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Abstract. This article is focused on the Riemann problem for the pressureless Euler equations with
Coulomb-like friction and time-gradually-degenerate damping. With the introduction of a new variable,
the considered equations are converted into the homogeneous form, whose Riemann problem is first
solved with the characteristic method. Then by utilising relationship between variables, two types of
solutions are obtained: vacuum and delta-shock solution. The generalized Rankine-Hugoniot relation
and overcompressed entropy condition for the delta-shock are clarified. It is discovered that the presence
of two external force terms causes the Riemann solutions to be non-self-similar. It is further proved that
the non-self-similar Riemann solutions converge to the corresponding ones of pressureless Euler equations
with friction as the time-dependent damping term vanishes, and the Riemann solutions converge to the
corresponding self-similar solutions of pressureless Euler equations as the friction and damping terms
vanish simultaneously. In the end, we apply the vanishing viscosity method to establish the stability of

the non-self-similar solutions involving delta-shocks by introducing a time-dependent viscous system.
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1. Introduction
Consider the pressureless Euler equations with friction and time-dependent damping

pe + (pu)z =0,
1 (1.1)
(pw)e + (pu*)e = ap — 7= pu,
where p is the gas density, u is the gas velocity, ap is the Coulomb-like friction term, « is a constant,
—ILH pu represents the time-gradually-degenerate damping, u is a positive number to describe the scale
of the damping. The equations (1.1) can be reduced from the balanced Euler equations [3, 15].
For @ = = 0, the (1.1) is simplified as the homogeneous pressureless Euler system, which is capable
of describing the motion of free particles sticking under collision [1, 36] and the formation of large-scale

structures in the universe [25]. As the delta-shock solution appears in some cases, the homogeneous

pressureless Euler system has attracted extensive attention ([2, 4, 16, 26]). The delta-shocks are an
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important class of nonclassical waves for systems of conservation laws. The characteristic of the delta-
shocks is that the delta functions appear in the state variables. Physically, they are capable of describing
the concentration phenomenon. More research on the delta-shocks, please consult the papers [6, 7, 14,
17, 22-24, 27-30, 34, 35, 37, 38].

For the pressureless Euler equations with only one external force term, Shen [31] constructed two
categories of non-self-similar Riemann solutions for the pressureless Euler equations with friction, i.e.,
(1.1) with g = 0. Zhang and He [40] obtained the exact Riemann solutions for the generalized pressure-
less Euler equations with dissipation. Zhang and Zhang [41] constructed two types of non-self-similar
Riemann solutions for the equations of constant pressure fluid dynamics with nonlinear damping. For the
pressureless Euler system with two source terms, the Riemann problem for the generalized pressureless
Euler equations with a composite source term was investigated by Zhang, He and Ba [42]. Zhang and
Zhang [43] discussed Riemann problem for Eulerian droplet model in consideration of the buoyancy and
gravity forces.

Nevertheless, it is worth noting that many damping effects are usually time-dependent. For instance, a

good example is —£= pu appearing in the governing equations [5, 12], which denotes the time-gradually-

T
vanishing damping effect with physical parameter p > 0. These motivate us to discuss the Riemann
problem, which is a fundamental problem associated with the systems of conservation laws, for the
equations (1.1) with initial data

(=)= { Pk w<O (12)

(p+ ug),  =>0.

The basic idea is to change the equations (1.1) into homogeneous equations through a suitable transfor-
mation. Then we solve the Riemann problem for the modified equations with the same Riemann initial
data. Finally, the solutions for the original equations (1.1) with Riemann initial data (1.2) are constructed
in terms of relationship between variables.

Performing a transformation u(z,t) = ﬁ(l +1)+ ﬁ(v(w,t) - ﬁ), the (1.1) is rewritten as a
homogeneous conservative form (2.1). The (2.1) is fully linearly degenerate such that the classical waves
consist exclusively of contact discontinuities. With the aid of the characteristic method, the solution
of (2.1){8lll is constructed using two contact discontinuities and a vacuum when u_ < u;. When
u_ > uy, we show that p and v, will blow up simultaneously at a finite time, even when the initial data
are smooth. Thereby, a solution involving delta-shock is constructed. For the delta-shock, we clarify
the generalized Rankine-Hugoniot relation and over-compressive entropy condition, and exactly give the
position, strength and propagation speed for the delta-shock. Then, by utilising the transformation of
state variables (p(z, ), u(x,1)) = (p(z,t), 73, (1 + ) + ﬁ(v(m,t) — 135)), we construct two types of
non-self-similar solutions including delta-shock and vacuum for (1.1)-(1.2).

