Higher connected stable ranks and their rational
variants of AF algebras
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Abstract

We study the k(> 1)-connected stable rank and the k-homotopy stabilization
rank ([8]) and their rational homotopy variants of AF algebras. We prove that, for
each odd integer k, the rational k-connected stable rank (the rational k-homotopy
stabilization rank resp.) of an AF algebra is equal to the k-connected stable rank
(the k-homotopy stabilization rank resp.) and also characterize the condition that
the (rational) k-connected stable rank of an AF algebra A is at most m in terms of
the Bratteli diagram of A. These ranks of AF algebras for even integer k are also
studied. They are k-connected stable rank-counterparts of the (rational) K-stabilty
theorem for AF algebras due to Seth and Vaidyanathan [13]. Our proof applies the
proof scheme and the results of [13].

1 Introduction and Main theorem

The notion of the connected stable rank csr(A) of a C*- algebra A was introduced by
Rieffel and was applied to compute the homotopy groups of the unitaries of noncommuta-
tive tori [11], [12]. Its higher dimensional analogue csry(A), the k-connected stable rank,
and its variant hsry(A), the k-homotopy stabilization rank, were introduced and studied
by Nica in [8], [9], and more recently by Vaidyanathan and Nirbhay-Vaidyanathan in [16]
and [10]. When A is unital, they are defined as follows. For an integer n > 1, let

cst(A) = min{m | Lg,(A) is k-connected for each n > m},
hsri(A) = min{m | the homomorphism =;(GLy(A4)) = 7;(GL,+1(4))
induced by the canonical inclusion is an isomorphism

for each j =0,...,k and each n > m},

where Lg,, (A) denotes the subset of the n-fold prodcut A™ of A defined by

Lg,(A) := {(a1,...,a,) € A" | there exists (b,...,b,) € A" such that Y ., bia; = 1}.
In particular csr(A) = csrg(A). See the next section for the definition for a general (not
necessarily unital) C*-algebra. A closely related notion is that of K-stability introduced
by Thomsen [15]: a C*-algebra A is said to be K -stable if hsry(A) = 1 for for each k > 0, in
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other words (for unital A), for each n > 1, the canonical inclusion GL,,(A) < GLj,4+1(A)
induces an isomorphism between the k-th homomotopy groups of these groups. The
irrational rotation algebra, Cuntz algebras and infinite dimensional simple AF algebras
are such examples. For each such algebra we have csri(A4) < 2 and the homotopy group
7% (GL,, (A)) is isomorphic to the K-group K;(A) with i + k=1 (mod 2) for each n > 1
and each k > 0.

These notions have rational homotopy counterpart: the rational K-stability has been
introduced and studied in [2] and [13] and also the rational k-connected stable rank
csrg(A) of a Banach algebra A was defined and studied for commutative C*-algebras in
[4]. In view of the fact that the structure of the rational homotopy groups of unitary
groups is much simpler than that of their homotopy groups, the following theorem is
somewhat surprising:

Theorem 1.1. [13] Let A is an AF algebra. The following conditions are equivalent.
(1) A is K-stable.
(2) A is rationally K -stable.

(8) If B is a finite dimensional C*-algebra, then every x-homomorphism A — B of A
to B is trivial.

The present paper proves a k-connected stable rank/k-homotopy stablization rank-
counterpart of the above theorem by applying the proof scheme and the results of the
paper [13].

In order to state main results, we first notice that every AF algebra has the connected
stable rank one: csro(A) = 1 for each AF algebra A([9, Example 11.4]). The complex
matrix algebra of size v is denoted by M, (C). Every finite dimensional C*-algebra F is
isomorphic to the direct sum of finitely many matrix algebras. Let N'(F') be the multiset
of the sizes of the matrix algebras that form the direct summands of F' so that:

F= @VGN(F)MV(C)‘

The first main result is on the above ranks for an odd integer k. It will be shown in
Theorem 2.15 that csty(A) < hsry(A) + 1 < [EE1] 4+ 1. The undefined notation is
explained in the next section.

Main Theorem 1. Let A be an AF algebra. For an odd integer k > 1 and an integer
m with 1 <m < %, the following conditions are equivalent.

(1) hsrp(A) < m.
(1a) hsr2(A) < m.
(2) csrip(A) <m+ 1.
(2a) csr(A) <m+1.

(8) There exists an inductive sequence {Ay, pqp : Ap — Ay} of finite dimensional C*-
algebras and injective x-homomorphisms with A = ligrl(Ap, ©qp) such that v > %
for each v € N(Ap) and each p > 1.
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(4) For each integer v > 1 with v < %L every x-homomorphism A — M, (C) is trivial.

The second main theorem deals with the k-homotopy stabilization rank for an even
integer k. It will be shown in Theorem 2.15 that csr(,?(A) = csrg_l(A) and csr(,?(A) =
csrgfl(A), hence the estimate of these rational ranks reduces to that of the ranks for an
odd integer. Also, by [8, Proposition 32], csri(A) < hsri(A) + 1 and equality does not
hold for general AF algebra A (see Theorem 2.15 for k = 2). According to a table in [5,
p.254-255], mopn+;(U(n)) # 0 for each nonnegative integer j < 9, where U(n) is the group
of unitaries of M, (C). It follows from this that every even integer k with 4 < k < 12
satisfies the hypothesis (x) of the next theorem.

Main Theorem 2. Let A be an AF algebra and let k > 4 be an even integer and let m
be an integer such that 1 < m < g + 1. Assume that

(x) m(U(n)) # 0 for each n with 2 <n <

N |

Then the following conditions are equivalent.
(1) hsri(A4) < m.

(2)(2.1) m;(GL,(A)) =0 for each n > m and for each even integer j <k, and

(2.2) the canonical inclusion induces an isomorphism m;(GL,,(A)) = 7;(GLy4+1(A4))
for each n > m and for each odd integer j < k.

(8) There exists an inductive sequence (Ap, pqp) of finite dimensional C*-algebras and
injective x-homomorphisms with A = lig(Ap,cpqp) such that v > %12 for each

veNA).

(4) For each integer v > 1 withv < %, every x-homomorphism A — M, (C) is trivial.

