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Abstract

In this paper, we consider (k,)-Hilfer fractional differential equations involving instantaneous and non-instantaneous
impulses, supplemented with Dirichlet boundary conditions. By establishing the variational structure of the stated
problem and combining with the Ekeland’s variational principle, the existence result is obtained. Finally, an example is
given to illustrate the application of our main result.
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1. Introduction

In the past few decades, the subject of fractional calculus has received great interest. As an important branch of
mathematical analysis, fractional calculus effectively describe inherited properties of physical phenomena and systems
occurring in physical sciences and engineering problems [1, 2]. With the development of fractional calculus theory, there
are more than ten definitions of fractional calculus, and these definitions are closely related. However, due to the different
application scope and initial value conditions involved in the definition, there are some uncertainties in the application.
Therefore, the classification and unification of the definition of fractional calculus is a very meaningful work. Addressing
it, some scholars had tried to explore possible solutions and proposed some definitions of generalized fractional derivatives.
For example, Oliveira and Capelas de Oliveira [3] proposed a new fractional derivative, the Hilfer-Katugampola fractional
derivative. Almeida [4] using the idea of the fractional derivative in the Caputo sense, proposed a new fractional derivative
called ¥-Caputo derivative. Sousa and Capelas de Oliveira [5] applying the idea of the fractional derivative in the Hilfer
sense, introduced a new fractional derivative with respect to another function the so-called v-Hilfer fractional derivative.
Kucche and Mali [6] utilizing the definition of k-gamma function, presented the most generalized variant of the Hilfer
derivative so-called (k,i)-Hilfer fractional derivative.

On the other hand, in 2011, Jiao and Zhou [7] proved the fractional derivative space Ej" and established the
variational structure of the fractional differential equations with Dirichlet boundary conditions. In 2017, Tian and Nieto
[8] proved the fractional derivative space E®P and established the variational structure of the fractional differential
equations with Sturm-Liouville boundary conditions. These two pioneering works make critical point theory an effective
tool for studying fractional boundary value problems involving Riemann-Liouville and Caputo fractional derivatives.
For theoretical applications of fractional differential equations, for instance, see [9-12]. More recently, some scholars
have innovatively applied the critical point theory to study the fractional boundary value problems involving generalized
fractional derivative by proving the new fractional derivative spaces, and obtained some interesting results, see [13-22].

For example, Sousa et al. [13] proved a fractional derivative space HS#([0,T],R) and used the mountain pass theorem
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for the study of a vy-Hilfer fractional differential equations with fractional integral boundary conditions. They also studied
existence results for ¢-Hilfer fractional boundary value problem with p-Laplacian operator via variational methods [14-18].
Ezati and Nyamoradi [19] investigated the existence and multiplicity results for Kirchhoff ¢-Hilfer fractional p-Laplacian
equations with fractional integral boundary conditions by using the genus theory. Li et al. [20] considered multiplicity
results for a class of instantaneous and non-instantaneous impulsive fractional Dirichlet problem involving -Caputo
fractional derivative with the help of critical point theorem. Recently, Ledesma and Nyamoradi [21] introduced a new
fractional derivative space kEg‘ ’U’w[a, b], and established the variational structure for the following fractional Dirichlet
problem involving (k,1)-Hilfer fractional derivative under this functional space

BHDE (FHDE  u(t) = £t ult), t € (a,b), 1)

where #H D" is the right-sided (k,)-Hilfer fractional derivative, ¥# ]D)Z‘f;w is the left-sided (k,1)-Hilfer-Caputo frac-
tional derivative, o € (k/2,1), k € [1,2), v € [0,1), f € C([a,b] x R,R). By using the variational methods and critical
point theory, they prove the existence of weak solutions for problem (1.1).

Very recently, in [22], Torres Ledesma and Nyamoradi also discussed the following (k,)-Hilfer fractional Dirichlet

problem with impulses

RH DO (RHDOYY () + a(t)u(t) = f(t,ult)), t #t;, ae t € [0,T],

AR (ke Hpeovthy (4 ) )E ROy (1) = I (ulty)), §=1,2,-- ,n, (1.2)

where & D%’f”p is the right-sided (k,)-Hilfer fractional derivative, Dgf;w is the left-sided (k,1)-Hilfer-Caputo frac-
tional derivative, kI(g'_‘)_;w7 qu(éfw are the left-sided and right-sided (k,)-Riemann-Liouville fractional integral, respectively,
a€ (k/2,1), ke[l,2),vel0,1),f € C(la,b] x R,R), I; € C(R,R), 1,2,--- ,n. They obtain the existence of solutions
for problem (1.2) by using variational methods and critical point theory.

