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ABSTRACT. Closed quantum surfaces of any genus are defined as subalgebras of the Toeplitz algebra
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by mimicking the classical construction of identifying arcs on the boundary of the (quantum) unit disk.
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Isomorphism classes obtained from different arrangements of arcs are classified. It is shown that the

—_
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K-groups are isomorphic to the classical counterparts and explicit generators of the C*-algebras and of
the K-groups are given.
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1. Introduction

-
>|a|

—_Quantization of a compact topological space or manifold means, roughly speaking, the replacement

7 of the C*-algebra of continuous functions by a noncommutative C*-algebra. However, there is no

'® universal procedure that tells us how to pass from a commutative C*-algebra to a noncommutative

!9 one while maintaining certain topological features of the space. This reflects a recurrent problem in
20 quantum physics, where no functorial method for the quantization of classical observables or fields
21 is known [7]. On the other hand, the relevance of noncommutative geometry [4] in mathematics and
%2 theoretical physics can only be evidenced by providing a proper amount of useful examples. The aim of
%5 this paper is to present a whole family of noncommutative topological spaces, namely quantizations of
24 all closed two-dimensional surfaces. This can been seen as a first step of the wider project of quantizing
% _(finite) CW-complexes [5].

%5 Qur staring point will be the Toeplitz quantization of the unit disk [9]. It replaces the continuous
2" functions on the closed disk by their corresponding Toeplitz operators, see Section 2 for more details.
8 The C*-algebra .7 generated by all these Toeplitz operators yields a non-trivial C*-algebra extension
29 of €(S') by the compact operators % on a separable Hilbert space. Then the so-called symbol map

0 6:7 = T)# =% (S") may be viewed as the restriction of continuous functions on the quantum

31 disk to the boundary circle S'. Based on the premise that the quantum disk admits a classical boundary

%2 circle, we will define in Section 3 closed quantum surfaces by considering C*-subalgebras of .7 that
% correspond to glueing pairs of arcs on the boundary circle in such a way that the commutative analog

% yields a C*-algebra isomorphic to the continuous functions on a specific closed surface.

% (Classically, a closed surface can be obtained from different arrangements of arcs. The standard

% method for providing an homeomorphism is based on a “cut and glue” technique, which is not available

%" in the quantum case. In fact, we will show in Section 4 that isomorphism classes of closed quantum

% surfaces are labeled by the number of projective spaces and tori that are used when the arrangements

%9 of arcs are directly interpreted as a connected sum of these building blocks. In this sense, the Toeplitz
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1 quantization decreases degeneracy. Furthermore, for each isomorphism class, we will give a essentially
> normal generator of the corresponding C*-algebra in terms of unilateral and bilateral shift operators.
3 Since the definition of closed quantum surfaces will be given just by analogy to the classical case,
4 there arises the question of whether the quantization changes topological invariants. The topological
‘5 invariants that we consider in this paper are the K-groups of the C*-algebras. In Section 5, we will
s prove that the K-groups of the closed quantum surfaces are isomorphic to the classical counterparts.
7 Finally, for eventual future use, explicit descriptions of the generators of the K-groups are given.

)
9

2. Quantum disk view on the Toeplitz algebra

P LetD:={zeC:|z/<1}andD:={z € C: |z| < 1} denote the open and closed unit disk, respectively.
" We write L,(D) for the Hilbert space of square-integrable functions with respect to the Lebesgue
"2 measure and A, (D) for the subspace of square-integrable holomorphic functions on D. Since A>(ID) C
o, (D) is closed, there exists an orthogonal projection, say P, from L, (D) onto A, (D). Now the Toeplitz
% operator Ty € %(A,(ID)) with continuous symbol f € ¢'(D) is given by

16 Tr(y) :==P(fy), yeAD)CL(D),

7 and the Toeplitz algebra .7 may be defined as the C*-subalgebra generated by all Ty in the C*-algebra
'8 of bounded operators % := %B(A,(D)).

" Tt can be shown (see e. g. [11]) that the operador ideal of compact operators J# := % (A2(D)) =
20 (£2(Np)) belongs to .7 and that the quotient .7 /%" is isomorphic to €' (S'), where we view S! = 9D

21 as the boundary of ID. This gives rise to the C*-algebra extension
22

23 (1) 0 A G (S p—

24 _
o5 With the so-called symbol map o : 7 — %'(S!) given by 6(Ty) = flg forall f € € (D).
s The application ¢'(D) > f — Ty € (A>(D)) will be viewed as a quantization of the commutative
5, unital C*-algebra ¢'(D). In agreement with [9], we refer to the Toeplitz algebra .7 =: €' (D,) as
o5 the algebra of continuous functions on the quantum disk. In the commutative case, the C*-algebra

oo €xtension (1) corresponds to the exact sequence

e 0 —= %(D) —— (D) 2= F(s') — 0,

% where p(f) = flg.
33 Let z € €(D), z(x) = x denote the identity function. By the Stone—Weierstrass Theorem, the

34 functions 1, z and z* := 7 generate the C*-algebra ¢ (ID). For this reason, 1, T, and T; generate .7.

