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AN EXPLICIT SECTION OF THE LAUDENBACH EXACT SEQUENCE OF THE
MAPPING CLASS GROUP OF CONNECT SUMS OF §? x §!
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ABSTRACT. Laudenbach proved that the mapping class group of the connect sum of n copies of §2 x S'
is an extension of Out(F,) by a finite group. Brendle-Broaddus-Putman proved that this exact sequence
splits. We provide an explicit section s of this split exact sequence.
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I 1. Introduction

E Let M), be the connect sum of n copies of S? x S! equipped with a basepoint xo. Mod(M,,) is defined
9 to be the group of isotopy classes of orientation-preserving diffeomorphisms of M,. We fix an
20 jsomorphism 7| (M, xo) = F,, where F, is the free group of rank n. In [1,2], Laudenbach proved that

21 that there exists a short exact sequence

22

s 1 — Twist(M,) — Mod(M,) £ out(F,) — 1,

24 where Twist(M,) = (Z/2)" is generated by the sphere twists about the core spheres S? x . Brendle-
25 Broaddus-Putman proved in [3] that this short exact sequence splits. In particular, they construct a
26 crossed homomorphism ¥ : Mod(M,) — Twist(M,,) that restricts to the identity on Twist(M,,). This
27 determines a section s : OQut(F,) — Mod(M,,) of p , given by s([¢]) = T([f~'])[f], where f is a
28 diffeomorphism of M,, with p([f]) = [¢]. The purpose of this paper is to provide a formula for the
29 section s explicitly. In order to do that, we compute s for the Nielsen generators of Out(F,) given in
30 [4]. We first describe explicit diffeomorphisms for each of the elements of the Nielsen generating set

31 for Out(F,). Our computation shows that ¥ is trivial for these lifts. Our main result is the following:

32
53 Theorem 1.1. The map s : Out(F,) — Mod(M,) that on the Nielsen generators [R;j], and [I;], for

s 1 <i,j<nandi# j given by:

3% s([Ri,j]) = [Fij], and s([I}]) =[G},
z% is a section of p, where F; j, and G; are diffeomorphisms of M, defined in the section below.
Z% 2. Construction of the maps F; ;, and G;

g For 1 <i < n, choose loops a; based at x that generate the fundamental group of M,,. In [4, proposition
41 4.1], it is shown that Out(F,) is generated by the classes [R;;], and [/;], for 1 <i,j <nand i # j,
42 where:
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;% FIGURE 1. aj,as, and a3z are depicted in green, blue and red respectively. The
o neighborhood N > is depicted in light blue.

2

= ara; itk=i al ifk=j
4 R,-,j(ak):{ S andlj(ak)Z{ e
25 ag ifk#i ar  ifk#j.

26 We want to obtain diffeomorphisms F; ;, and G; of M, such that p([F; j]) = [R; ;] and p([G;]) = [I;].
27 M, can be described by removing 2n open balls of S3, and then gluing the boundary spheres of these
28 balls in pairs. The resulting boundary spheres correspond to the core spheres of the n summands of
29 $2 x S'in M,,. Let A; denote the core sphere of the ith summand S% x St of M,,. Let A; and A;r denote
30 the two boundary spheres that were identified in S* minus 21 open balls that give rise to the sphere
81 A; in M,. Define a; as the equivalence class of the curve starting at the base point that reaches A;°
32 and comes back through Al-+, and then reaches the base point, without intersecting the other boundary
33 spheres. Then, {aj,...,a,} forms a basis for 7; (M, xo). Choose a subset N; ; of M, diffeomorphic to
3 D? x S minus an open ball with boundary A;, which is contained in {(x,y)|x*> +y* < 1/9} x S', where
35 % x S! is freely homotopic to a j» as depicted in Figure 1 for the case n =3,i=1,and j =2.

3 For the case of I, choose a subset P} of $® minus 2n-open balls diffeomorphic to B*> = {(x,y,z)|x* +

%7 y2 4+ 7% < 1} minus the boundary spheres A;r and A}, such that these spheres are contained in

% (x,y,2)[x* +y* + 2% < 1/9}, and they are symmetric with respect to a rotation by 7 around the

— z—axis. Denote by P; the subset of M, corresponding to P]'- with A;F and AJT being identified.

