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Abstract

In this paper, we are concerned with the global bifurcation results for p-Laplacian discrete
problem

{ —Alpp(Au(t — 1)) = Aa(t)gp(u(t)) + alt) f(E, u(t), A) + g(t,u(t),A), t€[1,T]z,
u(0) =u(T+1) =0,

where A > 0 is a parameter, a : [1,T]z — [0,00), f,g € C([0, T+1]z xR% R), Au(t) = u(t+1)—u(t)
is the forward difference operator, ¢,(s) = |s[P7?s(1 < p < 400). We shall show that there are two
distinct unbounded continua C* and C~, consisting of the bifurcation branch C if f is not necessarily
differentiable at the origin with respect to ¢,(u), and there are two distinct unbounded continua
Dt and D™, consisting of the bifurcation branch D if f is not necessarily differentiable at infinity
with respect to ¢, (u).

As the applications of the above result, we shall obtain that there exist at least a positive solution
and a negative one for the half-quasilinear problem

{ —Alpy(Au(t = 1))] = pa@)F(u(t) + a(t)ep(u (1) + B(t)ep(u (), t€[1,T]z,
uw(0) =u(T'+1) =0,

where 1 # 0 is a parameter, a : [1,T]z — (0,400),, 08 : [1,T]z — R,ut = max{u,0},u” =
—min{u, 0}, F € C(R,R) satisfies sF'(s) > 0.
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MSC(2020): 39A12; 39A28; 47J10

1. Introduction

In [3], Berestycki considered the following nonlinear Sturm-Liouville problem
—(pu') + qu = Xa(t)u + F(t,u, v/, \), te(0,1),
{ bou(0) + cou/(0) =0, byu(l) + yu/(1) =0, .

where p, ¢ are continuous function on [0, 1] and b;, ¢; are real numbers such that |b;|+|c;| # 0,7 =0, 1.
Moreover, the nonlinear term has the form F' = f; 4+ f5, f1, f2 satisfying the following conditions:
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(A1) f1 € C([0,1] x R* R) and |M| < M, for all t € [0,1],0 < |u| < 1,|s] < 1 and all
A € R, where M is a positive constant;

(A2) f, € C([0,1] x R* R) and fa(t,u,s,A) = o(Ju| + |s]), near (u,s) = (0,0), uniformly in
t € [0,1] and A on bounded sets.

Using the result of Rabinowitz [18], the author obtained that there are two unbounded connected
branches of problem (1) with bifurcation from an interval. The proof of the main result of (1)
strictly depends on the linear property of operator.

In [13], Ma and Dai extended Berestycki’s result to show a unilateral global bifurcation result
for (1) under the assumptions (Al) and (A2).

Many authors have discussed the existence and multiplicity of solutions for discrete boundary
value problems involving the p-Laplacian difference operator, we refer to [1, 2, 6, 8, 10, 14, 15]
and references therein. These results were usually obtained by the applicability of the topological
method such as the upper and lower solutions technique, critical theory, variational methods, Leray-
Schauder degree, fixed point theory, etc. Moreover, a great attention has been paid to discrete
equations using variational methods and critical point theory, we refer the reader to [7, 9, 12] and
the related results mentioned there.

Therefore, in this article, we extend the results of [13] to the p-Laplacian difference case. We
will establish the unilateral interval bifurcation results for the problem

{ —Alpp(Au(t = 1) = Aat)pp(u(t) + a(t) f(E, ult), A) + g(t,u(t), A), t€[1,T]z,
uw(0) =u(T'+1) =0,

(2)

where a : [1,T]7 — [0,00) and a(t) # 0 on any subinterval of [1, 7]z, T' > 2 is integer. Let Z denote
the integer set, for m,n € Z with m < n, [m,n|z := {m,m+1,--- ;n}. f,g € C([1,T]z x R R)
and we make the following assumptions:

(Hy) There exist fo, f© € R with fy # f°, where

fo =liminfM7 fO = lim sup f(t,s,))

|s|—0+ ls‘pfl |s|—0+ ‘8‘1071

for any t € [1,T]2,0 < |s| <1 and for all A € R.

(Hz)  g(t,s,A) = o(]s|P™!), near s = 0, uniformly in ¢ € [1,7T]7 and in every bounded interval
of .