% On the orthonormal basis {e, := —”\%1 7" :n € Ny} of A»(ID), the operator T, acts by T.e, = Fﬂenﬂ.

% Next, consider the unilateral shift
37

s (3) Sep :=eu11, neNp.

¥ As lim ¥2£L — 1 =0, it follows that T, — S € 2. Knowing that the C*-algebra generated by 1, S and
40 n—yoo V142

o S* contains the compact operators, it can be inferred that 1, S and S* also generate .7. Moreover,

42 (4) 6(S)=0(T) =ucE(S"), u(e")=e".
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Comparing the C*-algebra extensions (1) and (2), it seems that the Toeplitz quantization f + Ty
amounts to replacing % (ID) by #". The following chain of K-theoretic identities gives an additional
motivation for this interpretation:

Ki(60(D)) = K;(£°C) 2 K;(C) 2 K;(# @C) 2 K;(#), i=0,]1.

1
2
3
4
5
6

Here, X2/ denotes the suspension of a C*-algebra .o7. The first isomorphism comes from an isomor-
7 phism of C*-algebras, the second one from Bott periodicity, the third one holds by stabilization, and

‘s the last one is trivial. Using Ko(C) = Z[1], K1(C) = 0, Ko(%(S')) = Z[1] and K, (€' (S")) = Z[u], with

‘9 u being the unitary defined in (3), the K-groups of .7 can easily be computed from the 6-term exact

10 sequence of K-theory:

11

2 () 2185 = Ko(H) —= Ko(T) —= Ko(#(8")) = 2[1]
% indT lexp
15 Zu] 2 K|(E(SY)) —2— Ki1(T) ~——— Ki(H) 0.

g The index map ind : K1(%'(S')) — Z = Ko(#") relates closely to the winding number wind(®) € Z
s of continuous functions & : S! — S! and to the Fredholm index Ind(F) € Z of invertible elements
1o [F] € €in the Calkin algebra ¢ := %/ .¢". Applying the fact that Ko(#) = K1 (%) = 0, the index map
oo ind : K1(€) — Z = Ko (%) in the 6-term exact sequence corresponding to the C*-algebra extension
> 0= — % — € — 0yields an isomorphism. Moreover, the unitary element u = o(S) € ¢ admits
5, obviously a lift by the isometry S from (3). By [12, Ex. 8.C], ind[u] = —[1 —SS*], where [1—557]
represents a generator of Ko(.#). Since ind is a group homomorphism, we may write, for all k € Z,

23
—Ind($**), k<O,

24
= R k1 — _; k) —
25 (6) k = wind[u"] = —ind[u"] { ~Ind($%), k>0,

26
>, and since the K-theory of C*-algebras is homotopy invariant, we get

28 (7) ind[®] = Ind(Fp) = —wind|®]
29
50 for any invertible function ® € €' (S') = .7 /¢ C &, where Fg denotes a lift of ®.

31 There is also an analogy to the famous Bott projection of %y(ID), which illustrates nicely the
5> interpretation of .7 as a quantization of %' (ID). Given an unitary function v € €' (S'), let { :=rv €
53 (D) be an extension to an continuous function on the closed disk, where r denotes the radius function
34 of the points in D. Then, by [12, Ex. 8.D],

35

zs ind[v] = \/%C Cligfg —[(é 8)]6%(%(@))

38
5 and

Y o LTy T\ 1= T Ty 10
c® a0 ) ek
2 YUy =TT
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i Note the striking similarity between these projections. For v =u € € (S') and { = ru =z € €(D)
"> (the identity function on ID), the first formula renders the Bott projection of €y(D).

3
4 3. Definition of closed quantum surfaces
% Classical closed surfaces (compact and without boundary) can be described by simply connected
— polygons in the 2-dimensional plane with a prescribed identification of the boundary edges [6]. There
e is no loss in generality if we replace the polygon by the closed unit disk D C C and turn the edges
o into arcs on the boundary circle maintaining their orientations. These arcs may be labeled by pairs
o of letters aj,as, ... and by, b, ... if they have the same orientation, or by pairs of letters aj,a», ... and
— al_l,az_ ! ... if they are given the opposite orientation. Assume that these arcs are parametrized by
11 . . - . o ;
— continuous curves on the interval [0,1], e.g. [0,1] 3 ¢+ a;(t) € JD, always in the direction of their
12 . . . e . .
-, orientation. Then glueing pairs of the arcs means identifying the points a;(¢) and b;(¢) if two numbered
., sets of letters correspond to each other, or the points a(¢) and a;l (¢) if the arc a; occurs exactly once

;5 With its negative orientation a/fl and has thus no companion b;.

