ON THE CONSTRUCTION OF A CLASS OF
DISCRETE HILBERT-TYPE INEQUALITIES IN THE
WHOLE PLANE

MINGHUI YOU

ABSTRACT. In this work, we first construct a new
discrete homogeneous kernel function which includes some
classical kernels, and the range of parameters in the newly
constructed kernel is limited to two special sets. Then, a new
Hilbert-type inequality which is defined in the whole plane
and involves the new kernel is established, and it is proved
that the constant factor of the newly obtained inequality is
the best possible. Additionally, assigning special values to
the parameters, and employing the partial fraction expansion
of trigonometric functions and some other techniques of real
analysis, a variety of new and special discrete Hilbert-type
inequalities in the whole plane are established at the end of
the paper.

1. Introduction. In this work, it is supposed that p > 1, %Jr% =1,

7° =17\ {0},
0y = a:’xzi'meZJrU{O}
1- . 2m + 17]7 )
2j +1
Qg = = ——j 7+ .
2 {x x 2m+1,j,m€ U{O}}
Assume that a = {a}5°_; € Iy and b = {b,}52; € Iy are two
sequences of real numbers. Then [1]
1 mvYn b
) 503 e < wlall bl

where the constant factor « is the best possible.
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2 MINGHUI YOU

Inequality (1) was first put forward by German mathematician Hilbert
in his lecture on integral equations, and therefore it is commonly named
as Hilbert double series inequality. By introducing a pair of conjugate
parameters (p,q), Hardy and Riesz [2] established the extended form
of (1) as follows:

0o 0o
amby T
2 S B T all b,
n=1m=1 p

where the constant factor = is also the best possible.

p

For more than 100 years since Hilbert inequality was proposed, it has
been a hot topic for researchers, especially in the past 30 years. In
1991, Chinese mathematician Hsu [3] proposed the weight coefficient
method, and established a strengthened form of (1), that is,

o N dnbn
®) S0 o < ]l

n=1m=1

where fi, =7 — ]—OH, Up =T — % (70 = 1.1213%).

After 1998, by optimizing the weight coefficient method and introduc-
ing special functions such as beta function, researchers established var-
ious extensions of (1) and (2) with parameters, such as [4]

oo 00 ambn
(4) ST S < B (,72) llallpllb

|

where 0 < 71,72 <2, 1 + 72 = 7, i = mPIT7L = pali=r2) =1,
and B(u,v) is the beta function [5]. With regard to other extensions
of (2), we refer to [6-12]. Besides the inequalities mentioned above,
there are some other classical discrete inequalities similar to (2), such

as [1,7,10]:
5) Y el ol
n=1m=1 ’
2
oo oo log% -
(6) Z Z m— ﬁambn < <SiIl7r> lallp[lBllq-
n=1m=1 p
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CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 3

Such inequalities like (4), (5) and (6) are commonly referred to as
Hilbert-type inequality. In the past 20 years, by introducing parameters
and special functions, and employing the techniques of real analysis,
especially Euler-Maclaurin summation formula, researchers established
a great many extensions, analogues, strengthened forms and reverses of
these classical Hilbert-type inequalities (see [7,10,13-15]). In addition,
with the construction of some new kernels and the consideration of
integral and half-discrete forms, various new Hilbert-type inequalities
[16—-22] have also been established in the past twenty year. Such a large
number of inequalities have already grown into a vast inequality system
and are critical to the development of modern analysis.

It should be pointed out that discrete Hilbert-type inequalities are
commonly constructed in the first quadrant. There are few results
based on the whole plane in the literature, because when a kernel
function is extended to the whole plane, there is no guarantee that
it is nonnegative, monotonic, and integrable. In this work, we first
construct a new discrete kernel function where the range of parameters
is limited to two special sets, and then we deserve a class of Hilbert-
type inequalities based on the whole plane. Furthermore, by employing
the partial fraction expansions of trigonometric functions, some new
Hilbert-type inequalities are established at the end of the paper.

2. Some Lemmas.

Lemma 2.1. Let § € {1,—1}, a € (0,1) and A € RT U {0}. Suppose
that o, B, satisfy one of the following conditions:

(i) 0 < B <~y when 8,7 € Q1 and 0 = 1;

(ii) 0 < 8 < min{l — a, v} when B,y € Q1 and 0 = —1;

(iii) 0 < B < min{l — «,y} when B, € Qa.

Let

1—06t8
(1 —6t7) max{1, [¢t|*}’

(7 k(t) :=

where t € R\ {1,—1} when 8,7 € Q1 and § =1, t € R when B,y €
and 0 = =1, t € R\ {1} when B,y € Q2 and 0 =1, and t € R\ {-1}
when B,y € Qo and § = —1. Let

(8) L(t) :== k(t)|t|* .
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4 MINGHUI YOU

Then L(t) decreases with t fort € RY, and increases with t fort € R™.