2 Preliminaries and auxiliary results

This section recalls some definitions and proves some auxiliary results.

2.1 The k-connected stable rank and the k-homotopy stabiliza-
tion rank of a C*-algebra

In order to deal with a (not necessarily unital) C*-algebra A, we follow [15] and [6] to
introduce the spaces GL (A), Lg (A) and Lc,,(A). The unitization of A is denoted by
AT with the unit 14+. The C*-algebra of all m x m matrices with entries in A is denoted
by M, (A)(2 M, (C) ® A). When the algebra A has the unit, the identity matrix is
denoted by E,,.

For two elements a = (a1, ...,a,) and b = (by,...,b,,) of the m-fold product A™ of
A, let

(a,b) = Zm:aibi- (2.1)

The column vector ¥(0,...,0,14+) € (AT)™ is denoted by e,,.
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Definition 2.1. Let A be a C*-algebra and let m > 1 be an integer. We make the
following definitions.

(1) Assume that A is unital.

(1.1) GL,,(A) denotes the group of all invertible elements of M, (A).
(1.2) Lg,, (A) .= {x € A™ | there exists b € A™ such that (b,x) = 1}.

(2) For a (not-necessarily unital) C*-algebra A, let:.

(2.1) GLY(A) := {a € GLn(A") | a — Epm € Mpm(A)}
= (B + Mp(A)) N GLy (A,

(2.2) Lgh(A) = {x € Lg,,(A%) | x— e, € A™)}
= (e, + A™)NLg,,(AT).

(3) Lep(A) = GLE (A) e, ={a-e, | a € GL} (A)}.

If A is unital, the isomorphism AT 2 A®C induces isomorphisms M,,(AT) & M,,(A)®
M, (C), (AT)" =2 A" & C™, which imply an isomorphism and a homeomorphism

GL; (A) = GLn(A), Lg,(4) ~ Lg; (4)
(see [6, Proposition 2.11]).

Remark 2.2. (1) Since every finite dimensional C*-algebra F is unital, we have GL;} (F) =
GL,(F), Lg,(F) ~ Lg} (F) by the above isomorphism/homeomorphism.

(2) Under the notation of [15, Definition 1.1], we have GL} (A) = E,,, + gl(M,,(A)).
(8) The canonical inclusion v, : GL} (A) < GL} | (A) is defined by:

() = diag(z,14+), =€ GLY(A). (2.2)

(4) In the literature, Lg} (A) is simply denoted by Lg,, (A) ([6], [11], [15] etc.). Here
we use the above symbol to avoid confusion.

The following theorem plays the fundamental role.

Theorem 2.3. (/15, Corollary 3.5, Lemma 3.7], [6, Lemma 2..7, Theorem 2.8]) Let A
be a (not necessarily unital) C*-algebra.

(1) Let pa : GLY(A) — Len(A) be the surjection defined by pa(a) = a - e, a €
GL;} (A). Then pa is a locally trivial bundle with the fiber

TLy(A) = {( i 13+ ) |z € GL},_1(A), ce Am—l}

C

and TL,,(A) is homotopy equivalent to GLY | (A). Hence there exists an exact
sequence induced by the fibration

GL;,(4) = GL;, 1 (A) = Lem1(4)
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as follows:

= m(GLE (4)) = mi(GLE 5 (A)) = me(Lemr (4)) —
— w1 (GLE(A)) = 11 (GLy 1 (A)) = mp 1 (Lemya(A)) — - - (2.3)
— mo(GL (A)) = mo(GLE 41 (A)) = mo(Lemyr(A)) — 0

where GL;} (A), GL} (A) and Lg} , (A) have the base points E,,, Eny1 and
em+1 respectively.

(2) Let Le,,(A)g and Lg) (A)o be the components of Ley, (A) and Lgt (A) respectively
containing e,,, and also GL}(A)y be the component of GLI(A) containing E,,.
Then we have Le,,(A) C Lgt (A) and Ley,(A)g = Lg)t (A)o = GL! (A)g - e. In
particular, if Lg (A) is connected, then we have the equality Lg, (A) = Le,, (A).

Every homomorphism ¢ : A — B between C*-algebras A and B naturally extends
to a unital homomorphism of the unitizations that is also denoted by ¢ : AT — BT for
simplicity. Likewise, the induced homomorphism GL; (4) — GL; (B) and the induced
map Lg! (A) — Lg! (B) are denoted by the same symbol ¢. For a continuous map
f + X — Y between topological spaces X and Y, f; : m;(X) — m;(Y) denotes the
induced homomorphism between the j-th homotopy groups. A topological space Z is
said to be k-connected if m;(Z) = 0 for each j =0, ..., k, where my(Z) = 0 means that Z
is path connected.

Definition 2.4. (8], [9], [15]) Let A be a (not necessarily unital) C*-algebra.
(1) For an integer k > 0, the k-th connected stable rank csri(A) is defined as follws:

csti,(A) = min{m | Lg (A) is k-connected for each n > m}.
Also let csr(A) := csro(A), called the connected stable rank of A.

(2) For an integer k > 0, let v, : GL (A) < GL;,;(A) be the canonical inclusion given
by (2.2). Then the k-th homotopy stabilization rank hsri(A) is defined as follows:

hsry,(A) = min{m | the inclusion v, induces an isomorphism
(tn)g : mj(GLE (A)) — m;(GLE, 1 (A)) for each n > m and
for each j=0,...,k}.

(3) The algebra A is said to be K-stable if hsri(A) = 1 for each k > 0, that is, the
canonical inclusion v, : GL;} (A) < GL;} |, (A) induces an isomorphism my(GL;! (4)) —
me(GL, 1 (A)) for each n > 1 and for each k > 0.

In what follows, the tensor product 7;(X) ® Q of the j-th homotopy group of a space
X with the rational Q is denoted by 7;(X)q, where for j = 1, 71 (X) is assumed to be
abelian. Recall that the fundamental group of every topological group, in particular, of
GL; (A), is abelian. The homomorphism 7;(X)g — 7;(Y)g induced by a continuous

m

map f: X — Y is denoted by f;.