(Hs)  There exist fo, [ € R with fo # f°°, where

t,s, A t,s, A
foo:liminf—f(’s’l), foozlimsup—f(’s’l)
|s]—+o00 |S|p_ |s| =00 |$|p—

for any t € [1,T]z,|s| > C for some positive constant C' large enough and for all A € R.

(Hy) g(t,s,2) = o(|s[P7!), near s = co, uniformly in ¢ € [1, 7]z and in every bounded interval
of \.

In the differential case, the spectrum of the one-dimensional half-quasilinear p-Laplacian problem
has been clearly determined, but in the difference case it is not known. In fact, the spectrum of half-
quasilinear eigenvalue problems needs the help of interval bifurcation theory. Therefore, based on
the obtained global interval bifurcation theory, we obtain the existence of principal half-eigenvalue
for half-quasilinear discrete eigenvalue problem

{ —Alpp(Au(t = 1)) = Aa(t)pp(u(t) + at)ep(u™ (1) + B(E)ep(u(t), t € [1,T]z,
u(0) =u(T'+1) =0,
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where a : [1,T]z — (0,+00),a,5 : [1,T]z — R,u" = max{u,0},u” = —min{u,0}. We proved
that the above problem has two principal half-eigenvalues A, and A_, aside from A, and A_, there
is no other half-eigenvalue has positive or negative eigenfunction. As the applications of the above
result, it is the purpose of this paper to determine the interval of x4 in which

{ —Alpp(Au(t = 1)} = pa() F(u(t)) + a(t)pp(u () + B)ep(u (1), ¢ € [1,T]z,
uw0)=u(T+1)=0

has a positive or negative solution, where u # 0 is a parameter, F' € C'(R,R).

This paper is organized as follows: In Section 2, we state some notations and preliminary results.
Sections 3-4 are devoted to study the bifurcation phenomena from the trivial solution axis or from
infinity for (2) which are not necessarily linearizable, respectively. In Section 5, we will discuss
the properties of the eigenvalue of the half-quasilinear discrete problem and the global structure of
one-sign solution sets for the corresponding nonlinear problems in detail.

2. Preliminaries

In this section, we introduce some well-known results which will be used in the subsequent
section.

Set £ ={u:[0,7+1]z - R:u(0) =u(T + 1) = 0} with the norm ||u|| = [angxll |u(t)]. Let
tel0,T+1]z

Y = {ulu:[1,T]z — R} with the norm ||ul|y = max |u(t)|.
te(1,T]z

Lemma 2.1. (See. [4, Propositions1.8-1.10]) The eigenvalue problem

—Alpp(Au(t — 1)) = Aa(t)gp(u(t)), te[1,T]z,

(3)

uw(0)=u(T+1)=0
has the first simple eigenvalue Ay, let ¢, be the eigenfunction corresponding to \i. Moreover, ¢,
does not change sign in [1,T)z.

Next, we will give the generalized Picone type identity, which will be used in the proof of the
main theorem.

Lemma 2.2. (See. [16]) Define

and
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where t € [m,n]z,m,n € Z,m <n, and P(t),Q(t) are real-valued sequences defined on [m,n]z. Let

x(t),y(t) be defined on [m,n + 2]z and let y(t) # 0 fort € [m,n+ 1]z. Then the equality

0
Ao el ~ eutel)an(Bu(o)])

- B L P+ T _ Jet+DP

~ P e D DL = i)

+aaop + LR ol - LEM oy 1)

Ly(y(t))

holds fort € [m,n]y.

g

Lemma 2.3. (Young’s inequality) If a,b > 0,p,q > 1 satisfy % +% =1, then ab < %p + %, and the

equality holds if and only if b = aP~ 1.

Definition 2.4. (See. [11]) Let w : [1,7]z — R. If u(tg) = 0, then ty is a zero of u. If u(ty) = 0

and u(ty — 1)u(ty + 1) < 0 for some ¢y € [2,T — 1]z, then ¢, is a simple zero of w.

Consider the following auxiliary problem
{ Alpp(Au(t —1))] = h(t), te[1,T]z
u(0) = u(T +1) = 0,

where h : [1,T]z — R. Clearly the problem (4) is equivalent to

u(t) = Gy(h)(t) == u(1) +§_:¢;1[¢p +Zh 1,7 + 1],

It is known that G, : Y — E is continuous and maps bounded sets of R into relatively compacts of
E.
We define the operator T} : E — E by

T3 (u) +Z¢p ep(u(1)) = Y Aagy(u)(r)]
=G,( - M%( ) (),

Then T3 : E — E is compact.
Deﬁne the Nemitskii operators F': R x =Y by

Fu)(t) = =Aa(t)py(u(t)) — a(t) f(t,u(t), ) = g(t u(t), ).