The study of fractional differential equations (FDEs) with impulsive effects has received great attention because
of impulsive FDEs become increasingly essential in physical engineering, economics, population dynamics, and social
sciences [23]. In [24], Hernandez and O’Regan introduced the concept of non-instantaneous impulse. Thereafter, two
main approaches of impulsive effects to FDEs are proposed such as instantaneous and non-instantaneous impulses.
Instantaneous impulses: the duration of these changes is relatively short compared to the overall duration of the whole
process. Non-instantaneous impulses: an impulsive action, which starts at an arbitrary fixed point and remains active on
a finite time interval [25]. In resent years, a vast number of study has been made for FDEs with impulses, for instance,
see [26, 27]. Interestingly, some scholars have considered the fractional boundary value problems with both instantaneous
and non-instantaneous impulsive effects by using the critical point theory, see [20, 28-32].

Looking in the above-mentioned contributions, a natural question is asked: Can we investigate the existence of
solutions for (k,i)-Hilfer fractional Dirichlet problem generated by instantaneous and non-instantaneous impulsive effects
by using the critical point theory? In the present paper, we give an positive answer for this question. More precisely, we

considering the existence of solutions for the following FDEs with instantaneous and non-instantaneous impulses:

k7HD%f;w(k7HDgf;wu(t)) = fj(t’ U’(t)), te (8j7 tj-‘rl]v j =0,1,2,---,n,

ARITOEER (DG ) = LT ul), = 0,12, 0,
—v)(k—a); a,v; —v)(k—a); a,v; -

LI DG () = MY (CIDEI (), e (1, s), =120, (13)
—v)(k—a); a,v; — —v)(k—a); a,v; .

k[é}_ v)(k—a) w(}’c,H]D)O+ ﬂ)u(sj )) _ k[é,l_ v)(k—a) w(k,HDOJr QPU(S;}-))’ ji=1,2,--.,n,

u(0) = u(T) =0,
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where ¥ D% is the right-sided (k,)-Hilfer fractional derivative, ¥/ Dgf;w is the left-sided (k,1))-Hilfer-Caputo frac-
tional derivative, klé'l;w, klglw are the left-sided and right-sided (k,)-Riemann-Liouville fractional integral, respectively,

o€ (k/2,1), ke [1,2), v E [0,1),fj S C((Sj,tj_H] X R,R), I; € C(R,R), O=sp<t1 <81 <ta < <8, <tpyp1 =T,

1—v)(k—a); U3 1—v)(k—a); U3 1—v)(k—a); U3 —

kfz(}:v)(kia);w(k’H]DS‘fwu(t-i)) — lim klr}ljﬂ)(k*a);w(k,HDgf;wu@))

J s )
t—1t;

klgﬂl:v)(kfa);w(k,HDgf;wu(s;c)) _ hmi kjél:w(kfa);w(k,HDSf;wu(t)).
t—t3
In this problem, the instantaneous impulses start abruptly at point ¢; and the non-instantaneous impulses continue

during the intervals (¢;, s;]. In order to state our main result, we shall present the following assumptions:
(A1) There exist aj,b;>0,(j=0,1,2,...,n) and o€[0, 1) such that |f;(t,u)|<a; + bj|u|”,V(t,u)€[0, T]xR.
(A2) There exist ¢j,d; >0, &; € [0,1), (j=1,2,...,n) such that |[;(u)| < ¢; +d;|ul%, Yu € R.

In this study, we focus on establishing the existence of solutions for problem (1.3) by using the Ekeland’s variational
principle. Compared with the existing literature, the main innovative contributions can be summarized as follows:
First, this type of differential model with impulsive effects is more general than the normal case (k = 1, t; = s; ),
so our result becomes more extensive. Second, we present a new velocity pulse term Aqu(}:v)(k_a);w(k7HID)8‘f‘wu(tj)) =
I;( Igikia);wu(tj)), which is more reasonable than that given in problem (1.2). Third, we provide a new energy functional
under the influence of impulsive effects, so the critical point theory can be used to deal with this type of problem.

