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1 Introduction

This work is based on the principle of Bloch τ -periodicity, which introduces for the first time by Hasler
and N’Guérékata in [14], where they treat τ -periodicity, τ -anti-periodicity cases, and some fundamental
results of Bloch type τ -periodic functions, such as the completeness of space and the composition and
convolution product theorems.
In [18], Oueama-Guengai and N’Guérékata introduced the existence and uniqueness of Bloch τ -periodic
mild solutions to semi-linear fractional differential equation in Banach spaces.
On the other hand, we can speak of asymptotic S-asymptotic τ -periodicity which is an extension of clas-
sical τ -periodicity, for more results on S-asymptotic τ -periodicity and some applications , we can refer to
[11, 13, 15, 18].
Recently, Yong-Kui Chang and Yangean Wei [9] introduced a new concept, the pseudo S-asymptotically
Bloch τ -periodicity and give some applications to evolution equation.
In this paper, we generalize pseudo S-asymptotic Bloch τ -periodicity into (µ1, µ2)-Pseudo-asymptotically
Bloch τ -periodic by measure theory.
A function f ∈ Cb(R, X) is said to be (µ1, µ2)-Pseudo-asymptotically Bloch τ -periodic if for given τ, ρ ∈ R,

lim
r→+∞

1

µ2(Ωr)

∫
Ωr

‖f(s+ τ)− eiρτf(s)‖dµ1(s) = 0,

where µ1 and µ2 are two positives measures that we will define then later (See [1, 4, 4]).
we say that f ∈ PSABPτ,ρ(R, X, µ1, µ2).
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The main purpose of this paper is to consider the following semi-linear integro-differential equation

u′(s) = Tu(s) + a

∫ s

−∞

(s− t)m−1

Γ(m)
e−b(s−t)Tu(t)dt+ g(s, u(s)), s ∈ R, (1.1)

where T : D(T ) ⊆ X → X is a closed linear operator on a Banach space X, a 6= 0, b > 0, m ≥ 1,
g ∈ Cb(R×X,X), and Γ(.) is the Gamma function.
The equation (1.1) arises from the thermodynamics of materials with memory (as in [2]).

The next part of this article is outlined as follows: Section 2 is Preliminaries composing some basic
definitions, remarks and notations. Section 3 we treat some results on (µ1, µ2)-Pseudo-asymptotically
Bloch τ -periodic functions. Section 4 is concerned with the existence and uniqueness of (µ1, µ2)-Pseudo-
asymptotically Bloch τ -periodic solutions to (1.1). Finally, in section 5, we give an application which
explains the work.

2 Preliminaries

we consider the following notations:

• (X, ‖.‖) : Banach space.

• ‖f‖∞ = supt∈R ‖f‖ .

• Cb(R, X) (resp Cb(R×X,X)) : Banach space of bounded continuous functions from R (resp R×X) to
X with super-norm ‖.‖∞.

• B(X) : Space of all bounded linear operators from X into itself.

• fa(.) := f(.+ a), with a ∈ R and f ∈ Cb(R, X)

• Ωr := [−r, r], r > 0.

• <(z): real part of z, with z ∈ C.

Definition 2.1. [14] For given τ, ρ ∈ R, a function f ∈ Cb(R, X) is said to be Bloch τ -periodic if for all
s ∈ R, f(s+ τ) = eiρτf(s).
We denote by BPτ,ρ(R, X), the space of all Bloch τ -periodic functions from R to X.

Remark 2.1. From definition 2.1, we can see that f is τ -periodic if ρτ = 0, and f is τ -anti-periodic if
ρτ = π.

Definition 2.2. [13] A function f ∈ Cb(R, X) is said to be S-asymptotically τ -periodic if for a given τ ∈ R,

lim
|s|→∞

‖f(s+ τ)− f(s)‖ = 0, s ∈ R.

we denote the set of its functions by SAPτ (R, X).

Definition 2.3. [20] A function f ∈ Cb(R, X) is said to be pseudo-S-asymptotically τ -periodic if for a
given τ ∈ R,

lim
r→∞

1

2r

∫ r

−r
‖f(s+ τ)− f(s)‖ds = 0.

The set of such functions will be denoted by PSAPτ (R, X).
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3 (µ1, µ2)-Pseudo-asymptotically Bloch τ-periodic functions

We denote by B the Lebesgue σ-field of R and by M the set of all positive measures µ on B satisfying
µ(R) = +∞ and µ([a1, a2]) < +∞, for all a1, a2 ∈ R, (a1 ≤ a2).