Thus it is obvious that F'is continuous operator which maps bounded sets of R x E into the bounded
sets of Y and problem (1.1) can be equivalently written as

u=GpoF(\u)=A,(\u).

4
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A is completely continuous in R x £ — E and for any A € R, A(\,0) = 0.

We use the terminology of Rabinowitz [20]. Let us denote S = {u € E|u(t) > 0,t € [1,T]z},
and let S~ =—-S" and S=S5TUS™. ST and S~ are disjoint and open in E. Furthermore, we use
% to denote the closure in R x E of the set of nontrivial solutions of (2) under assumptions (Hjy)
and (Hy). €* denote the subset of ¢ with u € S* and ¢ = €T U%".

In addition, we use the terminology of Rynne [17]. For any A € R, we say that a subset
C" C € meets (), 0) (similarly, (), 00)) if there is a sequence (A, u,) € C'(n = 1,2,---) such that
An = A, |[un]| — 0 (similarly, ||u,| — oo) as n — +o00. Furthermore, we will say that C’ C € meets
(A, 0) throught R x E' if the sequence (\,,u,) € C'(n = 1,2,---) can be chosen such that u, € F
for all n. If I C R is a bounded interval we say that C’ C € meets I x {0} (similarly, I x {oco})
if C' meets (A, 0) (similarly, (A, 00)) for some A € I. Similarly, we can define C’ meets I x {0} or
I x {oo} through R x E.

3. Interval bifurcation from trivial solution axis

In this section, we shall study the unilateral global bifurcation phenomena of problem (2) which
bifurcates from trivial solution axis or from infinity. In order to obtain the main result, the gener-
alized Picone identity plays a key role.

The following lemmas will be needed in our further considerations.

Lemma 3.1. Assume (H;y) and (Hg) hold. Let (\,u) is a solution of (2), if there is ty € [1,T]z
such that one of the following two situations hold:

(3) ulto) = 0, Aulto) = 0;

(ii) u(to) = 0,u(ty — Du(ty + 1) > 0.
Then v = 0.

Proof. (i) In view of (2), we have

pp(Au(to — 1)) = pp(Aulto)) = Aa(t)py(ulto)) + alt) f (¢, ulto), A) + g(t, ulto), A).

Connecting the assumptions (Hq)-(Hz) with u(ty) = 0, Au(ty) = 0, we obtain that ¢,(Au(ty—1)) =
0, which ensures Au(to — 1) = 0. Since u(ty) = 0, thus u(to — 1) = 0. Repeat this step and we can
find: u(t) = 0 for every t < to,t € [1,T]7.

Similarly, by virtue of p,(Au(ty)) — pp(Au(ty + 1)) = 0, this yields Au(ty + 1) = 0. Hence,
u(to + 2) = 0. Repeat this step and we can find: u(t) = 0 for every ¢t > to,t € [1,T]z.

(ii) Similar to the calculation in (i), it follows that ¢, (—u(to—1)) —p,(u(tp+1)) = 0. Combining
the conclusion of (i) and u(ty — 1)u(top + 1) > 0, we obtain that u = 0. O

To get the main results, we introduce the following approximate problem
{ —Alpp(Au(t —1))] = Aa(t)ep(u(t)) + alt) f(E, u(®)|u(t)|®, A) + g(t, u(t),A), t€[1,T]z,
uw(0) =u(T'+1)=0.

(5)
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Note that it follows from the condition (Hy), for any e > 0, the function f(¢,u(t)|u(t)|5, A) satisfies
Ftu®u(®)F, A) = o(jul"™)

near u = 0, uniformly for ¢ € [1,7T] and A on bounded sets.

Lemma 3.2. Let I° = [\ — fO N — fo], let e, — 0, 0 < &, < 1. If there exists a sequence

{(An,un)} € R x S such that (An,u,) a nontrivial solution of (5) corresponding to € = ¢,, and

(An, un) — (X,0) in R x E. Then A\ € I°, where 0 = + or —.

