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1 Introduction

This work is based on the principle of Bloch 7-periodicity, which introduces for the first time by Hasler
and N’Guérékata in [14], where they treat 7-periodicity, T-anti-periodicity cases, and some fundamental
results of Bloch type 7-periodic functions, such as the completeness of space and the composition and
convolution product theorems.

In [18], Oueama-Guengai and N’Guérékata introduced the existence and uniqueness of Bloch 7-periodic
mild solutions to semi-linear fractional differential equation in Banach spaces.

On the other hand, we can speak of asymptotic S-asymptotic 7-periodicity which is an extension of clas-
sical T-periodicity, for more results on S-asymptotic 7-periodicity and some applications , we can refer to
[11, 13, 15, 18].

Recently, Yong-Kui Chang and Yangean Wei [9] introduced a new concept, the pseudo S-asymptotically
Bloch 7-periodicity and give some applications to evolution equation.

In this paper, we generalize pseudo S-asymptotic Bloch 7-periodicity into (u1, p2)-Pseudo-asymptotically
Bloch 7-periodic by measure theory.

A function f € Cy(R, X) is said to be (u1, pe)-Pseudo-asymptotically Bloch 7-periodic if for given 7, p € R,

r o 12 ()

/Q s+ 7) = 7 (8) s (5) = 0

where 1 and po are two positives measures that we will define then later (See [1, 4, 4]).
we say that f € PSABP; ,(R, X, p1, pt2).
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The main purpose of this paper is to consider the following semi-linear integro-differential equation
/ B ) L Y
u'(s) =Tu(s)+a ﬁe Tu(t)dt 4+ g(s,u(s)), s € R, (1.1)
5o m

where T : D(T) C X — X is a closed linear operator on a Banach space X, a # 0, b > 0, m > 1,
g € C(R x X, X), and T'(.) is the Gamma function.
The equation (1.1) arises from the thermodynamics of materials with memory (as in [2]).

The next part of this article is outlined as follows: Section 2 is Preliminaries composing some basic
definitions, remarks and notations. Section 3 we treat some results on (ug, p2)-Pseudo-asymptotically
Bloch 7-periodic functions. Section 4 is concerned with the existence and uniqueness of (p1, p2)-Pseudo-
asymptotically Bloch 7-periodic solutions to (1.1). Finally, in section 5, we give an application which
explains the work.

2 Preliminaries

we consider the following notations:

e (X, |.]l) : Banach space.

* [[fllcc = super 11 -

e Cp(R, X) (resp Cp(R x X, X)) : Banach space of bounded continuous functions from R (resp R x X)) to
X with super-norm ||.||so-

e B(X) : Space of all bounded linear operators from X into itself.
o fo(.):=f(.+a),witha € R and f € Cp(R, X)
e Q. :=[—r,r],r>0.

o R(z): real part of z, with z € C.

Definition 2.1. [14] For given 7, p € R, a function f € Cp(R, X) is said to be Bloch 7-periodic if for all
sER, f(s+7)=¢€"f(s).
We denote by BP: ,(R, X), the space of all Bloch 7-periodic functions from R to X.

Remark 2.1. From definition 2.1, we can see that f is 7-periodic if p7 = 0, and f is T-anti-periodic if
pT =T

Definition 2.2. [13] A function f € Cp(R, X) is said to be S-asymptotically 7-periodic if for a given 7 € R,
lim [[f(s+7)— f(s)]| =0,s €R.
|s| =00

we denote the set of its functions by SAP; (R, X).

Definition 2.3. [20] A function f € Cp(R, X) is said to be pseudo-S-asymptotically 7-periodic if for a
given 7 € R,

Jim i/ (s +7) — F(s)|ds = 0.

r—oo 21

The set of such functions will be denoted by PSAP, (R, X).
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3 (w1, 12)-Pseudo-asymptotically Bloch 7-periodic functions
We denote by B the Lebesgue o-field of R and by M the set of all positive measures p on B satisfying
u(R) = +o00 and u([a, az]) < +o0, for all a1, az € R, (a1 < ag).
Definition 3.1. Let p1,us € M. The measures uq and uo are said to be equivalent (uq ~ p2) if there
exist a constants ¢, c2 > 0 and a bounded interval J C R (eventually J = @) such that

cipz(A) < pi(A) < capa(A)
for all A € B satisfying A J = 0.