Definition 3.1. Let µ1, µ2 ∈ M. The measures µ1 and µ2 are said to be equivalent (µ1 ∼ µ2) if there
exist a constants c1, c2 > 0 and a bounded interval J ⊂ R (eventually J = ∅) such that

c1µ2(A) ≤ µ1(A) ≤ c2µ2(A)

for all A ∈ B satisfying A
⋂
J = ∅.

Let µ1, µ2 ∈M and r > 0, suppose that

Θr =
µ1(Ωr)

µ2(Ωr)
.

In this paper, we need the following hypotheses:

(M1) Let µ1, µ2 ∈M such that
lim sup
r→+∞

Θr < +∞.

(M2) For µ ∈M, ω ∈ R, there exist γ > 0 and a bounded interval J such that

µ(a+ ω; a ∈ A) ≤ γµ(A), when A ∈ B satisfy A
⋂

J = ∅.

Definition 3.2. Let µ1, µ2 ∈M. A function f ∈ Cb(R, X) is said to be (µ1, µ2)-Pseudo-asymptotically
Bloch τ -periodic if for given τ, ρ ∈ R,

lim
r→+∞

1

µ2(Ωr)

∫
Ωr

‖f(s+ τ)− eiρτf(s)‖dµ1(s) = 0.

We denote the set of all such functions by PSABPτ,ρ(R, X, µ1, µ2).

• If ρτ = 0, we have

lim
r→+∞

1

µ2(Ωr)

∫
Ωr

‖f(s+ τ)− f(s)‖dµ1(s) = 0,

then f is called (µ1, µ2)-Pseudo-asymptotically τ -periodic denoted by PSAPτ (R, X, µ1, µ2).

• If ρτ = π, we have

lim
r→+∞

1

µ2(Ωr)

∫
Ωr

‖f(s+ τ) + f(s)‖dµ1(s) = 0,

then f is called (µ1, µ2)-Pseudo-asymptotically τ -anti-periodic denoted by PSAAPτ (R, X, µ1, µ2).

• If µ1 = µ2 = µ, we have

lim
r→+∞

1

µ(Ωr)

∫
Ωr

‖f(s+ τ)− eiρτf(s)‖dµ(s) = 0,

then f is called µ-Pseudo-asymptotically Bloch τ -periodic denoted by PSABPτ,ρ(R, X, µ).
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Lemma 3.1. Let µ1, µ2 ∈M satisfy (M1) and (M2), f, g, h ∈ PSABPτ,ρ(R, X, µ1, µ2).
Then we have the following results:

(i) g + h ∈ PSABPτ,ρ(R, X, µ1, µ2), cf ∈ PSABPτ,ρ(R, X, µ1, µ2) for each c ∈ R.

(ii) The function fa ∈ PSABPτ,ρ(R, X, µ1, µ2) for any a ∈ R.

(iii)The space PSABPτ,ρ(R, X, µ1, µ2) is a Banach space with the super-norm.

Proof. (i) Hence,

1

µ2(Ωr)

∫
Ωr

‖(g + h)(s+ τ)− eiρτ (g + h)(s)‖dµ1(s)

≤ 1

µ2(Ωr)

∫
Ωr

‖g(s+ τ)− eiρτg(s)‖dµ1(s)

+
1

µ2(Ωr)

∫
Ωr

‖h(s+ τ)− eiρτh(s)‖dµ1(s),

and

1

µ2(Ωr)

∫
Ωr

‖(cf)(s+ τ)− eiρτ (cf)(s)‖dµ1(s) ≤ |c| 1

µ2(Ωr)

∫
Ωr

‖f(s+ τ)− eiρτf(s)‖dµ1(s).

Then
g + h, cf ∈ PSABPτ,ρ(R, X, µ1, µ2).

(ii) For each a ∈ R, hence,

1

µ2(Ωr)

∫
Ωr

‖f(s+ a+ τ)− eiρτf(s+ a)‖dµ1(s)

≤ γ

µ2(Ωr)

∫ r+a

−r+a
‖f(s+ τ)− eiρτf(s)‖dµ1(s)

≤ γ

µ2(Ωr)

∫ r+|a|

−r−|a|
‖f(s+ τ)− eiρτf(s)‖dµ1(s)

= γ
µ2([−r − |a|, r + |a|])

µ2([−r, r])
(

1

µ2([−r − |a|, r + |a|])

∫ r+|a|

−r−|a|
‖f(s+ τ)− eiρτf(s)‖dµ1(s)).

