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)
9 ABSTRACT. In this paper we introduce weighted simplicial cohomology with coefficients in Q[[x]].
0 This cohomology is derived from a weighted coboundary operator incorporating simplex weights from
— Q[[]]. We provide a particular bi-partition for the set of n-simplices into p” and x"-simplices and
" then we establish a four-term exact sequence relating the torsion module of weighted cohomology with
12 regular cohomology having coefficients in Q[[7]]. Furthermore, we prove a structure theorem for the
13 torsion, expressing its invariant factors as ratios of weights of distinguished (u"~!, x"*)-simplex-pairs. We
14 then employ this result to interpret the long homology sequence arising from a natural map connecting
15 weighted and regular cohomology over Q[[7]]. Secondly we leverage weighted homology by a bi-partition
6 into ,,- and x,,-simplices with its torsion expressed via a pairing (K, tt,—1 ). We show that cohomological
— torsion is described by a pairing of the form (u"~!, u,), which gives rise to an isomorphism between
7 weighted cohomological torsion and Hom(Imd,, R).
18
19 .
o 1. Introduction

21 Constructions incorporating weight parameters have been studied in the context of algebraic invariants
22 of various spaces. For instance, in [1], parametric constructions of Cech and Vietoris-Rips complexes
23 were described, while in [7] certain orbifold cohomologies of weighted projective spaces were com-
24 puted. In [14] a notion of weighted cohomology groups was analyzed for arithmetic groups, and in [8]
25 simplicial complexes associated to Coxeter systems were studied via weighted L?-cohomology groups.
26 In [10], Dawson introduced weighted simplicial complexes and developed a weight dependent
27 homology theory for them. His construction was a simplicial complex equipped with a weight function
28 v: X — R, where R was an integral domain, such that for simplices ¢,7 € X with o C 7, v(0)|v(7)
29 held. He focused on establishing the Eilenberg-Steenrod [12, 9] axioms based on a weighted version
30 of the Mayer-Vietoris [22] sequence and provided a category-theory centered treatment of the subject.
31 The key difference between standard and weighted homology was in the definition of a novel boundary
32 operator that incorporated the weight-function v

s+ 4(0)= L s 1

36 Subsequent contributions [20, 23] were more application focused: an extension of Dawson’s framework
57 to persistent homology was presented, and weighted Laplacians were introduced and studied as an
ss approach to weighted cohomology. Using a non-essential difference in definition, [2] studied the
59 weighted homology with coefficients in certain discrete valuation rings, for loop nerves arising from
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41 Key words and phrases. weighted simplicial complex, weighted cohomology, torsion, combinatorial structure, discrete
42 valuation, formal power series.
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THE COMBINATORICS OF WEIGHTED COHOMOLOGY 2

1 pairs of arc diagrams with shared vertices [4, 5]. This was done by connecting weighted simplicial
2 homology to its classical counterpart via explicit chain maps, the latter being an instance of the former
'3 with constant weights. This was further extended to interaction structures in [15], and in [16, 3] general
4 formulas for the torsion of weighted homology, as well as tractable computational and algorithmical
‘5 principles were given. This was achieved in terms of the weights of certain pairings of simplices at
6 subsequent dimensions. These parings were in general non-local, in the sense that the pair needn’t
have exhibited any face relations.

From an application perspective, weighted simplicial complexes naturally arise in the context of data

o analysis, with many real world data sets exhibiting simplicial structure [17, 18, 19] and indeed being

10 organized as such [13, 21]. While current methods for topological data analysis abound [6, 21, 24],
11 a prevalent feature of these data-sets is the presence of additional simplex-specific data [11], which
12 now can be encoded using simplicial weights. Hence, the theory of such complexes merits further
13 investigation.
14 This paper extends the previously mentioned theoretical frameworks, and is organised as follows: in
15 Section 2 we introduce the construction of weighted functional simplicial cohomology with values in
16 R = Q[[x]] and establish some basic properties. In Section 3 we prove an explicit structure theorem
17 for the torsion part of the weighted cohomolgy modules over R. In Section 4 we prove an explicit
18 structure theorem for a cohomological quotient in the context of co-chain maps arising between regular
19 and weighted cohomology. In Section 5 we give a combinatorial interpretation of the isomorphism
20 between weighted torsion and weighted co-torsion at subsequent simplicial dimensions. Finally, in
21 Section 6 study weighted cohomology further, providing an interpretation via Hom(Imd,, R).