The rest of this article is arranged as follows: In Sect. 2, we introduce notations, definitions, and some preliminary
notions about (k,)-Hilfer fractional calculus and fractional derivative space. Also we give the Ekeland’s variational

principle. In Sect. 3, we study the existence of weak solutions for problem (1.3). An illustrative example is presented in

the last section.

2. Preliminaries

In this section, we recall some definitions and propositions for the (k,)-Hilfer fractional calculus, fractional derivative
space FESY[0,T] and the Ekeland’s variational principle.
Definition 2.1. ([21, 22]) Let p € [1,00). The space of p-integrable functions with respect to a function v is defined as:

b
LY (a,b) = {u :(a,b) = R: / lu(t)|Py’ (t)dt < oo} .

b 1/p
||u|Lg<a,b>=< / |u<t>|%’<t>dt> ,

Definition 2.2. ([21, 22]) Let 9 : [a,b] — R be an increasing continuous function and continuous derivative with

Y (t) # 0 for all t € [a,b]. For u € L'[a,b] and k € RY, the left and right (k,¢)-Riemann-Liouville fractional integrals of

This space endowed with the norm

is a Banach space.

order a > 0 of the function u is given by

ME 0 = gy [ YO0 =) E uleds,

and
1

b [0
M0 = gy | V@ — o) s
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where T (@) is the k-gamma function is defined as

o0 Sk
Ti(a) = / s le™ & ds.
0

Definition 2.3. ([21, 22]) Let a € (0,1), k € (0,00), v € [0,1], m = [¢], ¥ € C™[a,b] be an increasing function with
P'(t) #0, t € [a,b] and u € C™][a,b]. Then, the left and right (k,)-Hilfer fractional derivative of a function u of order

« and type v is defined by

koH v, oy _ kpu(mk—a)y (K AN (1) (mk—a)i
D3 u(t) = 1, (W%) Ioy u(t),

and

a,v; v(mk—a); ko d\m 1—v)(mk—a);
k,HDb_ ’lﬁu(t) _ ka£ )i (_ 7) kIé_ )( ) ¢u(t)

Pr(t) dt
Definition 2.4. ([21, 22]) The fractional derivative space ¥ ES""*¥[0,T] defined as

,v; 007””&,1)
kEO ¢[07T] - C’0 ([OaT]aR) )

where 12

T T
follacs = ( | woreos [ |kaD3f%¢u<t>|2w'<t>dt)
0 0
Remark 2.1. Let a € (k/2,1), k> 1 and v € [0,1). The fractional derivative space ¥ E5>"*[0, T defined as
RESU(0,T) = {u € LE[0,T] : " DG u € L3[0,T] and u(0) = u(T) = 0}.

Proposition 2.1. ([21, 22]) The fractional derivative space * E¢ V%[0, T] is a reflexive and separable Hilbert space.
Proposition 2.2. ([21, 22]) Let u € *EJ"*¥[0,T], then

FISYREDY Y u(t) = u(t), a.e. in [0,T),

and
(W(T) — $(0))*"*

k,Hmo,v;t
HuHLfb[O,T] < Tola+ k) |[*7 D3

u”LﬂQT}
Remark 2.2. As a consequence of Proposition 2.2, the space *Ej %10, T can endowed with the equivalent norm
T ) 1/2
Il = ([ 1+ ue o ar)

Proposition 2.3. ([21, 22]) Ifa € (k/2,1), k > 1 and v € [0,1), then the embedding * E5"*"*[0, T]<C|0, T is continuous.

Moreover

(B(T) — (0) "2
k

[lulloo <
Proposition 2.4. ([21, 22]) Let u,w € L7 (a,b). Then

b b
/ RISV u(t)yw(t)y' (t)dt = / w(t)P IV w () (t)dt.

a

Proposition 2.5. ([21, 22]) Let a € (0,1) and k € R*. If w € C[0,T], then

Jim e u(t) = 0 and Jim F13u(t) = 0.