16 Inthis paper, only the following arrangements will be considered. Given g € N, we use the notation
.7 T8 if the boundary dID = S! is divided into 4g arcs aj, . .. ,azg,al_l7 . ,az_gl such that the topological
;s _quotient D /~ under the equivalence relations

(9 2~z V2ED, aj(t) ~ai'(t), j=1,...,2¢, t€0,1],
20

21 yields a realization of a closed orientable surface of genus g.

22 For k,n € N with k < n, we write P} for a division of the boundary oD = S! into 2n arcs

23 a,... ,ak,bl,...,bk,ak“,...,an,a,;:l, . ,a;l such that the topological quotient ]D/N,

24 -
2?(10) z~z, VzeD, ai(t)Nbi(t>7 aj(t)Na'_l(t)a i<k, j>k 1€ [071]7

J

26 is homeomorphic to a closed non-orientable surface of Euler genus 7, and shrinking the arcs a1, ... ap,
2r a/;:p ...a; ! to a point yields a closed non-orientable surface of Euler genus n — k, whereas shrinking
28 the arcs ay,...,ax, by,...,by to a point yields an orientable surface of genus (n—k)/2. Obviously,

29 n— k has to be an even number. The equivalence relation in (10) corresponds to the connected sum
30

a1 (11) =D/~ 2 Pl #P] # T 4. #T = PRyTR/2)
32 k times (n—k)/2 times

% which is known to be homeomorphic to the closed non-orientable surface P := P? of Euler genus 7.
% The C*-algebras of continuous functions ¢’ (T#) and ¢ (P?) on the surfaces T¢ and P/ are then

% _ isomorphic to the respective subalgebras of all functions f € C(ID) such that f(x) = f(y) whenever
% x ~y, where the equivalence relations are given in (9) and (10), respectively. Comparing the C*-algebra
87 extensions (1) and (2), and viewing the symbol map ¢ : 7 — %(Sl) as the restriction of continuous
% functions on the quantum disk to the boundary, the next definition of closed quantum surfaces becomes

%9_ fairly obvious.
40
—1

41 Definition 1. For g € N, let the boundary dD = S' be divided into 4g arcs aj, ... ,agg,al’l eyl
42 such that the topological quotient T% := ID /~ with the equivalence relation given in (9) yields a

9 Jun 2023 15:19:35 PDT
230609-Wagner Version 1 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

CLOSED QUANTUM SURFACES FROM THE TOEPLITZ EXTENSION 5

1 realization of a closed orientable surface of genus g. Then an orientable closed quantum surface of
> genus g is defined by the C*-algebra

Y (12) € (T):={f €T :0(f)(x) =0c(f)(y), Yx,y € ID such that x ~ y},

E where ¢ : .7 — €(S') denotes the symbol map. Likewise, a quantum 2-sphere is given by

% (13) €)= 1f € 7 o(Pe™) = o(Hle™), 1€ [0.1])

— For neN and k<n, assume that the boundary JdD is divided into 2n arcs ay,...,ax,b1,..., b,
— g1, An, ak TR !such that the topological quotient P! := D / ~ with the equlvalence relation

% (10) is homeomorphlc to a closed non-orientable surface of Euler genus n. Then the C*-algebra

12 (14) C(PL,):={f €T :0(f)x)=0(f)(y), ¥x,y € ID such that x ~ y}
13
14 defines a non-orientable closed quantum surface of Euler genus 7.

o Formally, we have defined a collection of quantum surfaces of the same genus. That is, all different

v arrangements with the same number of oriented arcs that give classically the same surface define
7 different quantum versions. For instance, the two different orders ajaza; 1a2 1 ...azg_lazgazglflaz gl
o and ajas .. .azg_lazgal_laz_ L. .ay, g171az_g1 yield different subalgebras of .7, but an orientable quantum
o surfaces of the same genus. The classical cut-and-glue procedure for the classification of closed
o surfaces does not apply here because the simple C*-algebra 6, (ID,) := % has no closed ideals, so
— it cannot be divided into two pieces with a common boundary. In particular, we don’t have any
s topological technique at our disposal to prove that ¢’ (P} q) and ¢ (]P)Z’,q> are isomorphic for k # k’. In
—~ fact, we shall show in Section 4 that these C*-algebras are isomorphic if and only if k = k’. On the
o= other hand, all C*-algebras associated to the same orientable quantum surface are actually isomorphic.
oo Asillustrative examples and for the convenience of the reader, we will give an explicit description

., of a closed quantum surfaces for each genus. For g € N, define 4g arcs on the circle S! by

Z% ana ' :[0,1] — S', ay(r) =™ %

30 Apparently, this arrangement differs from the usual “normal form” [6]. Nevertheless T4 := D /~ with
81 the equivalence relation given in (9) yields a closed orientable surface of genus g and therefore (12)
82 defines an orientable closed quantum surface of genus g. For an example of a non-orientable closed

33 quantum surface of Euler genus n, we may consider the 2n arcs
34

ck—1+t s 2g+k—t

s a () =", k=1,...,2g.