Definition 2.5. For a C*-algebra A such that w1 (Lg; (A)) is abelian for each n > 1, we
make the following definition.
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(1) For an integer k > 1, let

csrg(A) = min{m | Lg;} (A) is connected and m;(Lg; (A))g =0
for each 5 =0,...,k and for each n > m}.

(2) For an integer k > 0, let

hsr2(A) = min{m | (¢n)y = 7;(GL; (A))g — 7 (GLE, 1 (A))qg is an
isomorphism for each n > m and j =0,...,k}.

(3) A is said to be rationally K -stable if hst2(A) = 1 for each k > 0, that is, the canon-
ical inclusion v, : GL} (A) < GL} | (A) induces an isomorphism m,(GL} (A))q —
m(GL, 1 (A))q for each n > 1 and for each k > 0.

Applying the exact sequence (2.3) of Theorem 2.3, we see

Corollary 2.6. Let A be a C*-algebra such that Lg} (A) is connected for each n > 1.
Then A is K-stable if and only if csrip(A) < 2 for each k > 1. Assume further that
m1(Lg,, (A4)) is abelian for each n > 1. Then A is rationally K-stable if and only if
csrg(A) < 2 for each k > 1.

2.2 Finite dimensional algebras and AF algebras

For an inductive sequence (A4,,¢p : A, — A,11) of C*-algebras and *homomorphisms,
let ligl(Ap, ©p) be the C*-algebra inductive limit of the sequence. The canonical homo-
morphism A4, — lii>n(Ap7gpp) is denoted by @oop @ Ap — H_r}n(Ap,tpp). For ¢ > p+1,
Ygp : Ap = Aq denotes the composition

Pgp = Pg-10--0pp Ay = Apyy = - = Ay = Ay

An AF-algebra A is the limit A = lim(A4,,¢p : A, = Ap41) of an inductive sequence of
finite dimensional C*-algebras A,. Each A, is isomorphic to the direct sum of finitely
many matrix algebras A, = @©,M,(C). Since {¢oop(A,) | p > 1} forms an increasing
sequence of finite dimensional subalgebras of A with U5 ;¢o,(A,) being dense in A,
we may assume without loss of generality that each ¢, is injective. The next theorem
provides basic information on *-homomorphisms of matrix algebras.

Theorem 2.7. ([1, Chap.III, Corollary 1.2]) Let ¢ : M,,(C) — M,,(C) be a x-homomorphism.
(1) If m > n, then ¢ = 0.

(2) If m < n, then there exists a r > 0 with rm < n such that ¢ is unitarily equivalent
to the homomorphism p, : M, (C) — M, (C) defined by

pr(x) = diag(zx,...,2,0,...,0). (2.4)
———

r

15 Mar 2023 20:02:19 PDT
211208-Kawamura Version 3 - Submitted to Rocky Mountain J. Math.



For an inductive sequence (A,,pp : A, — Apy1) of finite dimensional C*-algebras
and *-homomorphism, let D((A,, ¢,)) be the Bratteli diagram ([1, Chap.III]): the set of
nodes is the pairs

{(p,v) | v e N(Ap),p > 1}.

For two nodes (p, ) and (p + 1,v), there exist r arrows from (p,u) to (p + 1,v) if and
only if the homomorphism

@y == proj, opoincl, : M,(C) — Ap — Apy1 — M, (C) (2.5)

(incl,, and proj, denote the canonical inclusion and the canonical projection respectively)
is unitarily equivalent to p, given in (2.4). If there is at least one arrow from (p, ) to
(p+ 1,v), then we write (p, ) \( (p + 1,v).

Definition 2.8. [13, Definition 3.5] Let (Ap, op : Ay — Api1) be an inductive sequence
of finite dimensional C*-algebras with the Bratteli diagram D((Ap,p,)). For an integer
M € Z>1 and N € Z>1 U {oo} with M < N and an integer ;1 > 1, a sequence A =
(p, vp)m<p<n 18 called a p-chain if

(1) v, € N(Ap) for each p with M <p < N.
(2) (5 vp) e (p+ L vp11) in D((Aps 0y)) for cach p with M < p < N — 1.
(3) 1 (0,) e (0 + 1, 0p11) in D((Apypy)), then v = vy,
(4) For each p with M < p < N, we have v, = p.
When N = oo, we call A an infinite p-chain.

Proposition 2.9. ([18, Lemma 5.6]) Assume that the Bratteli diagram D((Ap,¢p)) as-
sociated with an AF algebra A = lig(Ap,gop) contains an infinite p-chain. Then there
exists a non-trivial homomorphism ¢ : A — M,,(C).

Next we recall a couple of information on the homotopy groups of GL,, (M, (C)). First
notice that GL,,(C) is connected for each n > 1 and observe an isomorphism

for each n,v > 1.

Theorem 2.10. ([7, Chap.II, Corollary 3.17], [18, Example 1.6, Lemma 2.1, Lemma
2.2, Lemma 2.3]) Let k > 1 and n > 1. Let ¢, : GL,(M,(C)) = GLp41(M,(C)) be the
canonical inclusion given in (2.2).

(1) For each k with k < 2nv — 1, we have an isomorphism

~ | Z if k is odd,
Wk(GLn(Mu((C))) = { 0 {fk is even.
(2) We have an isomorphism
N if k is odd and k < 2nv — 1,
i (GLn (M (C))) = { E)Q O{herwise
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(8) If & < 2nv — 1, then the induced homomorphism (tn)y : Tk(GL,(M,(C))) —
7k (GLp+1 (M, (C))) is an isomorphism. The same holds for the homomorphism
(en)g : T (GLn (M, (C)))g = Tk (GLin+1 (M, (C)))q-

(4) Let k be an odd integer such that k < 2m — 1. Let ¢ : M,,(C) — M, (C) be a -
homomorphism which is unitarily equivalent to the homomorphism p, : M,,(C) —
M, (C) given in (2.4) for some r > 0. Then ¢ induces the homomorphism ¢y :
7k (GL (C))g — 7k (GL,(C))g given by

1%

me(p)(a) =ra, € m(Mn(C))g = Q.