[ |~]e

22

23 2. Definitions and basic properties

24
25 Let X be a simplicial complex and @: X — Z satisfying

26

27 cCt= w(o)>w(r), Vo,teX.

28

:2% Given R = Q[[x]], a formal power series ring with transcendental variable 7, ® induces a weight
— function v: X — R by v(c) = n?(®). The pair (X,v) is called a weighted simplicial complex. Adopting
> the definition in [4], the weighted boundary operator is given by

33
34 I Ca(X) = o1 (X), 9y(0)=Y n@lG)=e@) (1),
35 i=0

36

3z where C,(X) is the free R-module over all n-simplices of X. Then, the weighted homology of (X,v)
% _are the R-modules H, (X) = Kerd, /Imd) ;. LetV',v: X — R be such that v/(c)|v(c),Vo € X. We

39 have chain maps
40

- 6" CX) — C,(X). 6]7(0) -
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/
Denoting 6, = 6, "’, the following diagram commutes

For any R-module L, setting 87 (f) = fodY and 8" (f) = f 06,, the following diagram also commutes

je|e~[ofa]s]e]m]-
-
§D
<
-
:‘QD

—_
o

Hom(C,(X),L) <—— Hom(C,—(X),L)

6n71
V/
on en—l

Hom(C,(X),L) gy Hom(C,—(X),L).

Vv

—_ | =
A

—_
w

—
IS

— The weighted cohomology of (X, v), is denoted by H]' (X, L) and is the homology of (Hom(C,(X),L),d}).
— Let0": H)(X,L) — H!)(X,L) denote the induced map. We set Hom(C,(X/8), )i%
o Then

E

19 gn—1

o 0 — Hom(C,—1(X),L) — Hom(C,_(X),L) — 1 Hom( ~1(X/0),L) —=0

. L e

22 n

s 0 —— Hom(C,(X),L) Hom(C,(X),L) Hom(C,, (X / —0

o is commutative. Denoting by H),(X/6,L), the homology of (Hom(C,(X/6),L), SV”,), we obtain the
e long exact sequence

27 X snfl

_ _ v 0" ]
28 H'7'(X,L) —~ H"'(X/8,L) —— H!'(X,L) —— H"\(X,L) —> H".(X/6,L).

29
50 In what follows we will fix a finitely generated simplicial complex X and restrict ourselves to the case

21 L=RandV = lg, i.e. weighted simplicial cohomology with coefficients in the base ring R, where
3> the V' weighted simplicial cohomology reduces to standard simplicial cohomology with coefficients
33 and values in R. We denote H=H/(X,R), C,=C,(X), C"=Hom(C,(X),R), H;(X/0)=H!,(X/6,R),
s C"(X/6)=Hom(C,(X/0),R) and shall omit the v index label going forward. Finally, we write F", 7.}
55 and F,, T for the free and torsion sub-modules of H' and H,, respectively.

36

37 3. An explicit structure theorem for 7,

*® In this section we show that the invariant factors of T are in fact ratios of weights of distinguished

. pairs of simplices from the weighted complex.

O Letx "={c"} be the n-simplices of X ordered in increasing w-value. Clearly,

41

42 <A,Gn :C,— R | A,Gn( ) 666n>.
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1 We bi-partition X" as follows: let .#" = %" = @. For each 0" in increasing order we consider
2 O (Xoemnrohs +Aon) = 0. If a solution exists over R, we add 6" to #™. Otherwise, we add it to
‘3 /™. When this process terminates, by construction X" = .Z"UJ¢"={u" }U{x"}.

4
o Lemma 1. The following assertions hold,

- (a) {Afn = Lyn runAyn + Ayn } is a Ker 8, -basis where rynv(u") = uﬁﬁv( ") holds for uy, . €R/(m).
- (b) the following sequence is exact

8 n
o 0 —— Kerd! s Kers" — D R/(v(k")) —=0.

% (c) there exists a Kerd"-basis {Axn}, such that An appears exclusively in Agn, with coefficient one,
o and furthermore v(K")Ayn = 0" (A) holds.