Let py1, o € M and r > 0, suppose that

In this paper, we need the following hypotheses:

(M1) Let pq, pto € M such that
limsup ©, < +oo.

r—-+00
(M2) For p € M, w € R, there exist v > 0 and a bounded interval J such that
pla+w;a € A) < yu(A), when A € B satisty A J = 0.
Definition 3.2. Let pug, us € M. A function f € Cy(R, X) is said to be (u1, p2)-Pseudo-asymptotically
Bloch 7-periodic if for given 7,p € R,

gggwihyéjvﬁ+ﬂ—¢”ﬂﬁwmw%=0

We denote the set of all such functions by PSABP; ,(R, X, ji1, f12).

o If p7 =0, we have

. /\U@+ﬂ—f@ﬁ@ﬂ$=&

lim ———
r—+oo /W(Qr) Q,

then f is called (1, u2)-Pseudo-asymptotically 7-periodic denoted by PSAP, (R, X, u1, p2).

o If p7 = 7, we have

li 1
1m ——7—-
r—+4oo [ig (Qr)

U5+ 7) 5 55 i (s) = o
then f is called (1, p2)-Pseudo-asymptotically T-anti-periodic denoted by PSAAP, (R, X, u1, pi2).

o If 3 = o = p, we have

Jim s L 1+ 7) = e @ duts) =

then f is called p-Pseudo-asymptotically Bloch 7-periodic denoted by PSABP: ,(R, X, ).
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Lemma 3.1. Let py, po € M satisfy (M1) and (M2), f,g,h € PSABP; ,(R, X, p1, it2).
Then we have the following results:

(i) g+ h € PSABP; ,(R, X, 1, ia), cf € PSABP, (R, X, i1, j12) for each ¢ € R.
(it) The function fo € PSABP; ,(R, X, i1, p2) for any a € R.

(i11) The space PSABP; ,(R, X, p1, 12) s a Banach space with the super-norm.
Proof. (i) Hence,

Ig + R) (s +7) = €7 (g + h)(s) | dur (s)

™

lg(s +7) — €7 g(s) | dpa (s)

=
[ V]
N
£
S~

INA
=
5)—‘
—

2 i

Q

1h(s +7) — e h(s)|dpea (s),

+
=
[a—y
—

2(92) Ja,

and
1
H2 (Qr)

P (cf)(s s c; s+7)—ePf(s s
L W) s47) = e @) < el s [ 1G4 7) = ) ).

Then
g+ h,cf € PSABP; ,(R, X, p1, pi2).

(ii) For each a € R, hence,

a0y 1) = e s )i o

< e [ s = )

< [ e ) e s

S i L e )~ o)

For r sufficiently large we obtain f, € PSABP; ,(R, X, p1, p12).

(ili) Let {fn}n € PSABP; ,(R, X, p11, p2) converge to f as r — oo.

Then for any € > 0, we can choose suitable constants N > 0 and r, such that

m fQ,‘ | fr(s +7) =€ fr(s)ldpi(s) < &5 (| fn = flloo < 367, for n > N and 7 > r.
iy Jo, 1 (s +7) — e f(s) | dpa (s)

= oy o, 1F (s +7) = fuls +7) + fuls +7) — €7 fu(s) + €7 fu(s) — 7 f(s)lldpa(s))

< b Jo, (s +7) = fals +7) | dpur (5)
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s o, 1677 Fuls) = €7 £(5) | dpua (5)
oty S, (s +7) = €07 fu(s) | dpa ()
< 200 lfu = Flloe + (zgary Jo, IFnls +7) = €7 fu(s)lldpa (s))

€ € __
§2§+§—6

Which gives that the space PSABP; ,(R, X, 11, 2) is a closed sub-space of Cy(R,X), it is therefore
a Banach space equipped with super-norm. O

Theorem 3.2. Let ui,pe € M satisfies (M1) and J be a bounded interval (eventually J = () and
f €C(R, X), then the following assertions are equivalent:

(Z) f € PSABPT,,D(RaXHu’h,UQ)'

(ii)
i 71 iPT f(s s) =
i s | ) = 9 g 5) =

(i4i) For any ¢ > 0,

i P18 € QAL If (s +7) — e f(s)]| > )
7—>00 ILLQ(QT\J)

Proof. (i) < (if) Denote by Ay = uia(J), Ay = [, | f(5 +7) — €7 £(3)l|dps (5), As = ur (J).