To study the stability of the non-self-similar delta-shocks solutions for (1.1)-(1.2), we introduce the

time-dependent viscous system

Pt + (Pu)m = 0)

. (1.3)

1+ s)H

t
I 1
(pu)e + (pu)z = ap 71+t'0u+5((1+t)“/0( ds)um,
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where fo 1+ =—t<=ds = In(1 +t) for p =1, while fo 1+s)u ds = ﬁ((l +t)'=# — 1) for p # 1. The idea for

the (1.3) comes from the scalar conservation law with time-dependent viscosity
Vit (E(V))e = G()Vaw,  G(2) > 0.

Dafermos [8] proposed the hyperbolic systems of conservation laws with time-dependent viscosity G(t) =
et, and investigated the Riemann solution of a class of hyperbolic systems of conservation laws using
the viscosity method. Adopting this method, Tan, Zhang and Zheng [34] initially investigated the delta-
shock for a triangular system of conservation laws. And since then, lots of researchers explored the

stability of the solutions containing delta-shocks for various systems by making use of the method, see

the papers [13, 18, 19, 32, 33, 39) . (S

According to the discussion in Section 2, we could observe that if the initial data belong to a bounded
total variation space, the solutions to (2.1)-(2.2) have a similar structure. We, naturally, hope that these
solutions are the limits of corresponding similar solutions of a viscous system as € drops to zero. Under

the transformation u(z,t) = £, (1+¢)+ (1+t) —(v(z,t) — =), the (1.3) is transformed into the following

o
T+
viscous system

pﬁ( (1+ (L+0)+ (1jt)u<”71ju)))z:0’

(p”)tJ’( (1+ (1+)+ (1J:t)u<v_ 1iu>))m_5<(1jt)u/o (1+15)ud8)”m’

which can be considered as a viscous approximation of the modified homogeneous system (2.1). By

a((1+6)2-1)
T~ 501w +1+u fo (1+g)u

(1.4)

® for the modified viscous

seeking the solutions depending on the variable £ = J—
system (1.4) with (2.2), we arrive at a two-point boundary value problem of high-order ordinary differen-
tial equations with the boundary value in the infinity, which has a weak solution (p,v) € L(—o00, +00) x
C?(—o0, +00). It is proved that when u_ > u,, in the limit ¢ — 0, the solution of (1.4) with (2.2) con-
verges weakly star to the solution containing delta-shock of (2.1)-(2.2), (EEECINESISEEEE A
a consequence, the solution containing delta~shock to the (2.1)-(2.2) has stability under viscous perturba-
tion. Additionally, it is intuitive to find that (p(z,1), u(z,t)) = (p(x,1), 15, (1+t) + ﬁ(v(x7 —15)
is the solution of (1.3) with (1.2), provided that (p(z,t),v(z,t)) is the solution of (1.4) with (2.2). Accord-
ingly, the solution involving delta-shock to (1.1)-(1.2) possesses also stability under viscous perturbation
because € and t are independent of each other.

The organization of the content is as follows. In Section 2, we convert the equations (1.1) to homo-
geneous form and solve the Riemann problem. In Section 3, we construct the solutions for (1.1)-(1.2). In
Section 4, we analyze the limiting behavior of solutions for the viscous system (1.4) with (2.2) as ¢ — 0,
and establish the stability of the non-self-similar delta-shock solution to (1.1)-(1.2). In Section 5, we give

the conclusion.
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2. Riemann solutions to the homogeneous system (2.1)

This section solves the Riemann problem for the modified system (2.1). The equations (1.1) and the

initial data (1.2) are converted to

pt+(”<ﬁ(l+t)+ (14275)#(”7 1?-“)))1;:0’

(07

(pv)e + (’w(1+u(1+t)+ (1+1t)u (v_ 11)))95 =0

(2.1)

and
(p—u-), =<0,
(pr0) (1 = 0) = (2.2)
(p+7 qu)v T > Ou
by introducing the transformation u(z,t) = $¢; (1 +1¢)+ ﬁ(v(x, t) = 115;)- A direct calculation shows
that the (2.1) possesses a double characteristic root A = ﬁ(l +t)+ ﬁ(v — ﬁ) The only one right

characteristic vector is found to be 7 = (1,0)7 satisfying V) - 7 = 0. As a consequence, the (2.1) is

non-strictly hyperbolic and A is linearly degenerate.