2.3 Some auxiliary results
The next result follows from [3] and [15], and is mentioned in [13, Proposition 1.4].

Theorem 2.11. [13, Proposition 1.4]. Let A = ligl(Ap,cpp : Ay = Apta) be the limit
of an inductive sequence (Ap,pp) of C*-algebras and x-homomorphisms. Then for each
Jj >0 and n > 1, the homomorphism poop : Ap = A induces isomorphisms:

limy (ocp)s * limy 7;(GLF (4,)) = m5(GLF (4)),
lim (pocp)s < lim 7, (GLY (4,))g — m;(GL; (A))o.

We have the following analogue of the above for the space Lg," (A).

Theorem 2.12. Let A= lig(Ap, wp: Ap = Api1) be the limit of an inductive sequence
(Ap, @p) of C*-algebras and injective x-homomorphisms. Then for each j > 0 andn > 1,
we have isomorphisms induced by the homomorphism poop, @ Ap — A:

limp(@oop)ﬁ : h_I>np T (Lgr—t (Ap)) = m; (Lg; (A4)),
g (oep)y : imy 15 (LgE (4,)) = (L (Ao

Since the homomorphisms ¢, : A, = A,41 and @oep @ A, — A naturally extends
to unital homomorphisms A} — AF,, and A} — A*, we may assume without loss of
generality that ¢, and ., are unital. Our proof of the above theorem applies the next

lemma.

Lemma 2.13. Let (K, L) be a pair of compact polyhedra such that L is a subcomplex of
K, and let p > 1 be an integer. Also let (f : K — A,g: L — Ap) be a pair of continuous
maps such that f|L = @oop © g. Then for each € > 0, there exist an index ¢ > p and a
continuous map fq 1 K — Aq such that ||f — @ooq © fylloe < € and fy|L = @gp 0 g.

Proof. Let d = dim K and take a sufficiently fine triangulation of K such that L is a
subcomplex with respect to the triangulation, and for each simplex o of K, we have
. €
diamf (o) := sup{[|f(z) = f(Y)ll | 2.y € 0} < 35777 (2.6)

For i =0,...,d, let K be the union of L with all simplices of K of dimension at most
i.
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For each vertex v of K, there exist an index ¢, > p and a point y(v) € A,, such that
€ .
|oog, (Y (V) — fF(v)]| < 32471 We further make a choice that ¢, = p and v(v) = g(v)
whenever v € L. Let ¢ = max{q, | v is a vertex of K} and let £ (v) = ¢y, (7(v)). The
map f(© naturally extends to a map on K by defining f(® |L = g. Then we see
€

llo0q © f(o) - f|K(0)|| < 32d+1°

(2.7)

For each simplex o and for two vertices v, w of o, we see from (2.6) and (2.7) that

H(Pooqf(o) (v) = Soooqf(o)(w)” < ”‘Pooqf(o)(v) = f)[l +[If(v) = fw)]| +
+[ £ (w) = Pocq SO (w)]|
g

<@

and hence c

diam(pece f (0 N K ) < 32d

for each simplex o of K.
Starting with the above f(© : K(©) — Ay, we inductively define a sequence of maps
{f@:K® — A, |i=0,...,d} such that

1) [[FIKD — poog o fPoo < zar=y and diam(@oeq f(o N K@) < e for each
simplex o of K,
(i) f(i)‘L = ¢gp© g, and
(iif) fOHD|K® = £,
Then f, := f (@) is the required map.
Assume that f(*) has been defined and take an (i + 1)-simplex o of K not in L. The
map fD|00 : 0o — A satisfies diam(pooqf(?(90)) < g500. Using the convexity of

the Banach space A,, we obtain an extension g, : ¢ — conv(f¥ (o)) of |9, where
conv(f (o)) denotes the convex hull of f()(do). Then we have

diam(oogdo (o)) < diam(conv(posgf™ (90))) = diam(peoq f (7))

. 3e
; (%) 0
< diam(f\Y(90)) < PP
Also we see
I flo — Pooq © Jolloo < diamf(o) + || f|0o — Poog © 9o |00||0o + diam(¢ooqJo (7))
< 1 1 3 €
> (@ + 32(d—i) + 32(d—i) )e < 32(d—i-1)"

Repeating the above process to each (i+1)-simplex of K not in L and then extending the
resulting map to K (“+1) by defining ¢,,0g on L, we obtain the map f(+1) : K(+1) — 4,
that is an extension of f(?).
This completes the inductive step and completes the proof.
O
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Proof. (of Proposition 2.12) Fix j = 0,...,k and n > 1, and let o : S7 — Lg/(A) be a
continuous map. There exists a continuous map 3 : S7 — (A*)" such that (8,a) = 1.
Recall that Lg;"(A) is an open set of A™. This together with the compactness of «(S7)
allows us to take a small € > 0 such that

(i) if a map f: 57 — Lg, (A) satisfies || f — alloo < ¢, then f and a are homotopic in
Lg(A), and

(i) if two maps o, 8" : S7 — (AT)" satisfy ||o/ — al|ec < € and ||’ — B|le < &, then
18", &) — 1a+|loo < 1.

Apply Lemma 2.13 to a — e, : S7 — A™ and f3 in order to find continuous maps a,, 3, :
87 — (Af)"™ such that

(iii) ap(z) — ey, € (Ap)" for each x € S7, and
(iv) fla = @oop © aplloe < € and [|B — @oop © Bplleo < €.

Since pooq is injective and unital, we see from (ii), (iii) and (iv),
1Bp(2), ap(@)) = Laz | = [{poop(Bp())s Posp(ap(x))) — Law|| < 1 for each z € 7.
Thus (B, (), ap(x)) is invertible in (A,)* for each x € S7. Define ~y, : ST — (A;})™ by

V() = (Bp(x), p(2)) ' Bp(a), x € 5.

We see (7p,a,) = 1 and hence obtain a,(S?) C Lg; (A,). Also by (i) @oop © p is
homotopic to «. This proves that the homomorphism ligp(sﬂoop)ﬁ : @p m;(Lgt (4p)) —
7;(Lg, (A)) is surjective.