=0.

Since the interval J is bounded and f € Cp(R, X)), then A;, Ay and As are finite.
for r > 0 such tat J C , and p2(Q,.\J) > 0, we have
b Sy 1G5+ 7) = €7 ($)lldaa () = s Uiy, 15 +7) — €77 £(3) | dpn (s) — Ao)

2(92r LpT
= MZ%QE-)*)Al (Mz(lﬂr) er Hf(s +7) e f(s>||dul (S) o Mz?év-))'

Since p2(R) = oo, we deduce that (ii) < (7).

(#91) = (i1) Denote by ®¢ and PS¢ the following sets

O = {s € A\ [If(s +7) — "7 f(s)] > €},

and ‘
UL ={s € U\, [[f(s+7) =" f(s)|| <€}

Assume that (iii) holds, that is

@G
lim M =0.

o 12(2,\J)
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We have fQT\J || f(s+7)—€eT f(s)||dp (s f@e f(s+7)=€7 f(s)||dpa (s)

gy S 17(s ) = €7 7(3) | dpa (5)

(®<) 99
<2/l flloo oty + o€

(s+7) €77 f(5)ldpan () + [

(®5) 11 (Q2-\J)
<2 flloo gt tn + @€

IS Ry SEV T

p2(Qr\J p2(Qr)—Ay

B (@9 m(Q)(- m>
2||f||0°M2 Q- \J 12 (Q )(1 uz(Qr))

< 20 flloo ity + ©- —ﬁ

For r sufficiently large, since p1(R) = pa(R) = oo, then for all € > 0 we have

ey S IG5+ 7) — 77 F(9)]ldpaa(5) < st e
Then 1 _
lim iy o W) = Sl ) =0
Consequently (ii) holds.
(ii) = (iii) Assume that (ii) holds

7 Jo (s + 1) — €07 £(5)]|dpun (5)
Fls+7) = o7 f(3)lldpa (s)

1
> oy Jo:
(@)
Z €A

For r sufficiently large, we obtain (iii). O

Corollary 3.3. A continuous function f : R — X satisfying

lim f(s) =

|s]—o00

Then f € PSABP; ,(R, X, p1, p2) for all p, po € M satisfies (M1).

Proof. By hypothesis, we have '
Jim (f(s7) = 7 f(s)) = 0
S|—00

for all € > 0, there exists v > 0 such that

ls|>v=|f(s+7)— P f(s)]| <e

Then for all » > v

{s € Q\(=v, ) If (s +7) — "7 f(5)]| > €} = 0.
We conclude by using theorem 3.2. O
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Proposition 3.4. Assume that (M1) hold. If 1, po,v1,v0 € M and py ~ v1, g ~ vo, then
PSABPT,p(R, )(7 /,[,1,/,&2) = PSABPT”O(R, X, v, VQ).

Proof. Since py ~ vy, g ~ ve, then for all A € B satisfying A Q, = 0, by definition 3.1, there exists
ay,as >0, By, B2 > 0 such that
a1 (A) < pi(A) < Bivi(A), and agra(A) < pz(A) < Bava(A).

For r sufficiently, we have

ar nlfs € QNS |If (s +7) — e f(s)]| > €})
6 va(€2,:\J)

< s € QN |If (s +7) — e f(s)] > €})
- p2($2:\J)

B ri({s € Q\J; ||f(s+7) — € f(s)]| > €})
S PRORY)) '

Hence PSABP; ,(R, X, i1, o) = PSABP; ,(R, X, v1,13), by theorem 3.2. O

Theorem 3.5. Let ji1, 2 € M and {S(s)}s>0 C B(X) be a uniformly integrable and strongly continuous
family.

Iff € PSABPT,O(RaXvﬂlaM2)7 then

U(s) = / S(s—&)f(§)dé € PSABP; ,(R, X, pu1, po).