3 ap, b [0,1] — S', a(t)i=e™ T, b(t)i=em T, k=1,....n.

3% In both cases, the sign before ¢ determines the orientation of the arcs.

— Note that, as ¢ is a *-homomorphism and therefore norm decreasing, our definitions yield indeed C*-
55 Subalgebras of .77. Moreover, %(ID4) C % (T%) and 6o(Dy) C Py ;) since €o(Dy) := A =kero.
40 On the boundary, the functions ¢(¢(T§)) C €(S') and (€ (P} ) C ¢(S') do not separate the
41 identified points along two equivalent arcs. For ¢’ (T%) and %(PZ q), it can be checked that all arcs
42 start and end at the same point. Hence ¢(%'(T%)) and o (%' (P} ,)) separate the points of 2g and n arcs,
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respectively, all starting and ending at the same point. As a consequence,

o

2

3 S(E(T)) = (VY. o(é(Bl,)=c(s))

4 1 k=17 ka =17

5 N

s where k\_/ISI denotes the wedge product of N circles. In the case of %(Sé), the image of the symbol
" map yields only the continuous functions on a half circle SL :={x€S!:Im(x) > 0}. This observation
8 leads to the following C*-algebra extensions:

9
0 1 c 28 4

11 (15) 0 H ¢ (Ty) —— %(kYIS ) — 0,

12
5 (16 0 Le@®,) 2= 4(VS) —=0
15 (16) H (P,) (v, )
" ! o

5 (17) 0 H ¢(S;) — ¢(S}) — 0.

16

N
% The surjectivity can be verified by lifting a function f € ‘K(kyl SY) c€(S") (or fe€(SL) Cc€(Sh))

19 to a continuous function f € €'(D), f(re'®) := r f(¢'?), and recalling that o(Tp)=f.

o0 Itis well known (see e.g. [12]) that a C*-extension gives rise to an isomorphic description as a
o1 pullback of C*-algebras via the Busby invariant. Let

22

2 (18) py: S — (S/~) = Us!
24 k=1

25 denote the quotient map defined by restricting the quotients in (9) and (10) to the boundary, where
N
z% N = 2g and N = n, respectively. Then the inclusion %(kyl Sl) C € (S") corresponds to the pullback

. N
% py: (@”(kvl S') — ¢(S') and the Busby invariant is determined by
29 =

30

. . N o«l _ —(T—
31 ’L’N.%(k\__/lS)—>€—%/%, rN(f)—c(TpW)),

32

Z% where % stands for the extension of py(f) € € (S') to the closed disk as described below (17). By
. [12, Prop. 3.2.11], our closed quantum surfaces are naturally isomorphic to the pullback

36

- N 1

37 (19) %’( ® )%( YIS)

38 o -

. r ) =

39 Pry pro

E e@/ Cg(kglgl)’
‘E X /TN

p B H
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where o : 8 — 9/ ¥ denotes the quotient map. As the image of Ty liesin 6(.7) = T/ =€ (S'),
we obtain the same pullback C*-algebra by the reduced pullback diagram

(20) (D) & €( v st
(opy) k=1

T prz\\ "
% (D,) (v sh,

\ / B

where we made use of the quantum disk picture ‘K(Dq) =7.
The pullback diagram (20) allows a nice interpretation of closed quantum surfaces as noncommuta-

. tive CW-complexes [5]. Classically, we may view (20) as a dualization of the pushout diagrams

1)

N
D

vV St D v St

)

\)Sl A;gkzl \Sl %1 k=1

where py, in the left diagram and p,, in the right diagram are given by the restriction to the boundary
of the topological quotients defined by the equivalence relations in (9) and (10), respectively, and

: S! = 9D < D denotes the inclusion. Clearly, we may view k\/ S! as a 1-skeleton obtained by

attachmg N arcs to a 0-skeleton consisting of a single point. Then the diagrams in (21) amount to
= attaching a 2-cell to the 1-skeletons, so that (20) becomes a dualized and quantized version of it. A

- generalization of this construction to higher dimensions, including K-theoretic computations by using
- spectral sequences, will be given in [10].

4. Isomorphism classes of quantum surfaces

> In section we address the question of isomorphism classes of closed quantum surfaces. As in Defini-
°!tion 1, we will only allow the assignment of 4g arcs for ¢'(T%) and 2n arcs for € (P} q) in such a way
that the construction yields the classical counterpart if the quantum disk gets replaced by the closed

> unit disk. Thus, in the orientable case, only arcs of opposite orientation are pairwise identified, and in
i the non-orientable case, there exists at least one pair of identified arcs having the same orientation on

35
36

> the boundary circle.

For the purpose of applying Brown-Douglas-Fillmore theory [2, 3], we will use the pullback diagram

37 (19) and characterize the C*-algebra extension (15) and (16) by a single, essentially normal generator.