For r sufficiently large we obtain fa ∈ PSABPτ,ρ(R, X, µ1, µ2).

(iii) Let {fn}n ∈ PSABPτ,ρ(R, X, µ1, µ2) converge to f as r →∞.

Then for any ε > 0, we can choose suitable constants N > 0 and rε such that

1
µ2(Ωr)

∫
Ωr
‖fn(s+ τ)− eiρτfn(s)‖dµ1(s) ≤ ε

3 ; ‖fn − f‖∞ ≤ ε
3Θr

, for n > N and r > rε.

1
µ2(Ωr)

∫
Ωr
‖f(s+ τ)− eiρτf(s)‖dµ1(s)

= 1
µ2(Ωr) (

∫
Ωr
‖f(s+ τ)− fn(s+ τ) + fn(s+ τ)− eipτfn(s) + eiρτfn(s)− eiρτf(s)‖dµ1(s))

≤ 1
µ2(Ωr)

∫
Ωr
‖f(s+ τ)− fn(s+ τ)‖dµ1(s)
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+ 1
µ2(Ωr)

∫
Ωr
‖eiρτfn(s)− eiρτf(s)‖dµ1(s)

+ 1
µ2(Ωr)

∫
Ωr
‖fn(s+ τ)− eiρτfn(s)‖dµ1(s)

≤ 2Θr‖fn − f‖∞ + ( 1
µ2(Ωr)

∫
Ωr
‖fn(s+ τ)− eiρτfn(s)‖dµ1(s))

≤ 2 ε3 + ε
3 = ε.

Which gives that the space PSABPτ,ρ(R, X, µ1, µ2) is a closed sub-space of Cb(R, X), it is therefore
a Banach space equipped with super-norm.

Theorem 3.2. Let µ1, µ2 ∈ M satisfies (M1) and J be a bounded interval (eventually J = ∅) and
f ∈ Cb(R, X), then the following assertions are equivalent:

(i) f ∈ PSABPτ,ρ(R, X, µ1, µ2).

(ii)

lim
r→∞

1

µ2(Ωr\J)

∫
Ωr\J

‖f(s+ τ)− eiρτf(s)‖dµ1(s) = 0

(iii) For any ε > 0,

lim
r→∞

µ1(s ∈ Ωr\J, ‖f(s+ τ)− eiρτf(s)‖ > ε)

µ2(Ωr\J)
= 0.

Proof. (i)⇔ (ii) Denote by A1 = µ2(J), A2 =
∫

J
‖f(s+ τ)− eiρτf(s)‖dµ1(s), A3 = µ1(J).

Since the interval J is bounded and f ∈ Cb(R, X), then A1, A2 and A3 are finite.

for r > 0 such tat J ⊂ Ωr and µ2(Ωr\J) > 0, we have

1
µ2(Ωr\J)

∫
Ωr\J ‖f(s+ τ)− eiρτf(s)‖dµ1(s) = 1

µ2(Ωr)−A1
(
∫

Ωr
‖f(s+ τ)− eiρτf(s)‖dµ1(s)−A2)

= µ2(Ωr)
µ2(Ωr)−A1

( 1
µ2(Ωr)

∫
Ωr
‖f(s+ τ)− eiρτf(s)‖dµ1(s)− A2

µ2(Ωr) ).

Since µ2(R) =∞, we deduce that (ii)⇔ (i).

(iii)⇒ (ii) Denote by Φεr and Ψε
r the following sets

Φεr = {s ∈ Ωr\J, ‖f(s+ τ)− eiρτf(s)‖ > ε},

and
Ψε
r = {s ∈ Ωr\J, ‖f(s+ τ)− eiρτf(s)‖ ≤ ε}.

