HERMITE-HADAMARD TYPE INTEGRAL INEQUALITIES FOR
SEMI HARMONICALLY P-FUNCTIONS
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ABSTRACT. In this paper, the authors introduce the concept of semi harmoni-
cally P-functions and establish some Hermite-Hadamard type integral inequal-
ities for these classes of functions. Also, the authors compare the results ob-
tained Holder and Holder-Iscan inequalities and show that the result obtained
with Holder-Iscan inequalities give better approach than the others. Some
applications to special means of real numbers are also given.

1. PRELIMINARIES

Let f: I C R — R be a convex function defined on the interval I of real numbers
and a,b € I with a < b. The inequality

(1.1) f<a;b>§bia/abf(:z:)dx§f(a);f(b)

holds. This double inequality is known in the literature as Hermite-Hadamard
integral inequality for convex functions. Note that some of the classical inequalities
for means can be derived from (1.1) for appropriate particular selections of the
mapping f. Both inequalities hold in the reversed direction if f is concave. For

some results which generalize, improve and extend the inequalities (1.1) we refer
the reader to the recent papers (see [2, 3, 5, 10, 12, 13, 14, 18] ).

Definition 1 ([6]). Let I C R\ {0} be a real interval. A function f: I — R is said
to be harmonically convez, if

(1.2) f (M) <tf(y)+ (1 -t)f(z)

forallxz,y € I and t € [0,1]. If the inequality in (2.1) is reversed, then f is said to
be harmonically concave.

Theorem 1 ([6]). Let f: I C R\ {0} — R be a harmonically convex function and
a,b € I with a <b. If f € Lla,b] then the following inequalities hold

f< 2ab > - bciba /ab fij)dﬁcé fla)+f(b)

a+b) — 2
The above inequalities are sharp.

In [8], Iscan gave the Holder-Iscan integral inequality, which gives a better ap-
proximation than the Holder integral inequality as follows:
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Theorem 2 (Holder-Iscan integral inequality [8]). Let p > 1 and % + % =1. If
f and g are real functions defined on interval [a,b] and if |f|", |g|? are integrable
functions on [a,b] then

b
/ F(@)g(2)] de

. ) :
o < / (b—x)lf(w)pdx> < / <b—x)|g<z>|qu>

) - :

(1.3) +< / (xa)lf(r)”dx> < / (z - a) |g<z>|qu>

2. MAIN RESULTS FOR SEMI HARMONICALLY P-FUNCTIONS

=

In recent years, many function classes such as P-function, harmonic convex func-
tions, harmonic P-function, harmonically quasi-convex function, harmonically s-
convex function in the first sense, harmonically s-convex function in the second
sense and HH-convex function, etc. have been studied by many researchers, and
integral inequalities belonging to these function classes have been studied in the
literature (see [1, 2, 4, 7, 9, 11, 15, 16, 17, 19]).

The main purpose of this study is to introduce the concept of semi harmonically
P-functions and establish some results connected with the right-hand side of new
inequalities similar to the inequality (1.1) for these classes of functions. The rela-
tions of this new definition we have given with other convexity types are examined
below. Examples suitable for the new definition are given. Some applications to
special means of positive real numbers are also given.

Definition 2. Let I C R\ {0} be a real interval. A function f: I — R is said to
be semi harmonically P-function(or semi harmonically P-convex function), if

2.1 i) < o+ (- 0al @) + )

forallz,y € I and t € [0,1].

We note that if the function f : I C R\ {0} — R is semi harmonically P-function
then

10 = (Grii—gs) < o+ 1= 0)f @)+ (@) = 20 (0

forallz € I,ie. (2¢—1)f(x) >0 for all z € I. In this case, we can say that either
"z > 1 and f(x) >0 or "z < & and f(z) < 0.

Example 1. The function f : [1,00) — R, f(x) = z is a semi harmonically
P-function.

Example 2. The function f : (—00,0) — R, f(z) = x is a semi harmonically
P-function.

Example 3. The function [ : [1,00) = R, f(z) = a",r € R, is a semi harmonically
P-function.
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Example 4. The function f : [1,00) — R, f(z) = Inz is a semi harmonically
P-function.

Example 5. For every ¢ € R(c > 0), the function f : [%, ) CR—=R, f(z)=c
is a semi harmonically P-function.

