.47) yields

% | pn(@) (et D) +vlu(t ) + [Vult, ) + 2F (u(t,2)) + eult, 2)un(t, 2)) do
2o [ pn@lutt e+ e [ puluttn)lde s e [ pn()IVulto) i

43¢0 [ pul@Plutt.)do+2(19ul) [ pu@latutt, o)t oo

y—1

2y

<ed; /n pm () |ug(t, )| da </Rn pm(x)]Vut(t,x)|2da:>

ven [ (o) (10007 + 6(0)51(t.0) 55 + 6o00) 0,0 ) o

2,.2
E071K3

F 2 [ @t )+ 22 ()] + DIV + eer, (451

1%

which can be rewritten as

% - pm (@) (Jur(t, 2) 2 + viu(t,z)|* + |Vu(t, z)|* + 2F (u(t, x)) + eult, 2)u(t, x)) do

+i€g/n pm(x) (\ut(t,a:)|2 +vlu(t, z) > 4 |Vu(t, 2)|* + 2F (u(t, z)) + eult, z)uy(t, z)) do

+isy(2 _ o) /R o)t ) P + ie(z o) /R pon(@) |Vt ) 2da

H(-2¢ — 7e0) /R (@t )z + 20(| V) / (gt )t 2)da
—leQQ/n pm(@)u(t, x)u(t, x)dx

~y—1

2

< cdy / o) a (1, ) [+ Ll </R pm(x)|Vut(t,:L")|2dx>
rerr [ pmle) (1060 + 6600)5 0,00 P55 + 6s00) 0, 0 )

£k

12
14 m

/n pm(@)lus(t, )z + 2 ()| + [u O Ve +ecs, (452)
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By Young’s inequality, we have

1% [ pnla)uttopu(t.)ds

1 2
< 8€2VQ/ pm(2)|u(t, 2)|?dx + 685/ pm () |ug(t, 2)|?dx. (4.53)
n Rn

Inserting (4.53) into (4.52) yields

% | pn(@) (et ) + vt @) + [Vult, ) + 2F (u(t,2)) + eult, D)u(t, 2)) do

—I-ieg/ pm(x) (|ut(t,m)|2 + vlu(t, z)|? + |[Vu(t, z)|* + 2F (u(t, z)) + cu(t, z)uy(t, z)) d
R’ﬂ

+é€u(4 —2p—¢€0) /n pm () u(t, z)|?dx + %8(2 - 0) /n pm ()| Vu(t, z)|*dz

20(19ul) [ pulalgut.)ut.a)is

1 ) 9
< (2e+ 15¢ + 87) pm () |ug (t, )| *dx +

2..2
EOTK
o1y / pma(@)ute(t, @)
~y—1
2y

veds [ plustta) 7 ([ puo) Vuste o))
2 2+ )
+c11 /IR" pm(l‘) <|h(t,$)| + |C6(9tw)51(t,1‘)|p+1—2q + |<5(9tw)ﬁ2(t7x)‘ ) dx
+%(HU(75)II + [ () DIVu(®)]| + eca, (4.54)

Collecting (3.6) and (4.14), we deduce

20(I9ul) [ pu(e)gtuntt,a))u(t,)da

Ook1

= /n pm(2)g(us(t, ) )us(t, v)dx + /n P ()| (t, )" da (4.55)

By (3.6), there exist [ > 0 and L > 0 such that ¢’(s) > [ when |s| > L. Then we get

2

O'o/n pm () g(ue(t, ))u(t, z)dx — (2 + i&g + %) /n pm (2)|ug(t, )| *dz

1 2
> (loy — 26 — ~e0 — =2) / P (2)|ug(t, ) 2da — c5, (4.56)
4 81/ 0
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where ¢; > 0 and O are given in Lemma 4.1. Similar to (4.24), we have

d

at | pm () (|ut(t,x)\2 + vlu(t, ) >+ |Vult, z)[* + 2F (u(t, ) + eu(t, z)u(t, x)) dx

—l—isg/ Pm(x) (\ut(t,a:)|2 +vlu(t,z)|* + |Vu(t, 2)|* + 2F (u(t, z)) + eult, z)uy(t, z)) do
RTL

rgeri=2-c0) [ pu@lulta)fdnt =2 0) [ pula)Vulto)de
< <5d1(/Rn pm () (Jug (8, 2) > + vlu(t, 2)|? + |Vu(t, z)|> + 2F(u(t,:15)))dav)72;w1 - d2> .