— 00

Proof. Since {S($)}s>0 € B(X) is uniformly integrable, we have
/ 1S(s)|lds < oo.
0

It follows from f € PSABP; ,(R, X, p1, p12) that

. 1 ipT —
tim s |G = e @) ) =0

On the other hand, by the Fubini theorem, we have
ity Jo, U (s +7) = 77U (s)l|dpur (5)

= b IS5 S(s 47— ) f(©)dg — 7 [° S (s — €) F(€)de | dpa (5)
= o Jo, 1o S(s = (€ +7) — €7 f(£))dE]| dpa (s)
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< oty Jo LS 18 (s = ©)(F(€+7) — €7 F(€))d€])dpur (s)
< oty o, ST NIS©F (s — €4+ 7) — €7 f (s — €)|dédpa (s)
< SIS ooy Joo, 1 (5 = €4+ 7) — €77 (s — ©)dpua (5)) .

Since f € PSABP: ,(R, X, ju1, p12), we use Lemma 3.1 (i) and the Lebesgue dominated convergence
theorem, we obtain

1 _
i / 0+ 7) = V(s () =0

ie: U € PSABP; ,(R, X, pu1, p2).

Definition 3.3. Let ug, us € M.

A continuous function f: R x Y — X is said to be (u1, u2)-Pseudo-asymptotically Bloch 7-periodic
in s uniformly with respect to y € Y if the following conditions are true:

(i) Forally €Y, f(.,y) € PSABP; ,(R, X, p1, t12).

(ii) f is uniformly continuous on each compact K in Y with respect to the second variable y.

ie: for each compact K in X, for all € > 0, there exists § > 0 such that for all y;,y2 € K, we have

lyr — el <0 = sup 1f(s,91) = f(s,92)]| <€
sE

The collection of such function is denoted by PSABP, ,U(R x Y, X, 1, ti2).

We use the following assumptions which will be applied in the rest of this work.
(A1) Let g € Co(R x X, X), for all (s,z) E R x X, g(s+7,2) = €eTg(s, e "Tx).

(A2) Let L, > 0 and g € Cp(R x X, X)), such that, for all z1,x2 € X, s € R, we have:
lg(s, 1) = g(s, 22)|| < Lyllx1 — wal|.
(A3) Let p € M and g € Cp(R x X, X), such that for all z1,25 € X, s € R, we have:
lg(s,21) = g(s, ) || < Lg(s)llz1 — 22|,

where p > 1, Ly : R = R € LP(R, dp) () LP(R, dz).

Lemma 3.6. Let py, o € M verifying hypothesis (M1), then for all p > 1 we have

LP(R,dpy) NCy(R, X) C PSABP, ,(R, X, i1, i2).
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Proof. @ If p > 1, posing ¢ = p%l, then % + % =1,and if f € LP(R,du1) NCp(R, X), we have :

s Jo (s +7) = €7 £(5) | dpa (5)
< U, £ (s +7) = €7 £(s)|[Pdpa () ua ()7

1
11 () @
<28 £l o)

<920, Hf”LP(R,dfl) '
p1 ()P

Since
i Hf”LP(]R,dfl))
pa ()7

there f € PSABP; ,(R, X, iy, fi2).

o If p=1, taking f € LY(R,dpu1) NCy(R, X), then

1

g o ) = (@) < A e

K2 (Q,)

Since
i (e

= 0,
r—4oo 2 (Qr) )

then f € PSABP; ,(R, X, i1, j12).
O

In the rest of this article, we will distinguish two cases: L, constant and for this we will consider
hypothesis (A2), or L, variable and we will consider hypothesis (A3).

xCasel : Lgconstant

Theorem 3.7. Let pi1, 2 € M and g € Cp(R x X, X)) satisfy (A1) and (A2).
Then fOT‘ each B PSABPT,p(RaXv,LLl,NQ)f g(a 50()) € PSABPT,P(R7X3/L1MU'2)'

Proof. Let ¢ € PSABP; ,(R, X, 11, t2), s € R, we have

1 )
lim ——— s+7)—e"Tp(s)||dui(s) =0
dim s | et 7)o o)