Remark 1. If f : [1,00) — [0,00) is a harmonically convex function, then the
function f is also semi harmonically P-function. Since, t <tb+ (1 —t)a, 1 —t <
tb+ (1 —t)a for every a,b € [1,00) and t € [0,1], we can write

F(gmgs) <@+ 0= 070) < 0+ (1= 0 [f@) + £0)].

Remark 2. If f:[1,00) — [0,00) is a harmonically P-function, then f is also a
semi harmonically P-function. Since, 1 < tb+ (1 —t)a for every a,b € [1,00) and

t €10,1], we can write
HGaiimme) = f@+70)< @+ (1= 00 1)+ @+ (1~ )a) £0)
(tb+ (1 —t)a) [f(a) + f(0)].

Remark 3. If f : [1,00) — [0, 0) is a harmonically quasi convex function, then the
function f is also a semi harmonically P-function. Since, f(a) < (tb+ (1 —t)a) f(a), f(b) <

(tb+ (1 —t)a) f(b) for a,b € [1,00) and t € [0,1], we can write
b
Hgriime) = mox U@, f6) < max {0+ (1= ) f(a). 0+ (1) 1)
(tb+ (1 —t)a) [f(a) + f(b)] .
Remark 4. Let f : [1,00) — [0,00) be a nonnegative and s € (0,1]. If f is a
harmonically s-convex function in the first sense, then the function f is also a semi

harmonically P-function. Since, t* <1 <tb+(1—t)a and 1—t* <1 <tb+(1—t)a
for every a,b € [1,00) and t € [0,1], we can write

IN

IN

IN

IN

ab
- < 45 48 < _ _
Hrtimg) = ©H@+ =20 < @+ (1= 00 J0) + @+ (100 fa)
= b+ (1 —=t)a)[f(a) + f(b)].
Remark 5. Let f:[1,00) — [0,00) be a nonnegative and s € (0,1]. If f is a har-
monically s-convex function in the second sense, then f is also a semi harmonically

P-function. Since, t* <1 <tb+ (1 —t)a and (1 —t)° <1 <tb+ (1 —t)a for every
a,b € [1,00) and t € [0,1], we can write

M) = CH@+ 0= 0200) < @+ (1= o) fl@) + 1+ (L)) £0)

= (tb+ (1 —t)a)[f(a) + (V)]

Remark 6. If f : [1,00) — (0,00) is a HH convex function, then the function f is
also a semi harmonically P-function. Since, t <tb+ (1 —t)a, 1 —t <tb+ (1 —t)a
for a,b € [1,00) and t € [0,1], we can write

ab f(a)f(b)
! (tb+(1t)a> S OFIEDI0

< tf(a)+(1=1)f(b) < (tb+ (1 —t)a) [f(a) + f(b)].
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Theorem 3. Let f,g : I C [%,oo) — R. If the functions f and g are semi
harmonically P-functions, then f 4+ g is a semi harmonically P-function, for ¢ €
R (¢ >0) cf is a semi harmonically P-function.

Proof. Let f,g be semi harmonically P-functions, then
ab
(+9) (m( )

= 7 (i) * (ati-a)

< (@+(1-1) a)[ (@) + f()] + (tb + (1 = t)a) [9(a) + g(b)]
= (tb+ (1 -1t)a)[f(a) +g(a)] + (b + (1 - t)a) [f(b) + 9(b)]
= (to+ (L=t)a) (f+9)(a) + (t0+ (L =t)a) (f +9) (),

for every a,b € I and ¢ € [0,1].
Let f be semi harmonically P-function and ¢ € R (¢ > 0), then

ab
- < _
D (Grimps) = c@+0-00lf@+ 0]

= (tb+ (1 —t)a)[cf(a) + cf(b)]

= b+ (1 —-t)a)[(cf)(a) + (cf) (b)],
for every a,b € I and t € [0,1]. This completes the proof of theorem. ([
Theorem 4. Let f, : I C [%, oo) — R be an arbitrary family of semi harmonically
P-functions and let f(z) = sup, fo(z). If J = {uel: f(u) < oo} is nonempty,
then J is an interval and the function f is a semi harmonically P-function on
interval J.