[ sttt ) s+ 2 ugo)] + D Fu(o)

ren [ pn(o) (1060 +1660) 5262 FFH 4 [Gs0)alt,0) ) o (457

Since «y > 1, similar to the arguments in (4.25) and (4.39), we obtain

d

dt S pm (@) ([ug(t, ) |? + viu(t, z)* + |Vu(t, )2 + 2F (u(t, 2)) + cu(t, z)u (L, 2)) da

+i€g/ pm(@) (Jue(t, @) + vlu(t, )2 + |Vult, 2) + 2F(u(t, 2)) + eult, 2)us(t, 2)) da
Rn

ven [ (o) (1007 + 6(0)51(t.0) 55 + 6o00) a0, ) o

+CT;2(HU( ) eI Vu@)]- (4.58)

Integrating (4.58) on [ —t, 7+ 7] with ¢ > 0 and all r € [—t, 0], after replacing w by 6_,w,

we get
/ pm () (|ut(7' +r,7—t0_,w, u170)\2 +vlu(r + 7,7 —t,0_rw,u)|* + |Vu\2) dx
pm () F(u(r + 7,7 —t,0_rw,up))dx

pm T +r,7—t0_,w, uO)ut(T +r T =10 rw, ulyo)dﬂj

n

< el (t+r)/ (@) (

2(p+
tepeT i€ / e / pm(z <|h s+ 7,2)% +|C5(0sw)Bi(s, )| 7+1-2a 2Q>dxds

+ [Vuo|? + 2F (up(z)) + eug(z)uro(z)) do
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+clle_411597“/ 6411698/ pm(:c)|C5(95w)52(s,a:)|2d:zds
—t n

2c19 T

+=2 [ eRm ) (s, T — 10w, o) s oy + (3,7 — 80—, u10)]2) ds.
T—1

(4.59)

Analogous to (4.27), the first term on the right-hand side of (4.59) is bounded. Hence,
there exists 17 = T4 (s, 7,w, D) > 0 such that for all ¢ > 77,

e~ aee(t+r) / pm(x) (\ul,o 24 V\u0|2 + |Vu0|2 + 2F (ug(z)) + euo(x)ul,o(w)) dr < 776_%597’.

(4.60)

For the second term on the right-hand side of (4.59) we have

teor [T Leos 9 2(pt1)
clie 1 e pm () [ |h(s + 7, 2)|° + (s (0sw) B (s, x)|a+1=2a | dxds
—t n

tepe e / eteos / pon(@)[C5(B500) Ba (s, ) [2drds

+1)

T 2(
< 6116_‘118'97“/ 6‘118@5/ <]h(s + T,x)\Q +1¢s(Osw) B (s, x)\q+q2tI> dxds
—00 |:L‘\2%m
'8
venemtor [ciees [ (G (6.0)8a(s,0)Pads
—00 |m\2%m
T
< 011641159’”/ eiEQS/ |h(s+7’,$)]2dxds
—o0 \x|2%m
2(p+1)

1 "o 2(p+1).
+CH€_4EQT/ €% (5(Osw)] a+1-2a ds/ |B1(s, z)| a1 -2adx

1
—o0 |z|>5m

+cne—i€w/ eiwsyg(esw)\zds/ |Ba(s, x)|?da. (4.61)
—600 | 1

z|>5m

Combining (4.5) with (4.7) we find that there exists m; = my(s,7,w) > 1 such that for
all m > m;, the right-hand side of (4.47) is bounded by ne_%agr. Thus, for all m > my
and r € [—t, 0],

teor [T Leos 9 2(pt1)
ci1e 4 e pm () [ |h(s + 7, 2)|° +|(s(0sw) B (s, x)|a+1=2a | dxds
7t n

—1—0116_}15”/ 6‘11298/ pm(x)]g;(ﬁsw)ﬁg(s,x)\deds <776_%89’". (4.62)
_t n
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For the last term in (4.59), by Lemma 4.1 we see that there exists To = Ta(s, 7,w, D) > T}
such that for all ¢t > T,