N
5 To begin, we describe V S' homeomorphically as a compact subset in C, for instance as a finite

40

Hawaiian earring:

1 N ™ N
o (22) (PN:;(LSI — Xy = U Sk (—1) = ul{xeC: x+ 5 =KLy

9 Jun 2023 15:19:35 PDT
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1 Here, St 8 (— ) stands for the circle with radius karl and centre —% € C. All these circles have a

i common base pointat 1 € C. Let z: Xy — C, z(x) = x denote the identity function. Clearly, z separates
3 the points of Xy, hence z, 7 and 1 generate the C*-algebra ¢’(Xy) by the Stone—Weierstrass theorem.
4 Thus the function {y € €' (S!),

(23) CN = ((pNOpN)*Z : Sl —XyCC

~|o e

5 separates exactly the points of the arcs after the identification by py. Therefore any function & €

il N
9 ‘K(kzl SY) = ¢(S!/~) C €(S') = 6(.7) satisfying the same “boundary conditions” from Definition 1

19 as the function {n can be approximated by polynomials in {y and EN- This means that any such % can

" be approximated by polynomials in 0-<TZ ) and G(Tg ) with the usual extension of {y € € (S') to a
12 N

. continuous function

E(24) Oy € €(D), Ly(re'®) =riy(e®), refo,1], 6 R

15
E Thus 6 (%€ (T5)) = € (Xa,) and o (¢ (P} 4)) = € (Xa), so the closure of the *-algebra generated by TAN,
17 T, 1and % defines a C*-algebra extension which has a Busby invariant that is isomorphic to Ty in
18 N

© N

19 (19) via the homeomorphisms Xy = k\_/lSl = (Sl [~ ) As a consequence, the C*-algebra extensions

20 are isomorphic, see Equation (25) below. By definition, the generator 7> yields an essentially normal

v
21 operator with essential spectrum Xy C C.

2 Assume now that there exists an isomorphism of closed quantum surfaces « : €' (M) — €' (M),

23 where I\\/qu,M/ € {’]I‘g,IP’” :g,nk € N) k <n}. As all considered C*-algebras are subalgebras of
%7 and contain the Jacobson radical .# = ker(o), we get an isomorphism ¢ : # — % ". Any such
= 1s0m0rphlsm can be implemented by a unitary operator Uy € & [8, Remark 2.5.3]. Moreover, each
?° jsomorphism o : .# — ¥ has a unique extension to its multiplier algebra % = .# (.%"). For that
“" reason, o : ¢ (M,) — € (M) can be given by a(t) = UntUy, with a unique unitary operator Ug.
®® Therefore the C*-algebras ‘5( )% (My) C 7 are isomorphic if and only if there exist essentially
2 normal operators T € € (M g)and T’ € %(M’ ) that generate together with 1 and %" the corresponding
0 e -algebras and are unitarily equivalent up to a compact perturbation. The question of the existence of
*" sucha unitary equivalence is exactly the starting point of Brown-Douglas-Fillmore theory. This theory

2 provides the principal tools for the classification of isomorphism classes in the next theorem.
33

27

?E Theorem 2. For g € N, let € (T%) denote an orientable closed quantum surface as defined in Defini-
35 tion 1. Then € (T3) is isomorphic to the C*-algebra generated by 1, Ty, T, and the compact operators
3 . = (Hg), where

37

2g 2g .
0 Hy= §6@), 1= 3 EHu-1)
39
40 and U stands for the unitary bilateral shift on {>(Z).
41 Given n,k € N with k < n, let %(PZ q) denote a non-orientable closed quantum surface from

g Definition 1. Then € (P} q) is isomorphic to the C*-algebra generated by 1, T, , T, and the compact
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operators X = X (H, ), where

s

2 k

- n . n .

3 Hpyy = @@(No) S L(Z), Ty=o(EHP?-he o (Hu-1),

4 j=1 j=k+1 j=1 I =kl 7

> and S stands for the unilateral shift from (3).

% In particular, € (T5) and € (T4 ) are isomorphic if and only if g = g'. Furthermore, %(Pzﬂ) and
Yy CK(IP”,Z,/ q) are isomorphic if and only if n =n' and k = k'. Moreover, € (T%) is never isomorphic to
E <Py ,). and ‘K(Sé) is neither isomorphic to € (T%) nor to &P ,)-

10
— N
11 Proof. First observe that, if we replace in the diagram (20) the C*-algebra CK( .\/1 Sl) by its isomorphic
12 I=

— N o~
13 image (@3) "' : € ( j\:/1 S') — € (Xw), with @y given in (22), then we obtain isomorphic pullbacks
14