Proposition 2.6. ([21, 22]) Let a € (0,1), k € (0, +00). If u € C[a, b], then *I&¥u, * I} u € Cla, b]. Moreover,

>
>

(¢ (b) = ¥(a))
al'k(a)

(¥ (b) = ¢¥(a))

k rasp
I <
1P I uloo < al'k(«)

llulloo and |[*I;" ulloe < [lul|oo-
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Proposition 2.7. ([21,22]) Let p > 1, k € [1,p), 0 < % < a < 1. Then, for any u € Ly [a,b] we have FISYu Y €
Cla,b]. Moreover
im kg — s kosy —
tgrg+ I5 u(t) = 0 and t1_1>r51_ L™ u(t) = 0.

Proposition 2.8. ([21, 22]) Let @ € (%, 1), k > 1 and v € [0,1). Suppose that (u,)nen be a sequence that converges
weakly to u in kEg"v;w[O, T]. Then, up to a subsequence it holds that

lim ||u — up|loe = 0.
n—+oo

Theorem 2.1. ([33]) Let M be a complete metric space and let let ® : M — (—o0,+00] be a lower semi-continuous
function, bounded from below and not identically equal to +oco. Let € > 0 be given and u € M be such that ®(u) <
inf;®+¢. Then there exists w € M such that ®(w) < ®(u), d(u, w) < 1, and for each z # win M, ®(z) > ®(w)—ed(w, z),

where d(-, ) denotes the distance between two elements in M.

3. Main result

In this section we construct the energy functional to problem (1.3) and establish the existence theorem of classical
solutions. Through this section we assume that k € [1,2),a € (4,1) and v € [0, 1).
Lemma 3.1. A function u € kE(‘)X’U"w[O,T] is a solution of problem (1.3), then the following identity:

T
[ g g wew (e

’ A (3.1)
(FIu ) k po(k—a)ip a /
- —kZI B ) T ) + 30 [ f w0
=075
holds for any w € kEg"’”‘w[O,T].
Proof. For w € *E$"[0,T], one has w(0) = w(T) = 0. By Proposition 2.4, we have
/ DGy (1) DG (£) (1)t
r (1—v)(k—a);y k d v(k—a);p
B ()R I, ( . ) Rl T w )y (t)dt
0 PI(t) di
d
—k k:]’(l v)(k—a);vk H]:D)Oz'lj'z/) ( ) k:IU(k )y ( )dt (32)

dt

kI(l v) (k- 04)¢kH]D)ozuz/) ()jtk:]—v(k a)sp ()dt

Il
Pyl
i o\q

d
. ’“I(l ek Hpwity gy L b pulk-) (t)dt]

dt

<.
Il
—
~+~
<

On the one hand,

n tj+1 d
z : 1-v)(k—a); ,v; v(k—a
k' / k[é_‘_ )( ) wk’HDOJ,_ w ( )dtkl()_(i_ )1[) ( )dt

—k Z kfj(}__v)(k_a);wk’HDg’f;wU(t)kIgJ(rk_a);ww(t)‘Zj;rl

j+1 —
JrZ/ < ) I;l_ v)(k—a)ik, H]D)ozvdz (t)kfgik—a);ww(t)w/(t)dt

_ kz [ lim ’“I}l__“)(k_a)”bk’H]DDS‘f;wu(t)kfgff_"ww(t) _ lim klj(}_—v)(k—a);wk,HDgfﬂbu(t)kIgjrk—a)ww(t)

j=0 [* 7+ t—st
. KA v(k—a); —k d v « a,v
+ / Byt (w/(t)dt) R R HDe vy (o (£ (1) dt
j=0753
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_ kz [ lim "“Ig:”)(k_"‘)“ﬁkaDS‘f;wu(t)kfgff_aww(t) _ lim k]j(}:”)(k—a)#)k,H]D)gfﬂbu(t)kIgik—a)ww(t)

- +
izo [t t—s]

nti : :
3 / koH Dok HD 0% () (1)) (£) . (3.3)
On the other hand,

- 5 1-v)(k—a); a,v; d (k—a);
kZ/ kl’_g“, )( )wk,H]D)(H_w ()dtkIOJ,- )i U}(t)dt

—k Z k],}l_ v)(k—a)Yk HDa R (t)klgik*a)ﬂbw(t”:i;

=1 ’
n
d v « ) v(k—a);
—kZ/ gL by ) Y 1) (3.4)
j=171%

— kz [ lim klé}:v)(kfa)?wk,HDg::ku(t)kIgik*a);d’w(t) — lim kI:g—vl:v)(kia);wk’HDgf;wu(t)klg_(i_kia);wUJ(t) )