Proof. To begin with, we consider the case where 3,7 € Q; and § = —1,
then 0 < 8 < . Let

1—t8
h(t) .= ——
1) =15
then we have
dh -1 hy(t)tP—1
-t __ - t’Y—ﬁ_'_ — )T — =
i (1—ﬂf[7 (B =t = 8] e
and it can be easily obtained that
dh .
(9) 5 = =R =),

It follows from 0 < 8 < « that % > 0 when t € (0,1), and % <0
when t € (1,00). Thus, we have hi(t) < hi(1) = 0, and it implies
that 9% < 0 (t # 1). Set h(1) := %, then h(t) is continuous on RT,
and decreases with ¢ (t € RT) obviously. In addition, it can be easily
proved that ﬁ;lﬂ} decreases with ¢ (t € R") owing to o € (0,1) and
A € RTU{0}. Therefore, L(t) decreases with ¢ for ¢ € RT. Furthermore,
observing that L(t) is an even function owing to 8,7 € €, it can be

obtained that L(t) increases with ¢ for t € R™.

In what follows, we will consider the case where 8,y € Q; and 6 = 1.

Let
t(x—l _|_ta+[3—1
ty=—— (teRT
ot) = (teRY),

then we obtain

dg —ta—2

— = ——|(1- 1—a— @)l

i = Gppli -y

+(1—a+Nt +(1—a—B+NtPH].

In view of that @ € (0,1) and a4 < 1, we have % < 0. It implies that
g(t) decreases with ¢ (t € RT), and therefore L(t) = %decreases

max{1,

with ¢ (¢t € RT). Additionally, it can also be proved that L(t) increases
with ¢ (t € R™) according to the symmetry of even function.

7 Oct 2023 20:49:04 PDT
230420-MinghuiYou Version 2 - Submitted to Rocky Mountain J. Math.



CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 5

Lastly, we consider the case of 8,7 € Q. According to the discussions
in the above two cases, it can be easily proved that L(t) decreases with
t for t € R*, and increases with ¢ for t € R™, whether # = 1 or § = —1.
Lemma 2.1 is proved. O

Lemma 2.2. Let 6 € {1,-1}, a € (0,1) and A € RT U{0}. Suppose
that «, 8,7, A satisfy one of the following conditions:

(1) 0<B<vy+A—a when 5,v€Q and § = 1;

(i) 0<B<vy+ A=« when 8,7y € Qy and § = —1;

(iil) 0 < B < v+ A — « when B,7 € Q.

Let k(t) be defined by (7), and

(10)

2% (5% — seis ) +

22:‘;0 78+7-|-9;—u—ﬂ B vs?;:;B) ’ By €,
F(a,B8,7,\,0) =

22?:0 2'ysl+a - 2'ys+2%/+)\7a) +

QE:O:O 2’ys+'\/+1)\7a7[3 - 2’ys+o}+ﬁ+’y> » By € Qa.
Then
(11) E()[t|*tdt = F(a, B,7, A, 0).

teR

Proof. we first prove (11) under the condition where 5,7 € €y and

6 = —1. In view of that k(¢)[t|*! is an even function, we have
(12)
1 -1 a+pB—1 00 ya—A—1 a+fB—-A—1
te t t t
/ k(t)lt\‘“*ldt:2/ +—dt+2/ i dt
teR 0 L4-t7 1 L+t
1 j0-1 +8-1 1 gy A—a—p-1 YHA—a—1
te t tv t
=2 / L U P +2 / i dt
0 N o 1+
1 -1 +A—a—1 +A—a—p-1 a+p—-1
te t7 tv t
_ 2/ + + + dt
0 14+t

= 2(11 + 1o+ I3+ 1y).

Expanding H% (t € (0,1)) into Maclaurin series, and using Lebesgue
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6 MINGHUI YOU

term-by-term integration theorem, we have

(13)
I —/152(—1)%73*“1dt—i/l(—1)3t”+aldt—i 1y
= s=0 /0 st

s=0
Similarly, since a4+ 8 < v + A, we have

oo 1 00
e —1)®
14) I, = BT W Gl M
a n=3 [ S

(oo} 1 oo ( 1)5
15) Iy =) —1)PpstrATes ity =y — ,
15) I VWA( ) Zystyt+A-a—p

[e%s} 1 o) 71)5
16) I, = —1)sprsteth-lgy = (7.
(16) I Z/( ) >

s=0

Plugging (13), (14), (15) and (16) back into (12), we arrive at (11)
under the condition where 3,y € ; and 6§ = —1.