13
14 Proof. Clearly {A}.,} is a Kerd]'-basis. To prove (a), it suffices to show
15 Claim 1: for each Ay = Y yn ryn Ayn + Agen, we have rynv(u") = uﬁﬁv(l{").

16 By construction §”(A%:) = 0, hence Vo' ! € X,
17

18 Z cunrunv(U") 4 cnv(K") = 0,for K" C o™
E /.L"CG"+1

20 Z cynryrv(p) =0,for k" ¢ o1
217 [.L"CG"'H

22

2? with Cun, Cxn € {17_1} ertll’lg V(.un) = n.(u(,u”)’ v nm(K”) and expanding ryn = qu“n#ﬂq

24 Where xyn , € R/(T), we obtain

—~
A

N

~—
I

z% Z Z C#nx#n7qﬂq+w(“n) —|—CKn7'L'w(K”) =0 for " C Gn+1
— 4 prcontl

27

2 Y Y o gmt™@® =0 for k"¢ o™t
2? q ,u”CO'"Jr]

Z% and taking [7®(*")]-coefficients,

2 Y ooy tee =0 for kK'Co"t!
Si anon+l

34 _ n n+1
g Z C#nxun7w(,<n)_w('un) =0 for « ¢ (e} .
o0 'unCGth%

36

37 We make the Ansatz:

38 A - — ny__ n
:g A‘,}cn - Z}"‘unl’un —f-A,K-n, }"”n :’x[.l",(l)(K")fa)(,un)n-m(K ) 0.)([1 )

40
; AV is a cocycle with An-coefficient one. However, since {8/(Ayn)} is a Im6” basis, A}, is the unique

42 Ker5” element with A,n-coefficient one. As such AV, = AV, implying uX ur = Xpn ok —e(un) Whence
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1 (a). To prove (b) it suffices to show
2 Claim 2: the following diagram of exact sequences commutes

2 0 0 0
A4
5
6 8
8 0 Kerd" C" ms" — 0
7
? on on g+l
9 0 Kerd" cn & mé"— -+ 0
10
"
% 0 —— DyrennR/(vV(K")) ——= BgnexnR/(v(0")) —= Dpyne sm R/ (v(1")) —=0
v

.
=]

0 0 0

-
(o]

1 Exactness of the middle column is immediate. Note that 6" (Ayn 09}, ) = Ayn09d), 06,y =
18 Aun©06,00,41, hence 8" (8(Ayn)) =v(")8" (Ayn). As such, to show exactness of the right column
19 it suffices to verify that mk(Imd)') = mk(Imé”). By Claim 1, Ay, 0 6, = v(k")(¥Ln uﬁﬁlﬂn + Agn ).

20 Since 8 (Ays) = Ayu 09y, | =0, we have

21

v 0"(An06,) = (A 06,) 001 = (Amody, )00, =0.
ZE Therefore,

24 5”(v(K‘”)(ZuﬁZlun + An)) = v(K‘”)5”(ZuﬁZ?L“n + An) = 0.
25 ur un

?° Consequently [{87(Ayn)}| = [{8"(Aun)}| as Im§!*- and Im&"-bases respectively, and so exactness of
?’_the right column follows, whence (b). To prove (c) it suffices to show

28 Claim 3: {Agn = Y uﬁﬁl”n + Ayn } is a Kerd”-basis.

z% Clearly, v(k")Agr = Al 0 6,. This means

a1 (K" 8" (Agn) = 8" (W(K") Agn) = 8" (Al 0 6,) =
32
g = (A‘;{-n (] 9}’1) (@] n+1 — (Al;(_n Oar\l}+1) (@] 9n+1 = 61?(/\‘;(;1) O 6n+1 = 0,

34 and since 87(A%) = 0, {Axn} C Kerd". The fact that they form a basis is immediate, whence (c)
35 and the Lemma. O

36
57 Theorem 3.1. There exists a bi-partition #™" = H UK, and a pairing (' k") e x
~_ such that the following sequence is exact