+
t—>tj

Combining with (3.2), (3.3) and (3.4), we have

T
| g e g w0 ()
0

n

N M — Q) . —v —Q); k’H M v — Q)
:kZ[lim RS kel Hpeovidy (kB = )iy (1) — qim BT BT vty )k prtmedity, )

j=1 t—)s; t—>sj+
ks H . —a): _ —a): . o)
+ thr?i kI(Tl_—v)(k—a)ﬂb Dgfﬂbu(t)kjgik a),ww(t) o thrg k:]'/%l_ v)(k O‘)ﬂ/)k,HDSéf7¢u(t)kIgJ(rk a)7¢w(t)
—t; —t]

<k p(1=v)(k—a) k, Hmyo,vs kpv(k—a)yp i kp(A=v)(E—a)ik, Hpyo,vie) kyv(k—a)yp
+tll>rTn_ I Do ult) Iy w(t) tl_l}%:_ Iy Do ult) 1oy w(t)
n

=3 [ o o (35)

j=0"5i

Note that w € C§°(0,T), Proposition 2.5 gives that

lim 155~ (t) = 0. (3.6)

t—0+4

In view of u € *E$"[0, T], which combined with Proposition 2.7, we obtain

lim kI(l v)(k—a);¥k, H]D)OMMZJ (t)=0 (3.7)
t—=T— ' ’
From (3.6) and (3.7), it follows that
tli)rjl;l_ klj(ﬂl:v)(k_a);,ka’HDgf;wu(t)kjgik_a);w/IU(t) _ 07 (38)
t£%1+ kI(Tl__U)(k_a);wk’HDgf;wu(t)klgik_a);ww(t) = 0. (39)
ubstituting (3.8) an .9) into (3.5), we obtain the desired result (3.1). e proof i1s completed.
Substituti 3.8 d (3.9) i 3.5 btain the desired 1t (3.1). Th fi leted O

Definition 3.1. A function u € ¥EJ"Y[0,T] is called a weak solution of problem (1.3), if (3.1) holds for any w €
FES 0, T).
Define the functional ® : ES"[0,T] — R by

v(k—a
kl( )i (t])

B(u) = ;/ [RHDEy Z/S dt+kz/ I,(s)ds, (3.10)

where Fj(t,u) = [} f;(t,s)ds. As in [22], under our assumption, we can obtain ® € CH(FES10,T],R) with

T n ti+1
(@' (u), w) = /O ’“’H]D)g‘f;wu(t)’“’HDg‘f“/’w(t)q/}’(t)dtfZ / | £t u(t)w(t)y' (t)dt
- (3.11)

+kZI PR (t)) R I ().
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Thus, the weak solutions of problem (1.3) are the critical points of ®.

Lemma 3.2. Suppose (A1) and (Az) are satisfied. Then there exists r > 0 such that ®(u) > 0 for u € kEg””;w [0, T] with
lull = .

Proof. From (A1), we obtain

F;(t,u) < ajlul + —— _|u|ot! o e0,1),

+ 1
and then, by Proposition 2.3, we derive

> [ Bt o
j=0"%i
< (1) = $(0)) 3 (asllull +

;) o+1 (3.12)

[

a 1 - B a_ 1\ 7*!
< ((T) — (0)) a; (p(T) —4(0)) iHUH +b, H:tlr; (W(T) 1/)(0))"?l 2) _
i=0 kD () (%522) 2 kT () (%5E) 2

On the other hand, by (A2) and Proposition 2.3, we have

: yv(k—a);y
RIS u(ty)