Secondly, we consider the case where 3, € 7 and § = 1. Then

(17)
1 ta—l _ t(x+[3—1 00 ta_)\_l _ ta+’8_)‘_1
/ kz(t)|t\a_1dt:2/ —dt+2/ dt
teR 0 1=t 1 L—t
1 a—-1 _ jat+pB-1 1 v+ A—a—B—1 _ py+r—a—1
t 4 tY tv
= 2/ —dt + 2/ dt
0 11—t 0 11—t
1 o1 _ pyHr—a-1 1 pr+rA—a—B=1 _ ja+B-1
= 2/ dt + 2/ dt
L= 2(J1 + JQ)
Expand = (¢ € (0,1)) into Maclaurin series, and use Lebesgue term-
by-term integration theorem, then
(18)
— [ - 1 1
J, = t'strafl o t”/er'er)\fozfl dt = ( o > ,
! ;/0 ( ) ; y$+a ys+y+A—a
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CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 7

00 1
(19) Jy = Z/ (t78+7+>\—a—5—1 _ tvs-&-a-i-ﬁ—l) dt
s=0 0

- 1 1
_;)<’ys+’y+)\aﬁ_'ys+a+5)'

Applying (18) and (19) to (17), we obtain (11) under the condition
where 8,y € Q1 and 6 = 1.

At last, we consider the case where 3,7 € 25. Then

(20) / k(t)[t|*dt
teR
1—0t8 N 1—0t8
= e dt+/ tle—Atde
/[—1,1] —or ey 106
Lr1—60t8F 14618
= / + + t*~1dz
o \1—6t" " 1+6t
*1—-0tF 14 6t8 1
A1t
+[ (1—mv+1+0m>

1 o1 _ patf+y—1 00 pa—A—1 _ ya+f+y—A-1
2/ dt + 2/ dt
0 1

11—t 11—t
1 ta—1 _ patpty—1 1 yHA—a=B=1 _ 42y+A—a-1
-9 / dt +2 / dt
0 11— 0 1—¢2v
1 o1 _ g2v+r—a—1 1 frHA—a—p-1 _ jat+p+y-1
=2 dt +2 dt
e A
L= 2(L1 + Lg)

By using the Maclaurin expansion of ﬁ and Lebesgue term-by-term

integration theorem, we have

> 1 1
21 Ly = —
(21) ! Z(nys—i—a 278+2'y+)\—a>

s=0

S 1 1
22 Ly = — .
(22) 2 §<273+7+>\—a—ﬁ 27s+a+5+7>
Plugging (21) and (22) back into (20), we arrive at (11). Lemma 2.2 is
proved. O
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8 MINGHUI YOU

Lemma 2.3. Let 0 € {1,-1}, a,7 € (0,1) and A € RT U{0}. Suppose
that o, 7, 8,7, A satisfy o« + 7+ B = v+ X and one of the following
conditions:

(i) 0 < B <~y when 8,7y € Q1 and 0 = 1;

(i) 0 < 8 < min{l — o, 1 — 7,7} when B,y € Q1 and § = —1;

(iii) 0 < B < min{l — a,1 — 7,7} when 3,7 € Qa.

Let k(z) be defined by (7), and

~ ~ —1-2
R

b:= {Bn}nEZO = {|n T-1-% }nEZO ,

where z is a positive integer which is large enough. Let

mP — onf

(23) K(m,n) := (m7 — On7) max {|m|™, [n"}

where m # £n when B,y € Q1 and 0 =1, m # n when B,y € Qs and
0 =1, and m # —n when B,y € Qy and § = —1. Then

24) J:=Y > K(m,n)amb,

neZ® meZo

>z[/ k(t)\t|a—1+q%dt+/ ()|t = dt | .
[_1’1]

R\[—1,1]

Proof. Write

J= Z Z K(m,n)dm3n+ Z Z K(m,n)dml;n

neEL™ meL~ neZ- meZ+t
+ Z Z K(m,’ﬂ)&mi)n+ Z Z K(mvn)&mén
n€Zt mez— neZt mezt+

=01+ 09+ 03+ 04.

We first consider the case where m,n € Z~. Observing that a+7+ =
v + A, and using Lemma 2.1, it can be proved that

K (m, n)imby = [n| 7L (™) ] 77
n

increases with m (m € Z~) for a fixed n (n € Z7). Similarly, it can
also be proved that K (m,n)a,,b, increases with n (n € Z7) for a fixed
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CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 9

m (m € Z7). It follows therefore that

—1 —1
-2 a—1—2
“1>/ e / K (x,y) o] F dody =T

oo

Furthermore, we can obtain the following relations by the similar way:

-1 o'}
o9 > / |y|T717<1% / K (z,y) |x\a717p%dxdy = Ts.
—o00 1

o) —1
o> [T [ K @)l Ededy = T
1 —00

> T—1-2 * a—1-2
oi> [ WTE [ K (ey) o] dady = Ty
1 1

Setting = yt, and using Fubini’s theorem, we have

— 00

_1 2 o0 2
- / jy| 712 / k(1] # dtda
—00 1

—1 1
+/ ly| 72 / k(t)]t)* 7 dtda
— _1

oo

—1 [e’e)
) ni= [ W[ ke Fdd

Y

= i/ k(t)|t|* = dt
2N
1 1 2 _117 2
[ rne o [l
0 —o00
z 1 142 & 12
== [/ k(t)[t]* +Edt+/ k(t)[t|* _pzdt}
2 LJo 1
Moreover, it can also be obtained that

0 -1
(26) To=Ts =~ {/ k(t)|t|°‘_1+q27dt+/ k(t)|t|a‘1‘5zdt} ,

5 -1 —0o0

1 ]
) Tu=Ty=2|[ k@At + [ k@) e
2
0 1
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10 MINGHUI YOU

It follows from (26) and (27) that

j>T1+T2+T3+T4

_ . V k;(t)|t\”"1+q%dt+/
[7111]

Lemma 2.3 is proved.

