RECURRENCE OF WEIGHTED COMPOSITION OPERATOR

NOUREDDINE KARIM AND MOHAMED AMOUCH

ABSTRACT. A linear bounded operator T on a Hilbert space X is called hypercyclic if there
exists a vector € X whose orbit under T; {T"z; n € N} is dense in X. The operator T is
called recurrent (super-recurrent, respectively) if, for every non-empty open subset U C X,
there is an integer n such that T"U NU # @ (there is an integer n and a scalar A\ such that
AT™U NU # 0, respectively). In this paper, we prove that if ¢ is an invertible increasing
map and C,, 4 a bounded weighted composition operator on £2(Z), then Cu,¢ is hypercyclic
if and only if C,, ¢ is recurrent. Furthermore, under the same conditions, we characterize
the super-recurrent composition operator C, 4 acting on £2(Z) in terms of its weight v and
symbol ¢.

1. INTRODUCTION

A linear bounded operator T' acting on a topological vector space X is called hypercyclic if
there exists a vector € X such that its orbit under 7',

Oz, T) :={T"z; n >0}

is dense in X. Such a vector is called a hypercyclic vector for the operator T'. Note that this
notion makes sense only if the space X is separable. It is well known after Birkhoff’s theorem
(see [4]) that an operator T' on a metrizable and separable Baire space X is hypercyclic if and
only if it is topologically transitive, that is, if for any pair of non-empty open subsets U, V of
X there exists some n € N such that

T™"U NV # 0,

see [10]. The operator T is called supercyclic if for every pair U,V of non-empty open subsets
of X, there would be an integer n and a non-zero scalar A such that

AT™(U) NV £ 0.

The study of the phenomenon of hypercyclicity has its origins in the papers by Birkhoff [5]
and MacLane [12]. It is associated with the invariant subset problem. An operator T lacks
nontrivial invariant closed subsets if and only if all non-zero vectors are hypercyclic for T'. It is
known that such operators exist on Banach spaces [I4] [9]. However, their existence remains an
open problem in Hilbert spaces. This fact has attracted the interest of many mathematicians to
study the hypercyclicity and dynamics of linear operators in the recent two decades. Especially
the hypercyclicity of some classes of operators, such as the weighted shifts and composition
operators. The first example of a hypercyclic operator on a Banach space is due to S.Rolewicz
in 1969. Indeed, for every scalar A with |A| > 1, he showed that AB is hypercyclic, where B
is the unweighted backward shift operator on ¢?(N). For more information about the main
concepts of linear dynamics, see [I, I3} 15} [6] [IT].

Another notion in topological dynamics with topological transitivity is that of recurrence. This
notion was introduced by Poincaré and Birkhoff and studied by Costakis, Manoussos, and
Parissis in [8]. A bounded linear operator T on a topological vector space X is recurrent, if for
any non-empty open subset U of X there exists some n € N such that

T"UNU # 0,
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see [8]. A vector z € X is said to be recurrent if there exists a sequence (ny)ren such that
T x — x, as k — oo.

Recall that an operator T is recurrent if and only if the set of all recurrent vectors of T, noted
by Rec(T'), is dense in X, see [§].

Recently, in [2] it was introduced the notion of super-recurrence indicating that the operator T
is super-recurrent if, for every open subset U of X, there is an integer n and a non-zero scalar
A such that

AT (U)NU # 0.

In [I5] and [16], Salas characterized the hypercyclicity and the supercyclicity of the weighted
shift on the spaces ¢2(Z), respectively. In their paper [7], Costakis and Parissis showed that a
weighted backward shift on ¢2(Z) is recurrent if and only if it is hypercyclic. In [3], the authors
gave a characterization of the hypercyclicity of weighted composition operators on ¢?(Z) in
terms of their weight functions and symbols. In this work, we prove that if ¢ is an invertible
increasing map and C, 4 a bounded weighted composition operator on (*(Z), then Cu,e is
hypercyclic if and only if C,, 4 is recurrent. Furthermore, we characterize the super-recurrence
of Cy,4 acting on ¢*(Z).