Assume that (iii) holds, that is

lim
r→∞

µ1(Φεr)

µ2(Ωr\J)
= 0.
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We have
∫

Ωr\J ‖f(s+τ)−eiρτf(s)‖dµ1(s) =
∫

Φεr
‖f(s+τ)−eiρτf(s)‖dµ1(s)+

∫
Ψεr
‖f(s+τ)−eiρτf(s)‖dµ1(s)

1
µ2(Ωr\J)

∫
Ωr\J ‖f(s+ τ)− eiρτf(s)‖dµ1(s)

≤ 2‖f‖∞ µ1(Φεr)
µ2(Ωr\J) +

µ1(Ψεr)
µ2(Ωr\J)ε

≤ 2‖f‖∞ µ1(Φεr)
µ2(Ωr\J) + µ1(Ωr\J)

µ2(Ωr\J)ε

= 2‖f‖∞ µ1(Φεr)
µ2(Ωr\J) + µ1(Ωr)−A3

µ2(Ωr)−A1
ε

= 2‖f‖∞ µ1(Φεr)
µ2(Ωr\J) +

µ1(Ωr)(1− A3
µ1(Ωr)

)

µ2(Ωr)(1− A1
µ2(Ωr)

)
ε

≤ 2‖f‖∞ µ1(Φεr)
µ2(Ωr\J) + Θr

1− A3
µ1(Ωr)

1− A1
µ2(Ωr)

ε

For r sufficiently large, since µ1(R) = µ2(R) =∞, then for all ε > 0 we have

1
µ2(Ωr\J)

∫
Ωr\J ‖f(s+ τ)− eiρτf(s)‖dµ1(s) ≤ cst ε

Then

lim
r→∞

1

µ2(Ωr\J)

∫
Ωr\J

‖f(s+ τ)− eiρτf(s)‖dµ1(s) = 0

Consequently (ii) holds.

(ii) ⇒ (iii) Assume that (ii) holds

1
µ2(Ωr\J)

∫
Ωr\J ‖f(s+ τ)− eiρτf(s)‖dµ1(s)

≥ 1
µ2(Ωr\J)

∫
Φεr
‖f(s+ τ)− eiρτf(s)‖dµ1(s)

≥ ε µ1(Φεr)
µ2(Ωr\J)

For r sufficiently large, we obtain (iii).

Corollary 3.3. A continuous function f : R→ X satisfying

lim
|s|→∞

f(s) = 0

Then f ∈ PSABPτ,ρ(R, X, µ1, µ2) for all µ1, µ2 ∈M satisfies (M1).

Proof. By hypothesis, we have
lim
|s|→∞

(f(s+ τ)− eiρτf(s)) = 0

for all ε > 0, there exists υ > 0 such that

|s| ≥ υ ⇒ ‖f(s+ τ)− eiρτf(s)‖ ≤ ε

Then for all r > υ

{s ∈ Ωr\(−υ, υ); ‖f(s+ τ)− eiρτf(s)‖ > ε} = ∅.

We conclude by using theorem 3.2.
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Proposition 3.4. Assume that (M1) hold. If µ1, µ2, ν1, ν2 ∈M and µ1 ∼ ν1, µ2 ∼ ν2, then
PSABPτ,ρ(R, X, µ1, µ2) = PSABPτ,ρ(R, X, ν1, ν2).

Proof. Since µ1 ∼ ν1, µ2 ∼ ν2, then for all A ∈ B satisfying A
⋂

Ωr = ∅, by definition 3.1, there exists
α1, α2 > 0, β1, β2 > 0 such that
α1ν1(A) ≤ µ1(A) ≤ β1ν1(A), and α2ν2(A) ≤ µ2(A) ≤ β2ν2(A).

For r sufficiently, we have

α1

β2
× ν1({s ∈ Ωr\J; ‖f(s+ τ)− eiρτf(s)‖ > ε})

ν2(Ωr\J)

≤ µ1({s ∈ Ωr\J; ‖f(s+ τ)− eiρτf(s)‖ > ε})
µ2(Ωr\J)

≤ β1

α2
× ν1({s ∈ Ωr\J; ‖f(s+ τ)− eiρτf(s)‖ > ε})

ν2(Ωr\J)
.

Hence PSABPτ,ρ(R, X, µ1, µ2) = PSABPτ,ρ(R, X, ν1, ν2), by theorem 3.2.

Theorem 3.5. Let µ1, µ2 ∈M and {S(s)}s≥0 ⊆ B(X) be a uniformly integrable and strongly continuous
family.

If f ∈ PSABPτ,ρ(R, X, µ1, µ2), then

U(s) :=

∫ s

−∞
S(s− ξ)f(ξ)dξ ∈ PSABPτ,ρ(R, X, µ1, µ2).

Proof. Since {S(s)}s≥0 ⊆ B(X) is uniformly integrable, we have∫ ∞
0

‖S(s)‖ds <∞.