Solving (2.3) yields the contact discontinuity

o

1 o
(1+t)+7<vl*7>:7
(1+t)m 14+ u 14

J:oa2(t) (1+1t)+ (2.4)

o 1 ( o )
= — — (v — — ).
I+ u (1+t)m 1+p
Clearly, when v; = v,., we can connect (p;,v;) and (p,,v,) with the use of a contact discontinuity J.
We now construct the solutions for (2.1)-(2.2). The cases are divided into two types: u_ < uy and
u_ > uy. When u_ < uy, the Riemann solution consisting of two contact discontinuities and a vacuum
state (denoted by Vac)

(p—u-), = <mzi(t),

(p,v)(x,t) ={ Vac, z1(t) <z < mo(t), (2.5)

(P uq), > z2(l),

is constructed, in which

Z(1+t)2+ (u- *g)ln(lﬂt)*z, for p=1,
r1(t) = , - N . (2.6)
sy () —1)+(1_u—1_u2)((1+t) —1), for p#1,

and o o o
Z(1+t)2+(u+75)ln(1+t)fz, for p=1,

(1482 = 1)+ (17 = = ) (14074 = 1), for p#1.

2(1+ p) 1—p 1-p

4
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Whereas, we cannot construct the solution by using the contact discontinuities for the case u_ > u.
At this point, the singularity of solutions must happen in domain © = {(z,t)|z2(t) < x(t) < x1(t),t €
R}, by virtue of the fact that the characteristic lines from the initial data may cause overlap in the ©.
This means that there is no solution in bounded variation space. Next we show that p and v, will blow
up simultaneously at a finite time, even when the initial data are smooth.

Discuss (2.1) subject to the smooth initial value (p(x,0),v(z,0)) = (po(x), vo(x)) satisfying vj(x) < 0.
The characteristic equations associated to the system (2.1) are

1 Q@ dv dp p
(1+t)u<” 1+u>’ dt*O’ dt — (1+t)»

And so the characteristic curve, which passes through any given point (0,a) on the z-axis, can be given

dx «
— = ——(1+t
dt 1+u(+)Jr

(U (2.8)

a+ %((1 Y2 1)+ (vo(a) - %) In(1+1t), p=1,
T = (2.9)

! vo(a) ! -
Y (@ -1 +< - ) 1+ 80— 1), 1,
0+ g+ 02 =0+ (P22 - 55) @+ - ),
on which v takes the constant value vy(a). Together with (2.1) and (2.8)-(2.9), we arrive at
wo p@)
1+1In(1+t)vj(a)’ ’ 1+ 1In(1 +t)vj(a)’ ’
= - 2.10
’ vh(a) ! po(a) P
v} (a) 1— v B ’ vg(a) 1— s '
T+ 30+ —1) T+ 320+t —1)
Due to v{(a) < 0 (if g > 1, we further assume v{(z) + (¢ — 1) < 0), we have
lim (p,vz) = (00,00) for p=1, lim (p,vz) = (00,00) for p#1. (2.11)
“ur@ Ho1tvh(a) ) T
t%(cxp 0(a) 71) t"((W) 71)

The formula (2.11) shows that p and v, must blow up simultaneously at a finite time.
In this situation, motivated by [26, 34], the delta-shock solution should be kept in mind. To achieve

this, the definitions of two-dimensional weighted delta function and delta-shock solution are introduced.

Definition 2.1. A two-dimensional weighted delta function w(s)ds supported on a smooth curve

S ={(z(s),t(s)) : ¢ < s < d} is defined by

d
()05, 0(2.6) = [ w(s)(a(s). t(s))ds (212
for all test functions ¢ € C§°(R x R™).