Lemma 2.4. Let a,b > 0 and a + b =

U(t) =csct. Then

(28) ;(;-@sia_ﬁs:-b) -
@) e

Il
o

S

R\[—

k(t)|t|a1p"2dt] .

1,1]

O

k. Let ®(t) = cott and

Proof. Expand ®(t) = cot¢ (0 < ¢ < m) into a partial fraction as follows:

- 1
O(t) = —
0=1+3 (et

s=1
Let t = %%, then we have
* (%)
K

(30)

J =

s=1

1« 1
[aJrZ(KS—&—aJF

)
a_:s)]

n

n—1

nlgr;o (Z KS + a

)

1
;ms b

™ ~

K n

=25 _
ﬂ'ngr;ol§<ms+a /4:8—|—b>+/<:n—|—b
_ry (! L

_WS:O ks+a Kks+b/)’
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CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 11

Inequality (28) follows form (30) naturally. Furthermore, observing
that

2%&:®(D+@<2—;>w<t<ﬂ7

and using (28), we have
am ) (k —a)m
2K 2K

()=

o

/\

>H;: w\»—‘

1
2/@5—&—@ 2f<;s—|—2/£—a>

M 11

+
A=

s=0

1
(2/@3+/—£a 2/{5+n+a)

M2

1
<2f<;s—|—a 2/<cs—|—/<;+a>

S=

,_\o

+

1
2H3+b_2l€8+fi—|—b>:|

( 1)8 1 n 1
ks+a kKks+b/)

holds true, and Lemma 2.4 is proved. [

Al=x N 21\3

M8

(e}

s=

It follows therefore that (29

N

3. Main Results.

Theorem 3.1. Let § € {1,-1}, a,7 € (0,1) and X\ € R* U {0}.
Suppose that a,T,B,v, A satisfy a + 7+ = v+ A and one of the
following conditions:

(i) 0 < B <~y when 8,7 € Q1 and 8 = 1;

(i) 0 < f <min{l — o, 1 — 7,7} when B,v € Q1 and 6§ = —1;

(iii) 0 < B < min{l — a,1 — 7,7} when B,y € Qa.

Let @y, by > 0 with a = {am}mezo € lpy and b = {bp}pezo € lg0,
where i, = |mPO==1 p, = |n|t0=7)=1 " Let F(a,B,v,\0) and
K(m,n) be defined by (10) and (23), respectively. Then

B > Y K(min)amb, < F(a, 8,7, X,0)||al|,,.[b

neZd meZ°

q,V»
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12 MINGHUI YOU

where the constant factor F(«, 8,7, A, 0) in (31) is the best possible.

Proof. By Hélder’s inequality, we have

(32) Z Z (m,n)amby,

neZo meZo
=3 Y {iKom T
n€Z% meZo
x{[K(m,mﬂ ] * o] 7 b |
1
b1, 2= !
< K(m,n)n|"""m| "« a,
nEZOmEZO
(1-—-7)
x [ K (m,n)|m|*Yn| "7 bg]
nezZO meZo

Q=

P(l @) q(l T)
[ ) ] [zw I ] |
meEZo n€gzZo

m)= > K(m,n)n[""", ¢(n)= > K(m,n)m|*"".

nez’ meZo

where

It is easy to find that
K(m,m)fm(o=1 = o=t (1)
n

where L(t) is defined by (8). By using Lemma 2.1, it follows that L ()
decreases with m(m € Z*) and increases with m(m € Z~) for a fixed
n, whether n > 0 or n < 0. Therefore, setting = = ¢, we have

(33) (n) < /ER K(z,n)|z|* 'dz = [n|*+FP7 2 /ER k)|t dt.

Observing that a + 6+ 7 =7+ A, we have 8 < v+ A — a. Therefore,
applying (11) to (33), we have

(34) P(n) < n|""F(a, 8,7, A,0).
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CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 13

Similarly, we have
(35) ¢(m) < |m[=“F (7, 5,7, A,0).
Since 7 =+ A — a — 3, it can be proved that
F(a,B,7,\,0) = F(1,8,7,\,0).
Thus, plugging (34) and (35) back into (32), we arrive at (31).