It follows from f ∈ PSABPτ,ρ(R, X, µ1, µ2) that

lim
r→∞

1

µ2(Ωr)

∫
Ωr

‖f(s+ τ)− eiρτf(s)‖dµ1(s) = 0.

On the other hand, by the Fubini theorem, we have

1
µ2(Ωr)

∫
Ωr
‖U(s+ τ)− eiρτU(s)‖dµ1(s)

= 1
µ2(Ωr)

∫
Ωr
‖
∫ s+τ
−∞ S(s+ τ − ξ)f(ξ)dξ − eiρτ

∫ s
−∞ S(s− ξ)f(ξ)dξ‖dµ1(s)

= 1
µ2(Ωr)

∫
Ωr
‖
∫ s
−∞ S(s− ξ)(f(ξ + τ)− eiρτf(ξ))dξ‖dµ1(s)
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≤ 1
µ2(Ωr)

∫
Ωr

[
∫ s
−∞ ‖S(s− ξ)(f(ξ + τ)− eiρτf(ξ))‖dξ]dµ1(s)

≤ 1
µ2(Ωr)

∫
Ωr

∫∞
0
‖S(ξ)(f(s− ξ + τ)− eiρτf(s− ξ))‖dξdµ1(s)

≤
∫∞

0
‖S(ξ)‖( 1

µ2(Ωr)

∫
Ωr
‖f(s− ξ + τ)− eiρτf(s− ξ)‖dµ1(s))dξ.

Since f ∈ PSABPτ,ρ(R, X, µ1, µ2), we use Lemma 3.1 (ii) and the Lebesgue dominated convergence
theorem, we obtain

lim
r→∞

1

µ2(Ωr)

∫
Ωr

‖U(s+ τ)− U(s)‖dµ1(s) = 0

ie: U ∈ PSABPτ,ρ(R, X, µ1, µ2).

Definition 3.3. Let µ1, µ2 ∈M.
A continuous function f : R× Y → X is said to be (µ1, µ2)-Pseudo-asymptotically Bloch τ -periodic
in s uniformly with respect to y ∈ Y if the following conditions are true:
(i) For all y ∈ Y , f(., y) ∈ PSABPτ,ρ(R, X, µ1, µ2).
(ii) f is uniformly continuous on each compact K in Y with respect to the second variable y.
ie: for each compact K in X, for all ε > 0, there exists δ > 0 such that for all y1, y2 ∈ K, we have

‖y1 − y2‖ ≤ δ ⇒ sup
s∈R
‖f(s, y1)− f(s, y2)‖ ≤ ε

The collection of such function is denoted by PSABPτ,ρU(R× Y,X, µ1, µ2).

We use the following assumptions which will be applied in the rest of this work.

(A1) Let g ∈ Cb(R×X,X), for all (s, x) ∈ R×X, g(s+ τ, x) = eiρτg(s, e−iρτx).

(A2) Let Lg > 0 and g ∈ Cb(R×X,X), such that, for all x1, x2 ∈ X, s ∈ R, we have:

‖g(s, x1)− g(s, x2)‖ ≤ Lg‖x1 − x2‖.

(A3) Let µ ∈M and g ∈ Cb(R×X,X), such that for all x1, x2 ∈ X, s ∈ R, we have:

‖g(s, x1)− g(s, x2)‖ ≤ Lg(s)‖x1 − x2‖,

where p ≥ 1, Lg : R→ R ∈ Lp(R, dµ)
⋂
Lp(R, dx).

Lemma 3.6. Let µ1, µ2 ∈M verifying hypothesis (M1), then for all p ≥ 1 we have

Lp(R, dµ1) ∩ Cb(R, X) ⊂ PSABPτ,ρ(R, X, µ1, µ2).
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Proof. • If p > 1, posing q = p
p−1 , then 1

p + 1
q = 1, and if f ∈ Lp(R, dµ1) ∩ Cb(R, X), we have :

1
µ2(Ωr)

∫
Ωr
‖f(s+ τ)− eiρτf(s)‖dµ1(s)

≤ 1
µ2(Ωr) (

∫
Ωr
‖f(s+ τ)− eiρτf(s)‖pdµ1(s))

1
pµ1(Ωr)

1
q

≤ 2µ1(Ωr)
1
q

µ2(Ωr) ‖f‖Lp(R,dµ1)

≤ 2Θr
‖f‖Lp(R,dµ1)

µ1(Ωr)
1
p

.