Un
llunll”

Proof. Without loss of generality, let ||u,| <1 and v, = So v, satisfies

—Alpp(Av(t = 1)) = Aa(t)pp(va(t)) + a(t) fu(t) + ga(1), t € [1,T]z,

v,(0) = v, (T + 1) =0,

where fn(t) — M,gn(t) _ g(t,un,An).

f[un[P=* f[unP=*

Setting g(t,u, ) = rr‘la}x |9(t,s,\)| for any t € [1,T];. According to (Hz), g is nondecreasing
0<|s|<u
with respect to u and
g(t,u, A
llm g( ) u? )
u—0 ’u|p—1

=0 (7)

uniformly for ¢ € [1,7T]z and in every bounded interval of X\. Furthermore, it can be obtained from

(7)

lg(t,u, M| _ gt u, A) _ g(E, [lull, A)
fufe=t =l =l

uniformly for ¢ € [1,7]; and in every bounded interval of A. Obviously, in view of (Hj), there is

-0, u—0 (8)

fn (t) = f(t,u’n‘unlen,)\n) Wp(un‘unF")

op(unlunlon) [lunP—1

< Ol =D 9)

— % n— +oo
for any t € [1,T]z. Connecting (6), (8) with (9), we may assume that v, — v and |jv]| = 1.
Therefore, v lies in the closure of S.

Let us prove that in fact v € S?. If v ¢ S?, then v € 05?. Hence v has at least one double
zero in [1,T]z. We assume that there exists tg € [1,7]z such that either v, (ty) — 0, Av,(ty) — 0
or v,(to) = 0,v,(to — 1)v,(to + 1) > 0 as n — +00. By Lemma 3.1, we can see that v, = 0, which
contradicts ||v|| = 1. Hence v € S°.

In order to obtain the interval of A\, we will now compare v and ¢{ in the spirit of the Picone’s

identity (cf. [16], Lemma 1). We know that v, satisfies

Wt galt)
2o(vn®)  2own(D)

26 Jun 2023 05:35:02 PDT 6
221004-FumeiYe Version 2 - Submitted to Rocky Mountain J. Math.

Alpy(Aon(t = 1)] + (Analt) + a(t) )e(vn()) =0,



and ¢f satisfies
Alpp(Ag](t — 1)) + Ma(t)ep(97 (1)) = 0.
Since v, € 57,97 € S?. In view of Lemma 2.2, we can obtain that

vt — 1)
Spp(d)({(t —1))

= oAy (At — 1))} — 1O on o Agr— 1))

Afva(t = igp(Ava(t = 1)) eol At 1))}

BYEA0)
L NI T P

A= ey O Gy )]

T ) B AU A

= (el = Anelt) = 20 )~ 2oty )
L0 v, T D

A= D a0

Therefore,

i A{Un(t — 1)p(Avy(t — 1)) — vt — 1)

m%(A(lﬁ(t - 1))}

(alt) — Mat) — a(y 2@ 9y, gy

Mﬂ

p— ep(vn(t))  wp(vn(t))
T
Aot 1 BARE=D) L AR E=1) )
# 2 [t =+ Sy 0P = 2 ey )]
By calculation, we know that
T
on(t —D)I? o _
;A{ Dep(Ava(t — 1)) — m%(ﬁﬂﬁ (t— 1))} = 0.
Since
p o, Po(Ag7(t—1)) p Pp(AgT(t—1)) P
|Av, (t — 1)|P + PREACER) [0, (t — 1) o (1) (va ()" >0, te1,T)z,
and the equality holds if and only if Av,(t —1) = %. Combining the above conclusion,

we conclude that

LR

2, (huat) = dualt) =) 6 G55 = Gty () =0 (10
Similarly, by swapping v,, and ¢{, we can obtain that

5 (uat) ~ Ava(t) — ()220 e g (1)

: wp(on(t))  @p(va(l))

t
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In view of (10), (H1) (Hz), we see that

Y (= Na(®) (oa(t)” < lim ST a(t) TG (0, (1))

n—-+o0o
. T L (8,un]un|*™,An) n p
< nEIJPoo Z15:1 a(t)m ’ |90p(|u’n|E )|<Un(t))

< Y alt)f (va(®))"