~

L0 aniEDy) © X)) @ w( VS, ovl(e£)=(05(f).
p— (0.P5oPy) (o.p5) J=

18 Hence we can use the homeomorphism @y from (22) to order the circles from the wedge product in a
19 certain “normal form”. Suppose therefore without loss of generality that the closed quantum surface
20 is defined by the pairwise identification of 2N arcs such that the first k circles correspond to pairs of
21 arcs that had the same positive orientation, and the remaining N — k circles correspond to pairs of arcs
22 that have been identified in opposite orientation. Here the homeomorphism @y may be used to flip the
2? orientation and to change the order of the arcs. As our assignment of arcs leads in the classical case to
24 a closed surface, we get D/~ = PV = P*#T(V=K/2 a5 in (11) and P = TV/2 for k = 0 by definition.
25 The operators 6(U),0(S?%) € Q % /¥ have both the spectrum Sl C C, thus spec(Ty x) = Xy =
z% .GISI. However, Ind(U) = 0 and Ind(S?) = —2. Furthermore, S* @S =2 U + K, where the compact
j=
28 operator K € ¢ (£2(No) @ £2(Ny)) = # (£2(Z)) maps ker(S*) unitarily onto Ran(S)+ = coker(S). On
29 the other hand, it was explained in the beginning of this section that the C*-algebra of the closed

30 quantum surface is generated by TE Z* 1 and %, where {y has been defined in (23) and EN denotes

81 its extension to the closed disk as in (24). So the proof of the theorem boils down to the question of

2 when TE is unitarily equivalent to a compact perturbation of Ty .

Pi Recall, e. g. from [1, Section 16.2], that the essentially normal operators with essential spectrum

Xy C C are classified, up to compact perturbations, by K' (Xy) = K (€ (Xy)). By (22), K; (€ (Xy)) =
N N

6 Ki(%( .vlSl)), and since the wedge sum of circles '\/181 can be obtained by the one-point compacti-

> j= j=

37

-5 fication of N open, disjoint intervals, we have that K, (¢’ (Xy)) = 69 Z[u jl, where uj € € (Xy) is any

39 invertible function with winding number 1 (or -1) on the j-th 01rcle and winding number O on all the
40 others. Moreover, the winding number of an invertible function @ € %'(S') is related to the Fredholm
41 index of the Toeplitz operator T3 by (7), and Brown-Douglas-Fillmore theory tells us that the Fredholm
42 1index is a principal obstruction for unitary equivalence of essentially normal operators up to compacts.
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Let {y € €(S') and CN € ¢ (D) be given by (23) and (24), respectively. Then the essentially
normal generator TA € 7 of the corresponding closed quantum surface has essential spectrum

a
2
3 Ran(o(T 2 ) = Ran(CN) Xy. After applying @y from (22) to bring the circles into normal form,
4
s

the function {y from (23) winds along an arc a; C S! once around the circle Slj a (= }) in positive
J

i direction, and along the arc a; ' S! once around the same circle Slj i (— ), but in negative direction.

" As the circles are ordered in normal form, and there are 2k arcs corresponding in the classical case to
°the connected sum P'#- - -#P! of k projective spaces, the function {y winds exactly twice in positive
2 direction around each of the first k circles. The remaining N — k circles correspond to the connected sum
19 Tl...#T! of (N —k) /2 tori, where any arc occurs also in the opposite direction, so the function {y has
m winding number 0 around each of these circles. From the classification of essentially normal operators
2 by winding numbers in [1, Theorem 16.2.1 and Example 16.2.4], together with the relation between
— winding numbers and the Fredholm index of shift operators in (6) and (7), it follows that the generator

i TA is unitarily equivalent to a compact perturbation of Ty ; defined in the theorem. Consequently the

— C* -algebra generated by T Z , 1 and J#" is isomorphic to the C*-algebra generated by T x, Ty ;. 1
N b

o’
17 and .
1g  Finally, two operators Ty and Ty are unitarily equivalent up to a perturbation by a compact
1o operator if and only if they have the same essential spectrum, and 6 (7 ) and o (7 ;) have the same
oo winding numbers, i.e., N = N and k = k’. This implies the last claims of the theorem. O

21

22

23

27 Theorem 2 has two interesting consequences. First, we did not use in the proof the condition that the

- classical counterpart yields a closed surface. So there are assignments of arcs, always with starting and
endpomt identified, that do not give rise to a 2-dimensional manifold in the classical case, but define a
-~ C*-algebra isomorphic to a closed quantum surface. Thus, on the one hand the Toeplitz quantization
.5 decreases degeneracy by distinguishing between %'(IP}. q) and (K(PZ,,(Z) for k # k', and on the other
2? hand it increases degeneracy by allowing for “non-admissible” prescriptions of arcs that do not even
5o yield topological manifolds in the classical case.
51 Second, there is an abuse of notation in Definition 1. Equations (12) and (14) define actually families
5, of different C*-subalgebras of .7, i.e., different arrangements yield different subalgebras. However,
»3 Theorem 2 shows that each admissible arrangement leads to a C*-algebra that is isomorphic to exactly

54 One from Definition 1.

35

36

— 5. K-theory of closed quantum surfaces

38 1In Section 3, closed quantum surfaces were defined by analogy to the classical case. In this section, we
39 will show that the topological invariants in the disguise of K-groups are not changed by the quantization

40 process. A motivation for this fact was already given at the end of Section 2.
41

42
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Theorem 3. Let € (T5), %(Sg) and ¢ (P} ) be as defined in Definition 1. Then

1
2 %

3 Ko(€(T%)) = ZDZ, K, (€(T$)) = ‘@127
i iz

4
5 Ko(%(S;) = ZaZ, Ki(€(S2) 20,

6 n ~J n ~ n—1
7 Ko(cg( k,q)) =2 @Z7 K (Cg( k,q)) = ]G:BIZ
8 In particular, all closed quantum surfaces from Definition 1 have the same K-groups as their classical
9 counterparts.