To prove that @p(@mp)u is injective, take a continuous map a,, : $7 — Lg; (4,) and
assume that ¢., o @, admits a continuous extension & : DI+t — Lg"(A). There exists
a continuous map 3 : DIt — (AT)" such that (3,a) = 1. Apply Lemma 2.13 to obtain
an index ¢ > p and continuous maps dy, : DIt — (AF)™ and B, : D7t — (Af)" such
that [|o — @ooq © Ggllee < &, [|B = Poog © Bylleo < &, and &,|S7 = @, 0 . Since pooq is
injective, we see from (ii)

1(Bg> Gq) — 1Aq+||oo = [[{Pooq © Bgs Pooq © Gg) — La+]lee < 1

and hence (B(x), dq(x)) is invertible in A} for each z € D/*!. By the same argument as
in the previous paragraph, we see that &,(D’*1) C Lg}(A4,). Thus d, is an extension of
Yapop S — Lgh(A,) to DIt — Lgt(A,). This proves the injectivity of Higlp(@oo;;)ﬁ.

Theorem 2.15 gives basic information on csry(A) and hsri(A) for an AF algebra A.
The proof applies the next lemma. Recall from Remark 2.2 (1) that Lg,! (F) ~ Lg,, (F)
for each finite dimensional C*-algebra F .

Lemma 2.14. (1) For each integer v > 1, we have the following:
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(1-1) For each odd integer k, we have

Loy (M,(©))g = { HOL MA@ 3 Ay L s

~

(1-2) For each even integer k, we have m(Le, (M, (C)))g = 0.
(2) Let A be an AF algebra.

(2-1) We have the equality Lg," (A) = Le,,(A) for each n > 1.
(2-2) The fundamental group m (Lg) (A)) is abelian for each n > 1.

(2-3) For each even integer k and for each integer n > 1, we have m,(GL) (A))g =
ms(Lgyy (4))g = 0.

Proof. (1). For an odd integer k, we consider the exact sequence (2.3) for M, (C), being
rationalized:

Tk+1(GLn (M, (C)))g — mht1(Len (M, (C)))g —
— T (GL,—1(M,(C)))g = m(GL,(M,(C)))g — mx(Le, (M, (C)))g —
= p—1(GLn—1(M,(C)))q

By Theorem 2.10 (2), we have 74 1(GL, (M, (C)))g = mx—1(GL; (M, (C)))g = 0. Since
the homomorphism 7;(GLy,—1 (M, (C)))g — 7;(GL,, (M, (C)))q is injective for each j, we
see that 711 (Le, (M, (C))g = 0. This proves (1-2) and also reduces the above sequence
to

0 = m(GLu-1 (M, (€)))g — 7h(GLu(My (€)))g > 7 (Lea(My(C)))g — 0,

from which (1-1) follows with the help of Theorem 2.10 (2).
(2). (2-1) follows from [9, Example 11.4] and Theorem 2.3 (2). For the proof of (2-2),
we note that, by the exact sequence (2.3)

71(GLy (M, (€))) = 71 (Len (M, (C))) —= mo(GLy (M, (C)))

and the connectedness of GLy, (M, (C)), ps is surjective. Hence 71 (Lcy, (M, (C))) is abelian.
Hence for each finite dimensional algebra F' = &, M, (C), we see that m (Lg, (F)) =
@, (Lg,, (M, (C))) = @, (Le, (M, (C))) is an abelian group. By Theorem 2.12, we see
that 7 (Lg, (A)) is abelian.

For (2-3), first we observe that, for each finite dimensional C*-algebra F', 7, (GLy, (F'))g =
0 and also 71 (Lg,! (F))g = Tk (Len(F))g = 0 by Theorem 2.10 (2). By Thereom 2.12 and
Theorem 2.12, we obtain 7 (GL; (A))q = H_H}lp m(GL(4,))0 = 0 and 74 (Lg! (A))g =

limg (et (4p))g = 0.
O

Theorem 2.15. Let A be an AF algebra and let k(> 0) be an integer.
(1) csri(A) < hsri(A) + 1 < csrgpy1(A).
(2) hsri(4) < [52).
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(3) For each odd integer k, we have cst2(A) = hsr2(A) + 1.
(4) For each even integer k > 2, we have csry(A) = csre_, (A) and hsr(A) = hsr | (A).
(5) hsri(A) = hsro(A) =1 and csrq(A) = csra(A) < 2.

Proof. (1) is a consequence of [9, Proposition 32] and csr(A) = 1 ([9, Example 11.4]).
For (2), let k be an odd integer, m = % and take an arbitrary m > m. For
A =lim A, with A, = @,en(a,)M,(C), we see the canonical inclusion ¢,, : GL,(A,) —
GLy+1(Ap) induces an isomorphism (iy,)y @ mj(GLy(A4p)) — 7,;(GL,11(A4p)) for each
j=0,...,k, because k = 2m — 1 < 2nv — 1 for each v € N'(A,). By Theorem 2.11 and

the commutativity of the diagram:

GL,(A,) —="+ GL} (A)

Lni iLf

GLnJrl(Ap) T.CI)) GL:—&-l(A)
we see that the homomorphism (¢2°)y : 7;(GL, (A)) = 7;(GLy11(A)) is an isomorphism
for each j = 0,...,k. This proves the inequality hsry(A) < % For an even integer k,
we repeat the above for m = g + 1 to obtain the inequality.
(3) For an odd integer k, we use the exact sequence (2.3), being rationalized. For
each odd integer j with 1 < j <k, and for n > 1, the sequence reduces to:

0 —— m;(GL; (A))g — m;(GL;} 1 (4)g — m;(Lent1(A)g —=0

due to Lemma 2.14. Hence 7;(GL;} (A))g — m;(GL;!(A))g is an isomorphism if and
only if 7 (Ley41(A))g = 0. Also, since csr(A) = csrg(A) = 1, that is, Lg; (A) is connected
for each n > 1, we obtain from Theorem 2.3 (2) that Lc,(A) = Lg," (A). From these, we
have the desired equality.

(4) For an even integer k, we have 7 (GL;}(A))g = mk(Lg, (A))g = 0 for each n > 1
by Lemma 2.14. These directly imply the desired equalities.