38
39 incl on
0 0 T = H] H" Drrenn R/ (v(K")) —0,

41 . n—1
12 with T;}n = @(“nflvk-n)e%nf] X A" R/ <V(v"(ll<"))>

2 May 2023 07:28:24 PDT
230502-Reidys Version 1 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

THE COMBINATORICS OF WEIGHTED COHOMOLOGY 6

Proof. Consider

0—— 3 ——=Kerd)] —=3F) ——=0

P

q
0 " H" Fn 0,

where p(¢)=¢ +Imés"~!, g is the projection onto F" and T"=Ker(qo p). As F" is projective,
Ker(9)') = §" & T where by construction p(§)) = F and p(T") = T} Similarly, Kerd"=§" & T".
o Let ¢ € T and suppose Ir € R,y € C"~! such that r¢ = "' (y) = yod,. Since d,(c") produces
10 only %1 coefficients for 6"-faces, we have ¢ = 8"~ () € Im8"~! where ¥ = r{, and T" = Im§" !
11 follows.

12 Claim 1: there exists £ C ™" such that the following sequence is exact

[ [~ ]ofofa]e]w]~

13
— on

14 0 ‘Z}J ‘Zn ®K"€<%/f R/(V(Kn)) —0.

15
E We show 0"(T") C I". Note, V¢ € T",Ir € R, Iy € C"~ ! such that r¢ = 87! (y). As such,
17

o r6"(¢) = 0"(rg) = (r¢) 06, =8 (y)0 6y =y o6, 109, = 8" (Yo, 1).

18
19 The Claim then follows from rnk(%") = rnk(Imé”) = rnk(Imé)’) = rnk(%?) and (F" &<")/6" (Kerd,!) =
20 §"/0"(3)) ©T"/0"(T7) = Dyne s R/ (v(K"))-

21 By construction Im5("61 C T’Zv), and we have the following exact sequence

22

o 0 —— T /Im§; " - T /6" (Imgp ) L~ T /67(T2) —— 0,

25 where g(¢ + 0"(Im8"~1))=¢ + 6"(T"),V¢ € T". We use this to show
26

27 Claim 2: the following sequence is exact

28
2? _1 incl ('unil)
. 0——Imo)" — T —— Ga(u”",K")G R/ (VV(T)> —0

- M
31

32 Their quotient being full torsion, we can select bases for T and Im§/"~!, {t} and {i;} respec-
% tively, such that r;t; =i; where the r;’s are the invariant factors of 7;*. This induces the ho-

**_momorphism p: T} — Im§;'~', p(t}) = i;. Furthermore, T" = Im§"~" implies €"/6"(Im§} ') =

il Dyn1cpm R/(v(u™1)), and T"/0"(T") = @ nc R/ (v(k")) follows from Claim 1. Together
- with g, these isomorphisms induce the homomorphism ¢’ in the following diagram

38 n 0" n n
° 0—— T Drrcopn R/ (k") ——=0

: lp |
Li n—1 0" n n—1
- 0——=Im&)' T T = D11 R/ (")) — 0.
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: : n niy n\y . ni;\ — n—1\¢.
Note, there exists a basis {t;} for T such that 8"(t}) = v(k")t; and 6" (i;) = v(1"~")t;. But then
NNy . _ .0V — AQl(; ) — n—1yy .
riv(k")t; =r;0 (tj) =0"(ij) =v(u" ).

1
2
3

- Thus, a pairing (u"~', k") € 4" x #™, arises from ¢ via ¢, which makes the diagram commutative,
> and for which r v(k") = v(u" 1) holds. Claim 2 then follows. Together with Claim 1 and Lemma 1,
- the Theorem is proved. O

4. The explicit structure of H"(X/0)

10 Theorem 3.1 provides insight into the long exact sequence

6?1

H" Hj'H”(X/Q) H\'}H ! Hn+1 Hj-H”JFI(X/Q).

_A_.

13
14 Corollary 2.

' H"(X/0) =T P R/(v(x")).

16 kel

17
.5 Proof. By construction H "(X/0) is full torsion, and is a direct sum of cyclic modules, being a quotient
1o of Kerd" < C"(X/0) = @grexnR/(v(0")). Thus, any R/(v(c")) summand of H"(X/0) is direct.
o Now, Theorem 3.1 gives rise to the exact sequence

2T n j
- 0 Fn 0 H" J

22 Y

Brrc xR/ V(") — 0.