What follows is the proof of the optimality of the constant factor in
(31). In fact, assume that there exists a real number C' such that

(36) 0<C<F(a,B,7,A,0),

and

(37) Z Z K(m,n)ambn, < Cllallp,.bllq-
n€eZ meZo

Replace a,, and b, in (37) by a,, and b,, which are defined in Lemma

2.3, respectively, then
1 1
2 2 ¢
g =C (Z mlz> <Z|nlz>
meZ0 nezo

=C Z |m|717% =2C (1 + i mlz>
m=2

meZo

5=

(38)  J < Cllall,.llbl

o0
<2C (1 +/ t—l—idt) =20+ Cx.
1
Combine (24) and (38), and use Fatou’s lemma and (11), then we have

(39)  Fla, B, M 0) = / k()]

teR

:/ lim k(t)\t|a_1+q%dt+/ lim k(¢)]¢| " "= dt
[—1.1] \[

zZ—00 R _171] zZ—>00

k(t)|t|a—1+fzdt+/w . k(t)]t) = dt
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14 MINGHUI YOU

It follows from (36) and (39) that
C:F(a7/B7W’A79).

Hence, the constant factor F(«, 3,7, A,0) in (31) is the best possible,
and therefore Theorem 3.1 is proved. (]

Remark 3.2. Theorem 3.1 implies a Hardy-type inequality as follows:
(40)

p
I:= Z |n‘p771 [Z K (m,n) CLm‘| < [F(Oé75777)\79)]p HG’HZ,IU

nezo meZ0

where the constant factor [F(«, 8,7, \,0)]” in (40) is the best possible.
In fact, set y := {Yntnezo,

p—1
Yn = P77 lz K (m,n) am] 7

meZo

and use (31), we have

(41) I= Z Z K (m,n) amyn

n€ZO mezZo
< F(aa/@777A?G)Ha’| p#”y”q,u
= F(a7 Ba’ya )‘7 Q)HaHp,Hll/q.

Inequality (40) follows from (41) naturally.

4. Some Corollaries. Let 8,7 € Q1,6 =1 and XA = 0 in Theorem
3.1, and use Lemma (2.4), then we obtain the following corollary.

Corollary 4.1. Let a,7 € (0,1), B,y € Q1. Suppose that o, T, 3,7y
satisfy 0 < B < v and a+ 7+ 8 = . Let ®(t) = cott, am,b, > 0
with @ = {am}mezo € lpy and b = {by}nezo € lg., where pp, =
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CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 15

|m[PA=)=1 y = |n|a0=T)=1 " Then
(42)

mP —nP 2m am T
> b < 2o () o ()] talhatol

neZ® meZo

where the constant factor 27“ [@ (M) +@ (%)] in (42) is the best

possible.

Let v = 2°8 (s € Z*) in (42), we have a + 7 = (2° — 1), where
a,7 € (0,1) and B € Q, and (42) reduces to

(43)

Z Z 215 +7’L2Jﬂ) < 257;15 |:(I) (;;) +o (27:;)] Ha|

nezZo mEZO =

pil[Bllg,v

where p,, = |m|p(1_“)_1, Uy = |n|<1(1—T)—1.

Let s = 1 in (43), then we have o + 7 = 8, where o, 7 € (0,1) and

B € Q4. Since
T T T
o(53)+2(5) == (%)

where W(t) = csct, inequality (43) is transformed into

2
w XY < T (9T albl

neZ% meZo

q,V

Lets:2,a:BandT=2ﬁin(43),then0<6<%(5691),and

q,V»

am n ™
(45) Z Z (mP + nB)(m?28 + n28) < %”a”p,u”m
nezo meZ"

where p,, = |m|P0=A=1 and v, = |n|?01-20)-1

Let v = (25 4+ 1)8 (s € ZT) in (42), then we have a + 7 = 2s(3, where
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16 MINGHUI YOU

a,7 € (0,1) and 8 € Q;, and (42) reduces to
(46)

2 lo%s T
ngz:o m;ZO mjﬁn(% TR (2s+1)p [CI) <(23 + 1)ﬂ> e ((25 + 1)6)}
X [laflp,.llb

where p,, = |m|P0=*)~1 and v, = |n|?—7)71,

Let s =1 and o = 7 = 3 in (46), then we have 0 < < 1 (8 € 4),

q,v

and

am n 4\[71’
47 < b v
where p,, = |m|P0=A=1 and v, = |n|?0-A-1,

Let 8,7v€ 4,0 =1and A =~ in Theorem 3.1, then o + 7 + 8 = 2.
If 0 < o < a+ B < 7, then it follows from Lemma (2.4) that

) 1 1
F(a7677a)‘79):22<78+a _,ys+2»y_a>

1 1
v$4+2y—a—p ’}/S-l-Oé—‘rﬁ)

_2§é< 1 1 )
N pard Y$+a s+ v—«

+7—a y-a-—
= () o(22) )
E () o(2) )

where
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CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 17

Ifo<a<a+p=r,then 7 =+, and

> 1 1
F ABO)=2 —
(0067% 7) ;(’}/S+O[ ’}/84’270[)
W( 1 1 ) 2
= Y$+a ys+vy—« Y-«
:2_2%(%)
g v gl

Ifo<a<vy<a+f <2y, then we have

1
A 0) =2
Fla By Z(’stra fstrfya)

s 1
§%<%+ﬂv—a—5_73+a+ﬂ—7>
2 2

_|_
y-—a y-—a-p

o () (2
() (5)]