(5) Let A = h_H}l(Ap, wp + A, — Apy1), where each A, is a finite dimensional
C*-algebra and ¢, 1s an injective *- homomorphism. For each n,v > 1, we have
72 (GL,, (M, (C))) = 0 and the canonical inclusion (2.2) induces an isomorphism
71 (GL, (M, (C))) = 71 (GLp41(M,(C))). This implies

1 (Lem(M,(C) =0 i=1,2

for each m > 2. Also ma(Le1 (M, (C))) = m2(5?~1) = 0 for each v > 1.

Thus we have m1(Lc,, (A4,)) = 0 for each n > 2 and ma(Lc,(A,)) = 0 for each n > 1.
By Theorem 2.12 and the connectedness of Lg," (A) together with Theorem 2.3, we have
m1(Lgl (A)) = 0 for each n > 2 and ma(Lg, (A)) = 0 for each n > 1. Thus we have
csr1(A) = csra(A) < 2.

The same argument with the help of Theorem 2.11 is carried out to conclude hsri(A) =
hsry(A4) = 1.

O
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3 Proof of Main Theorems

3.1 Proof of Main Theorem 1

%—m. ‘We

Given an odd integer k > 1 and an integer m with 1 < m < %, let jo =
define subsets N9, N1 ... NJo of Z>; as follows:

NO = {v€Zs1 |k <2mv—1},

N' = weZs|2mv—1<k<2m+1)r—1},

N' = {weZs|2m+i—1r—1<k<2(m+i)y—1},
Nio = weZs|2m+jo—1)w—1=(k-1v—-1<k<

<2m+jo)yv—1=(k+1)r—1}.

It is straightforward to verify that UzOZON * = Z>;. For a finite dimensional algebra F, let
E(F)=N(F)N N and for each i = 1,...,jo, let Z/(F) = N(F) N N* and also Z(F) =
U2, Z(F). Further we define E(F) = ®,ce(r)M,(C) and Z(F) = ®yezr)M,(C) so
that F = E(F) ® Z(F).

For the proof of Main Theorem 1, it is convenient to introduce an auxiliary statement
that will turn out to be equivalent to all other statements of the theorem:

(5) Let A= lg( p Pap : Ap = Ag), where each A, is a finite dimensional C*-algebra
and g, is an injective *-homomorphism. For each p, there exists ¢ > p such that

Pap(Ap) C Buen(ay,), 2mu—1>kMu(C).
Proof. The following is our scheme of the proof.
(i) (1) = (1a), (2) = (2a) and (la) < (2a).
(ii) (2a) = (5) = (3) = (4) = (5).

(iii) (3) = (2) and (3) = (1)

(i): The implications (1)= (1a) and (2)= (2a) are straightforward and the equivalence
(la)<(2a) is a direct consequence of Proposition 2.15 (3).

(i) (2a) = (5). Let A = th(Ap,gpp : A, — Apt1), where each A, is a finite di-
mensional algebra and ¢, is an injective *—homomorphism. In what follows, the matrix
algebra M, (C) is simply denoted by M,,.

Step.1. By Lemma 2.14 (1) and the definition of Z'(A4,), we have
T (Lemi1(Ap))g = @vezi(a,) T (GLmy1(M,y))q- (3.1)

By Theorem 2.12 and the assumption (2a), we have li_H;p T (Lgmi1(Ap))o = me(Lgt 1 (A))g =

0. Fix p > 1. Since m;(Lg;,,1(A4,))g is a finite dimensional Q-vector space, there exists
q1 > p such that

(a1 )t (Tk(Lg41(Ap))a) = 0. (3-2)
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Step.2. We examine the restriction ¢q, »| ®yez1(a,) M. Take an arbitrary v € Z'(A,).
First observe from Theorem 2.7 (1) that

Par P(MV) C 69/J«E./\/(Aql), ;,LZZIMM'
For p € Z'(A,,) with p > v, let k¥ - M, — M), be the homomorphism defined by

wo : : )
@, = Droj, o g p oincl, : M, = A, = A4 — M,

where incl, denotes the canonical inclusion and proj, denotes the canonical projection.
Noticing that Lg,, (M) = Legp41(M,), we have the following commutative diagram:

Wk(GLm(Mu))@

(Plhrp)t
Tk (GLnt1 (Mu))Q —— T (GLp11 (Mu))(@

l 9

(g1 (M) — = T (L1 (My))o

0

where the vertial sequences are parts of the exact sequence (2.3), being rationalized. The
homomorphism in the third row is trivial because of (3.2). Since p € Z'(4,), we have
2mp — 1 < k, which implies 7, (GL,,(M,))g = 0 and thus the homomorphism py is an
isomorphism. Thus we see that

(ph” g = 0. (3.3)

(‘DQI p

Suppose that there exists u € Z1(A,,) with g > v such that @b p 1s non-trivial. Then

the homomorphism @7, is unitarily equivalent to p, of (2.4) with r > 1. Since k <

2(m+1)r—1 < 2(m+1)u—1, we conclude from Theorem 2.10 (3) that the homomorphism

(041 p)t : Tr(GLmi1 (My))g = T (Gl 41(My))g

is an isomorphism on the nonzero group m;(GLy,+1(M,))g, a contradiction to (3.3).
Hence we conclude ¢}, = 0 for each such y and obtain the inclusion

P p(Zl(Ap)) C E(Aq)-

Step 3. We repeat the argument of Step 2 by replacing 7, (GLy,+1 (M, ))g with 7y (GLy42(M,))g,
and g (L1 (M,))g with 7 (Legy2(M,))g respectively. Then we find ¢J > ¢; such that

0oy 0 (Z2(Ap)) C E(Agg) @ Z' (Agg).

Another application of Step 2 yields g2 > ¢§ such that ¢, qg(Zl (Agg)) C E(Ag,), which
results in:

Pz p(Zl(Ap) D ZQ(AP)) C E(Ag,).
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We inductively repeat the above process to find ¢ := g;, such that

©q p(Z(Ap)) = ¢q p(@zoz1zi(‘4p)) C E(A).

Since ¢q p(E(Ay)) C E(A,), we obtain the desired inclusion ¢, ,(4,) C E(A,). This
proves the implication (2a)= (5).