23
o Then, Kerd" =Imj = @yne xnR/(v(k")) is a direct summand of H" (X /6), and Im&" = H" (X /6) /Kerd"
o5 1s 1somorphic to its direct complement. By the long exact sequence and Theorem 3.1, Imdé" =
o6 Ker6™t! = T"*1 and the Corollary follows. O

27

28 S. A combinatorial interpretation of 7' =T ,

?® Theorem 3.1 provides a combinatorial interpretation for the invariant factors of 7" = %" /Img/" !,
%0 namely r; = v(u"~1) /v(x").

' In [16] the homological counterpart to Theorem 3.1, was obtained via a pairing (k,—1,U,) €
%2 H, | X My, where the bi-partition X" = .4, U, arose instead by checking ,in descending w-order,

% the existence of solutions to 9" (¥ sc. 4,760 +0,) = 0. Namely 7, is isomorphic to the last term in

4
34 the short exact sequence,

35

% incl Fn

87 0 — Imd, T D, e R/ (vi(”n)l)> Y
37 Ky XMy

38

39 We will provide a combinatorial interpretation of 7' = T," | via homological and cohomological
40 u-simplices.
41 Denote M, = (.#,) and K, = (J#,) as sub-modules of C,, and M" = Hom(M,,R) and K" =
42 Hom(K,,R).
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1 Lemma 3. Given ., there exists a bi-partition X" = A" J#" such that
2 (a) (6} (Ayr) | W* € A") =1m]! as a basis.
3 (b) H" C Ky, and M, C H™".

= Proof. To prove (a) it suffices to show
5 Claim: ({8"(Ag,)}) = Imé™.
° Since, {9, (un)} is an Imd,-basis, there exists f: K, — M, such that the two diagrams below

7
— commute
8

_ v7 5\7 1
9 K, —~m, o o

0 n—1
" ) \ i
— ay pod!— 1

" Inaddition, §" o (po8~1)+ 8o (qo 8"~ ") = 0. Consider
5

—_

_A
N

9!

L

444

16 cl

; poay \q‘ign 1
18

19

20 \ /

[ n+1
22 C

23 Since (870 —D(f))o(podi~') =80 (—qo 1) =80 (po 53*1), for Im(po 87~') C M"-elements
24 the lower triangle commutes. On the other hand

— 5 =pod T 4+qod = pod T +D(f)opod) = (I+D(f)) e (pod ),
57 with I: M" — M" being the identity. Thus
28 mk(Im(po 87~ 1)) = mk(Im&"~ ') = |.4,| = rmk(M")

2% makes M"/Im(p o 87~ !) full torsion. Namely, for any ¢ € M" there exists r € R such that r¢ €
o Im(po &7~ "). But then (870 —D(f))(r¢) = 8"(r¢) holds. Since C"*! is free we can simplify r and
— this shows the lower triangle is commutative for all M"-elements, whence §/'(M") C 6} (K") and the
37 Claim. Then via restricting from X" to ., and bi-partitioning as in Section 5, (a) follows. Since
— .//l A" = X" = M\, (b) follows from (a), and the Lemma is proved.

— O
35

3E The following statement is then immediate.

i Corollary 4. Denoting N =" N K%, we have X" = H"U.M,\ N, where A", %" and My, Ky
L5 are defined as in Lemma 3.

g Lemma 5. The following assertions hold
41 (a) (A, +1m8 v € A') = F!" as a basis.
@ (b) N = A,

2 May 2023 07:28:24 PDT
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Proof. Claim 1: we have the split exact sequence

a

2

3 0 — K" = C"/Im&" ' —= C"/(s(K") +Im&" ') —= 0,

4

5 where t(y+Im8* )=y +Imd" ! +s(K") and s'(¢)=s(¢) +Im&"~! with s(¢)=y: C, — R being
6 the unique map such that y|x, = ¢ and y|y, = 0. Clearly, Ims’ = Kerz and 7 is surjective. Note,
7 mk(Im&”~!) = rk(Imd}) = rnk(M,,). Furthermore we have s(K") +Imd" ! = s(K") @ p(Img"~ 1),
8 for p defined as in the proof of Lemma 3, and rk(p(Im§”~!)) = rnk(Im&”~!). This implies
9 C"/(s(K™)+Im&"!) is full torsion whence rnk(Kert) = rnk(C" /Im8?~!). Therefore rk(s'(K")) =
10 rnk(Kert) = rnk(C" /Im8? ') = n—mk(Imd,’) = rnk(K"), and since K" is free s’ is injective. Consider
11

12 /' C"/(s(K") +Im&" 1) — C" /Im" !