40
4 2020 Mathematics Subject Classification. 5TM07, 20F65, 20E36.
42 Key words and phrases. Laudenbach exact sequence, Outer automorphism group of a free group.
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i Parametrize a; in such a way that a;(t) € {(x,y,2)]x> +y* +2*> < 1/9} for 1/3 <t <2/3, and
2 aj(t) € {(e,3,2)[1/9<x*+y*+722 <1} for 0 <t <1/3 and 2/3 <t < 1. We also homotope a;
'3 so that a;(r) lives in the z—axis for 7 as in the last case. Figure 2 depicts this for the case j = 1.
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2t FIGURE 2. a; is depicted in red
22

23

o, Construct a smooth function y : [0,1] — [0, 1] with y(r) =1 on [0,1/3], supp(y(r)) C [0,2/3),
o5 and decreasing, so that y/(r) <0.
o6 Define fw’ : Nm’ — Nm’ by

27 . _ _—
e Flx,y,50) = (x,y, 27 [9+W(M)] )
9 Then f;; is a diffeomorphism of N; ;.

80 Define F;jby:

31

. fiilp) iEpeN:

33 F: — i,j\P i,j

> l’](p) { p pGMn—NiJ.

34
5 If p € P} has spherical coordinates (6, ¢,7), define g; : P; — P; by g;(p) = (6 + y(r)7,¢,7).
s As gjrespects the identification of A;“ and A7, it induces a diffeomorphism on P which we still
4, denote by g;: P — P. Define G; by :

38
. ; if peP;

® G-(Gmp,r):{ 8i(p) !

o J p pEM,—P;.

41 To see that F; ; actually realizes R; j, consider what F; ; does to the a;s, as depicted in figure 3 for

gthecasen:&i:l,and]':z-
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20 FIGURE 3. The image of a; under F > is depicted in green, and it is homotopic to aja;.

21
22 Thus, [F12(a1)] = [a1a2], and since Fj  fixes the homotopy classes of a, and a3, then F realizes

23 Ry2. To see that G; actually realizes I}, consider what G; does to a;, as depicted in figure 4 for the
24 case j = 1. Notice that G, fixes the subpath of a; that is in P; N {(x,y,2)|1/9 <x* +y* +2% < 1}.
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17 FIGURE 4. The image of a; under G is depicted in red, and it is homotopic to a;

18

19
oo Hence, s defined on the Nielsen generators by s([R; ;]) = [F; j], and s([/;]) = G; will be a section of

o1 P, provided that T([F; ;]) =0, and T([G,]) = 0.

22
= 3. Calculation of T([F; ;])

?* Denote N; jby N, F; jby F,and f by f; ;. Consider the universal cover N of N, which is given by:
25

. (e al? P <1} - UG CR,
o8 nez

Zi where G, = {(x,y,2)]x +* + (z—n)> < 1/9}.

o Denote by 7 the projection map w: N — N . & is given by 7w (x,y,z) = (x,y,e
5, diffeomorphism. f lifts to a diffeomorphism f given by f(x,y,z) = (x,y,z+ ¥ <\/x2 + y2> ).

32 We have that 71 (GL" (3,R),id) = 71 (SO(3),id) = 7Z/2 is generated by a loop [ : [0,1] — SO(3)
33 which can be chosen to be

2’”'Z), and is a local

34 cos(2nt) —sin(2nwt) O
35 I(t)= |sin(2mt) cos(2mt) O],
o 0 0 1

37 fort e [0,1].

38 For M a closed oriented 3-manifold, let TM be the tangent bundle of M and define Fr(TM) to
3E be the principal GL7 (R)-bundle of oriented frames of TM. That means, Fr(TM), is the space of
40 linear isomorphisms 7 : R* — T,M. Fix a section oy of Fr(TM). We think of oy as describing a
41 preferred basis {oo(p)(e1),00(p)(e2),00(p)(e3)} of the tangent space at each point p. Denote by
42 C(M,GL*(3,R)) the space of continuous functions from M to GL*(3,R).
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1 The derivative crossed homomorphism
2 2 : Diff" (M) — C(M,GL* (3,R))
3

., Will be defined now. Given a diffeomorphism F' of M, the derivative crossed homomorphism evaluated

~ at[F], 2([F]) : M — GL™(3,R), gives for each p a linear transformation @ ([F])(p) in GL™(3,R),

— defined as follows. It is the unique linear transformation that makes the following diagram commute:

°

’ oo(p)

9

o 9(“’])(1’{ T[DFI]F(I))
v (F(p))

n R Tr(p)N

12
13 Thus, ([F])(p) is the inverse of the linear transformation that represents the change of basis