Proof. Let t € [0,1] and a,b € J be arbitrary. Then

ab ab
f(tb—f—(l—t)a) Slipf“ <tb+(1—t)a)
Sup [(tb + (1 = t)a) fala) + (tb+ (1 —t)a) fu(D)]
< (tb+(1—1t)a) sup fa(a) + (b + (1 —t)a) sup fa (D)
= (tb+ (1 —1t)a) f(a)+ (tb+ (1 —t)a) f(b)
= (tb+ (1 —1t)a)[f(a)+ f(b)] < 0.

This shows simultaneously that J is an interval, since it contains every point be-
tween any two of its points, and that f is a semi harmonically P-function on J.
This completes the proof of theorem. O

IN

The following result of the Hermite-Hadamard type integral inequality holds for
the semi harmonically P-functions.

Theorem 5. Let f : I C [%,oo) — R be a semi harmonically P-function and

a,b € I with a < b. If the function f € Lla, b] then the following inequalities hold

ey o (2) <5 [ < w4 g0,
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Proof. Since f: I — R is a semi harmonically P-function, we get, for all x,y € I
(with ¢ = 1 in the inequality (2.1) )

(L) < 5 1+ sl

Choosing = =

ab _ ab
tar(1—05° Y= mra—na- Ve get

(@) = 5 1 (rae) ¢ ()|

Further, integrating for ¢ € [0, 1], we have

e 1 (25) <5 [ (oetiaa) o [ aritan) )

where

[ (=) dt=/;f(m+sfm> it [ 18y,

So, we obtain
1 f 2ab / f(z
a+b" \a+bd/ ~ b—a

The proof of the second inequality follows by using (2.1) with z =a and y = b
and integrating with respect to ¢ over [0, 1].

1 ab !
/ f(tbm_t)) at < [ (1= 0a) (@) + o)

ab_ " f(x), a+b
g < )+ 5

This completes the proof of the theorem. O

IN

3. SOME NEW INTEGRAL INEQUALITIES FOR THE SEMI HARMONICALLY
P-FUNCTIONS

For finding some new inequalities of Hermite-Hadamard type for functions whose
derivatives are semi harmonically P-functions, we need the following lemma.

Lemma 1 ([6]). Let f : I C R\{0} — R be a differentiable function on I° and
a,b € I with a <b. If f' € Lla,b] then
(3.1)

f(a) b - / flx) , _ ab (b2— a) /01 0 +1(1—31;)&)2]0, (tb . (c;b_ tm) i

Theorem 6. Let f: 1 C [%,oo) — R be a differentiable function on I°, a,b € I°
with a < b and assume that f' € L|a,b]. If the function |f’| is a semi harmonically

P-function on interval [a,b], then the following inequality holds
(3.2)

|f(a)2 _b_a/f el <

where A(a,b) = 2£2 is arithmetic mean.

< 5 A A(S @] [ O)) L - A(na, nd)],
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Proof. Using Lemma 1 and the inequality

, ab , ,
M )| < @+ 0= 00 lr@l+ 1o,

we get
fla) + flz
‘ b —a /
ab(b—a) [ 1-2¢ ,<ab>‘
= 2 /o (tb+ (1 —t)a)? f th+ (1 —t)a dat
b(b— 1 _
-5 (@ +1<1 Qtl)a)Q (th -+ (1 =)o) I ()| + |1 (®)]] dt
_ ablb—a) ., , -2
- 220r@irol | g
b
= bci ~A(a,)A(If'(@)],|If' ) [ - A (na, nb)]
where
! |1 — 2t _ A(a,b)
/0 W+ (1= t)a)dt = b— a7 [l — A(lna,lnd))
and A is the arithmetic mean. This completes the proof of theorem. O

Theorem 7. Let f: 1 C [%,oo) — R be a differentiable function on I°, a,b € I

with a < b, and f’ € Lla,b]. If | f'|? is a semi harmonically P-function on interval
[a,b] for ¢ > 1, then
20 'abAq (a,b)

fla) + [z
(3:3) | b—a/ (b—a)%_1

2\ \ "4
x ([1 — A(lna,Inb)])« <alb_ (b—2a)2 m((a;:) )) '