I;(s)ds
<o P ute)] 12 [ )|
v(k—a v(k—a 1+,
@ -0 T g [em s ]
~ vk — a)T(vk — a)) 146, | vk — a)Tk(v(k — a)) *° (3.13)
v(k—a) a 1
N U(k - oz)Fk(v(k; Oé)) kI‘k(a) (a;]—ck)%
v(k—a) 144; a 171465
+ dj (WT) - ’L/)(O» k (TP(T) - w(O))E_i Hu||1+6j
1+5j v(k—a)l“k(v(kfa)) ka(a)(oHIrck)% .
2
It follows from (3.12) and (3.13) that
t; +1 klgik_a);w“(tj)
D (u) = ;/ |5 H D! Uiy, Z/ St u(t dt—l—kZ/O I(s)ds
s; =1
L | v R e (e - popf 2\
[[ul[* = Z 1 + 0; 1
. krua)(aﬁ)? T k() (319
v(k—a) a 1 3.14
B LTI R ) (LG RO LY
= vk —a)ly(v(k —a)) krk(a)(a;%k)%
n v(k=a) 149 a 1 1+4;
Z T) —¢(0)) k (WT) —1/}(0))16_2 ||u||1+5j.
1+5 (k—a)Tk(v(k — ) KT4 () (= kk)%
Hence, there exists 7 > 0 such that ®(u) > 0 for u € *ES*[0,T] with |Ju|| = 7. O

Theorem 3.1. Suppose that (A1) and (A3) hold. Then problem (1.8) has at least one weak solution.

Proof. We shall apply Theorem 2.1 to prove the theorem. Let r be defined in Lemma 3.2, M = B,.(0) C kEg’U”p[O,T].

Since, ® is continuous, thus @ is lower semi-continuous. In view of (3.14), we can show that ® is bounded from below.
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Next, we divide our proof in four steps.

(i). We claim that there exists w € M such that

c—e<P(w)<c+e c= 1é1f{<l>( u). (3.15)

By Lemma 3.2, we have inf,cop, 0)®(u) > 0. Recalling the definition (3.10) of @, a direct computation shows that
®(0) = 0. Hence, inf,cp, (0)®(u) < 0 and inf,cp 0)P(u) = inf,cpr®(u). Let 0 < e < inf,cop, (0)P(u) — ¢, it is easy to
see that there exists z € M such that ®(z) < e+ inf,cpP(u). By Theorem 2.1, there exists w € M such that

mf(I’( ) —e < O(w) < B(z) <e+ 1nf<1>()

ueM ueM

then (3.15) is proved. One the other hand, by Theorem 2.1, for any u # w in M, we have

O(w) < ®(u) + ¢llu — wl|. (3.16)
(ii). We prove that
1)l e g < (317)
To see this, we define functional
J(u) = ®(u) + el|lu — wl|. (3.18)

From (3.17) and (3.18), it follows
J(w) = P(w) < D(u) + ¢llu —w|| = J(u), forall u# w.
Hence, w is the minimum point of (3.18). Therefore,
J(w+tu) — J(w) >0, forallu € B,(0).

By using the function limit property, we have

0< lim J(w + tu) — J(w) — lim O(w + tu) + el|w + tu — w|| — D(w)
t—0+ t t—0+ 4

=< &' (w),u > +el|ul|,

and

0> lim J(w + tu) — J(w) ~ lim O(w + tu) + el|lw + tu — w|| — (w)
t—0— t t—0— t

=< &' (w),u > —el|ul|.
Thus, (3.17) holds.
(iii). We have to show the existence of weak solution ug of problem (1.3). In fact, by (3.15) and (3.17), there exists
sequence {u,} C B,-(0) such that
S (u,) —c, @ (u,)— 0.

Since (3.14) yields {u,} is bounded. In view of the reflexivity of * ES"***[0, T, the sequence {u, } weakly converges to ug
in *E$Y[0,T). Tt follows from Proposition 2.8 that the sequence {u,} converges uniformly to ug in C[0,T]. We now

prove that {u,} is strongly converges to ug in *ES""*¥[0,T]. In fact,
(@ (uy,) — ' (ug), un — ug) — 0,

Z/ B (f5 (&, un(t)) = f(t uo(£)) (un (£) — uo(£))¢" (t)dt — O,

ST Y (1) — LT P ug () (F I (1) — R ug(t5)) = 0,
J=1
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as n — +o0o. Recalling the Eq. (3.11), a direct computation shows that
(®'(un) — ®'(uo), un — uo)

= |Jun — uol|* — Z /vm (fi (t un () = f5(t uo(t))) (un(t) — uo(£))¥' (t)dt
+kZ LI un (1)) = LETE P uo(t)) (ML () = ML g (t5)).

So, ||tn — u|| = 0 as n — 4o0. That is, {u,} converges strongly to ug in * ES"*¥[0,T]. Consequently,

®(ug) =¢, @' (ug) =0.