—_

0
11 Proof. The K-groups can easily be computed by applying the 6-term exact sequence of to the C*-alge-

1» braextensions (15)—(17):

13 Le o,

—(26) Ko(#) Ko(Z(M,)) —~ KO(%(]i]/lSl))
15

; ind exp
; N 1 O Ly

. Ki(€ (V) < Ki(¢ (M) Ki().

;% where M, € {%(Tﬁ),%(ﬂ”gq),%(Sé) : g,n,k € NJk <n}. As discussed in Section 2, K; (/") = 0 and
o, Ko(#') = Z[1—S8S"]. Moreover,

2o N N . N

. Ko(%(k\z/lsl)) = Ko((kajl%(oa 1))+C1) = (1211{0(2@)) SZ1] =Z[1],
o4 N N ) N N

- Ki(¢(VSh) =K (<k631%<0’ 1))+C1) = B Ki(%(0.1))) = je:alz,

26 where 27 -+ C 1 means adjoining a unity to the non-unital C*-algebra .7 and .<7 denotes the suspension
27 of /. Inserting these K-groups into (26) yields

28

28 (27) 7 — Ko(C(M,)) —— Z[1]
30 .

3T ind jeXP
2 ZN <20 Ki(€/(My)) ~—— 0,

33
34 Now 0 — ker(o,) — Ko(€'(My)) 2, Z[1] — 0 is split exact with a splitting homomorphism given by
35 [1] — [1]. Thus it follows from the exactness of (27) that

3 (28) Ko(€(M,)) = Z/Im(ind) & Z[1], K, (€(M,)) = Ker(ind).
37
QE Hence it remains to determine the index map ind : K; (%'( Vst ) = Ko( ).

39
40

N
Recall that ¢'(M,) C .7 and &'( ‘\/ISI) C %(S") by Definition 1 and Equation (1). As explained at
]:

41 N
,» the end of Section 2, describing the index map amounts to lifting a unitary (matrix) & in A '\/181) to
]:
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1 a Fredholm operator Fg in ¢ (M) C .7 and computing its Fredholm index Ind(Fp) € Z = Ko(%').
2 Moreover, the Fredholm index Ind(Fg) coincides with the negative winding number —wind[®], see

N N

2 (7). We mentioned in the proof of Theorem 2 that K; (¢'(Xy)) = ® Z[u;], where Xy = _\/lS1 and u; is
j=1 j=

any invertible function that has winding number 1 (or -1) on the j-th circle and winding number O on

N
all the others. Moreover, it was stated below (18) that the inclusion ¢’( .\/1 S') Cc €(S') corresponds
j:

to the pullback py : €'( _\A;l S!) — €(S') with py from (18).
J:

Now let ¢ (M) = %(Tg) and N = 2g. Then, by (9), each arc, say a;, occurs exactly once more

— with its negative orientation aJ_1 As a consequence, the winding numbers of all invertible functions
1

12 P c ‘5( \/ Sl) C €(S") are 0, so ind = 0 and thus Ko(%'(T%)) = Z & Z[1] and K, (¢’ (M,)) = Z*¢ by

1B (27) and (28)

" Next we consider %(IP’Z q), n € Nand 1 <k <n. Assume that the circles of @ S! are ordered

15 ’ J=1
15 insucha way that the first & circles correspond to arcs that occur twice with the same orientation
17 17 (-e.aj(t) ~ b;(t)) and the other pairs with opposite orientations (i.e. a;(t) ~ a; 1(¢)). Therefore, an

—
Slo|o|~|o|a]|s

18 invertible function u € CK( \/ Sl) C €(S') with winding number m € Z along a; has also winding
" humber m along b; if j < k On the other hand, 1f J > k, then a function with winding number m € Z
z% along a; will have wmdlng number —m along a; !'so that these winding numbers add up to 0. For the

2> generators [u;] of Ki(%'( _\7181)) & Z[u ;] described above, we get
— ]: =

J=
23

v ind[u;] =2, j<k, ind[u;] =0, j>k,

2 so thatind(my,...,m,) =2(m; +---+my) in the exact sequence (27). In particular, Im(ind) = 27Z and

26 Ker(ind) = Z"~! from which the result follows by (28).

27 In the case of %(Sé) from (13), a complex number e™ € S! is identified with its complex conjugate
28
20
30

81 exact, which yields the stated K—groups for € (Sz)