This paper is organized as follows. In the second section, we present some preliminary
results which will be used in the sequel. In the third section, we characterize the recurrence
of composition operators Cy 4 acting on (?(Z) whose symbols ¢ are invertible, increasing maps
on Z. As a consequence, we show that C, 4 is recurrent if and only if it is hypercyclic. In
the fourth section, we study the super-recurrence of C, 4 on ¢?(Z) and give a necessary and
sufficient condition in terms of the weight function and symbol of C 4 to be super-recurrent

on (?(Z).

2. PRELIMINARY RESULTS

Let £2(N) and ¢?(Z) be the Hilbert spaces:

P(N) = {z = (2:)ien CC; |Jz]2 = (Z 2|12 < o0},
€N

C(2) = {2 = (2:)iez € G zll2 = Q_ leal’)/* < o0}
i€z
Let (en)nen (resp. (en)nez) be the canonical basis of £2(N) (resp. (3(Z)).
Definition 2.1. The unilateral forward shift operator is the operator defined on ¢?(N) by

Se,, = ent1 for all n € N, and the unilateral backward shift operator is the operator defined on
??(N) by Be,, = e, for n > 1 and Beg = 0.

Now, let w = (wy,)nez be a sequence of positive numbers.

Definition 2.2. The bilateral weighted forward shift operator with weights w = (wp)nez is
defined by S,e, = wpe,t+1 for all n € N, and the bilateral weighted backward shift operator
with weights w = (wy )nez is defined by Bye,, = wye,—1 for n > 1 and B,eq = 0.

In [15], Salas proved the following results about hypercyclicity of the bilateral weighted
forward shift operator and the bilateral weighted forward shift operator:

Theorem 2.3. [I5] Let S, be a bilateral weighted forward shift with positive weight sequence
w = (Wn)nez- Then S, is hypercyclic if and only if given € > 0, and g € N, there exists n € N
such that for all j € [—q,q],

n—1 n
H Wetj < € and ij,s > 1/e.
s=0 s=1
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Corollary 2.4. [15, Theorem 2.1] Let B, be a bilateral weighted backward shift with positive
weight sequence w = (wy)nez. Then B, is hypercyclic if and only if given € > 0 and q € N,
there exists n arbitrarily large such that for all |j| < q

n—1 n
H Wetj > 1/€ and ij_s <e.
s=0 s=1

In [16], Salas proved the following results about supercyclicity of the bilateral weighted
forward shift operator:

Theorem 2.5. [16, Theorem 3.1] Let B, be a bilateral weighted backward shift with positive
weight sequence w = (wy)nez. Then B, is supercyclic if and only if every q € N, we have that
ILiiin<ne; we

=S ], k| < q) = 0.

lim inf max (
Hh+1§k§h+n k

n—oo
Definition 2.6. [17] Let (X, £,m) be a measure space. Then a measurable mapping ¢ from
X into X is said to be nonsingular if

m(¢~*(S)) = 0 whenever m(S) = 0.

Definition 2.7. [I7] Let u be a function on Z and ¢ : Z — Z a nonsingular transformation.
Then a weighted composition operator C,, 4 on ¢*(Z) is defined by:

Cuo : 2(2) — *(7)
f = u.fo¢g
If (en)nez is the canonical basis of ¢*(Z), and f = > .., f(i)e; € (*(Z), then Cyu(f) =
Diez w(1)-f(o(i))ei.

The non-singularity of ¢ is a necessary condition for it to induce a composition operator
on (?(Z). The transformation ¢ is usually called the symbol, and u is called the weight of
the weighted composition operator. The weighted composition operator C, ¢ is bounded if
and only if sup{H(n); n € Z} < oo, where H(n) = 3 .cp, lu(j)?, B(n) = {j € supp(u);
¢(j) = n} and supp(u) = {j € Z; u(j) # 0}. For more informations, the reader is referred to
[I7]. Throughout this paper and without loss of generality, we may and will assume that the

weight function u is nonnegative. Further, we use the notations ¢" = ¢o¢o...o ¢, n times and
p"=¢p lop lo..0op7 ! n times.