Since

lim
r→+∞

(
‖f‖Lp(R,dµ1)

µ1(Ωr)
1
p

) = 0,

there f ∈ PSABPτ,ρ(R, X, µ1, µ2).

• If p = 1, taking f ∈ L1(R, dµ1) ∩ Cb(R, X), then

1

µ2(Ωr)

∫
Ωr

‖f(s+ τ)− eiρτf(s)‖dµ1(s) ≤
2‖f‖L1(R,dµ1)

µ2(Ωr)

Since

lim
r→+∞

(
‖f‖L1(R,dµ1)

µ2(Ωr)
) = 0,

then f ∈ PSABPτ,ρ(R, X, µ1, µ2).

In the rest of this article, we will distinguish two cases: Lg constant and for this we will consider
hypothesis (A2), or Lg variable and we will consider hypothesis (A3).

∗Case1 : Lgconstant

Theorem 3.7. Let µ1, µ2 ∈M and g ∈ Cb(R×X,X) satisfy (A1) and (A2).
Then for each ϕ ∈ PSABPτ,ρ(R, X, µ1, µ2), g(., ϕ(.)) ∈ PSABPτ,ρ(R, X, µ1, µ2).

Proof. Let ϕ ∈ PSABPτ,ρ(R, X, µ1, µ2), s ∈ R, we have

lim
r→+∞

1

µ2(Ωr)

∫
Ωr

‖ϕ(s+ τ)− eiρτϕ(s)‖dµ1(s) = 0

On the other hand,

1
µ2(Ωr)

∫
Ωr
‖g(s+ τ, ϕ(s+ τ))− eiρτg(s, ϕ(s))‖dµ1(s)

= 1
µ2(Ωr)

∫
Ωr
‖eiρτg(s, e−iρτϕ(s+ τ))− eiρτg(s, ϕ(s))‖dµ1(s)

≤ Lg
µ2(Ωr)

∫
Ωr
‖e−iρτϕ(s+ τ)− ϕ(s)‖dµ1(s)

= Lg(
1

µ2(Ωr)

∫
Ωr
‖ϕ(s+ τ)− eiρτϕ(s)‖dµ1(s)).
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Thus

lim
r→+∞

1

µ2(Ωr)

∫
Ωr

‖g(s+ τ, ϕ(s+ τ))− eiρτg(s, ϕ(s))‖dµ1(s) = 0

ie: g(., ϕ(.)) ∈ PSABPτ,ρ(R, X, µ1, µ2).

∗Case2 : LgVariable

Theorem 3.8. Let µ1, µ2 ∈M satisfies (M1) and g ∈ Cb(R×X,X) satisfy (A1) and (A3).
For each ϕ ∈ PSABPτ,ρ(R, X, µ1, µ2), then g(., ϕ(.)) ∈ PSABPτ,ρ(R, X, µ1, µ2).

Proof. Let ϕ ∈ PSABPτ,ρ(R, X, µ1, µ2), s ∈ R, we have

1

µ2(Ωr)

∫
Ωr

‖ϕ(s+ τ)− eiρτϕ(s)‖dµ1(s) = 0

On the other hand,

1
µ2(Ωr)

∫
Ωr
‖g(s+ τ, ϕ(s+ τ))− eiρτg(s, ϕ(s))‖dµ1(s)

= 1
µ2(Ωr)

∫
Ωr
‖eiρτg(s, e−iρτϕ(s+ τ))− eiρτg(s, ϕ(s))‖dµ1(s)

≤ 1
µ2(Ωr)

∫
Ωr
Lg(s)‖e−iρτϕ(s+ τ)− ϕ(s)‖dµ1(s)

≤ 1
µ2(Ωr) (

∫
Ωr
‖Lg‖pdµ1(s))

1
p (
∫

Ωr
‖ϕ(s+ τ)− eiρτϕ(s)‖qdµ1(s))

1
q

≤ ‖Lg‖Lp(R,dµ1)

µ2(Ωr) 2‖ϕ‖∞(µ1(Ωr))
1
q ).

= 2Θr‖ϕ‖∞(
‖Lg‖Lp(R,dµ1)

µ1(Ωr))
1
p

).

Since

lim
r→+∞

‖Lg‖Lp(R,dµ1)

µ1(Ωr)
1
p

= 0.