Definition 2.2. A pair (p,v) is recognized as a delta-shock type solution to the (2.1) in the sense of
distributions if there exist a smooth curve S and a weight w € C'(S) such that p and v are represented

in the form:

plx,t) = po(z,t) + w(t)ds, v(z,t) =vo(x,t), v(z,t)ls=uvs(t), (2.13)
whete po(z,£) = p1(z,6)— (p1(, 1) — pr (0, ) H (= (1)), v (1) = 0, 8) — (wn () — vz, ) H (2 — (),
in which (p,v;)(z,t) and (p,.,v,.)(x,t) are piecewise smooth solutions to the (2.1), H(x) is the Heaviside

function whose value is zero for negative argument and one for positive argument, and the formula

o)+ (p(T5 0+ 0+ g (= 15)) ) =0,

(w00 + (o (T 00+ e (0= 155))-0) =0

(2.14)
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holds for every test function ¢ € C§°(R x RT), in which (pv,¢) = [ [, s+ povoddzdt + (w(t)vs(t)ds, d).
The delta-shock solution to the system (2.1) is, by definitions, written in the following form

(Pl,Ul)(-T,t), T < x(t)7
(o, v)(@,t) = ¢ (w(t)d(@ — (1)), vs(t), = =a(t), (2.15)
(prsvr)(z, 1), x> x(t).

If a pair (p,v) of the form (2.15) is a solution to the system (2.1) in the sense of distributions, then

the generalized Rankine-Hugoniot relation

d:;(tt) =o(t) = ﬁ(l +1t)+ {a J:t)u (vé(t) - 1?_/),
d%ff) = —[plo(t) + [p(%(l )+ jt)# (v- 1iu))] (2.16)
d@%%:dﬂ)___MMGQ)+-PU(11L”1+t}+(1itw(v—-1iu))}

holds. As the process of proof is analogous to that in [26, 31], we omit it.
The exact relationship among the location, weight and propagation speed of the discontinuity are

reflected by the generalized Rankine-Hugoniot relation (2.16). Apart from that, the entropy condition

MMpr,vr) < d%it) < AMpi,vr) (2.17)

should be added to guarantee the uniqueness of such a discontinuity. The inequation (2.17) means that all
characteristics on two sides of the discontinuity are incoming. A discontinuity is known as a delta-shock
(symbolized by ¢), provided that it satisfies generalized Rankine-Hugoniot relation (2.16) and entropy
condition (2.17).

The section to follow is to solve the Riemann problem (2.1)-(2.2) for the case u_ > uy. In such a

case, the Riemann solution is a delta-shock of the form, besides two constant states,

(p—,u_), x < x(t),
(o)1)= (@6 — 2(t), 05(t)), @ = x(t), (2.18)
(p+7u+)7 T > x(t)

The next thing to be done is to calculate x(¢), w(t) and vs(t) by solving the generalized Rankine-Hugoniot

relation (2.16) with initial condition
t=0: 2(0) =0, w(0)=0 (2.19)

under the entropy condition

Uty < vs(t) < u—. (2.20)
For simplicity sake, denote [p] = p_ — p, [ptl] = p_u_ — pyuy, [pu?] = p_u? — pru?. Integrating (2.16)
yields

w0 ==1a(e0) - [ (55 - ) ) ol | s

w(tyos(t) = ~[pu]) (w(t) —/0 (a?f:) - (Hu)?lﬂ)ﬂ)dS) + [ﬁfﬂ/o (1+15)ﬂd8

6

(2.21)
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Set

B b ra(l+s) a
Q(t)—x(t)—/o ( T+p (1+,u)(1+s)#)d8'
Using (2.21), we get

~ - | YL B
PR (1) — [ (Q(E) + vs(t) / @ds) + [pa?] / Aards=0 (2.22)
which means that o) o)
t 2 t
P ) -2 —7F—+ [pu?] = 0. (2.23)
g <f0 (1+a)“ ds g fo (1+s)ud5 g

The equation (2.23) implies that the vs(t) is a constant. If p_ # p4, by virtue of the discriminant
A=4p_pi(u_ —uy)? >0, we calculate