If0<a=+v<a+f <2y, then we have

o0

F(a, 8,7, ),0) = 22

= 1 2
Z%'w+7 B 'w+ﬁ> B

2 BT
_ 2 Mg (AT,
By (v)

(o= )
ys+y—=8 ys+y+p8
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18 MINGHUI YOU

If0<vy<a<a+ <2y, then we have

= 1 1
F A0)=2 —
(01757’77 9 ) ;(VS‘FQW ’)/S+2’YOL>

+2§: 1 B 1
\yst+2y—a—B8 ys+a+f—vy

Let

%—%ﬁcb(ﬂv—”), Yy=aoory=r,
Fo(a, B,7,7) =
2%[@( )—l—@( )—f—PO] v # o and y # 7.

Then the following corollary holds ture.

Corollary 4.2. Let a,7 € (0,1), 8,7 € Q1. Suppose that o, 7,5,
satisfy 0 < B < v and o+ 7+ B = 2. Let anm,b, > 0 with a =
{ammezo € L and b = {by}nezo € lg., where py, = |m|PA=)=1
Up = |90~ =1 Then

(48)
B _ B
m n
Z Z m,y — n,y maX {m,y n,y}ambn < FO(a36a77T)”a’“P»#”b q,V»
nezo mEZO

where the constant factor Fy(c, 8,7, ) in (48) is the best possible.

Let v =a = QSﬂ, T = (25 — l)ﬂ (S e ZJr) in (48), then we have

7 Oct 2023 20:49:04 PDT
230420-MinghuiYou Version 2 - Submitted to Rocky Mountain J. Math.



CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 19

0<B< 2 (B€), and (48) reduces to

Qmb
(49) s s = s—1 j j
ngz:o m%o max {m2 6’ n? B} Hj:O(m2 b + n? 6)
2 T s
< [5 - 5ig? (25)} latlp 1Bl

where f,, = |m[P0=2"8~1 and v,, = |n[elt= " -DAI-T,

Let s = 1in (49), then 0 < 8 < § (B € 1), and (49) is transformed
into

Gmbn, 2
2 b 1 23]
(50) Z Z max {m23,n?} (mP + nP) < BHaHp,uH lla,

n€Z meZo

where ji,, = |m[P0 =21 and v,, = |n|10-A)-1,

Let y=7=2%3, a=(2°—1)8 (s € Z") in (48), then we can get (49)
with g, = |m|1”[17(25’1)ﬁ]’1 and v, = |n\‘1(17255)’1.

Let v =26, a=(2°+1)8, 7=(2°—-2)8 (s € Z" \ {1}) in (48), then

we have 0 < 8 < ﬁ (8 € 1), and (48) reduces to

amb
51 , v
0 2 2 i 75) [T 19)

n€Zd meZ
T T T 251
< 515 [«I» () -2 (35) - — ] b

where fiy = [m[PL=@+D8I-1 and p,, — [n[all=(2"=2)81-1,

Let s =2 in (51), then 0 < 8 < 1 (8 € Q4), and (51) reduces to

q,V»

Y b <2 Bl
2 2 S {m 087 (4 0P 2 o)~ 2g el

where p,, = |m|P0=58)=1 and v,, = |n|9(1-28)-1,

Let vy =a = (25 + 1)B7 T = 255 (S e ZJr) in (48), then we have
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20 MINGHUI YOU

0<B< ﬁ (8 € 1), and (48) reduces to

Ambp
o max {m(28+1)5, n(28+1)ﬁ} Z?S:O miBn(2s—3)B

2 27 T
- [/3 (2 + l)ﬁq) (23 ¥ 1)} allppllbllg..,

where fi,,, = |m|Pl=Zs+DBI=1 and v, = |n|a(1=258)-1,

Let s = 1in (52), then 0 < 8 < 5 (B € Q1), and (52) is transformed
into

(52)

neZd me

> D i B bl
max {m38 n36} (m2P + mPnP 4 n2h) 93 poulOllg,

neZ% meZo
where i, = |m|Pt=38-1 and v,, = |n|?0—28)-1,
Let y=(2s+1)3, a=s8, 7= (3s+1)3 (s €Z") in (48), then we

have 0 < 8 < ﬁ (B € 1), and (48) reduces to

Amb
53
(53) Z M%O max {m(25+1)5’n(2s+1)5} Z?io miBn(2s—i)B

nezo
47 ST 2
< {(23 + 1)ﬁq) (23+ 1) Cos(s+ 1)5] lallp..lb

where p,, = |m[PU=*A~1 and v,, = |n|d1-Gs+DAI-1,

Let s =1 in (53), then 0 < 8 < 1 (B € Q;), and (53) is transformed
into

q,v

[bllg.0s

[

Z Z Gy by, < 4\/§7T—9Ha
20 mezo ¥ {m?8, 030} (m2P + mPnf + nh) 98

where f,, = |m[P0=F~1 and v, = |n|?0 281,

Letting 8,7 € 24,0 = —1 and A = 0 in Theorem 3.1, and using Lemma
2.4, we obtain the following corollary.