It follows that A > A\ — fO.
In view of (11), (Hy) (Hz), we see that

T o : T JUn|Un |7, An o
> (M= Nat) (¢7(1)" > Jim 2 a(?) _— ||u‘n||7’|*l ) (7 (1))
3 T f(szunlunlsnyAn) .
z Jm 5 o) ue el

> ST a(t) fo(e5 ()",

57L>

(69(t))"

It follows that A < Ay — fo.
Hence, \ € I°.
O

Based on the analysis above, we have the following interval bifurcation result for the problem
(2)-
Theorem 3.3. Assume (Hy)-(Hz) hold. The connected component C* of € U(I°x{0}), containing
I°x {0} is unbounded and C* C (Rx ST)U(I°x{0}), the connected component C~ of €~ U(I°x{0}),
containing I° x {0} is unbounded and C~ C (R x S7) U (I x {0}).

Proof. Without loss of generality, we only prove the case of C*, and we can prove C~ in the same
method. Let CT be the component of € U (I° x {0}) containing I° x {0}. We divide the proof
into the following two steps.

Step 1. Firstly, we prove that CT C (R x ST) U (I° x {0});

For any (\,,u,) € C*, then either u, € St or uw, € 9S*. if u, € 9S™, then there exists
to € [1,T]z such that

ux(to) =0, Auk(to) =0 or wu.(to) =0, Au.(to — 1)Au.(to+1) > 0.

In view of the Lemma 3.1, it follows that u, = 0. Hence, there exists a sequence {(A,, u,)} C Rx ST
such that (\,,u,) is a solution of (5) corresponding to ¢ = 0, and (\,,u,) — (A,0) in R x E.
Lemma 3.2 implies that A\, € I°. Thus (\,,u.) € I° x {0}.
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If u, € ST, we see that
—Alpp(Aus(t — 1)) = Aa(t)pp(ux(t)) + alt) f(t, ua(t), A) + gt ue(t),A), t € [1,T]z,

1, (0) = u, (T + 1) = 0,

This implies that = 1 is a eigenvalue of the following problem

a s Uk 7A* , Uk ,A*
—Aligp(Au(t = 1))] = i Ma(t) + L=l st ) o (1)), 1€ [1,T]7,

uw(0) =u(T'+1) =0.
By (H;) and (Hz), we obtain that for any 7 > 0, there exists a positive constant v < 1 such that
when |s| € [0,7], there is
l9(t, 5, M) < Top(])
uniformly for ¢ € [1,T]; and fixed A\. Hence, we deduce that

t, s, Ay t, 8, Ay
K(t,ue, A) < |A| max a(t)+ H + 7+ max max Flb 5 2) (5, M) )
te[1T], te[LT]z Isl€ly,lwll] ©p(5)

H= t)- "
terﬁ?%}]iza() max{|fol, | f"[},

a(t)f(E,us(t), A) | gt ua(t), As)
Pp(u(?)) op(us(t))
Similar to the proof in [5, Proposition 3.2}, it is easy to get that u > 0 holds on [1,7T]z. Therefore,

Ct C (R x ST)U(I° x {0}). The same can be proved C~ C (R x S7) U (I° x {0}).
Step 2. We can prove that C* and C~ are both unbounded in R x E by using the method of
Theorem 2.1 in [13]. O

K(t, ue, A\) = Aalt) +

Corollary 3.4. If f =0, then there exist two unbounded continua P* and P~ of solutions of (2),
bifurcating from (A1,0) and PT C (R x ST)U{(A,0)},P~ C (R x S7)U{(A\,0)}.

4. Interval bifurcation from infinity

As in the semilinear case in [19], Rabinowitz established the global bifurcation results from
infinity. Inspired by the Theorem 1.6 of [19], next, we shall study the unilateral global bifurcation
phenomena of problem (2) which bifurcates from infinity. We use (Hs) and (Hy) instead of (H;)
and (Haz), let Z to denote the set of nontrivial solutions of (2) under assumptions (Hs) and (Hy).
Our second main result is the following theorem.
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Theorem 4.1. Assume (H3)-(Hy) hold. Let I1°° = [A\y — f®, A\ — foo] and 0 = + and —. There
exists a component D7 of ZU(I* x {o0}), containing I x {oo}. Moreover, if A C R is an interval
such that AN (1°°) = I* and M is a neighborhood of I1°° x {oo} whose projection on R lies in A
and whose projection on E is bounded away from 0, then either

1°. D7 — M is bounded in R x E and D7 — M meets R = {()\,0)|\ € R} or

2°. D° — M is unbounded.
Furthermore, if 2° occurs and D? — M has a bounded projection on R, then D — M meets I7° X {0}
for some j # 1, where I7° = [\j — =, \j — fuol.