14 transformation from the basis

15 {oo(p)(e1),00(p)(ez),00(p)(e3)} of TN to the basis
« ADF 1 (0o(F(p))(e1)),DF (0y(F (p)) (€2)), DF (Go(F(p))(e3))} of TyN, as depicted in figure

= FIGURE 5. The basis at F(p) and p that are determined by oy are depicted black. The

= basis at F(p) is sent to the basis in blue at p by DF~!. @([F])~!(p) is the change of

27 basis between the blue and black basis at p

28

29

30

o Thus, we get:

. 2([F])~'(p) = 05 ' (P)IDF "1 () 00 (F (p))-

33 In the particular case of M = M,,, we study the derivative crossed homomorphism of F using a lift of
34 it on the universal cover of N. This simplifies the computation of the derivative crossed homomorphism
35 of F. Let g be in the interior of N. There is an isomorphism of vector spaces by : R3 — Tqﬁ = TqR3,
o d d d
z% defined by by(e;) = B q,bq(ez) :~ ol and ,b,(e3) = o,
36 of R3. Then, define o(q) € Fr(TN) by o(q) = b,. Since 7 is a local diffeomorphism, it induces an
39 isomorphism of vector spaces D, : Tqﬁ — Ty(q)N. Let p be in the interior of N. Select any ¢ in
g the interior of N such that 7(¢) = p. Then oy : R? — T,N is defined by oy(p) := Dm0 0(gq). We
41 want to show that oy doesn’t depend on the lift g of p. Let ¢’ be another lift of p. Consider the
42 Deck transformation I" of N that sends ¢’ to ¢, and is given by I'(x,y,z) = (x,y,z+k), for some k € Z.

, where {e1,e,e3} is the standard basis
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. Since I is a Deck transformation of N , it satisfies toI' = . Then,

q’> — P (;x, q> B
[Drg 00 (q)] (e:)-

Thus, Drry 0 6(q") = Dmgo 6(q), so op(p) doesn’t depend on the lift g of p. Thus, op is in fact a
smooth section oy : Int(N) — Fr(T (Int(N))) of the frame bundle of Int(N).

AN EXPLICIT SECTION OF THE LAUDENBACH EXACT SEQUENCE OF THE MAPPING CLASS GROUP OF CONNECT SUMS OF §? x!
J
' Then, DI, <

_ 0
2 oxilg ) Ox;
5 Dmy, oDFq/ = Dch/. Hence:

(D70 0(¢)] (e) = [Py (0(¢)(e0)) = [Dmy DT (aa

.
[Blele|~|ofa]s]

—_

1

12

~—1
13 ~ d
® Lemma 3.1. Let p € Int(N), and q € N with nt(q) = p. Then, 2([F)),;' (p) = Ji .
14 dxi 1f(q)
B Proof. Since © of: f om, then by the chain rule we get:
16
17 =
. Dﬂ:f~(q) Oqu = Dfﬂ:(q) ODﬂ'q.
19 Since Dmy : quv — TN is a linear isomorphism for each g, then:
20
— > -1
21 Dﬂf(q) oDf,o D" =Dfp,
22 and thus:
23
24 D, oDf-! o [Dm r —Df;]!
o5 4 f(q) f(q) fp)’
o6  Thus: |
p— —1 —1 _ 1 71 | _ 1 71 (7
7 0y (DS o0l () = 05 () [an oDf;! o |Dmp, | ] o(f(p)) =~ (@)D]7, a(7(q)).
—  Therefore:

29

“ 2([F)"(p) = o~ (@DF; | o(F(a).

31

32 For p in the interior of N, and g with (g) = p, evaluation of e; produces:

1 af ! _
Py = ° (q)< o ﬂq)) -

33

= ol i afk‘l‘ a‘ = afk”’ o (2] ) =

38 1 E\ oxi i) dxlg)  E=\ 9xi fe D\ oxelg) ~
1

” ~ ~ ~, . 9
- o '(@)Df5, o(fla)e) =0~ @Df;, (5o
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~-1
2([F)g () = 22

f(@)

This lemma permits the calculation of Z([F]) in terms of f as we mentioned.
Now, we define the twisting crossed homomorphism

T : Mod(M) — Hom(m;(M,x0), 7 (GL*(3,R),id))
7o The twisting crossed homomorphism evaluated at [F], T([F]) : m(M,xo) — m (GL* (3,R),id), is
11 the homomorphism that sends [y] € 7 (M, xp) to the class T(F)[y] = [2([F])(y)], where D([F])(7) is
1> the loop:

H'(M;7)2).

ofe|v[ofo]s]o]n]-

—_

13

4 0,1] % m 2 gLt (3 R).