Corollary 4.3. Let a,7 € (0,1), B,y € Q1. Suppose that o, T, 3,7y
satisfy 0 < B <min{l—a,1—7,7} and a+7+ = ~. Let ¥(t) = csct,
A, by > 0 with @ = {am }mezo € lp and b = {b,}nezo € 1y, where
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CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 21
pm = |m|PA==1 and v, = |n|90=7)=1, Then

(54)

B B
m +n 27 7 T7
g g "/ m n < |:I ( ) [ ( >:| ||a||PaM||b||Q7V7

n€Z% meZo

where the constant factor 27” [\If ("”’) + v (”)} in (54) is the best

possible.

Let 8 =0 in (54), then (54) is transformed into (44).

Let v = (25 + 1)3 (s € ZT) in (54), then we have a + 7 = 253, and
(54) reduces to

JD3 o
nezo meZO ijﬁn(Qs 7B (25 +1)p
an T
N\ero8) M\ @ros bl
- { ((25 + 1)/3) + ((23 + 1)5)} ”asz” Hq,

where p,, = |m|P0=*)~1 and v, = |n|?0-7)"1,

Let5:1,a:T:ﬂin(55),then0<ﬁ<%(ﬁEQl),and

8\[71'
I B B e 55 lalloullbla.

neZ® meZo

where p,, = |m|P0=A~1 and v, = |n|?0-A-1,

Let 8,7 € Q1,0 = —1 and A = 27 in Theorem 3.1, then a+7+ 3 = 37.
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22 MINGHUI YOU

If0 < a<a+ B <, then it follows from Lemma 2.4 that
(1,
vs+a  ys+3y—«

(-1)° n (-1)° >
Y$s+3y—a—-p ysta+p

(

=y ()
(
v

Flo, By, 0 0) =2 (
s=0

where Q¢ = Q1 + @2, and

g
(v — ) (2y — @)
If0<a<a+p=r,then 7 =27, and

F(aaﬂa’y»Aﬁa) = 2777 |:\I/ (O,(;T) +;__Q1:| .

Ql = ’ Q2 =

fo<a<vy<a+f <2y, then

o= [o () (%) o]

If0<a=7v<a+p <27, then
2 [ 1 |
F(aaﬂ7fy;)‘?9):7ﬂ- lI/<7-7T) +;_Q2 .

fo<vy<a<a+f =2y, then 7 =+, and

2 [ 1 1

F(a’lB”Y,A’Q):I \Ij<aﬂ-) +77@1 .

7Y L ™ i
fo<vy<a<2y<a+p, then

s [o () 14(%) -]

v Y
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CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 23

fo<y<a=2y<a+ <3y, then

F(aaﬁa’y;A’Q) = 2771- |:\I/ <T7T) +;__Q2:| .

Let

Fi(a, 8,7,7) = 27”[\1’(%)+‘I/(7”) Qo] a# 7,2y and T # 7, 2;

27”[\11(%)+%* 2}, a=ryora=2y.

Then we obtain the following corollary.

Corollary 4.4. Let a,7 € (0,1), 8,7 € Q1. Suppose that o, 1,5,
satisfy 0 < B < min{l — a,1 — 7,7} and a + 7+ B = 3v. Let
Uy by, > 0 with @ = {am }mezo € 1y and b = {b,}rezo € 1y, where
pm = |m|PA==1 and v, = |n|90=7)=1, Then

(57)
B B
m- +n
Z Z m,y —|—n"/ max {mQV ng,y}amb7l < Fl(a757777-)”0’”[)715”1)“(11”’
nezo mEZO

where the constant factor Fy(a, 8,7, ) in (57) is the best possible.

Let y=a=(2s+1)3, 7= (4s+1)B (s € Z*) in (57), then we have
0<B< 451? (B € £y), and (57) reduces to

(58)

> et
<20 mepo Max {m (4s+2)B p(4s+2) 3} 225 1)imiPn(2s=3)p
n m

2 2s+1 o2 T
= {(25"‘1)5 - sB8 (234—1)5\1} (25—1—1)} el

where ji,, = |m|Pl=@stDBI=1 and 1, = |p|alt—(@s+DAI-1,

q,v
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24 MINGHUI YOU

Let s =1 in (58), then 0 < 8 <
into

+ (B € ), and (58) is transformed

amb 33 — 4V/3m )
n%l:o mzeéomax {m68 n6BY (m28 — mbPnb + n2k) < 93 lallp,.llbllq,
where jip, = |m[PA=37)-1 and v, = |n[?(1 =581,
Let y =7 = (25 + 1), a = (4s+1)8 (s € Z") in (57), then (58) is
also valid with i, = |m[PIl=(s+DBI=1 and p,, = |n|dl—@s+DE-1
Let v=(25+1)3, a= (4s+2)8, 7 =2s3 (s € Z1) in (57), then we

have 0 < 8 < ﬁ (B € 1), and (57) reduces to

amb
59
(59) ngz:o m%g max {m(4s+2)57 n(4s+2)ﬁ} Z?io(_njmyﬂn(%ﬁ)ﬂ

<o () e - o alle
(2s4+1)8 25+ 1 (2s+1)8 (s+1)B p.ullOllg,v;
where p,, = |m|P[1—(4s+2)B]—1 and v,, = |n|q(1—256)—1.