(5)= (3). We follow the last part of the proof of [13, Lemma 3.7]. Take an inductive
sequence (Ap,¢p 1 Ap = App1) with A = li_n>1(Ap,<pp) and each ¢, is an injective *-
homomorophism of finite dimensional C*-algebras. By the assumption (5), and by taking
a subsequence if necessary, we may assume that

ep(Z(Ap)) C E(Aptr)- (3-4)
Define ¢, : E(Apt1) = E(Aps2) by

Vp = DProjg(a,.,) © Pp+1 © LB, 1) * E(Apt1) = App1 = Apyo — E(Api2),

where inclg (4, ,) and projg Apia) denote the canonical inclusion and the canonical pro-
jection respectively. We see from (3.4) that

Pp = LE(Aps1) © (PTOJE(AP+1) 0 p). (3.5)

Let &, 1= projga, ) ©¢p : Ap = E(Apt1). Asin [13, Lemma 3.7], (3.5) shows that the
induced limit homomorphism lim ¢, : A — lig(E(Ap_H),wp) is an isomorphism. Since
@p+1 18 injective and @, 11(E(Apt1)) C E(Apt2), we see directly that 1, is injective.
Therefore (E(Ap+1),p) is the sequence required in (3).

(3) = (4). Let A = ligl(Ap,gap : Ay = Apyq) with A, = E(A,). Let B = M, (C)
with 2myr — 1 < k. Given a *-homomorphism ¢ : A — B, fix an index p and take a
direct summand M, of A,. Since 2mr —1 < k < 2mp — 1, we see that v < p and hence
© 0 Poop = 0 by Theorem 2.7 (1). Since Uppoop(Ap) is dense in A, we have the conclusion

(4).

(4)= (5). Here we follow the proofs of [13, Lemma 3.6, Lemma 3.7]. Assume that
A= liﬂ(Ap, wp: Ap = Api1), where Ay, is finite dimensional and ¢, is injective. Suppose
that there exists an infinite sequence (p;) such that ¢, ., p,(Z(Ap,)) € E(Ap,) for each
i =1,2,.... Without loss of generality we may assume that p; = 1. Since p(F(A4)) C
E(B) for each x-homomorphism ¢ : A — B of finite dimensional C*-algebras A and B,
we see pgp(Z(4,)) € E(Ag) for each p,q with ¢ > p. This implies that the Bratteli
diagram D((Ap, ¢p)) associated with (A4,,pp) contains an infinite sequence

(L) N (2Z2) N N (0, 0p) N P+ 1 vpgn) N (3.6)

where v, € Z(A,) for each p. Since v, < % for each p, there exists an index v < ﬁ
such that v, = v for infinitely many p. By taking a subsequence, we may assume that
vp = v for each p > 1.
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Fix an arbitrary p > 2 and suppose that there exists a node (p —1,4) # (p—1,vp_1)
such that (p — 1, ) N\ (p,p) in D((Ap, p)). This means that there exists a nontrivial
*-homomorphism v : M, ® M,, — M,,. By Proposition 2.7, 1 is unitarily equivalent to a
homomorphism given by

(), @) = diag(xp, ..., T, Ty, ..., 2,,0,...,0), (z4,2,) €M, ®M,
N———— N———

T Ty

where 7,7, > 1. However this is impossible from the dimensional reason and we conclude
that there are no such (p — 1, ).

This proves that the above sequence is an infinite v-chain (Definition 2.8). By Pro-
postion 2.9 there exists a non-trivial homomorphism A — M,,, a contradition to (4).

(iii) (3)= (2) and (3) = (1). Let A = ligl(Ap,cpp : Ay = Apiq) so that A, = E(4,),
and hence k < 2mv —1 for each v € J\/(Ap) and for each p > 1. Take an arbitrary n > m
and consider a part of the exact sequence (2.3):

Tr(GLyy (M,))) = 7 (GLyy 3 (M) = i (Lep g1 (M) —
— m_1(GL(M,)).

Since k—1 < k < 2my—1 < 2nv—1, the homomorphism 7, (GL;} (M,)) — m,(GL,, ; (M,))
is an isomorphism and 7;_1(GL;(M,)) = 0. Thus we have 7 (Lc,11(M,)) = 0 and
hence 7y (Leny1(A4p)) = @ymi(Leni1(My)) = 0. By Theorem 2.11 and Lg, (A) =
Lep+1(A)(Theorem 2.3 (2)), we obtain csri(A) < m + 1 as required in (2). The same
argument yields the implication (3) = (1).

This completes the proof of Main Theorem 1.

3.2 Proof of Main Theorem 2

The structure of the proof is the same as that of Main Theorem 1. Again it is convenient to
introduce an auxiliary statement that will turn out to be equivalent to all other statements
of the theorem.

(5) Let A =lim(Ap, @qp : Ap — Ag), where each Ay, is a finite dimensional C*-algebra
and ¢gp is an injective *-homomorphism. For each p, there exists ¢ > p such that
cpqp(Ap) - EB/LEN(AQ), 2mp,—22kM,u((C)'

Proof. Let k > 4 be an even integer satisfying (*) and let m be an integer with 1 < m <
g + 1. As before, the matrix algebra M, (C) is simply denoted by M,. We prove the
following implications.

1) (D)= (5).
(i) (5) = (3) = (4) = ().
(i) (3) = (2) = (1).
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The implications in (ii) are proved in exactly the same way as those in Main Theorem 1
by simply replacing “2mv — 17 with “2mv — 2.”

(iii): (3) = (2). Let A = ligq(Ap,app : A, — A,+1) such that 2mv — 2 > k for each
v € N(A,) and each p > 1. For each even integer j with j < k and each integer n > m,
we have 2nv — 2 > 2my — 2 > k > j and hence

m;(GLn(4p)) = EBz/e/\/(A,,)7TJ'(G'Ln(]wu)) =0.

Hence by Theorem 2.11, we have 7;(GL,,(A)) = 0. By the same way with the help of The-
orem 2.11, we can prove that the induced homomorphism 7;(GL,,(A)) — 7;(GLp+1(4))
is an isomorphism for each odd integer j < k. This proves (2).