82 The last claim follows by comparing with the classical K-groups. 0
33
s« For concrete calculations, it is convenient to have a suitable description of the generators of the

5 K-groups. Let u € ¢/(S!) be the identity function u(e’?) := €'®. Then the identity function z € ¢'(D),
a6 2(rel®) := rel’® is an extension of u to the closed disk. Moreover, [u] generates K (%'(S!)) = Z[u]. Set

37 *

57 T.T; T.\/1- 7T, T P
= i = o T 5 I—T*T

% Fot <,/1—TZ*TZTZ* 1-T/T, VI-TT, (7: :T:)

39
g Since the index map in the diagram (5) is an isomorphism, it follows from (8) with z instead of {
41 that ind[u] = [Pgow] — [1] generates Ko(.#"). Note that [Py — [1] is never in the image of the index
42 map from (26). Hence, for any closed quantum surface from Definition 1, the Ky-group is generated

e ™’ ¢ S'. The resulting quotient space S! / ~ is homeomorphic to an closed interval and therefore

- contractable. Replacing ‘5( \/ Sl) by C in (26), the lower row becomes 0 and the upper row becomes
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1 by [1] and [Pgot]. However, in the case of non-orientable quantum surfaces, we have the relation
2 2([Pgott)] — [1]) = O as this element belongs to the image of the index map. On the other hand, we
"3 can lift u € €(S!) to the shift operator S € .7, see (4). As described in the paragraph before (6),
4 ind[u] = —[1—SS*], thus the relation [1] — [Pgou] = [1 —SS*] holds in Ko (7).

5 To describe the generators of the Kj-groups, consider the following (non-unitary) generators [v;]
6

N
° of K (‘K(k\_/lgl)) =~ K (%' (Xy)) with winding number 1 along the j-th circle and winding number 0

% along the others. More explicitly, set

N
2 (29 vi(x)=x, x€ S]H (— }) C Xy = k\/lSl, vj(x) =1 otherwise,
10 =

J

" and u; == (pn o pn)*(v;) € €(S") with py from (18) and @y from (22). Let @; € €(ID) denote the
12 extension of u ; to the closed disk as given in (24). In the proof of the last theorem, we have seen that
B ind(7g;) = —wind(u;) = 0 in the orientable case, thus dim(Ker(7;;)) = dim(Coker(73;)). Choosing a
% compact isometry K; between Ker (77, ) and Irn(ng)L and defining 7} := T, + K, we get an invertible

-5 operator in €(T§) such that o(7}) = u;. Hence TJ, or equivalently U; :=T;|T;| !, j=1,...,2g,
17 generate K (¢'(T5)) = 0.(K1 (€ (T))) = (‘5( \/ Sl)) K (% (Xag)). Under the isomorphism from

'® Theorem 2, the operator T; corresponds to a compact perturbation of
19

20 e -elde(FAU - 1) elde- - old € B(H,)

21 : .
s, a8 both have the same essential spectrum and the same winding numbers.

. . . n .
>3 In the non-oriented case, we consider the functions v; ; on X;, = V St given by
’ k=1

24

s vij(x) =& x €S)(—1), v j(x) =x, x € Sﬁ#(—%), vi j(x) = 1 otherwise,

z% for j=2,...,k, and v| j :=v; for j > k with v; from (29). As before, let u; j := (@yopn)*(v1,;)
o5 denote its pullback to € (S') and write u; € (D) for its extension to the closed disk as in (24).
— Note that u; ; € €(S') has winding number 0 for all j = .,nso thatind[vy ;] =ind[u; ;] =0. As a

29
S, consequence, ind(77~) = 0, or equivalently, dim(Ker(T; 1j)) = dim(Coker(TA)) Choosing compact

”1 il +Gl+1’ =1 ...,n—l,
32 become invertible in c (P q) and o(R;) = uy ;1. Thus R;, or equivalently V; := R; |R;|~ ! defines an

51 isometries G; between Ker(7;-) and Im(Tgl\j)L, the operators R; :=

* element in K; (¢ (P} ;))- Comparing the function uy 1 with the generators [v;] of K (%(k\i/lgl)) =

34
5 Ki(€(Xy)) given in (29), we see that 0, ([R]) = [u1,i+1] = —[1] + [vi1] by counting the winding
45 Dumbers along circles. In particular, o, ([R;]) € Ker(ind). Moreover, [viyi] =[], i=1,....n—1,
5, generate Ker(ind) = 7", Therefore [Ry] = [Vi], ..., [Ra_1] = [Vi_1] generate K (¢ (P;,)) = Ker(ind).
5 Finally, under the isomorphism from Theorem 2, the operator R; is a compact perturbation of

39 252 -lelde - elde (28— L)elde-- old € B(H,y), i <k,

40

i+2 .
o M@M@M@QLU—;ﬂ@M@ -@lId € B(Huy), i >k,

g as these operators (for i fixed) have the same essential spectrum and the same winding numbers.
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