Proof. If (\,u) € 2 and ||ju|| # 0. Let w = %, dividing (2) by |lu/|>*®~Y, we obtain

fJual| %2

—Alpp(Aw(t — 1)) = Aa(t)pp(w(t)) + a(t) a2k + Haesh. t € [LTz,

Tel2e=0 F 21
(12)
w(0)=w(T+1)=0.
Define
~ [P0 f(E 2, w A0,
f(t7 w? A) -
L 0, w =0,
and
WP Vgt 2, ), w A0,
g(t,w,A) =
L 0, w=0.
Obviously, (12) is equivalent to
—Algy(Aw(t — 1))] = Aa(t)py(w(t) + a(t) f(t,w, A) + Gt w, ), t€[1,Tlg,
(13)

w0)=w(T+1)=0.

It is easily can be seen that (Hg) and (Hy) imply

Ft,w, A Ft,w, A
lim inf —f( @, A) = foos lim sup —f( @, M) = f*
jwl—0t  [w[Pt w0t WP
and g(r,w, \) = o(Jw|P™1), near w = 0, uniformly for ¢ € [1,T]7 and in every bounded interval of .
We using Theorem 3.3 to the problem (13), which implies that there exists connected component

D7 of €7 U (I*° x {0}), containing I°° x {0} is unbounded and
D7 C (R x S7U (I x {0})).

[l

can be obtained. O

In view of w — = wu, it follows that D — D?. Furthermore, the conclusions in the theorem

10
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Combining the facts of Theorem 3.3 with the proof of Theorem 4.1, we can obtain the following
result.

Theorem 4.2. There exists a neighborhood N' C M of I°° x {oo} such that (D°NN) C (R x S7U
(I x {o0})) foro =+ and o = —.

Remark 4.3. Note that we can only construct the connected components of positive and negative
solutions, but cannot construct connected components of change-sign solutions. The main reason is
that we do not know whether other eigenvalues of the problem (3) are simple. If we can overcome

this difficulty in the future, the conclusions of these two sections can be naturally extended.

5. Existence of one-sign solutions for half-quasilinear discrete problem

Based on the global interval bifurcation conclusions of the previous sections, we first study the
spectrum of the following half-quasilinear eigenvalue problem

{ —Alpy(Au(t = 1))] = Aa(t)pp(u(t) + at)ep(ut (1) + B(t)pp(u= (1), t€[1,T]z, 14
uw(0) =u(T'+1) =0,
where A € R is a parameter, vt = max{u,0},u~ = —min{u,0},a : [1,T]z — (0,400),, 0 :

[LT]Z — R.

We say A is a half-eigenvalue of (14) if there exists a nontrivial solution (A, u). A is said to be
simple if all solutions (A, w) of (14), with w = ku (k > 0 is a constant). A half-eigenvalue is called
a principal half-eigenvalue if its corresponding eigenfunction is positive or negative.

Theorem 5.1. There exist two simple half-eigenvalues A\ and A_ for problem (14). The corre-
sponding half-quasilinear solutions are in {\y} x ST and {\_} x S™. Furthermore, aside from A\,

and A_, the problem (14) has no other half-eigenvalue with positive or negative eigenfunction.

Proof. According to Lemma 3.2, for 0 = + or 0 = —, the problem (14) has at least one solution
(Ao, uy) € R x S7. Note that {(A\,, ku,),k > 0} are half-quasilinear solutions in {\,} x S7. We
only prove the case of 0 = —, since the case of ¢ = + is similar.

We claim that for any solution (A, u) of problem (14) with v € S~, we have A = A_ and u = ku_

for some constant k& > 0.
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Similar to the arguments of the Lemma 3.2, we have that

ju(t =D
wp(u(t —1))

]~

Afum(t = Dgp(Au(t = 1)) - ep(Dult 1)) }

-
Il

\El

(A= = Na®)u" @O

o~
I
—

B

gy AU =) e Aut =)
l[mu (t =D + 22— (= 1) OB W]

It is easy to see that

~+~
I

S a{u = D= 1) - EL g su = 1)} =0
(g gy SBUE=1) (Bt =)
;“Au (t—=1)F + oy (ult = 1) lu=(t —1)| (D)) lu= ()P >0,

and the equality holds if and only if S (53 = S4=0,

Hence,

> (A== Na®)u (B <0,

t=1

which implies A > A_. Similarly,

T

> (A= = Na@®)u@) >0,

t=1

it follows that A < A_. Thus there exists constant k& > 0 such that v = ku_ and A = A_. O
Remark 5.2. min{A_, A\, } is the smallest half-eigenvalue of (14).