Theorem 2.8. [3] Let u be a function such that u(k) # 0 for all k € Z and ¢ be an invertible
increasing map and let Cy, 4 a bounded weighted composition operator on (*(Z). Then C, 4 is
hypercyclic if and only if for each € > 0 and q € N, there exists n € N arbitrarily large such
that for all j € [—q,q]:

n n—1
[Tluwo o~ () <e and [ lues'()l > 1/e.

i=1 i=0
3. MAIN RESULT

Proposition 3.1. Let C, ¢ be a recurrent weighted composition operator on (*(Z). Then for
all k € Z, u(k) # 0.

Proof. Suppose that there exists ko € Z such that u(ko) = 0. Let f be a recurrent vector for
Cly,e, then there is a sequence of integers (ny)ren such that C’Z’; f — f. Furthermore, for every
n € N we have

o, (ko) = (H U(¢i(k0))> 76" (ko))

— (ko u((ko))-.-u(¢"~ (ko) F (6" (ko))
-0,
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then f(ko) = 0. Thus Rec(Cy,4) C {f € (*(Z); f(ko) = 0} which contradicts that Rec(Cy ) is
dense in ((Z). O

Remark 3.2. If ¢ = idy, then C,, 4 cannot be hypercyclic [3]. However, we can notice that C, 4
is recurrent if and only if there is some (n;) C N such that v™ (k) — 1 for every k € Z.

Example 3.3. Let u(k) = a such that |a| = 1, for every k € Z and ¢ = idy. Then the
composition operator Cy, 4 on ¢2(Z) is recurrent but not hypercyclic.

Theorem 3.4. Let u be a function such that uw(k) # 0 for all k € Z and ¢ be an invertible
increasing map such that ¢ # idy and let Cy 4 be a bounded weighted composition operator on
(%(Z). Then Cy. 4 is hypercyclic if and only if Cy, 4 is recurrent.

For the proof of the Theorem [3.4] we need the following lemma:

Lemma 3.5. If C, 4 is a bilateral weighted composition operator, then for every j € Z we have:

Cugti = H o @')-eon(j)-

i=0
Proof of Lemma[3.8. Let k € Z, Cy 4(e;)k = u(k).e;(¢(k)), with
s ) R P
ej(qb(k)) :{ é if J _é(k% :{ (1) if ¢ (.7)._ k; =6¢—1(j)(k),

otherwise. otherwise.
then Cy 4(ej)k = u(k).ep-1(;)(k) = (U.edgfl(j))(k), 50 Cy,g(€j) = u.ey-1(;). Then by induction
we find that C}} ;(e;) = (1= uo }').ep-n(j)- O
Proof of Theorem[3.4f We only have to prove that if C,, 4 is recurrent, then C,, 4 is hypercyclic
since the converse implication is always true. So assume that ¢ is increasing and C, 4 recurrent.

Let g be a positive integer and consider € > 0. Choose § > 0 such that /(1 —9) < e and § < 1.
Consider the open ball B(qu e;,0). Since C,, 4 is recurrent there exists a positive integer n

sufficiently large, such that ¢™(j) > 2q and ¢~ "(j) < —2¢, with

B(Y €, 6)NC(B(Y ] €;,0) #0

l71<q lil<q
Hence there exists f € £2(Z), such that f € B(Y|ji<q€5:0) and C o f € B(3_ <, €5, 0), so we
have
If =" el <3, (3.1)
l7l1<q
and
Craf = > el <d. (3.2)
li1<q