On the other hand,

iy Ja, l9(s + 7 (s + 7)) = €7 g(s, 0(5)) |y (5)

= 20 Jo, 1€77g(s, 67T (s + 7)) — €7 g(s, 0(s)) | dpa(s)
< sty Jo, e (s +7) = o(s)ldpur (5)

= Ly(irtay Jo, llo(s +7) — €7(s) [ dpa (s)).
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Thus

. 1 zp‘r —
dim s | ot gt 1) = (s, 06 () = 0

ie: g(.,¢(.)) € PSABP; ,(R, X, i1, j12).
xCase2 : Lg Variable

Theorem 3.8. Let uy, ue € M satisfies (M1) and g € Cp(R x X, X) satisfy (A1) and (A3).
For each ¢ € PSABP; ,(R, X, 11, u2), then g(.,¢(.)) € PSABP, ,(R, X, p1, pt2).

Proof. Let ¢ € PSABP; ,(R, X, 11, t2), s € R, we have

1 ipT s s) —
i L et et s) = 0

On the other hand,

s T llg(s + 7ol + 1) — €97 g(s, () ldpur (5)
=zﬁskJWMMaHWw@+T»—awaaw@wwm@
Mm>ﬁz $)lle 7o (s + 1) — o (s) | dpur ()

()7 (fy, llo(s +7) — €77 p(s) [ 9dpa (5))
s“%%%ﬂﬁwmmwuﬂnb.

I Lgllcr (@, duy)
=20, 1
il ez,

| /\

Since
lim I Lgll r (Rdpr) _

r—-+Foo ,U/l(QT)%
Thus

Jim s | N4t 4 7)) = (s (s () =0

ie: 9(780()) € PSABPT,P(R7 X? M17M2)-

4 Semi-Linear Evolution Equation

In this section we consider the following semi-linear integro-differential equation

/

u(s)=Tu(s)+a % —bG=OTy(t)dt + g(s,u(s)), s € R.

10
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Where T : D(T) € X — X is a closed linear operator on a Banach space X, a # 0, b > 0, m > 1,
g € Cp(R x X, X), and T'(.) is the Gamma function.

In the remainder of this work we assume that the following hypotheses are satisfied:
(H1) The operator T generates an immediately norm continuous Cyp-semigroup on a Banach space X.
(H2) R((—a)= —b) < 0 and

sup{R(\7),Ar € C: Ar(A\r +0)™ (A + )" +a)" ' € o(T)} < 0.

Using [ [8], Proposition 3.1 ], we obtain a uniformly exponentially stable and strongly continuous family
of operators {S(s)}s>0 C B(X) verifying conditions (H1) and (H2),
i.e : there exist constants § > 0, M > 0 such that for all s > 0,

15(s)]| < Me™°. (4.1)

For [ [8], Theorem 3.2], the following linear equation,

u'(s) = Tu(s) + a/_s We‘b(s_t)Tu(t)dt +g(s),s €R, (4.2)

admits the mild solutions given by

u(s) = /j S(s—=¢&)g(£)d¢, s e R. (4.3)

Lemma 4.1. If g € PSABP; ,(R, X, 11, it2), then the mild solution u(s) given by (4.3) belongs to
PSABP; ,(R, X, pi1, p2).

Proof. We use Theorem 3.5. O
Definition 4.1. We say that the function u : R — X is a mild solution to the equation (4.2) if the
function & — S(s — &)g(&,u(€)) is integrable on (—oo, s] for all s € R and

u(s) = [ S(s - (€ u©)de,s € R
Theorem 4.2. Let uy, us € M satisfies (M1) and (M1), assume that (H1) and (H2) hold, we have:
(i) If g € Cp(R x X, X)) satisfies (A1).

Then equation (1.1) admits a unique mild solution u € PSABP; ,(R, X, i1, pio) whenever

ML,

1.
5<

(i1) If g € Cp(R x X, X) satisfies (A2).

11
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Then system (1.1) admits a unique mild solution uw € PSABP; ,(R, X, ju1, p12) whenever

1
0q)a
Zollerman < 20°

Proof. We define the operator F : PSABP: ,(R, X, p1, pto) = PSABP; ,(R, X, i1, pi2) by

(Fu)(s) = [°.. S(s — )g(€, u(€))de, s € R,

where {S(s)}s>0 verifies the relation (4.1).