Proof. From Lemma 1 and using the power-mean inequality, we get

fla)+f(b)  ab [*f(x)
‘ 2 7b—a/a x? de

A (If (@), £ (1))

ab(b—a) (! 1-2t , ab
= 2 /0 (tb+ (1 —t)a)? / (tb+(1—t>a>‘dt

ab(b—a) [ [ 1—2t s 1—2t , ab @\
= 2 (/0 (tb+ (1 — t)a)® dt) (/o (tb+ (1 — t)a)’ f <tb+(1t)a> dt) '
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Since | f’|? is semi harmonically P-function on interval [a, b], we have

‘f(a);rf(b) B bciba /01 f(»;c)dx

ab(b—a) [ 1 |1—2 11— 2t| (tb+ (1 — t)a) [|F' (@) + | ®)|"] \*
2 (/o (tb+ (1 —t)a) ) (/ (tb+ (1~ t)a)* dt)
b —a) o ([ 2 N T e N
—5— [ @I"+1f ®)] </O (tb+(1—t)a)2dt> (/O (tb+(1—tw)dt>

bb—a) 0 gt 1 2 @+ \\' 7 [ Aa.b) z
T[‘f (@) + |1 (0)]] <ab_ ln( ™ >> ((b—a)2 [1—A(lna,lnb)}>

2 (a+d)? "
. 4ab ’

IN

_ a)_bA>() S (1 @[ 1 ®)) (1L - A(lna,Inb)])

Q=
VR
&=
|
—
(=
|

IS
S—
[\v}

It is easily check that

N | A
/ -, Al b)2 [1- A(na,Inb)],
o (tb+(1—1t)a) (b—a)
1 - 2
/ 11— 2t| it — 12 i (a0
o (tb+ (1 —1t)a) ab  (b—a) 4ab
This completes the proof of the Theorem. O

Corollary 1. Under the assumption of Theorem 7 with ¢ = 1, we get the conclusion
of Theorem 6.

‘f(a) bia/ I,

Theorem 8. Let f: 1 C [%,oo) — R be a differentiable function on I°, a,b € I
with a < b, and f' € Lla,b]. If |f'|? is semi harmonically P-function on interval

[a,b] for g > 1, %—l—%:l, then

<+ A@H)A(F (@), 1f ) [1 - A(na, b)),

(3.4)

1
fla f 1 1 P 1-2g
| L b_a az| < ( D117 @)1 + 17 @) 1) Litu(@b),
where Ly, (a,b) := (%) r , p€R\{-1,0}, is p-Logarithmic mean.

1 Oct 2023 10:26:02 PDT
230226-Kadakal Version 2 - Submitted to Rocky Mountain J. Math.



8 MAHIR KADAKAL, IMDAT ISCAN, AND HURIYE KADAKAL

Proof. From Lemma 1, Holder’s integral inequality and the semi harmonically P-
convexity of the function |f’|? on interval [a, b],we obtain,

‘f@);f@)a?albﬁ?dx
e (o) ([ e (=)

(
bio—a) (1 \F( [0 0a] [ @ + 15 0] ;
2 <p+1> </0 (th+ (1 = t)a)™ dt)

IN

¢ \1
dt

IN

R M )’lj %
- 5— U @F + 17" p+1 (th+ (1 t)a)Qq_ldt>
ab (b K %

_ _a) q q
= O [y (p

1

_|_
ab(b—a) q L 1
= =@l @ (p+1)

where an easy calculation gives
1
) 1
/ 1—2t)Pdt = —,
0 p+1

/1 1 d 229 _ 224 Ll,Zq )
t - —_— Y — q a7 .
o (th+(1—t)a)*" " SA—gb—a b

This completes the proof of the Theorem. O

1-2¢

()
L

q
1—

Now, we will prove the Theorem 7 by using Holder-Iscan integral inequality.
Then we will show that the result we have obtained in this theorem gives a better
approach than that obtained in the Theorem 7.