Q(t) VP—u— £\ /pruy
Q= . (2.24)
fo (1+S T ds V- £ \/P+

In consideration of the entropy condition (2.20),

VP=tu— + \/pruy (2.25)
VRN |

is picked out. As a result, it follows from (2.16) that

Vs =

o 5 VP-u— +\prus _
T+ 1)+ ( \ﬁ+\/;£ +_§>ln(l+t), =1,
(t) = (2.26)

a((l+t)?—1)  (Vpu-+pruy o \(1+H)TF -1
2(1+ ) +< NN 71+u) o mAl

and
Vo—p+(u— —up)In(l+¢), p=1,
w(t) = . (2.27)
M(U—Uﬂ(l—i_f)_ula p# 1L

If p_ = py, we solve (2.23) to obtain

Q(t) = 5 = u— + u+. (2.28)

fo (1+s Iz ds 2

Then it follows from (2.16) that

) %((1+t)2—1)+(%—%)muﬂ), p=1,
r(t) =
a((l+)2-1)  /u_ +uy a \(1+t)tr-1
- ’ ,U'# ]-7
2(1+ p) ( 2 1+u) 1—p (2.29)

p—(u— —uy)In(l+1), p=1,
w(t) = 1—p

p—(u- —U+)(1+1t)_ul’ p# 1

The result can now be summarised as follows:

Theorem 2.3. If u_ > wuy, then Riemann problem (2.1)-(2.2) admits a solution including delta-
shock, which can be expressed as (2.18), where vs(t) = vs, 2(t) and w(t) are shown in (2.25)-(2.27).

8 Mar 2024 18:19:09 PST
231227-LiShiwei Version 2 - Submitted to Rocky Mountain J. Math.



3. Construction of solutions to (1.1) with (1.2)

In this section, on the basis of the transformation of state variables

(o, ), u(z, 1)) = (p(:v,t), ﬁ(l Ft)+ ﬁ(v(x,t) - %))

we construct the solutions for the original equations (1.1) with initial data (1.2).

When u_ < ug, the Riemann solution of (1.1)-(1.2) involves vacuum, which can be written as
(pos o (140) + ! ( “)), v <m)
— u— — ) x z ’
P (14t L+ p !
(p,u)(z,t) = { Vac, z1(t) <z < m5(1), (3.1)

>>7 x > xo(t),

[0

1
(Mﬁ:ﬁ“+“+a+wiw

«
14+ p

where x1(t) and z2(t) are given by (2.6) and (2.7), respectively.

Definition 3.1. A pair (p,u) is referred to as a delta-shock solution to the equations (1.1) in the
sense of distributions if there exist a smooth curve S and a weight w € C!(S) such that p and u are

represented in the form:
pla,t) = po(x,t) + w(t)ds, wu(z,t) =uo(z,t), ulz,t)ls=us(t), (3.2)

where po(z,t) = pi(z,t)—(pi(z,t) — pr(z, 1)) H(x—2(t)), up(z,t) = wi(x,t)— (w(z, t) —u(z,t)) H(z—2x(t)),
the Heaviside function H (z) is given by Definition 2.2, in which (p;, u;)(x,t) and (p,, u,)(x,t) are piecewise

smooth solutions to the equations (1.1), and it satisfies

<p, ¢t> + <pu> ¢aﬁ> = 07 <pua ¢t> + <PU27 ¢w> - —<Oé,0 - ]_Lﬂpu, ¢> (33)

for every test function ¢ € C§°(R x RT), where (pu,$) = [ [, p+ poropdzdt + (w(t)us(t)ds, ¢).

According to the above definition, if u_ > w4, we construct the following delta-shock solution for

(1.1)-(1.2)
a 1 o
(p”m(“rt) T (“* - 1+u))’ @ <z(t)
(p,u)(@,t) = ¢ (w(t)d(x — (), us(t)), v = a(t), (34)

(p+,ﬁ(1+t)+(1jt)u(u+— 1iu)), x> x(t),

satisfying the generalized Rankine-Hugoniot relation

2 st
LA — sty + [pu), (35)
AOMSD) — pufug(t) + [pu) + ewwlt) ~ T2 wleyus(s),

where the jump across the discontinuity is

[0

L] :p*<1+u(1+t)+ (1jt)u (“*_ 1ju)) _’”(ﬁ(HtHﬁ(m_ 11/))'
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Beyond that, the over-compressive entropy condition for the delta-shock

« 1 « « 1 «
T+ <u+ - ﬂ) <ust) < T+ 0+ (u_ - M) (3.6)

should be imposed so as to ensure the uniqueness.