2c19 a Leo(s—1—r) 2 2 €13

ol el [u(s, 7 =1, 0—rw, wo) [ gy + llue(s, 7 — 1, 0_rw, u10)||") ds < —,
m —t m

where c13 > 0 depends only on ¢,v,7v,7 and w, but not on m, which implies that there

exists mg = ma(s, 7,w) > my such that for all m > mg and t > Ts,

2c12 s lEQ(S—T—T) 2 2
W e (HU(S,T—t, 0—7w¢u0)||H1(R") + ||ut(s>7—_t70—7wvu1,0)“ ) ds
T—t
< mem %, (4.63)

It follows from (4.59)-(4.60) and (4.62)-(4.63) that for all m > mg and t > Tb,
/ P (@) (|t (T + 7,7 — £, 0_rw, u1,0)|* + viu(r + 7,7 — t,0_rw, ug)|* + | Vul?) dz
+2/ pm () F(u(t +r,7 —t,0_rw,up))dz

+€/ pm(x)u(T + rT — tv 9_7—(,«}, UO)’LLt(T + rT — t7 9_7—(0, ’U/L())dl'

< 3peicer, (4.64)
Similar to (4.29), By (4.4) and Young’s inequality, we claim that

6/ pm(@)u(T + 7,7 —t,0_rw,uo)u (T + 1,7 —t,0_rw,u10)dx

1 1
< 25/ pm ()| u(T + 7,7 —t,0_rw,up)|*dx + 25/ pm () |ue(T + 1, T —1,0_rw,u1 0)[*dx
n Rn
1 2 1 2
< §V pm()|u(T + 7,7 —t,0_rw, up)|“dx + 3 pm(x)|ue(T+ 1,7 —t,0_7w,u1 0)|“dz,
R™ Rn

which along with (3.3) and (4.64) yields that for all m > mg and t > T,

1 1
/ . (i\ut(T +r7—1t0_rw, u1,0)|2 + §V|u(7 +r7—t0_;w, uo)\2
z|>m

+HVulr +r,7—t,0_rw, u0)|2)d$
1 1
< / pm(x)(§|ut(7' +r7—10_rw, u170)]2 + §V\u(7 +r7—1t60_rw, u0)|2

+IVu(r + 7,7 — t,0_rw, up)|?)da
< 3pe~icer (4.65)

which completes the proof. 0
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4.2 Existence of random attractors

In this subsection, we above all investigate the D—pullback asymptotic compactness of
® in H'(R") x L?(R™) by combining the idea of energy equation with the trick of uniform
tail-estimates. And then we prove the existence and uniqueness of D—pullback random
attractors of .

Given (u,v) € HY(R") x L*(R"), let

E(u,v) = [[o]|* + vull* + [ Vul* + 2/ F(u(x))dr + e(u, v),
R?’L
and

U(u,v) = (h(t) + R(t, -, u(t))(s(0w), cu 4 20) — eo (|| Vul?) / g(ue(t, z))u(t, x)dx

Rn
1 2 1 2 1 2 1 2
o2+ o)l — Ser(2 - o)llul* = S22 — DIVl + 53w, v)

20 (| Vul?) /

Rn

g(ue(t, z))ue(t, x)dx + &7/ (oF (u(t,x)) — f(u(t,z))u(t,z))dx.

n

Then the energy equation (4.8) can be rewritten as

B(u(t) ua(1)) + 320 B(u(t), (1) = W(u(t), (1)) (4.66)

Integrating (4.66) from 7 to ¢, we have

E(u(t, 7,w,up), ut(t, 7,w,u10))

¢
= e%EQ(T*t)E(uo,ul,o) +/ eésg(s*t)llf(u(s,v',w,uo),ut(s,T,w,um))ds. (4.67)

Next, we prove the D—pullback asymptotic compactness of ® by the energy equation
(4.67).

Lemma 4.4 Let (3.1)-(3.6), (4.3) and (4.5)-(4.6) hold. Then the cocycle ® is D—pullback
asymptotically compact in H'(R™)x L?(R™); that is, for any 7 € R,w € Q and (uén), ugng) €
D(1 —ty,0_1,w) with D € D, the sequence

{(p(tn) T — tnu e—tnwa (u(()n)7 ugrfg))}oo

n=1

has a convergent subsequence in H'(R™) x L?(R") as t, — oc.
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Proof. By the definition of cocycle ® in (3.12), for all n € N,
D(tn, T —tn, 01w, (ug,ul ) = (u(r, 7 — tn, 0w, ug), ut(7, 7 — tn, 07w, uip)).