Therefore, ug is a weak solution of problem (1.3). O
Example 3.1. Let a = %, v = %, k= %, T>0,a;bj,cj,d; >0,5=0,1,2,--- ,n. Consider the following problem
B DR GHDET ) = £t ut), 1€ (s5,t5), T=0,1,2,
AR ) = LG (), 5= 0,12
gl%lg;wg,HD(;%é;wu(t) _ gl%lg;wg,HD(;%;%;wu(tj), ety 5], j=12-.m, (3.19)
%ITQLQW%’HD?%%(S;) _ %Ij%lg;w%ﬂm(;%’%’%(sﬂ, j=1,2,--- ,n,
u(0) = u(T) =0,

where 9 : [0,T] —> R is an increasing function, ¢'(x) # 0 for all ¢ € [0,T], f;(¢t,u(t)) = a;sin |u(t)| + b; (u(t ))g cos u(t),
Ii(u) =c¢; +d; u3 Easily, we can check that (A;) and (Az) hold. Consequently, by Theorem 3.1, problem (3.19) has a
weak solution.
Availability of data and material

Not applicable.
Competing interests

The authors declare that they have no competing interests.
Funding

This research is supported by the Anhui Provincial Natural Science Foundation (2208085QA05) and National Natural
Science Foundation of China (11601007).
Authors’ contributions

The authors have made equal contributions to each part of this paper. All the authors read and approved the final

manuscript.

References

[1] Kilbas, A.A., Srivastava, H.M., Trujillo, J.J.: Theory andapplications of fractional differential equations. North-Holland Mathematics
Studies, 204. Elsevier Science B.V., Amsterdam, (2006)

[2] Zhou, Y., Wang, J.R., Zhang, L.: Basic theory of fractional differential equations. Second edition. World Scientific Publishing Co. Pte.
Ltd., Hackensack, NJ, (2017)

[3] Oliveira, D.S., Capelas de Oliveira, E.: Hilfer-Katugampola fractional derivatives. Comput. Appl. Math. 37(3), 3672-3690 (2018)

[4] Almeida, R.: A Caputo fractional derivative of a function with respect to another function. Commun. Nonlinear Sci. Numer. Simul. 44,
460-481 (2017)

[5] Sousa, J.V.C., Capelas de Oliveira, E. On the v-Hilfer fractional derivative. Commun. Nonlinear Sci. Numer. Simul. 60, 72-91 (2018)

[6] Kucche, K.D., Mali, A.D.: On the nonlinear (k,)-Hilfer fractional differential equations. Chaos Solitons Fractals 152, Paper No. 111335,
(2021)