Theorem 3.2. When u_ > u,, the Riemann problem (1.1)-(1.2) possesses a delta-shock solution

which could be formulated as the formula (3.4), where

«

- VP=u— + \/pruy e

ué(t)_1+u(1+t)+(1+t)“( VPt Vp+ 71+u)’
o 9 VP—u— +\/prus  « B

. Z((1+t)—1)+( N —§>1n(1—|—t), p=1,

) al+02-1) | mus tprue o (L0 —1 (3.7)
21+ ) +< NN 1+u) =, HTL
VI —u) (1), p=1,

(U(t): 1—p
\/M(u——u+)(14_f)ﬁL17 p# 1

Proof. The second equation in (3.5) can be simplified as

dw(t) a(l+1) o 1
S = (w0 - (- e +W))(p_ —p) o —pu) g B9)
The third equality of (3.5) is reduced to
dw(t) a(l+1) a 1
S v =—us (7 - T H)M)@_ o)+ (o —prus) g +t)u)
a(l+1) a 1 2 2 1
2o~ p+“+)( 1+p  (Q+p( +t)H) Axoe T P-u= ) g (3.9)

all+1t) «@ 2
+(p‘_p+)( 1+ _(1+u)(1+t)#> ’

a(1+t) o @
ST (RN §REA T

where we have used the fact (us(t) — (

(3.8) into the equation (3.9) to obtain

))(1 + t)* = constant. We plug the equation

(p— — p+)<(u5(t) _ (ail—:-#t) -G M)O(Zl - t)“)> 1+ t)u)z -
~2p-u- = pe) (w0 = (T3~ ) A0+ (i = piad) =0,

Accordingly, us(t) = $$,(1+1) + ﬁ(m — 17;) is obtained by virtue of the entropy condition (3.6).
Then it follows from (3.5) that (3.7). This completes the proof.

And eventually what we need to do is to show the delta-shock solution of (1.1)-(1.2) satisfying (3.3).
Let P be any point on the delta-shock curve S : (z,t) | z = z(t) and let  be a small ball centered at the
point P. Then we assume that the intersection points of Q and S are Py = (z(t1),t1) and Py = (x(t2), t2),

where ¢ < to, Q2_ and Q4 are the left-hand part and right-hand part of Q2 cut by S respectively. With
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the use of Green’s formula, we calculate

// pudy + pu’ ) ddt

-] (52 g o (Y )

°f /m e T o (- 2
+ [t + us(to.a
[ [ (- (D e (- 1)) o
o[ (o+ (552 + e (v = 1552))9) o+ [ * wlus(ds
J L e - ) e) e
[ (R - ) o)
_// (o0-- 1itp‘(a§1++ut) ! <1+1t>ﬂ (1= 1)) o
_/ / (o0~ 1itp+(a§1++ut) <1+1t># (10 = 1)) o
= fr- (T (o)) e 11++,f T (e~ 1)) o
Fotegite
_/t S // S 11++ut) (1+1t)ﬂ(“‘_1ju>>)¢dl’dt
_//“+ (am_liﬁ( 51:;) (hit)“ (““11#)))@”’5
= [ (= st + ) - AT g
[ (o= e (S L (- 1) o
_//Q+ (ars - 1itp+(a§1++ut) (1+1t)# (“Jr_%)))(;ﬁdxdt
__/:(aw()—mw )t~ [ [ (p- = o (D L o
[ (o= s (5550 + g (e )
= [ [ (oo sm)oaa

10
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for all ¢ € Cg°(R x R*). Analogously, we also can derive [ [, (pd¢ + pudy)daxdt = 0. The desired result

is obtained.

Remark 3.3. When u_ < uy, in the limit u — 0, (3.1) gives

L9
(p—,u_ + at), 1:<u_t+§ozt,

. 1 1
hn%)(l’a u)(z,t) = ¢ Vac, u_t+ iatQ <z <uql+ 50[1527 (3.11)

=

1
(py,uy +at), x=>uyt+ 5041527

which is identical with the vacuum Riemann solution of the pressureless Euler equations with friction.