Therefore, we need to show the sequence { (u(7, 7—tn, 0 —rw, ug), ut(7, T—tn, 0—rw, ut ) o2y
is precompact in H1(R™) x L?(R"™).
By Lemma 4.1 with r = 0, we find that {(u(7, 7—tp, 0 —rw, ug), ut(7, 7—tn, 0—rw, uf o)) }52y

is bounded in H'(R") x L?(R") and hence there exists (¢,5) € H'(R") x L?(R™) such that,

up to a subsequence,
(u(r, 7 —tp, 07w, ug), (7,7 — tn, 0_rw,ufg)) = (&) in Hl(R”) X L2(]R”), (4.68)
which implies

liminf || (u(7, 7 = tn, 07w, ug), us(7, 7 = tn, 0700, 47 o)) |1 @) L2®m) 2 106 9) [ 1 (Rm) L2 -

(4.69)

Here, it remains to show

limsup [|(u(7, 7 — tn, 07w, ug), ue(T, 7 — tn, O0—rw, ui' o)l g1 ey 22 @y < 15 )l (Rr)x L2 (R7Y S

n—oo
(4.70)

which along with (4.69) shows the strong convergence of (u(7, T —t,, 0_,w, uén)), wg (7T, T —
tn, 0_rw, ugno))) in H*(R") x L?(R"), and hence completes the proof. Next, we prove (4.70)
by the energy equation (4.67). By Lemma 4.1, there exists N = N(7,w, D) € N such that
for n > N and r € [—t,,0],

HU(T +7, 7 —1n, 9_7—&}, US)HEP(R”) + HUt(T +7, 7 —tn, 9_700, u?,())H2

+ [ Flu(t+r 17—ty 0_rw,ug))de < crae” 1%, (4.71)
]Rn

where ¢14 = ¢14(7,w) > 0 is independent of n.
Since as t, — oo, for each m € N, there exists N,,, = Ny,,(7,w, D,m) > N such that ¢, > m
for all n > N. Thus, by (4.71) we have for n > Ny,

lu(t —m, 7 — t,,0_;w, ug)qul(Rn) + |lue(T —m, 7 — 5, 07w, u’io)H?

1

+/ Fu(t —m, 7 — tn,0_rw,up))de < crqes®™. (4.72)
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Taking advantage with (4.72) and a diagonal process, we deduce that for each m € N,
there exist (&, 6m) € HY(R™) x L?(R™) such that, up to a subsequence, as n — oo,

(u(T —m, 7 —ty, 07w, ug), ug(T — M, 7T — tn, 0_rw,ul o)) = (§mySm) 0 HY(R"™) x L*(R™).
(4.73)

Thus, (4.72)-(4.73) imply that for all m € N,
€m 71 (gny + llsmll* < craeisem, (4.74)

Combining with (4.73) and the weak continuity of solutions of (1.1) with respect to initial
data in HY(R") x L%(R"), we find that for all » € [-m, 0], as n — oo,

u(r + 7,7 —m, 0w, u(T —m, T — ty, 0w, ul)) = u(r T —m, 0w, &) in HY(R™);
that is, for all r € [-m, 0],
w(T + 1, T — ty, 0_rw,ull) = u(T T —m, 0w, ) in HY(R™). (4.75)
Similarly, we have for r € [-m, 0], as n — oo,
u(T 1, T =ty 0w, ulg) = u(T T T —m, 0w, ) in L*(R™). (4.76)
Combining (4.68) and (4.75)-(4.76) with r = 0, we have
E=u(r, 7 —m,0_rw,&n) and ¢ =u(T, T —m,0_;w,5n)- (4.77)
It follows from (4.67) and (4.77) that
E(&,¢) = E(u(t, 7t —m,0_rw,&n), ue (T, 7 —m, 0_rw,5p))