From we have that:
{ [(fre)] >1—=06, if j € [—q,q];
|<f76j>|<57 lfjg[[i%qﬂ
Note that we have
C (<f7 6J>6J) <fa 6J> u¢(6j)

n—1
:<f,ej>.(Hu0¢)e¢ ") bylemma
i=0

n—1 n

= (foeg) ([T uo o7 (G) = (fre)-(JTuo o)),
=0 i=1
[(f5 el H|u0¢_l )= 1Ca 6 ([ es)esll

i=1
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RECURRENCE OF WEIGHTED COMPOSITION OPERATOR 5

Now from , 1Cn 6 ((fres)es)ll < 6, for j € [—q,q]. Thus if j € [—q,q], we have that

€6 ((fres)ei)ll = [(fe5)l H luod™ ()l <e,

i=1
since it is assumed that ¢~"(j) < —2¢ for each j € [—q, ¢]. Hence,
4 1) 5
luo o™ ()| < <i—<e¢
11 el ~1=0
for each j € [—q, ¢]. Moreover, for all j € [—q, q]], always after (3.2))
0> Oy s f — el

n—1

=[([[woo)foo™ —ell

i=0

Huow i) f o ¢" () — 1]

>1-|( Hu0</> IS o ¢ ()]

Since ¢"(j) > 2q for each j € [—q,q], thus giving |f o ¢"(j)| < ¢ and hence

e . 1-6 1-6 1
e dOl> g > =5 > 2

Finally, we get

1
H|uoq§ j)| < e and H|uo¢l \>f
=0
for each j € [—q,q], so from Theorem. 2.8, Cy.¢ is hypercyclic. 0

Example 3.6. Let w = (wy,)nez be sequence of positive numbers, and let B, be the bilateral
weighted backward shift given by B,e, = w,e,_1. Then B, is hypercyclic if and only if B,, is
recurrent. Indeed, let ¢(n) =n + 1 and u(n) = wy41, then

Boen(j) = wnen—1(j) = u(n — 1)ep—1(j)

_{ uln ~Us A=k e, (41) = u()-(en 0 9)()

0, otherwise.
= u,qﬁen(j)a

so B, = C,4 is a weighted composition on ¢?(Z), then B, is hypercyclic if and only if B,, is
recurrent.
4. SUPER-RECURRENCE OF WEIGHTED COMPOSITION OPERATOR ON (%(Z)
Similarly to Proposition [3.1] we have that:

Proposition 4.1. Let C, 4 be a super-recurrent weighted composition operator on (*(Z). Then
for all k € Z, u(k) # 0.

Proof. The idea of the proof is similar to that of Proposition O

Theorem 4.2. Let u be a function such that u(k) # 0 for all k € Z and ¢ be an invertible
increasing map and let Cy ¢ be a bounded weighted composition operator on (?(Z). Then Cuo
is super-recurrent if and only if for each € > 0 and q € N, there exists n € N arbitrarily large
such that for all j,h € [—q,q]:

n—1

(ITtwe o™ @) > (1] luweo'(h)
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Proof. First if Cy 4 is super-recurrent, let 1/2 > ¢ > 0 and ¢ € N. Consider the open ball
B (Z‘ jl<q € d). Since Cy 4 is super-recurrent there exists a positive integer n sufficiently large

and a non-zero scalar \, such that ¢™(j) > 2¢ and ¢~ "(j) < —2¢, with
B(> e;,0)NACE 4(B(Y_ ¢;,0)) # 0.
l71<q l71<q
Then, there exists a vector f such that
If = el <e (4.1)
l71<q

and

INCE s f = > el <e. (4.2)

l71<q

Thus from [L.1] we have |(f,e;)| > 1/2 for j € [—q,q] and
12M ] lwo o™ () < IN T luo ™" G)II(f eq)] <=
i=1 =1

On the other hand, from we have that for h € [—q, ¢], we have |f o ¢™(h)| < € and

n—1
1/2<1—A[Juod'(h).foe™(h)—1
=0
n—1

n—1
<N[Juod'(h).foe™ ) <A ] luod(h)e.
=0 1=0

Consequently, for all j,h € [—q,q],

(TTwo s~ @) x ([ luo ') " <4
=1 =0

If ¢ is a decreasing transformation. Then in this case, we can find an integer n large enough
such that ¢"(j) < —2¢ and ¢~ "(j) > 2q for each j € [—q, ¢] and the proof proceed similarly as
first case.