For each w € PSABP; ,(R, X, j11, pt2), using Theorem 3.7 and Theorem 3.8, the function & — g(&,u(§))
belongs to PSABP; ,(R, X, ji1, f12). From Lemma 4.1 we have Fu € PSABP; ,(R, X, u1, p12), which give
F is well defined.

(1) For uy,ug € PSABP; ,(R, X, 1, p12) and s € R, we have

|(Fur)(s) — (Fus) () < [° 1505 — ©)lg(&, 11 (€)) — (€ ua(€))] e

< 7 LgllS(s = €)llllur(€) — ua(€)l1dg

< Lgllur —uallos fo 15(€)]Id€

~ Lg(;M _u2||oo~

Therefore,

ML
5 Lur — uzlloo,

||.7:U1 — ]:’U,gHOO <

which gives that F is contractive for the assumption M(SL 2 < 1.
So there is a unique u € PSABP; ,(R, X, pi1, p2), such that F(u) = u via the Banach fixed point theorem.

(ii) For ui,us € PSABP; ,(R, X, p1, 12) and s € R, we have

[(Fur)(s) — (Fuz)(s)]| < [° 11S(s — )[g(€,ur(€)) — (&, ua(€))]|1de
<M [° e ETOL(E)[Jur (§) — ua(€)ldE

< Mlluy — uplloo([° |1 Lg(€)Pd€)7 (f° (e7009)de)

< M| Ly ||£P(1R dz) ||u —U2H<>o

(09)7

Therefore,
MI||L, HLP ®do) ),

”‘Ful _‘7:“2”00 =
(6q)7

u2||007

12

3 Jan 2023 13:29:20 PST
230103-Miraoui Version 1 - Submitted to Rocky Mountain J. Math.



As well as the first result (i), the system (1.1) admits a unique mild solution v € PSABP; ,(R, X, u1, p12)

1
for [| Ly | co(w,dp) < S5
O
5 Application:
We consider the problem
S s— —(s— 52
Ge(s,0) = G (s,0) = [° Srme TG (L)t + g(s,u(s)) (5.1)
(0 s) = u(m,s) = 0,
with € [0, 7], t € R.
Let X := L*([0,n]), T := dd—:z, with domain D(T) = {h € H*([0, n]), h(0) = h(m) = 0}.
Then we can write the problem (5.1) in the abstract form (1.1), with @ = —3; b = 1 and m = 2.
Since T generate an immediately norm continuous, with o(T) = {—n? n € N}, then the solutions to
equation
Ar(Ar + 1)° 2
Oomr12_1 ™
(/\T + 1) -3

are given by

n,1l
>\T = 3 cn 6Cn;
2
— +2) a V3.1 Ay« .
/\%2:(”7 gdn _ tn 62
T 5 T3, Tt (g toL)
2
+2) a ¢ V3 1 Q| .
/\n,3:(7 3n_i_77’n 6l
T 3 T3, T 2 (g o)
for all n > 1, where
an = =5+ 2n? — int, ¢, i= (8 + 30n% + 24n? — 8n® + 6nv24 + 9n? + T2nt — 24nf) 3.

An easy computation shows that

sup{R\7r); Ar(Ar + D2((Ap + 1)% — %)*1 ca(T)} <O0.

Therefore, from ([2], proposition3.1) we conclude that there exists a strongly continuous family of oper-
ators {S(s)}s>0 C B(X) such that ||S(s)|| < Me~%* for some M,d > 0.

We take g(s + 7, ¢)(t) :=n(s)p(t).
Assume that 7)(s) is a bounded continuous 7-periodic function, i.e. n(s+ 7) = n(s), then we have

g(s +7,0)(t) = n(s+7)e"Te " o(t) = ePTn(s)e” T p(t) = €T g(s, e PTp)(t).

We also have

lg(s, 1) = 9(5, 0272 10,7y < ()1 () = P2(DI72(10,7))-
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Then the equation (5.1) has a unique (1, p2)-Pseudo-asymptotically Bloch 7-periodic mild solution on
R provided that 6 > ||n|ccM by Theorem 4.2 (i).
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