Remark 5.3. By some simple computations, we obtain that if B =0, then A\_ = A\1; if « =0, then
A=A ifa=pB=0, then A\_ = A = Ay
Next, we discuss the bifurcation phenomena of the problem
—Alpp(Au(t —1))] = Aa(t)ep(u(t)) + alt)ep(u™ (1)) + B({)pp(u™ (1)) + h(t, u(t), A),
te 1,7z, (15)
uw(0) =u(T'+ 1) =0,

where h(t, s, \) = o(|s|P™!) near s = 0, uniformly for ¢ € [1, 7] and X on bounded sets.
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Theorem 5.4. For 0 = + or —, (A, 0) is a bifurcation point for problem (15). Moreover, there
exists an unbounded continuum C° of solutions to the problem (15) such that C° C ((R x S7) U

{(%,0)})-

Proof. Let @ = max |a(t)|,f = max |B(t)| and

te(1,T]z te[1,T]z
a+p a+p
I:[)\l_ ﬁ7>\1+ ﬁ]a
Qo Qo
where ag = I[m% a(t). It follows from Theorem 3.3 that from I x {0} it bifurcates two unbounded
te[LT]

continua C* and C~ in R x E of the solutions to the problem (15). Further,
C?C(RxS7)U (I x{0}),

where 0 = + or —. We claim that C7 N (R x {0}) = (A,,0). In fact, let (A,,u,) € C?,u,, Z 0 and

(A, upn) — (A, 0). Set w, = %2 thus w, satisfies

[lun?

h(t, u,(t), \n)

[[un [P

—Alpp(Awn(t = 1))] = Ana(t)ep(wn(t)) + a(t)pp(wy (1) + B()pp(w, (1) +

According to the proof of the (8) and the compactness of G,, we deduce that w, — wy in E as

n — oo. Hence, wy satisfies

—Alpp(Awp(t — 1))] = Aa(t)pp(wo(t)) + a(t)py(wy (£)) + B(E)ep(wy (1))

and [jwo|| = 1. This implies that A = A,.
Let C° denote the closure in R x E of the solutions set {(\,w) : w € S} of (15), we have

CN (R x{0}) C {(A\s,0)}.

If C? is the component given by Theorem 3.3, we define C7 = C? N C7. It is easy to verify that

(7 is an unbounded continuum of C° and
(As,0) € C7 C ((]R x S7)U {()\0,0)}).

[]

According to the above spectral results and bifurcation conclusions, we discuss the existence of
one-sign solutions for the p-Laplacian discrete problem

—Afpp(Au(t = 1)) = pa() F(u(t)) + a(t)ep(u’ (1) + 5(t)ep(u” (1)),
te€[1,T)z, (16)
uw(0) =uw(T'+1) =0,
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where p # 0 is a parameter, we assume that F' € C'(R,R) satisfies
(Hs) sF(s) > 0 for all s # 0;
(Hg) there exist Fp, Fiw € (0, 400) such that
F(s) _ F(s)

Fy= lim —=, Fo = lim )
0 |s|=0+ ©p(s) |s|—++o0 p(S)

Under the above assumptions, we can obtain the following results for the existence of one-sign
solutions.

Theorem 5.5. If p € (min{;‘,—‘;, P%},max{%, ;‘,—g ), then (16) has at least one solution u, such

that ou, > 0 in [1,T], where 0 =+ or —.
Proof. By (Hg), it is easy to see that there exists ¢ € C'(R,R) such that
F(s) = Fogyls) +1(5).

Clearly,
u(s)

lim =0.

