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1 Introduction

The purpose of this paper is to study the existence of subharmonic and homoclinic solutions for

the following equation

1

(1) = V(£)u(t) + AP (1) ult) + g(t,u(t)) = h(t), (HS)

where t € R, A > 0 is a parameter, u € R", g(t,u) € C(R x R",R"), ¢(¢,0) = 0 and is

T—periodic in ¢, V(t) > 0 is a real continuous functions defined on R with period T
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In this paper we will consider the existence of subharmonic and homoclinic solutions when
V(t) = a (a > 0 a constant). However we will keep the general V () to set up the variational
structure.

When n =1, A =1 and h(t) = 0, we obtain the following equation from (HS)
' (8) = V(Ou(t) + (wP(1) u(t) + g(t, u(t) =0, (SC)

which is a quasilinear Schrodinger equation with dimension 1.

In the literature, many authors studied soliton solutions or ground state solutions for quasi-
linear Schrodinger equations via critical point theory and the PohoZaev manifold method [9, 15,
16, 18-21, 23, 29, 31-35]. Without the nonlinearity term (u?(t))"u(t), equation (HS) becomes
the Hamiltonian system, the homoclinic orbits of which has been studied by several authors via
critical point theory, see [1, 3-8, 10-12, 22, 25-28, 30].

In this paper, using critical point theory, we will establish the existence of subharmonic and
homoclinic solutions for a class of second order quasilinear Schrodinger equations. To this end,
let us first introduce some basic concepts on these equations.

As usual, a solution u of (HS) is said to be homoclinic (to 0) if u(t) — 0 as t — oco. In
addition, if u # 0 then wu is called a nontrivial homoclinic solution of (HS).

Let h(t) = 0, we have from (HS)
u' (t) — V()u(t) + Au?(t) u(t) + g(t,u(t)) = 0. (1.1)

A solution u of (1.1) is said to be subharmonic if u is kT'—periodic for any positive integer k
(see [25]).
This study is motivated mainly by [23] and [25]. In [25], Rabinowitz obtained the existence

of nontrivial homoclinic solutions for the second order Hamiltonian system
G+ Vq(t,q) =0, (1.2)

where the homoclinic orbit ¢ is obtained as the limit as k& — oo of 2kT-periodic solutions (i.e.
subharmonic) ¢ of (1.2).
In [23], Poppenberg, Schmitt and Wang proved the existence of soliton solutions for the

following quasilinear Schrodinger equations
—Au+V(z)u — k(Au)?)u = viu[P~tu. (1.3)

The solution of (1.3) is related to the existence of standing wave solutions for the quasilinear

Schrodinger equation

10z = —Nz+V(x)z — fla,|2*)z — /@Agp(]z\z)cpl(|z|2)z, (1.4)
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where V = V(z),2 € RN is a given potential, & is a real constant and f, ¢ are real functions. The
quasilinear equation (1.4) arises in several models of different physical phenomena corresponding

to various types of . For instance, the superfluid film equation in plasma physics
0z = —Dz+ V(@)z — f(,]22)2 — K(A]2[2)2

has this structure with ¢(s) = s.

Seeking solutions of the type of stationary waves, namely, the solutions of the form
z(t,u) = exp(—iFt)u(x), F €R,
we get an equation of elliptic type from (1.4) which has the formal structure
—Au+V(@)u— (AulP)u=g(z,u) =zeRN (1.5)

with ¢(s) = s and k = 1, where V(x) = V() — F is the new potential function and g(z,u) =
[z, u?)u.

In this paper, by using the idea of [25] and [13, 20], we will study subharmonic and homoclinic
solutions of equation (1.1) and the general one, i.e., equation (HS). As the main tools in our
study, three lemmas will be stated here. First, let us recall the Palais-Smale condition. Let F
be a real Banach space, I € C'(E,R), i.e., I is a continuously Fréchet-differentiable functional
defined on E. Now [ is said to satisfy the Palais-Smale condition (PS condition for short) if any
sequence {u,} C E for which I(u,) is bounded and I'(u,) — 0(n — co) possesses a convergent
subsequence in F.

Let B,(0) denote the open ball in E with radius p and with center 0 and let B, denote its
boundary.