Let s = 1in (59), then 0 < 8 < 1 (B € 1), and (59) is transformed
into

> 2 am? < B3 L all,. ]
max {mﬁﬁ, n618} (m2f3 —mbBnB + 77/26) 186 psp q,V»

n€Z0 meZo
where fi,, = |m|PA=69)~1 and v, = |n|1(1-28)-1,

Let v =(2s4+1)8, a=7=(3s+1)8 (s € Z") in (57), then we have

0<pB< ﬁ (8 € 1), and (57) reduces to

(60) Z Z Ambn

S o max {m(4s+2)8 pds+2)5} Z?io(_l)jmﬂ?n(z@—j)ﬂ

< 8s+4 B 4 " ST ]
s(s+1)3  (2s+1)8 \2s+1 PGy

where ji,, = |m|PL=Gs+DA=1 and v, = |n|alt=Gs+DAI-1,

Letting 8,7 € Q9 and A = 0 in Theorem 3.1, and using Lemma 2.4,
then Theorem 3.1 is transformed into the following corollary.
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CONSTRUCTION OF DISCRETE HILBERT-TYPE INEQUALITIES 25

Corollary 4.5. Let a,7 € (0,1), 8,7 € Qa. Suppose that a,T, 3,7
satisfy 0 < B < min{l—a,1—7,v} and a+7+ = . Let O(t) = cott,
Ay by, > 0 with @ = {am }mezo € Iy and b = {by}hez0 € lg,, where

Hm = |m|p(1704)*1 and Uy = |n|q(1f'r)71' Then,
(61)
et <3 [0 (55) + ()]
ambn < — (b _ —|— @ _ a ’ b s
n%o m%o mY —fn? ol 2~y 2y [allp,l[bllg,

where the constant factor 7 [<I> (%) +@ (%)} in (61) is the best

possible.

Let v = (2s+1)B (s € Z") in (61), then we have o + 7 = 2s3, and
(61) reduces to

2 Z oﬂmﬂﬁn@s e (25 i g [(I) ((QST1W> e <(28T1)5ﬂ

nezo meZO
(62) x ||alp,u]lb

|

where p,, = |m|P0=*)~1 and v, = |n|?0~-7)-1,

Let s =1, o =7 = (3 in (62), then 0 < B8 < £ (B € ), and (62) is
transformed into

2\/§7r
> D < 2T bl
(m +9m nB + n2b) 98

neZ% meZo

where p,, = |m|P0=A=1 and v, = |n|?0-A-1,

Let 8,7 € 25 and A = 27 in Theorem 3.1, and

g@ (TW)+QW T’ o =2,

Fa(a,,7,7) =% [0 () + @ (3) + W, o #2yand 7 £ 27,

g@ (aﬂ)+2v a’ T=2

where

2v(B+ )
T2y — )2y — 1)

W() =
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26 MINGHUI YOU

Then the following corollary holds true.

Corollary 4.6. Let a,7 € (0,1), 8,7 € Qa. Suppose that o, 1,5,
satisfy 0 < B < min{l — o,1 — 7,7} and a + 7+ B = 3v. Let
Uy by, > 0 with @ = {am }mezo € 1y and b = {by}rezo € 1y, where
o = |mPA==1 and v, = |n|70=7)=1 Then

(63)

m? — onP
Z Z mY — OnY) max {m?27, n27}amb” < Fy(a, 8,7, 7)l|allp,ullbllg,vs
nezl mGZO

where the constant factor Fa(a, 8,7, A) in (63) is the best possible .

Let v = (2s + 1)5, a=(4s+2)B, 7 =258 (s € Z") in (63), then we

have 0 < 8 < 4s+3 (B € Q2), and (63) reduces to

amb
64
(64) Z Zomax{m(‘““)ﬁ,n(““)ﬁ}Z?io 0IimiBn(2s—3)B

neZ® meZ

piul[Bllg,0

1
- { T (I>( ST ) N ] la
(2s+1)3 \2s+1 (s+1)p
where jip, = |m|P=(@s+261-1 ang 1, = |n|a(-2s6)-1,
Let v = (28 +1)8, a=7=(3s+1)8 (s € Z") in (63), then we have
0<pB< 3S+2 (8 € Q2), and (63) reduces to

(65)

ambn
2 2 max {m(4s+2)8 p(4st2)8} 5727 9imifn(2s-0)8

n€Z% meZo
4 27 (s+1)m
B o bllgv,
< [(54—1),6 (2s+1)3 ( 4s+2 )} lallp..lbllg,

where ji,, = |m|PL=Gs+DA=1 and 1, = |p|alt=Gs+DAI-1,
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