= e_feng (&EmsSm) / zeels= T)\II( (8,7 —m,0_rw,&m), ur(s, 7 —m, 0_rw, Gp))ds
:e*’EQmE (&EmsSm) / =T (h(s), euls, T—m, O—rw, Em)+2u (s, T—m, 01w, 6m))ds

+/ e3%C D (R(s, -, u(s, 7 — M, 0_rw, Em)) G5 (Bs—rt0),
eu(s, 7 —m,0_rw,&n) + 2ue(s, 7 —m, 0_rw, Gy))ds

—5/ e%EQ(S_T)U(HVuH?) / glue(s, 7 —m,0_rw,sn))u(s, 7 —m,0_,w, &y, )dzds
T—m R™
1 T
+§€(2 + 0) / e2ee(s=7) e (s, 7 —m, 0_rw, )| *ds

26

3 Jul 2023 17:55:50 PDT
230119-QiaozhenMa Version 2 - Submitted to Rocky Mountain J. Math.



1 T
o2 o) / 3507 (s, 7 — m, 0_r0, ) ||2ds

1 T
352 =0) [ BTl =m0, &) s

1

—2/ 2% 5 (|| Vu|?) / glug(s, 7 —m,0_rw, s ))ui(s, 7 — m,0_rw, ¢y )dxds
T—m R"

1 T
+252Q/ e%q’(s_ﬂ(u(s7 T—m,0_rw, &), u(s, 7 —m,0_rw,5p))ds
T—m

_|_5/ 6%59(5—7) / (QF(U(S, T —m, 077'(‘/‘}7 gm))

—flu(s, 7 —m,0_rw,&n))u(s, 7 — m, 0_rw, &) )dzds. (4.78)

Since w(7, 7 — tp,0_rw,uf) = uw(r, 7 — m,0_rw,u(t — m, T — t,,0_rw,ug)), by (4.67) we
have

E(u(r, T —tn, 0_rw,uy), us(1, 7 — ty, 0_rw, u’f}o))

= efégng(u(T —m, T —tp, 0_rw,ug), us(T —m, 7 — tn, 0_;w, U?,o))
T
b IR, 7 il =m0 ),
T—m

ug(s, 7 —m, 0w, ul(T —m, T —t,,0_;w,uly)))ds

= e*%EQmE(u(T —m, T —tp, 0_rw,ug), us(T —m, 7 — tn, 0_;w, u?,o))

.
+/ 2% DY (u(s, T — t, 0—rw, ul), us(5, 7 — ty O, ull ) )ds
T—m

= e*%z—:ng(u(T =M, T —tn, 0w, ug), us (T —m, T —ty,0_rw,u7g))

0
+ / 6é€gs(h(3 + 7'), EU(S +7,7 =y, 0w, Ug) + QUt(S + 7,7 —tp, 0_rw, ui[}))ds

0
+/ e%EQS(R(S -+ T, 'U,(S + T, T — tnv 0—7w7 ug))C(s(@s(U),

eu(s + 7,7 — ty, 07w, uy) + 2ui(s + 7,7 — ty, 0w, uy))ds

0
—a/ eég@sa(HVuHQ)/ g(ue(s + 7,7 — tn, 07w, uf g))u(s + 7,7 — tn, 0_rw, uy)dwds

—-m R”
1 0 Leos n 2
+§€(2+Q) €2 ||ut(5+7-77—_tn’a—vaul,O)H ds

—m

1 0
_551/(2 —0) / e%E‘—’SHu(s + 7T — tn, 0w, ul)||Pds

—m
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1 0
—56(2 - 0) / e%EQSHVu(s + T, T — tn, 0w, ul)||2ds

—m

0
—2/ 2c08 o(||Vul?) / g(u(s + 7,7 — tn, 0w, uf o))ug(s + 7,7 — tn, 0_rw, uf g )dzds
R
1
+2529/ 62593( (s + 7,7 —tn, 07w, uf), u(s + 7,7 — tn, 0w, uyo))ds

0
+€/ eéags/ (oF (u(s 4+ 7,7 — tn, 0_rw,ug))

—m

—flu(s + 7,7 — tn,0_rw,up))u(s + 7,7 — tpn, 0_rw, uy ) )dzds. (4.79)

Next, we estimate the limit of each term on the right-hand side of (4.79) as n — oco. For
the first term, by (4.72) we get for all n > N,,,

efésng(u(T —m, T —tn, 0_rw,up), u (T —m, T —ty,0_;w,uy)) < crse 4€9m7 (4.80)

where ¢15 = ¢15(7,w) > 0 is independent of n and m.