13

" {(y+s(K") + I8 D=p(y) + (D(f) o p) () +Im&} ",

-
(é)]

16 which is a well defined morphism for p, f and D as introduced in the proof of Lemma 3. The above
17 short exact sequence splits since

18

o tot’: C"/(s(K")+Im8" ') — C"/(s(K") +Im&" )

20 is the identity map, and the Claim follows. By Corollary 4 we have .7, = A U.Z", and ({A} =
s Yun runAyn 4+ Ay JU{Aun }) = K" as a basis. But s’ is injective, and since .#” C .#™, by construction
= only the {AY, +1Imd/"~!} portion of the Ims’-basis persists in the quotient H. Thus (a) follows, whence
— (b) and the Lemma is proved.

= 0
25

26 . . . - . . .
—  The following statement is immediate, providing together with Lemmas 3 and 5 a combinatorial

27 . . . . . . .
. interpretation for the interplay between the weighted torsion and weighted co-torsion.

ZE Corollary 6.

30
3T ~Y V(.urh]) ~ V(K 71) ~

) re @ ®(NE)E @ w5
— (w1 uy)e " (Kn—1,14n) € "

33 MV My, Ky XA

all

s 6. A Hom-space interpretation of <"

36

37 Consider the following restriction isomorphism and its induced embedding

38

39 res: Im§" 1 — @@L’an% res(5§‘_l(lun_1)) = Mlnqil#n-l |tmay
LE un—l

a

42 €: Imé\flil —>H0m(Im8”V,R), 8(5\771((1))) = ¢/i¢|lm3,}"
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1 Then, the following diagram commutes

2
. Imd) D Hom(Imd), R) Dn (=1
Z a,;T inclT \ lD

5 €
E @un (L) EB,u”*I <A’Ign—l> “tes Im6v"*1 ? EB#H <7Lun*1>-
7 Y
8 Since §"1(¢)(z) = 9'(9)(z)), we have

9 n—1
o _ v
o (8 (1)) (Ha) = Al 1 (O a1)) = (1)),
1 v(Un)
1, This is tantamount to
E n—1
8 v
14 M= X (£1) T {0k
15 pr-tcun "

E Smith Normalization of the above representation matrix implies the existence of a pairing (1", u,) €
17 M n=1'x _#, such that the following sequence is exact

18 -
19 0 — Im§]"~! —— Hom(Imd;,R) — @ -1, R/ (V(M 1)) —

™)

o Aty

21 The torsion module Hom(Imdy,R)/Ime is reminiscent of 7" = " /Im&*~! which manifests a

22 similar but potentially different pairing. Further investigation of this connection in fact yields the

23 following statement

24

-5 Theorem 6.1.

2 t,: Hom(Imd),R) = T, 1,(¢)=¢o0d,.

2Z Proof. 1, maps (injectively) into ¥ C Kerd!, since Hom(Imd),R)/ EB%H <)‘;¢ 1) 1s full torsion.

Vv

28
o Namely,

Ly

2 Hom(Imd),R) —— T

— incl incl

32

> .

3 oy (A ,) ——=Imd"!

34 unfl u

35 where 1|, ) is an isomorphism. Furthermore, 1,(¢) = ¢ 0d) gives rise to 1: Hom(Imd,, R) =

36 “n—l
- Imd"~!. We have 8" = 106" o1, ! in the following diagram

n—1
Z% 0 —— Hom(Imd,,R) LA Hom(Imdy,,R) —— @y,c.z, R/ (v(ttn)) —0

40 Ly l 14

41 on
v 0 < Imé™! ——— D R/(v(x")) —0.
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1 Indeed, for 100"~ !(¢) € Imd" !,

2
- -1 -1

3 100" () = 0" (9)odh = 0(B,-100,) = (909,)06, =0"0n(9).

4
‘5 Finally, by Lemma 5 we can replace .#" = ., in the above diagram, whence the Theorem. 0
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