26 Jul 2023 04:20:59 PDT 9
230314-Zhang Version 2 - Submitted to Rocky Mountain J. Math.



[7] Jiao, F., Zhou, Y.: Existence of solutions for a class of fractional boundary value problems via critical point theory. Comput. Math.
Appl. 62(3), 1181-1199 (2011)
[8] Tian, Y., Nieto, J.J.: The applications of critical-point theory to discontinuous fractional-order differential equations. Proc. Edinb. Math.
Soc. 60(4), 1021-1051 (2017)
[9] Guefaifia, R., Boulaaras, S., Kamache, F.: Existence of weak solutions for a new class of fractional boundary value impulsive systems
with Riemann-Liouville derivatives. J. Integral Equations Appl. 33(3), 301-313 (2021)
[10] Dhar, S., Kong, L.: A critical point approach to multiplicity results for a fractional boundary value problem. Bull. Malays. Math. Sci.
Soc. 43(5), 3617-3633 (2020)
[11] Nyamoradi, N., Tersian, S.: Existence of solutions for nonlinear fractional order p-Laplacian differential equations via critical point
theory. Fract. Calc. Appl. Anal. 22(4), 945-967 (2019)
[12] Min, D., Chen, F.: Variational methods to the p-Laplacian type nonlinear fractional order impulsive differential equations with Sturm-
Liouville boundary-value problem. Fract. Calc. Appl. Anal. 24(4), 1069-1093 (2021)
[13] Sousa, J.V.C., Tavares L.S., Ledesma, C.E.T.: A variational approach for a problem involving a -Hilfer fractional operator. J. Appl.
Anal. Comput. 11(3), 1610-1630 (2021)
[14] Sousa, J.V.C., Zuo, J., O’'Regan, D.: The Nehari manifold for a ¢-Hilfer fractional p-Laplacian. Appl. Anal. 101(14), 5076-5106 (2022)
[15] Sousa, J.V.C., Nyamoradi, N., Lamine, M.: Nehari manifold and fractional Dirichlet boundary value problem. Anal. Math. Phys. 12(6),
Article number: 143 (2022)
[16] Sousa, J.V.C., Ledesma, C.T., Pigossi, M., Zuo, J.: Nehari manifold for weighted singular fractional p-Laplace equations. Bull. Braz.
Math. Soc. 53(4), 1245-1275 (2022)
[17] Sousa, J.V.C., Lima, K.B., Tavares, L.S.: Existence of solutions for a singular double phase problem involving a -Hilfer fractional
operator via Nehari manifold. Qual. Theory Dyn. Syst. 22(3), Article number: 94 (2023)
(18] Sousa, J.V.C.: Fractional p-Laplacian equations with sandwich pairs. Fractal Fract. 7(6), 419 (2023)
[19] Ezati, R., Nyamoradi, N.: Existence of solutions to a Kirchhoff ¢-Hilfer fractional p-Laplacian equations. Math. Methods Appl. Sci.
44(17), 12909-12920 (2021)
[20] Li, D., Li, Y., Chen, F., Feng, X.: Instantaneous and non-instantaneous impulsive boundary value problem involving the generalized
1-Caputo fractional derivative. Fractal Fract. 7(3), 206 (2023)
[21] Torres Ledesma, C.E., Nyamoradi, N.: (k,)-Hilfer variational problem. J. Elliptic Parabol. Equ. 8(2), 681-709 (2022)
[22] Torres Ledesma, C.E., Nyamoradi, N.: (k,)-Hilfer impulsive variational problem. Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Mat.
RACSAM 117(1), Article number: 42 (2023)
[23] Kavitha, W.W., Vijayakumar, V.: Existence of Atangana-Baleanu fractional neutral Volterra integro-differential equations with non-
instantaneous impulses. Bull. Sci. Math. 182, Article number: 103211 (2023)
[24] Hernédndez, E., O'Regan, D.: On a new class of abstract impulsive differential equations. Proc. Amer. Math. Soc. 141, 1641-1649 (2013)
5] Agarwal, R., Hristova, S., O’Regan, D.: Non-instantaneous impulses in differential equations. Springer, Cham, (2017)
6] Dhayal, R., Zhu, Q.: Stability and controllability results of ¢)-Hilfer fractional integro-differential systems under the influence of impulses.
Chaos Solitons Fractals 168, Article number: 113105 (2023)
[27] Feckan, M., Wang, J.R: Periodic impulsive fractional differential equations. Adv. Nonlinear Anal. 8(1), 482-496 (2019)
[28] Tian, Y., Zhang, Y.: The existence of solution and dependence on functional parameter for BVP of fractional differential equation. J.
Appl. Anal. Comput. 12(2), 591-608 (2022)
[29] Zhou, J., Deng, Y., Wang, Y.: Variational approach to p-Laplacian fractional differential equations with instantaneous and non-
instantaneous impulses. Appl. Math. Lett. 104, Article number: 106251 (2020)
[30] Wang, Y., Li, C., Wu, H., Deng, H. Existence of solutions for fractional instantaneous and non-instantaneous impulsive differential
equations with perturbation and Dirichlet boundary value. Discrete Contin. Dyn. Syst. Ser. S 15(7), 1767-1776 (2022)
[31] Zhang, W., Liu, W.: Variational approach to fractional Dirichlet problem with instantaneous and non-instantaneous impulses. Appl.
Math. Lett. 99, Article number: 105993 (2020)
[32] Zhang, W., Ni, J.: Study on a new p-Laplacian fractional differential model generated by instantaneous and non-instantaneous impulsive
effects. Chaos Solitons Fractals 168, Article number: 113143 (2023)
[33] Mawhin, J., Willem, M.: Critical Point Theorey and Hamiltonian Systems, Springer, New York, (1989)

26 Jul 2023 04:20:59 PDT 10
230314-Zhang Version 2 - Submitted to Rocky Mountain J. Math.



	1 Introduction
	2 Preliminaries
	3 Main result