Thus

lim
r→+∞

1

µ2(Ωr)

∫
Ωr

‖g(s+ τ, ϕ(s+ τ))− eiρτg(s, ϕ(s))‖dµ1(s) = 0

ie: g(., ϕ(.)) ∈ PSABPτ,ρ(R, X, µ1, µ2).

4 Semi-Linear Evolution Equation

In this section we consider the following semi-linear integro-differential equation

u
′
(s) = Tu(s) + a

∫ s
−∞

(s−t)m−1

Γ(m) e−b(s−t)Tu(t)dt+ g(s, u(s)), s ∈ R.

10

3 Jan 2023 13:29:20 PST
230103-Miraoui Version 1 - Submitted to Rocky Mountain J. Math.



Where T : D(T ) ⊆ X → X is a closed linear operator on a Banach space X, a 6= 0, b > 0, m ≥ 1,
g ∈ Cb(R×X,X), and Γ(.) is the Gamma function.

In the remainder of this work we assume that the following hypotheses are satisfied:

(H1) The operator T generates an immediately norm continuous C0-semigroup on a Banach space X.

(H2) <((−a)
1
m − b) < 0 and

sup{<(λT ), λT ∈ C : λT (λT + b)m((λT + b)m + a)−1 ∈ σ(T )} < 0.

Using [ [8], Proposition 3.1 ], we obtain a uniformly exponentially stable and strongly continuous family
of operators {S(s)}s≥0 ⊆ B(X) verifying conditions (H1) and (H2),
i.e : there exist constants δ > 0, M > 0 such that for all s ≥ 0,

‖S(s)‖ ≤Me−δs. (4.1)

For [ [8], Theorem 3.2], the following linear equation,

u
′
(s) = Tu(s) + a

∫ s

−∞

(s− t)m−1

Γ(m)
e−b(s−t)Tu(t)dt+ g(s), s ∈ R, (4.2)

admits the mild solutions given by

u(s) =

∫ s

−∞
S(s− ξ)g(ξ)dξ, s ∈ R. (4.3)

Lemma 4.1. If g ∈ PSABPτ,ρ(R, X, µ1, µ2), then the mild solution u(s) given by (4.3) belongs to
PSABPτ,ρ(R, X, µ1, µ2).

Proof. We use Theorem 3.5.

Definition 4.1. We say that the function u : R → X is a mild solution to the equation (4.2) if the
function ξ 7→ S(s− ξ)g(ξ, u(ξ)) is integrable on (−∞, s] for all s ∈ R and

u(s) =

∫ s

−∞
S(s− ξ)g(ξ, u(ξ))dξ, s ∈ R.

Theorem 4.2. Let µ1, µ2 ∈M satisfies (M1) and (M1), assume that (H1) and (H2) hold, we have:

(i) If g ∈ Cb(R×X,X) satisfies (A1).

Then equation (1.1) admits a unique mild solution u ∈ PSABPτ,ρ(R, X, µ1, µ2) whenever

MLg
δ

< 1.

(ii) If g ∈ Cb(R×X,X) satisfies (A2).
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Then system (1.1) admits a unique mild solution u ∈ PSABPτ,ρ(R, X, µ1, µ2) whenever

‖Lg‖Lp(R,dx) <
(δq)

1
q

M
.

Proof. We define the operator F : PSABPτ,ρ(R, X, µ1, µ2)→ PSABPτ,ρ(R, X, µ1, µ2) by

(Fu)(s) :=
∫ s
−∞ S(s− ξ)g(ξ, u(ξ))dξ, s ∈ R,

where {S(s)}s≥0 verifies the relation (4.1).

For each u ∈ PSABPτ,ρ(R, X, µ1, µ2), using Theorem 3.7 and Theorem 3.8, the function ξ 7→ g(ξ, u(ξ))
belongs to PSABPτ,ρ(R, X, µ1, µ2). From Lemma 4.1 we have Fu ∈ PSABPτ,ρ(R, X, µ1, µ2), which give
F is well defined.

(i) For u1, u2 ∈ PSABPτ,ρ(R, X, µ1, µ2) and s ∈ R, we have

‖(Fu1)(s)− (Fu2)(s)‖ ≤
∫ s
−∞ ‖S(s− ξ)[g(ξ, u1(ξ))− g(ξ, u2(ξ))]‖dξ

≤
∫ s
−∞ Lg‖S(s− ξ)‖‖u1(ξ)− u2(ξ)‖dξ

≤ Lg‖u1 − u2‖∞
∫∞

0
‖S(ξ)‖dξ

≤ LgM
δ ‖u1 − u2‖∞.