When u_ > uy, we send g — 0 in (3.4) and (3.7) to get

(p—,u_ + at), T < Vh-u-+ p+u+t+ 1ozt2,
V-t P+ 2
i - _ VPZu_t+/prus _ VUt pruy 1o
lim (p, u) (@, 1) = (=8 — (), LA=pPt tat), @ = e thget (312)
Vp—u_ + U 1
(P4, uy + at), x> Y2 VP T4 —at?,
V-t /Pt 2
where

= V/p—p+(u- —uy)t.

w(t) = lim w(t) = \/p_py(u_ —uy) lim

p—0 n—0 1— o
The solution (3.12) is just the delta-shock solution of the pressureless Euler equations with friction. In
consequence, the Riemann solutions of the (1.1) with (1.2) converge to the corresponding solutions of the

pressureless Euler equations with friction when p — 0.

Remark 3.4. When u_ < uy, in the limit «, g — 0, it can be concluded from (3.1) that
(p—vu—)a r <wu-t,

lim (p,u)(x,t) =< Vac, u_t < < utt, (3.13)

a,u—0
(p+au+)a x> uqt.
The (3.13) is just the solution containing vacuum of the homogeneous pressureless Euler equations.

When u_ > uy, letting g, — 0 in (3.4) and (3.7), we obtain

(p—,u_) z < YP2U2 A prtiey
Y VP + /P
. B _ _ VP u— /P Ut _p-u— N /pruy
a}}tn_l)()(pa U)(I, t) - (\/ P—P+ (’LL_ U+)t5(5€ .I‘(t)), N/EESN )7 T = T)f + ,—p+ t
(45 us) T > pLL - ﬁruﬂf
) ) b + o )

which corresponds to the delta-shock solution to the homogeneous pressureless Euler equations. As a

Y

3

result, the limits of the non-self-similar solutions of (1.1)-(1.2) are identical with the self-similar solutions

of the homogeneous pressureless Euler equations as a, 1 — 0.
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In this section, we analyse the limiting behavior of solutions for the modified viscous system (1.4)
with initial value (2.2) as € — 0. These results suggest that the solutions to the homogeneous system (2.1)
with (2.2) have stability. For convenience sake, we only discuss the case u_ > u4. The case u_ < ug

can be addressed by using the same process.
PR T(e =) Lt D NP CHS BN
We seek the solutions, which depend on the variable £ = 2(1+“f)‘ e EE— for (1.4) with
0 (TFs)F
(2.2), to obtain the following two-point boundary value problem of high-order ordinary differential equa-

tions with the boundary value in the infinity:

— v)e =0,
Epe + (pv)e 1)

—&(pv)e + (pv?)e = evge,
and
(P, 0)(£00) = (p+, ux). (4.2)
By adopting the method as in [26], we can assert that the boundary value problem (4.1)-(4.2) possesses
a weak solution (p,v) € L(—o0, +00) x C?(—o0, +o0). (s
we have the lemmas as follows:
CEEEEE Lot (p°(£),v°(€)) be the solution of (4.1)-(4.2). Suppose that £ is the unique point

satisfying £ = v°(£2), & = lir% & (pass to a subsequence if necessary). Then for each v > 0,
E—r

hm(ﬂs)l(g) = 0, fOf |£ - £U| Z v

e—=0

U—, for § Sfo’ -7

lim v (&) =
©) uy, for &€>&,+7

e—0

uniformly in the above intervals.

S, or any 7 > 0, we have lim p*(€) = p- for £ < & —v, and lim p®(&) = py. for £ > &5+
e e—
The next thing to do is to study the limiting behavior of p* in the neighborhood of ¢ = 0 as ¢ — 0.
Set
_ N g _ 13 € € _
0-_50_;5%50'_6111}%1} (go)_vls? (43)
then we have
Uy <o <u_. (4.4)
We choose ¢ € C§°[&4,&5]) which satisfies p(§) = (o) for € in a neighborhood Q of £ = o, where
&4 <0 <&. When £ € Q C (&4,&5), it can be concluded from (4.1) that