Theorem 9. Let f : I C [%,oo) — R be a differentiable function on I°, a,b € 1
with a < b, and f' € Lla,b]. If | f'|? is semi harmonically P-function on interval
[a,b] for g > 1, % + % = 1, then the following inequality holds:

(3.5)

|ﬂ@2 *b_m/f

1-2q 2-2q q
q 1-2q p1—-2q) __ q 2—2q 12—2¢q
bL, %, (a N ) Ly, (a ,b )
X 1

2-2q 1-2q q
+ <L2_q2q (a2—2q’ b2_2q) - aL1_qu (al_Qqa b1_2q))

@@{U%)quWW]é((l )i

2 b—a 2(p+1)

Proof. Using Lemma 1, Holder-Iscan integral inequality and the following inequality

7 (v ii=oa)

q

< (tb+ (1= t)a) [|f' (@) + 1 0))]

1 Oct 2023 10:26:02 PDT
230226-Kadakal Version 2 - Submitted to Rocky Mountain J. Math.



SEMI HARMONICALLY P-FUNCTIONS 9

which is the semi harmonically P-function of the function |f’|?, we have

‘f(a);f(b) A /ab ) o
w (/01 = 2tpd’f>p </01 (th+ (11— t)a)™

ab(b—a) ! » ! , ab
L (/0”1_2“ dt /0 (th+ (1 )a)Q‘ff<tb+(1—t)a>

IN

/ (tb+(cib t)a>

IN

IN

th>1
s ! i)

q

b(b—
4abb-a) (/ t|1—2t|pdt
2 0

“5(52— : Pf( )|q+|f ] p+1 ) <bL1 Z (a,) - QH;; (a,b));

2(
(=0 (1 )\chllf qq(”“) (127 @0 o 0

' p _ ! p _ 1
/0(1—t)|1—2t\ it = /Ot|1—2t| o= sy
! (1—t)dt ~2a%6*7 (b — a) g + a*1b® + a*b*? (2a — 3b)
/o (th+(1-ta)™ " 2a296*4(b — a)*(¢ — 1)(3¢ — 1) ’
/1 tdt _ 26%a%7 (b — a) g — a®b% — 24?7 (2b — 3a)
o (tb+(1—ta) ™t 2029624 (b — a)2(q — 1)(3¢ — 1)

where

This completes the proof of theorem. O

Remark 7. The inequality (3.5) gives better results than the inequality (3.4). Let
us show that

o afrarapor] (o1

1

(bLllqz;q (a1_2q,b1_2q) _ L;:TZL; (a?—?q7 b2_2q)> q
2—2q 1-2g q
(LT (r20,0270) —ar, T, (0200 72))

ab(b— a) 1 \P =2 o
T | () i 2

Q=

<

[ (@)l + 1 ()]
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)

Q=

th>
( th>q
%“1) (/0 (1—1t)|1 -2t t) ( a)|* +|f'(b)] }/O (tb+((11__tt))a)zq1dt

q ' t
o +1r ol [ (tb+(1_t)a)2q_1dt>

)

Q=

Q=
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Using concavity of the function h : [0,00) — R, h(z) = 2*,0 < X < 1 by simple
calculation we obtain

ab(b—a) [If' @I +1f/®)" 7 1 \*
2 b—a 2(p+1)
1-2q 2-2q a
(bL1q2q <a172q’b172q) _ L2j2q (a272q7 b22q)>
% 2-2¢ 1-24 7
- <L2q2q (a*724,0°720) —aL, %, (a1_2qvb1_2q))

TR P

1

IN

Q=

1—2q 2-2q
1 q 1-2q p1—2q\ _ q 2—2q 1,2—2¢q
3 bL172q (a ,b ) L272q (a ,b )

X 1 2-2g 1-2qg
1 q 2—2q 1,2—2q\ __ a 1-2q 31—2¢q
+3 ( Loty (a ,b ) al,’y, (a ,b )

ab(b—a 1 1 712
= LD @17 OF) () L @0

which is the required.

Theorem 10. Let f: I C [%,oo) — R be a differentiable function on I°, a,b € I°
with a < b, ¢ > 1 and assume that f' € Lla,b]. If |f'|* is a semi harmonically
P-function on the interval [a,b], then the following inequality holds

(3.6) ’fm> b_a/‘f BO=0)
[ 2
y (zbbb_+a2a B (a(z f)(llr)lgab)>é
+(2 (b+ 3a) In( bbci)a) (b + 3a) In(ab) (bb(g)_za)faby_é
y <a(a(2— ) ;1)13(@;)) - 2?52_1, a+)?>;] |