Lemma 1.1(Mountain Pass lemma)([2,24]). Let E be a real Banach space and I €
CY(E,R) satisfies the PS condition. If further 7(0) = 0, and

(G1) there exist constants p, a > 0 such that I|yp,0) > «, and

(G2) there exists e € E\B,(0) such that I(e) <0,

then I possesses a critical value ¢ > « given by

= inf I
c Tlllelrmaxse[o,u (n(s)),

where

I'={n e C([0,1], E)|n(0) = 0, n(1) = e}.

Lemma 1.2(Symmetric Mountain Pass lemma)([24]). Let E be an infinite dimensional

Banach space and let I € C'(E,R) be even, satisfying the PS condition and I(0) = 0. If
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E =V ® X, where V is finite dimensional, and
(G3) there exist constants p, a > 0 such that I|sp,nx > o, and
(G4) for each finite dimensional subspace E C E, there is a v = y(E) such that I < 0 on

E\B’Yv
then I possesses an unbounded sequence of critical values.
Lemma 1.3 ([15]). Let (X,]| -||) be a Banach space and J € Ry an interval. Consider the

family of C! functionals on X
Lu(u) = A(u) — pB(u), e J,

with B nonnegative and either A(u) — oo or B(u) — oo as ||u| — oo and such that I,(0) = 0.

For any p € J we set

Fp={yeC(0,1],X): ~7(0)=0, I.(y(1)) <0}
If for every p € J the set I', is nonempty and

Cu = 'yiean,L max ¢e(o,1)Lu(7(t)) > 0,

then for almost every p € J there is a sequence {u,} C X such that
(1) {un} is bounded;
(1)  Tu(un) = cu;

iii) I (up) — 0 in the dual X! of X.
I

The rest of this paper is organized as follows. In Section 2, we establish a variational structure
for (HS) with periodic boundary value condition, and give some preliminary results. In Section
3 we prove a first existence result for equation (1.1) without the Ambrosetti-Rabinowitz growth
condition. A cut-off functional is utilized to obtain the bounded Palais-Smale sequences. In
Section 4, by employing the Mountain Pass lemma and the symmetric one, we show a second

and a third existence result for (HS) under suitable assumptions.

2 Variational structure

For each k € N, let Ej, := W22,;2T(R, R"), the Hilbert space of 2kT—periodic functions on R with

values in R"™ under the norm

lullz, = (S5 @) + ' (0))dr)

(R,R™) denote the space of 2kT-periodic essentially bounded (mea-

o0
[—kT,kT)

surable) functions from R into R"™ equipped with the norm

Furthermore, let L

Hu||L<[>3kT7kT] = esssup{|u(t)| : t € [-kT, kT|},
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and L[ KT KT] (R,R"™) denotes the Hilbert space of 2kT—periodic functions on R with values in

R"™ under the norm

kT 1
lullze ., = (o ()P,

As in [13], where the homoclinic solution of (HS) is obtained as a limit of a certain sequence

of functions {ux} C Ej, we consider a sequence of systems of functional differential equations

' (1) = V(&)u(t) + AP (1) u(t) + g(t, u(t)) = hi(D), (HSy)

where for each k € N, hi : R — R is a 2kT—periodic extension of the restriction of h to the
interval [—kT, kT]. Denote by uy the 2kT—periodic solution of (HSk) obtained via Mountain

Pass Lemma.

Throughout the whole paper we impose the following assumption:

(Gp) there exists a continuously differentiable function G(¢,u) € C(RxR™, R) being T'—periodic
with respect to ¢, such that V,G = g.

Let
1
kT ’ 2
x(u) = (550 (OF + VR @lde) (2.1)
It is easy to see that there exist My, My > 0 such that
Mylul|, < @F(u) < Ma|lulF, . (2.2)

Indeed, let V = max teporV (), V = mingepo ry V(¢), My := min{1,V} and M; := max {1, V).