&s &s
- /E (0 — €)p'de + / P odé =0,

s s s
- [T - oder [ fveds=< [ gt
4 &4 4

From (4.5), it follows that

&
lim . (0" = Hy(§ = 0))p(§)dE = (—olp] + [pul)p(o),

i -
lim . (p°0° — H(& — 0))p(€)dé = (—alpu] + [pu*])p(0),
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for all sloping test functions ¢ € C[&, &), where (I
‘use of the approximation process, it can be proved that (4.6) holds for all ¢ € %[, &]. As a result,
* and p#v° converge to a sum of a step function and a weighted Dirac delta function with the weights

Additionally, we can deduce the following formula

&s

lim : (p° = Hy(€ = 0))p(§)dE - 0 = (—olpa] + [pu*]) (o), (4.7)

provided that we take the test function as ¢/(9°+p) in (4.5) and let 4 — 0, where 7° is a modified function
satisfying v°(o) inside 2 and v° outside £. (NS

So we draw the following conclusion.

Theorem 4.3. Let u_ > u+ Assume that (p%, v®)(z,t) is the solution depending on the variable
(11 -1)

g=1 2(”“[) +1+“df° T of the modified viscous system (1.4) with initial data (2.2). Then the
0 (TP

limit function (p,v)(z,t) of (p=,v°)(z,t) exists in the sense of distributions, and (p, v)(x,t) solves (2.1)-

(2.2). The solution (p,v)(z,t) can be represented as

a((1+t)2-1)

3 t 1
(p—u-) T T +mf0 Wd8<v5
| | fO (1+S dS 9
! _al@inon J
]. z - . S
(p,v)(z,t) = wo | ———ds-6(xz —z(t)),vs ), s(rm T T fo (1+ ) s (48)
n
o (1+9) fo (HS s
a((141)%-1)
BTG e f ds
2(1+p) 1+u 0 1+s)u
Pis Uy ), .
( ) +) fo (1+s ds
where
u— +/pyus
\/T/W\/: wo = /p—py(u_ —uy). (4.9)

This is a reminder that the strength wy is different from the weight w(¢) in (2.27). The reason may
be the introduction of the similarity variable.

Remark 4.4. As can be seen from Theorem 4.3, the delta-shock solution of (2.1)-(2.2) has stability
under viscous perturbation. By reasoning and analysis, one can easily conclude that (p°, u®)(z,t) =
(%, (1 +1) + ﬁ(?ﬁ — 152))(#,1) solves the problem (1.3) and (1.2), provided that (p°,v°)(z,1)
solves the problem (1.4) and (2.2). Noticing that & and ¢ are independent of each other, then we have
gil)r%)(ps7us)(1‘7t) = (p,u)(m,t) = (pv ﬁ(l + t) + ﬁ(’() - ﬁ))(x7t) when u_ > U The (p7 U)(l‘,t),
which is just the solution of (1.1) with (1.2), can be given explicitly as

(p,,ﬁ(utwﬁ(m—ﬁ)), < z(t),
(edet) = (on [ sl — (0. T2 0+ o (v = 1)), =)
(e T30+ 0+ e (o0 - 155 ©> =)
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in which wo and vs are given by (4.9), z(t) = (vs — 15;) fot (1-:3)*‘ ds+ a((Ql(J{fB;;l). Thereby, the non-self-
similar delta-shock solution of (1.1) with (1.2) possesses also stability under reasonable viscous pertur-

bation.

5. Conclusion

Considering the fact that lots of damping effects are usually time-dependent, this article discusses
the Riemann problem for the pressureless Euler equations with Coulomb-like friction and time-gradually-
degenerate damping, which (il reduced from the balanced Euler equations. By applying the variable
substitution method, two kinds of solutions involving vacuum and delta-shock are obtained. The gener-
alized Rankine-Hugoniot relation and entropy condition for the delta-shock are clarified. The presence
of two external force terms causes the Riemann solutions to be non-self-similar. Moreover, we show that
the non-self-similar solutions converge to the corresponding solutions to pressureless Euler equations with
friction as the time-dependent damping term vanishes; the non-self-similar solutions converge to the cor-
responding self-similar solutions of pressureless Euler equations as the friction and damping terms vanish
simultaneously. Finally, the stability of the non-self-similar delta-shocks solutions is proved by adopting

vanishing viscosity method.
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