To see the converse, we will prove the following lemma:

Lemma 4.3. Let C, ¢ be a composition operator on (2(Z). Assume that if e > 0 and vectors g, h
are in span{e;; |j| < ¢}, then there exist an integer n and a vector u in span{e;; |¢"(j)| < ¢}
such that

(1) full x 1€ 4 (W] <&,

(2) IC7 4(u) —gll <e.
Then T 1s supercyclic.

Proof. First note that we can find a sequence of non-zero scalars A, such that [[A\,C7} s(h)|| < &
and ||, 'ul| < e. Indeed, assume that o = ||u| and 8, = [|C} ,(f)| are not both 0. If a3, # 0,
put A, = B}l/chl/z. Otherwise, take A\, = 2", if « = 0 and \,, = 27%a~ 1 if 3, = 0.

Now let D := {gr = >_; <1 {9k, €;)ej; k € N} which is dense in ¢*(Z). We will construct f to
be equal to Y52, A ! fi, such that

lim [[AeT"* (fi) — g |l
k—o0

where ny is a rapidly increasing sequence to be specified.
Let ny =0 and f; = /\1_191. Assume that for 1 < j <k, the number n; and the vector f; in
span{e;; |¢™ (i)| < j} have been chosen. Let M = ||C\, ||, we distingue to cases
(1) if M > 1, put e = M~ 27k~ 1
(2) if M <1, we take N € R* such that M + N > 1 and we put & = (M + N)~".27F-1,
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We now choose n and u by applying the hypothesis to e, and the vectors ¢ = gx4+1, h =
)\1_1f1 + ...+ )\Izlfk.

Let the n and u so obtained be denoted by ny41 and fiy1 respectively. We also ask that
ng + Z 1 i < ng4+1 to insure that the supports of the f;’s are pairwise disjoint. Then

N frall <,

[Cots ™ (frr1) = gl <&,

and
A1 Co ( ZA Ll <e.

It follows that

IAeC, ZA £i) =gkl < IC, ZA I IHIMCE (N i) gk||+2||AkT"k<A il

k+1
< 2—k+2
O
Now we show the remaining implication in Theorem first we have that if f = 3, - (f, e;)e;,
then
[ fII < max H\u0¢ D 1l < a) 711 (4.3)
i=1

But such a vector f is also in the domain of the operator C, 7, and it satisfies

n—1

G, 51l < max (] lwo o' ()75 1] < a)IIf- (4.4)

i=0
Let € > 0 and ¢ € N. Assume that there is n satisfies

n n—1
—iy . i 1
([Tlwoo™* @) > (T] lwo o (m))
i=1 i=0
for all |j| < q. If vectors f, g are in span{e;; || < ¢}, the inequalities 4.3 and [4.4] imply that
1CL.s9lICE ghll < e-llgll-[IR]]-

By setting C,, % 49 = u, we see that the conditions in the hypothesis of Lemma are satisfied.
Thus Cy, 4 is supercyehc and hence super-recurrent; this completes the proof of Theorem. O

Remark 4.4. In the proof of Theorem we have proved that the operator C, o is super-
recurrent if and only if it is supercyclic.

Example 4.5. Let w = (wy)nez be sequence of positive numbers, and let B, be the bilateral
weighted backward shift given by Be,, = wy,e,_1. Then the following assertions are equivalent:
(1) B, is super-recurrent;
(2) B, is supercyclic;

H'+1— <k<; Wk .
===l |j]|h| < q) =0

lim inf max (

n—oo Hh+1§k§h+n k

for all ¢ € N.
Indeed, if ¢(n) = n+1 and u(n) = wy41, then B, = Cy, 4 is a weighted composition on ¢*(Z),
then we can use Theorem [£.21

As we can see, the Theorem and Theorem [16, Theorem 3.1] are compatible.
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