By (4.71), (4.75)-(4.76) and the Lebesgue dominated convergence theorem, we get
0 1
lim e2°®(h(s +7),eu(s + 7,7 — tp, 07w, uy) + 2us(s + 7,7 — ty, 0w, uy))ds

n—oco J_..

0
< / e%egs(h(s +7),eu(s+ 7,7 —m,0_;w, &) + 2w (s + 7,7 — m, 0_rw, 6 )ds.

—m

(4.81)

By Lemma 4.3 we get that for every n > 0, there exists kg = ko(m,w,n,m) € N and
Ny = N (7,w,m,m) > Ny, such that for all n > N, and r € [-m, 0],

/| |u(T + 7,7 — tn, 0_rw, ull)Pdz < ne —geer, (4.82)
:E>k0

Combining with (4.75), (4.82) and the compactness of embedding H! < L? in bounded

domains, we get that for all » € [-m, 0], as n — oo,
(T + 7,7 — b, 0_rw,ul) — u(T + 1, T —m,0_rw, Ey) in LAH(R™Y). (4.83)

According to (4.71), (4.83), and the Lebesgue dominated convergence theorem as well as

the interpolation inequality, we conclude

0
lim lu(s + 7,7 — tn, 0_rw,ud) —u(s + 7,7 — m,0_rw,&n)||2ds = 0, (4.84)

n—oo | ..
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and
0

Jim . lu(s + 7,7 — tn, 0_rw,uy) —u(s + 7,7 —m, 0_,w, fm)Hiqzq(Rn)ds =0, (4.85)
Combining (3.5) with (4.85), we get
0
lim |R(s + 7, u(s + 7,7 — tn, 0_rw,ull)) — R(s + 7, u(s + 7,7 — m, 0_,w, &) ||ds = 0.

n—oo | ..

(4.86)

It follows from (4.71), (4.75)-(4.76), (4.86) and the Lebesgue dominated convergence the-

orem that as n — oo,

0
/ e%EQS(R(S + T,y ’U,(S + T, T — tn’ 9_70‘)’ uﬁ)){g(@sw),

—m

eu(s + 7,7 — tn, 0—rw,ug) + 2us(s + 7,7 — tp, 0_rw, uyy))ds

0
— / G%EQS(R(S + 7, U(S + 7,7 —m, H_Tw’ ém))gd(esw)v

eu(s + 7,7 —m,0_rw, &) + 2ur(s + 7,7 — m, 0_rw, ) )ds. (4.87)

Similarly, by (4.71), (4.83) and the Lebesgue dominated convergence theorem, we have

0

. +1
nh_)rglo . lu(s + 7,7 — tn, 0_rw,uf) —u(s + 7,7 — m,0_rw, §m)\|zw1(Rn)dS =0, (4.88)

which follows from (4.75)-(4.76), (3.6) and the Lebesgue dominated convergence theorem

that as n — oo,

0
/ e%EQSU(HVUHQ) / glur(s + 7,7 — by, 0w, uf g))u(s + 7,7 — tn, 0—rw, ug)deds
—m Rn
0 1
- / e300 (||Vul?) / glun(s + 7.7 = m, 05w, on))uls + 7,7 = m, 0w, &m)dwds,
—m R™
(4.89)

and

0

/ e3¢5 (|| Vul|?) / 9(u(s + 7,7 = tn, 07, uf o) )ur(s + 7,7 — tn, 07w, ufl o) dwds

—m R™
0 1

- / 2 (|| Vul®) / g(ue(s + 7,7 —m, 070, 6n))u(s + 7,7 = m, 0w, o) dads.
—m R™

(4.90)
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By (4.75)-(4.76) and (4.84) we have

0

lim €20 ||y (s + 7, 7 — t, 0w, ully)||2ds
n—oo J_. . ’