15 In other words, T([F]) is the map induced by Z([F]) on fundamental groups.

16 Because the derivative of F is the identity on a; for k # i, we get that T([F])[a] is trivial in
17 m (GL*(3,R), id) for every k # i.

18 Choose ¥ € [a;], and one of its lifts 7, such that 7 intersects N as (3,0,0), for s € [0,1]. For € [0,1]
19 satisfying that y(r) ¢ Int(N), we have that the derivative of F is trivial at y(z), thus D([F])(y(t)) is
20 the trivial matrix for such 7. Hence, we are only interested in the case y(¢) € Int(N), and in this case
21 F=f.

22 Notice that f~!(x,y,2) = (x,y,2— w(1/x> +)?)). Then we obtain :
23

ou 1 0 0

— 0 1 0

25 2([F]) ' (y(r)) = 3,0,y(3)) =

SO e ay o v | G0V

27 /x2+y2 dar /x2+y2 dar

28 1 0 0

20 0 10

30 dy(3)

e 0

32 Hence,

™

- E

35 D([F)) " (r(1)) =

36 _dy()

- dr

:g SO,

39 100

40 0 10
2([F))(y@)) =

41 d J

& 0
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For (4,0,0),0 <3 < 1.

Therefore, [2([F])(y)] = 1 for every t € Dom(y).
Hence, T([F])[a;] is trivial in 7 (GL™ (3,R), id).
Therefore, the twisting crossed homomorphism ¥ evaluated at F, T([F]), is trivial.

‘

1
2 We have an homotopy from the trivial path to this path,

3

4 H:[0,1]x[0,1] = GL*(3,R),
5 given by:

6 1 00

’ 0 1 0

— H(s,t) =

B PO ay)
9 dr

10

m

2

-
=]

4. Calculation of T([G|])

15
;6 Now, we analyse the case of G; . Denote G; by G, and P; by P. Given ¥ € [a;], define ¥ (¢) := ¥(z/3)
57 > () :==v(1/3+1/3) and y5(¢) := y(2/3+1/3) for 0 <t < 1. Then, ¥ = % * ¥2 * y3. Homotope y
;s suchthatp C {(x,y,2) x> +y* 427> < 1/9}, and that y; (t) = (0,0, €(¢)) and y3(¢) = (0,0,&(1 —1)), for
1 some smooth function € : [0,1] — [0, 1]. For (x,y,z) € P;, G is the diffeomorphism that sends (x,y,z)
. to

20

% cos(W(\/x2+y2+22)m) —sin(y(\/x2+y2+22)m) 0] [x

s sin(y(y/x2+y2+2)m)  cos(w(y/x2+y2+22)m) Of [y

o0 0 0 1] \z

o5  Bvaluating G on y; we get:

26

27 cos(y(e(t))m) —sin(y(e(t))x) 0] [ 0

% G(n()) = |sin(w(e())m) cos(y(e)m) 0| [ 0 | =(0,0,&@)),
o 0 0 1] \&(r)

30 for0<r<1.

31 Evaluating G on p» we get:

32 -1 0 O

% G(r@)=10 -1 0| n)="n(),

o 0 0 1

z% forO0<r<1.

p— Evaluating G on 3 we get:

38

39 cos(y(e(1—1))m) —sin(y(e(l—1))m) O 0

w  Gn(0) = |sin(y(e(l —1))m)  cos(y(e(l—1))m) O 0 | =(0,0,e(1—-1)),
" 0 0 1] \e(1—1)

42 forO0<r<1.
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Denote D([G])~'(71(1)) by wi(t) and D([G])~(15(¢)) by ws(t), for 0 <t < 1. The fact that

1
2 G(n(t)) = G(y5(1)) , implies that wy () = w3 (t) for 0 <t < 1.

E On the other hand, 2([G]) ! (11(t)) is the constant path:

4

o -1 0 0

B 2(G) " (r@)={ 0 1 0 =war),
e 0 0 1

g for0<r <1

5 Therefore, 2([G])~!(y) = wi * wy * Wy, which implies that [2([G])~! ()] is trivial for ¢ € Dom(y),
10 because wy () is a constant path. Therefore, the twisting crossed homomorphism ¥ evaluated at G,
1 Z([G]), is trivial.

12

13

14
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