Therefore,

‖Fu1 −Fu2‖∞ ≤
MLg
δ
‖u1 − u2‖∞,

which gives that F is contractive for the assumption
MLg
δ < 1.

So there is a unique u ∈ PSABPτ,ρ(R, X, µ1, µ2), such that F(u) = u via the Banach fixed point theorem.

(ii) For u1, u2 ∈ PSABPτ,ρ(R, X, µ1, µ2) and s ∈ R, we have

‖(Fu1)(s)− (Fu2)(s)‖ ≤
∫ s
−∞ ‖S(s− ξ)[g(ξ, u1(ξ))− g(ξ, u2(ξ))]‖dξ

≤M
∫ s
−∞ e−δ(s−ξ)Lg(ξ)‖u1(ξ)− u2(ξ)‖dξ

≤M‖u1 − u2‖∞(
∫ s
−∞ ‖Lg(ξ)‖

pdξ)
1
p (
∫ s
−∞(e−δ(s−ξ))qdξ)

1
q

≤ M‖Lg‖Lp(R,dx)

(δq)
1
q

‖u1 − u2‖∞.

Therefore,

‖Fu1 −Fu2‖∞ ≤
M‖Lg‖Lp(R,dx)

(δq)
1
q

‖u1 − u2‖∞,
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As well as the first result (i), the system (1.1) admits a unique mild solution u ∈ PSABPτ,ρ(R, X, µ1, µ2)

for ‖Lg‖Lp(R,dµ1) <
(δq)

1
q

M .

5 Application:

We consider the problem{
∂u
∂s (s, x) = ∂2u

∂x2 (s, x)−
∫ s
−∞

(s−t)
2Γ(2)e

−(s−t) ∂2u
∂x2 (t, x)dt+ g(s, u(s))

u(0, s) = u(π, s) = 0,
(5.1)

with x ∈ [0, π], t ∈ R.

Let X := L2([0, π]), T := d2

dx2 , with domain D(T ) = {h ∈ H2([0, π]), h(0) = h(π) = 0}.

Then we can write the problem (5.1) in the abstract form (1.1), with a = − 1
2 ; b = 1 and m = 2.

Since T generate an immediately norm continuous, with σ(T ) = {−n2, n ∈ N}, then the solutions to
equation

λT (λT + 1)2

(λT + 1)2 − 1
2

= −n2,

are given by

λn,1T =
−(n2 + 2)

3
− 6an

cn
+

1

6
cn,

λn,2T =
−(n2 + 2)

3
+ 3

an
cn
− cn

12
+

√
3

2
(
1

6
cn + 6

an
cn

)i

λn,3T =
−(n2 + 2)

3
+ 3

an
cn
− cn

12
−
√

3

2
(
1

6
cn + 6

an
cn

)i

for all n ≥ 1, where

an := − 1
9 + 2

9n
2 − 1

9n
4, cn := (8 + 30n2 + 24n4 − 8n6 + 6n

√
24 + 9n2 + 72n4 − 24n6)

1
3 .

An easy computation shows that

sup{<(λT );λT (λT + 1)2((λT + 1)2 − 1

2
)−1 ∈ σ(T )} < 0.

Therefore, from ([2], proposition3.1) we conclude that there exists a strongly continuous family of oper-
ators {S(s)}s≥0 ⊂ B(X) such that ‖S(s)‖ ≤Me−δs for some M, δ > 0.

We take g(s+ τ, ϕ)(t) := η(s)ϕ(t).
Assume that η(s) is a bounded continuous τ -periodic function, i.e. η(s+ τ) = η(s), then we have

g(s+ τ, ϕ)(t) = η(s+ τ)eiρτe−iρτϕ(t) = eiρτη(s)e−iρτϕ(t) = eiρτg(s, e−iρτϕ)(t).

We also have

‖g(s, ϕ1)− g(s, ϕ2)‖2L2([0,π]) ≤ |η(s)|2‖ϕ1(t)− ϕ2(t)‖2L2([0,π]).
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Then the equation (5.1) has a unique (µ1, µ2)-Pseudo-asymptotically Bloch τ -periodic mild solution on
R provided that δ > ‖η‖∞M by Theorem 4.2 (i).
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