5|0+ p(s)

Let us consider

—Alpp(Au(t = 1))] = pa(t) Fopp(u(t)) + a(t)py(u(8) + B(E)ep(u (1) + pa(t)e(u(t)),

(

t e [1,T]Z, (17)

uw(0) =uw(T'+1)=0

\
as a bifurcation problem from the trivial solution v = 0. Applying the Theorem 5.4 to (17),
we know that there is a nontrivial solution branch C of (17) bifurcating from (’}—;,0) such that
Cc(RxS)U {(}\,—‘(’),0)}), and it joins (}—Z,O) to infinity.

Let us prove that C joins (}—;, 0) to (1%’ +00). Set (A, up) € C,u, # 0, we know that

An + ||un]| — +oo.

We claim that if there exists positive constant K such that |\,| € [0, K] holds for any n € N,
.. Ay Aoy
then C joins (42,0) to (£=, +00).
Note that

|lun]| = +o0,  asn — +oo.

We can see that there exists k € C(R,R) such that
F(s) = Foopp(s) + k(s).
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Obviously,
im )
|s|—+o0 p(S)

Consider the problem
—Alpp(Au(t —1))] = pa(t) Foopp(u(t)) + a(t)op(u' (1) + B(E)ep(u (1) + pa(t)r(u(t)),
(18)

€ 1,T]z,

u(0) =uw(T+1)=0.
dividing (18) by ||u,||*®~", we obtain

Set v,, = ”WHQ,
—Alpp(Av,(t = 1))] = Malt) Foaopp(va(t)) + a(t)pp(vy (8) + B(E)pp(vy, (8))+

)\na(t)Hu:ﬁz%a te [17T]Z7 (19>
\ v,(0) = v,(T'+ 1) = 0.
Noting that
lim —K(u"(t)) =0.
n=y-+oo [|uy |2
The boundedness of v,, ensures that v,, — v and v € F, thus
—Afpy(Av(t — 1))] = Aa(t) Faoipp(v(t) + at)g, (v (1)) + B(t)ep(v™ (1),
= )\,. Hence,

where A\ = hIJ{l An. By virtue of Theorem 5.1 and v — o HQ = u, it follows that AF,
n——+0oo

— Ao
A=1=
Consequently, C joins (’\” 0) to (’\" 00).

In fact, we show that there exists a constant K such that |A,| € [0, K], for any n € N. Suppose

there is no such K, choosing a subsequence and relabelling if necessary, it follows that lim |\,| =
n—-+o0

+00. Since (A, u,) € C, thus
—Alpp(Aun(t = 1)) = Ma(t) Fu(6)0p(un (1)) + a(t)p(w () + B(1)p(uy (1),

where
P ;; ((1;2((1;))))’ U, (t) 7é 07
Fn(t) =
Fb7 Un(t) =0.

s) > x, Vs # 0. Therefore,

We see from (Hjs)-(Hg) that there exists constant y > 0 such that @)

lim /\nﬁ’\n(t) = +o0.

n—-+o00

15

26 Jun 2023 05:35:02 PDT
221004-FumeiYe Version 2 - Submitted to Rocky Mountain J. Math



Suppose that ¢, is the eigenfunction corresponding to A,. If lirf )\nﬁ’\n(t) = —o0o. Applying the
n—-+0oo
Theorem 3 of [16] to ¢, and w,, then ¢, must change sign for n large enough, it is conflicted..

Similarly, we can prove that liI}_l )\nﬁ’\n(t) = 400 is impossible.
n—-+0oo

O
Finally, we present an example to illustrate the result of Theorem 5.5.
Example 5.6. Consider the problem
—Alpp(Au(t —1))] = pF(u(t)) + op(u’ (1)) + op(u (1)), t € [1,6]z,
(20)
u(0) = u(7) =0,
where
F(s) = fi(s) + f2(s)@p(s),
0, s=0,
fils) =9 2¢,(5), |s| € (0, 1],
L 10901)(8) - %7 |S| € (1700)
and
fa(s) == for |s| € [0, 00).
It is clear that
im £ _ g TAC)
5|0+ ©p(s) |s|++00 ©p(5)
where
11 1
R=2 F=2
5 5
Hence, if p € (min{ %, %"}, max{‘:’;—f, % ), then problem (20) has at least a constant-sign solu-
tion u, satisfying ou, > 0 with 0 = + or ¢ = —, where )\, is the half-eigenvalue of problem

—Afpp(Ault = 1)) = Aop(ult)) + ¢p(u™ (1)) + ¢p(u (1)), t € [1,6]z,
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