Proof. Assume first that ¢ > 1. Using the Lemma 1, improved power-mean in-
equality and the property of the semi harmonically P-function of the function |f’|?,
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we obtain
fla)+f(b)  ab (" f@)
2 b—a 2
ab(b—a) (! 1-2¢t , ab
= 2 /0 (tb+ (1 —t)a )2f (tb+( - )a)dt
ab(b—a) [ {1 (1—1)|1 - 2t| 2t\ _pange z
= 2 </o (th+(1—t)a ) (/ tb+ z |f (ta+ (1= 1)) dt)
ab(b—a) [ [*  t]1—2t ' Ctli-2t . z
A (A (th+ (1 - t)a ) ( (th + (1 — t)a)? z |/ (ta+ (1= )b)] dt)
ab(b=a) (s (L A=0it =2 N T a2
< B) [‘f (@)|" +1f (b)” (/0 (tb+(1—t)a)2dt> (/0 (tb+ (1—t)a )dt>
Wbb—a) 0 0wt ([N 12 R gy i
T I @+ 17 O] </0 (tb+(1t)a)2dt> (/0 (tb+(1—t)a)dt>
= PO )
2(3b+a) In(b—a) + (3b+a)n(ab)  b*—3a>\'"7 [ bla+b)In(ab)  2b(b+2a)\7
K (b—ay +a(b—a)ﬁ) ( b—ap (b—a>3>
2(b+3a)In(b—a) — (b+ 3a)In(ab) (b —a)? — 2ab =5 a(a+b)In(ab)  2a(2b+ a) v
*( (b—ay® 0o ) ( (b—ay® <ba>3)]’
where
/1 (1—1)11 -2t dt:_2(Sb—|—a)ln(b—a)—|—(3b+a)1n(ab) N b — 3a?
o (th+ (1—t)a)? (b—a) a(b—a)3’
/1 t|1 — 2t P 2(b+3a)ln(b—a)—(b+3a)ln(ab)+(b—a)2—2ab
o (tb+ (1 —t)a)? (b—a) b(b—a)®
/1 (1—t)|1—2t|dt __bla+b)In(ab)  2b(b+ 2a)
o b+ (1—ta) (b—a)? (b—a)p’
/1 t|1— 2t i = a(a+b)In(ab)  2a(2b+ a)
o (tb+(1—t)a) (b—a)? (b—a)®

For ¢ = 1 we use the estimates from the proof of Theorem 6, which also follow
step by step the above estimates. This completes the proof of theorem. ([l

Corollary 2. Under the assumption of Theorem 7 with ¢ = 1, we get the following
inequality:

| fa) + / f(z 2(a+b) — (a+ b) In(ab)
b —a

b—a

z| < - [If (@)l + £ (D)]]

ab
2
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4. SOME APPLICATIONS FOR SPECIAL MEANS

Let us recall the following special means of two nonnegative number a,b with
b>a:

(1) The arithmetic mean

A=A(a,b) = “;rb.
(2) The geometric mean
G =G (a,b) :== Vab.
(3) The harmonic mean
2ab
H=H(a,b):= .
(a,5) a+b
(4) The Logarithmic mean
b—a
L=1L(ab):= b—Tna’

(5) The p-Logarithmic mean

1
pptl _ gptl )p

= tp 00 = (G =

(6) The Identric mean

sz(a,b)zl(bb>bla.

e \ a®

, peR\{-1,0}.

These means are often used in numerical approximation and in other areas.
However, the following simple relationships are known in the literature:

H<GLLLI<LA

It is also known that L, is monotonically increasing over p € R, denoting Ly = I

and L_y = L.
Proposition 1. Let 1 < a < b and r € R\ {1,2} Then we have the following
inequality

a7 < G?LI~35 <2A.A(a",b")
Proof. The assertion follows from the inequality (2.2) in Theorem 5, for f : [1, 00) —
R, f(z) =2a". O

Proposition 2. Let 1 < a <b. Then we have the following inequality

H < GPLIT5 <242

G2
Proof. The assertion follows from the inequality (2.2) in Theorem 5, for f : [1, 00) —
R, f(z) = =. O
Proposition 3. Let 1 <a <b andp € (—1,00)\ {0} . Then we have the following
inequality

H2 2 2 32
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Proof. The assertion follows from the inequality (2.2) in Theorem 5, for f : [1,00) —
R, f(z) = 2. O
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