0
= / eésQSHut(S-f-T,T—m, 0_rw,sm)|ds, (4.91)
—m
and 0
lim e%egs(u(s + 7,7 —tn, 0w, up), ur(s + 7,7 — tn, 0_rw,uly))ds
n—oo J_ .. ’
0 1
= / 2 (u(s + 7,7 —m, 0_rw,&m), u (s + 7,7 — m, 0_rw, 6y )ds. (4.92)
—m

On the other hand, by (4.75)-(4.76), (4.84) and Fatou’s lemma, we achieve

n—oo

0
lim inf/ 2% ||u(s + 7,7 — tp, 0_rw, uf) || *ds
—m

0
> / e%EQ‘SHu(s + 7,7 —m,0_rw, &) 2ds, (4.93)
—m
and 0
lim inf e%EQSHVU(s + 7,7 — by, 0w, ul)||*ds
n—oo J_ .
0 1
> / e2°%||Vu(s + 7,7 — m, 0_rw, &m) || ds, (4.94)
—-m

By a diagonal process, we infer from (4.84) that there exists a further subsequence

(not relabeled) such that for every m € N,
u(T+ T —tn, 0_rw,ur—y,) S u(t+ T —m,0_;w, &) a.e. on (—m,0) x R, (4.95)

Thus, by (4.3), (4.95) and Fatou’s lemma, it follows that

n—oo

0
lim inf/ eéa@s/ (flu(s+ 7,7 — tn, 0—rw,ul))u(s + 7,7 — tn, 0_rw, uf)
—oF (u(s + 7,7 — tp,0_rw,up)))dzds

0
> / 03E08 / (flu(s+71,7—m,0_rw,&n))u(s + 7,7 —m,0_rw, &)

—m
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—oF(u(s+ 7,7 —m,0_,w,&y)))dxds. (4.96)

Taking the limit of (4.79) as n — oo, we infer from (4.78)-(4.81), (4.87)-(4.94) and
(4.96) that

limsup E(u(7, 7 — ty, 0w, ug), ue(1, 7 — tn, 0_rw,uf ))
n—oo

< E(£7 g) =+ 0156_%6@71 - 6_%6QmE(£m7 gm)

< E(ga () + Cl5e_iegm - 56_%8Qm(§m, gm)- (497)
Combining (4.74) with (4.97) yields

limsup E(u(7, T — tn, 07w, ug), ug(7, 7 — tn, 0_rw,ut () < E(§,) + (ec14 + 015)6_i59m.

n—o0
(4.98)
Taking the limit of (4.98) as m — oo, we obtain
Iimﬁsup E(u(r, 7 —tn, 07w, ug), ue(7, 7 — tn, 0_rw,ut)) < E(§). (4.99)
Thanks to (4.77) and (4.83), we get that as n — oo,
(T, T — tn, 0_rw,ul) — & in L*(R™). (4.100)

Due to (4.100), there exists a further subsequence (not relabeled) such that as n — oo,
u(r, 7 —ty,0_rw,up) - € a.e. on R™. (4.101)

Therefore, using Fatou’s lemma, we infer from (3.3) and (4.101) that

lini)inf/ F(u(r, 7 — ty, 0_rw,ugy))dx > / F(¢)dx. (4.102)
Combining (4.75)-(4.76) with (4.100) yields
ILm (u(r, 7 —tn, 07w, ug), u (7,7 — tn, 07w, ui ) = (§,5). (4.103)

It follows from (4.99) and (4.102)-(4.103) that

lim sup(||ut (7, 7 — tp, 07w, uio)H2 + vlju(r, T — tp, 0_rw, ug)H2

n—oo
HIVu(T, T — tn, 0w, ud)|?)
< [I<l® + vIIEl® + v, (4.104)
Then (4.70) follows from (4.104) immediately. This completes the proof. O

Now, we present our main result on the existence and uniqueness of D—pullback ran-

dom attractors of ®.
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Theorem 4.5 Let (3.1)-(3.6), (4.3) and (4.5)-(4.6) hold. Then the cocycle ® has a unique
D—pullback random attractor in H'(R"™) x L?(R™).

Proof. Since ® has a closed measurable D—pullback absorbing set by Lemma 4.2 and is
D—pullback asymptotically compact in H'(R")x L?(R") by Lemma 4.4, then the existence

and uniqueness of D—pullback random attractor of ® follows from [30,31] immediately. O
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