(2) = (1) follows directly from the definition.

Thus it remains to prove the implication (1)=- (5). The proof has the same structure
as that of the the proof (2a)= (5) of Main Theorem 1. Let A = ligl(Ap, op Ay = Apta),
where each A, is a finite dimensional C*-algebra and ¢, is an injective *-homomorphism.
Given an even integer k > 1 and an integer m with 1 < m < ng 1, we let jo = ng 1—m.
This time we define subsets N°, N1 ... N7 of Z>; as follows:

NO = {v €Z>1 | k< 2mv — 2},
N' = weZs|2mv—-2<k<2m+1)r—2},
Nt = {v€Zs112(m+i—-1r—-2<k<2m+i)v—2},

<2m+jo)v —2 = (k+2)v -2}

We have U2 (N? = Z~,. Also for a finite dimensional C*-algeba F, let E(F) = N(F)NN?
and for i = 1,..., jo, let Z/(F) = N(F)N N’ and also Z(F) = U2, Z'(F). Further we
define E(F) = @,cg(pyMy(C) and Z(F) = &,cz(5) My (C) so that F' = E(F) & Z(F).

Step.1. Fix an index v € Z'(A,) and consider the following diagram:

incl, Poop

GL (M) GLm(Ap) —2=" > GL,n(A)

| | |-

GLyt1(My) — GLiny1(Ap) — GLin41(4)

where incl, denotes the homomorphism induced by the inclusion M, — A,. The above
diagram induces a commutative diagram in the k-th homotopy groups. Since m > 2,
2myv — 2 < k and k is even, we have 2 < mv < k/2. By the hypothesis (x) we see that
7k (GLm (M) =2 7 (U(mv)) # 0. On the other hand, since k < 2(m + 1)v — 2, we have
Tk (GLpm41(M,)) = 0. By the assumption (1), the homomorphism (¢, ) : 7 (GLy (A)) —
T, (GLy+1(A)) is an isomorphism. Thus we see (¢oop)y © (incly )y = 0 : 1, (GL,, (M,)) —
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7 (GLm (A)). Since 74 (GL,,(M,)) is finitely generated, we can apply Theorem 2.11 to
find ¢ > p such that

(g p)g o (incl, )y = 0. (3.7)
Step.2. For an index u € N(A,), consider
oh'p = 1ncl, 0 g, poproj, : M, — M,,.

jng

By Theorem 2.7, u > v whenever ¢4", is non-trivial.

Assume that v € N(A,) and suppose that @4 is non-trivial. Then it is unitarily

equivalent to idps, and hence the induced homomorphism
()¢ = id s m(GLyn (M,)) = m,(GLi (M)

is an isomorphism. However, since 7 (GL,,(M,)) # 0, this contradicts (3.7) and we
conclude that ¢£", =0 and in particular we have

Pq P(MV) C 69/J,EJ\[(A(,)7 /LZV—‘,—lM/_L' (38)

If there exists u € Z1(A,) with u > v + 1 such that pb", is non-trivial, then enumerate

all such p's as pu1, ..., pe. Since 7, (GLy, (M),,)) # 0, we can repeat the above process to
each g, with (3.7), to find ¢, ..., gs such that

®q0 ¢(My,) C BreN (Ag,) A >pe+1 M
and let ¢(1) = max{qi,...,q}. Then we see
Pq(1) p(MV) - @MEN(Aqu)),uZVHMw
This process can be repeated until we find ¢, > ¢(1) such that
Pq, p(My) C Bpuea, Mu = E(Ag,)-

We repeat the above to each v € Z1(A,) and let ¢; = max{q, | v € Z'(4,)}. Then
we have

Par p(Zl(Ap)) - E(Aq1)~

Step 3. Now we follow Step 3 of the proof of (2a)=- (5) in Main Theorem 1: we take
v € Z2(A,) and repeat Step 2 above by replacing 7 (GL,,(M,)) and 7 (GLy11(M,))
with 7 (GLy,41(M,)) and 7 (GLy,12(M,)) respectively. Then we find ¢) > ¢; such that

oy o (Z2(A4y)) C B(Ayg) & 7' (Ag).
Another application of the previous step yields g» > ¢9 such that ¢, qg(Z "(Ag)) C
E(A,,), which results in:

Par p(Z'(Ap) & Z%(Ay)) C E(Ay,).

We inductively proceed to find ¢ := gj, such that

Pq p(Z(Ap)) = ¥q p(@g0=12i(14p)) C E(Ag)

as desired. This proves the conclusion (5).
This completes the proof of Main Theorem 2. O
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The author is grateful to the referee for pointing out that [14, Theorem 5.7] is relevant
to the statement (1) below.

Example 3.1. Let A be an AF algebra with a Bratteli diagram D = {(p,v) | v €
N (A,), p > 1}, where the nodes at the level p is the set {(p,v) | v € N(4,)}.

(1) (cf. [18, Theorem 3.8]) Let m; = min,cpra,) V- Then lim, o m, = oo if and only
if hsr(A) = csri(A) = 1 for each k > 1.

(2) If D contains an infinite v-chain (Definition 2.8), then

[EEL] if k is odd.
[£E2]  if k is even and satisfies the condition (x).

Proof. (1): If lim, ,oo m, = oo, then the equalities hsry(A) = csrip(A) = 1, for each
k > 1, are verified straightforwardly. The converse implication follows from the proof of
[14, Theorem 5.7].

For (2) assume that k is odd and suppose that m := hsry(A) < £EL. There exists
a non-trivial homomorphism A — M, (C) by Proposition 2.9. By Main Theorem 1, we
have 2mv — 1 > k, a contradiction. The same argument works for an even k satisfying

the condition (x). O

For example the Bratteli diagram of the GICAR-algebra A ([1, Example III.5.5])
contains an infinite 1-chain. By the above and Proposition 2.15, we see that hsry(A) =
% for each odd integer k and hsry(A) = % + 1 for each even integer k > 4 satisfying

(%)-

Acknowledgement. The author is grateful to the referee for helpful suggestios that
improved the exposition of the paper.
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