Then we have

kT ,
#(w <y [ ) + o' 0Pla = Mol
and
kT
2 (u) = / [ OF + VOt > min{1,V} / (O + Ju()2)dt = My[ull3,.
Define I, : E;, — R as follows
Lp(u) = 102 (u) + A (P2 [/ (0))2u2(®)dt — [*7 G (L ut)) + (he(t), u(t)) dt.  (2.3)

Then I}, € CY(Ey, R). From (Gy), it is easy to check that

"

(T (w),0) = J¥p (= () + V(E)u(t) = M2 (0) u(t) - g(t u(t) — het),0(0) ) dt (2.4

and the corresponding Euler equation of functional I is Eq.(HSk). Moreover, it is clear that

the critical points of I} are classical 2kT —periodic solutions of (HSk).
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In the end of this section, we shall state an important result which will be used in the proof
of our main results.
Proposition 2.1 ([25, pg 36]). There is a positive constant -y such that for each £ € N and
u € Ey, the following inequality holds:

lelleee, pry < YllullE - (2.5)

[kT,kT)
3 Existence result (I)

In this section we prove that equation (1.1) has a nonconstant homoclinic solution without
the Ambrosetti-Rabinowitz growth condition, and a cut-off functional is utilized to obtain the
bounded Palais-Smale sequences.

We assume the following conditions:
(Vi) V(t) = a > 0, where « is a constant;
(Vo) g(t,u) = g(u) and |g(u)| < C(Ju| + [u[P~!) for some p € (2,00), where C is a positive
constant;

(V3)  lim |22 =0,

u—0

im |9 —
(Va)  Jim |22 = oo,

Clearly, under assumption (V2), (Gg) becomes:
(Go) there exists a continuously differentiable function G € C(R,R) such that G/(u) = g.

Theorem 3.1. Suppose that conditions (V1) — (Vi) and (Go) are satisfied. Then equation
(1.1) with A sufficiently small possesses a nontrivial homoclinic solution which is the limit as

k — oo of a sequence of solutions of (HSy) under the periodic boundary condition
u (kT) = uD(—kT) = 0, for all 1 =0, 1.
To overcome the difficulty of finding bounded Palais-Smale sequences for the associated
functional Ij, following [16-18], we use a cut-off function ¢ € C*°(R4, R) satisfying
P(t) =1, te]0,1],
0<y(t) <1, te(l,2),
P(t) =0, te2,00),

1l < 2,
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and study the following modified functional I;”* : Ej — R defined by

I = 4L 0P + Vol () P P
-Jt k;fT (hi(t), u(t)) dt — p [*T G (u(t))dt (3.1)

= Ag(u) — uBg(u),

where w > 0 is a constant,

= LR () + V(P ()]de + M < Ek) JEE W @) @)dt — [F1 (hi(t), u(t)) dt
and
Bi(u) = [FL G(u(t))dt.

It follows that

17

(I (), v) =ﬁ§<ﬂﬂw+vw<>,w(w')w%»uw—mﬁwwmwmww)w

+ 2y <”£Ek> AT () 2u2 () dt) [55 [ (8 () + u(t)o(t)]dt,
(3.2)
For any p € J, we set

P = {yeC(0,1,E): 4(0)=0, IT*(x(1)) <0}

and

k . w
CEL) = mfk max yeo,111}, H(y(t)).
WEFL )

With this penalization ¢, for @ > 0 sufficiently large and for A sufficiently small, we are able to
find a critical point u of I;”* such that ||ul|g, < w and thus u is also a critical point of Ij.

Lemma 3.2. FE,,k) # (0 for all p € J = [¢,1], where £ € (0,1) is a positive constant.

Proof. We choose ¢ € Ej with ¢(u) > 0, ||¢||g, = 1 and supp(¢) C B(0,R) for some
0 < R < kT. By (V4), we have that for any C; > 0 with C1¢ ffR P2 (t)dt > %, there exists
C5 > 0 such that

G(0) > C1]0)> — Cy, O €R. (3.3)

Then for 62 > 2w? we have from (2.5) and (3.3) that
I7H09) =% [Sle O + Ve)s*(D)dt — p [*i GO(t))dt
wxw () 506 (0P o
<%W—5ﬁTewmmﬁ

< Mp8® _ g20ne (ML g2(t)dt + Cs.
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Then we can choose 0 large such that I;”"(0¢) < 0. The proof is completed. [
Lemma 3.3. For any given £ € (0, 1), there exists a constant ¢ > 0 such that c,& ) >c¢ >0 for
all p e J.

Proof. For any u € Ej and p € J, using (V2) and (V3), for any € € (0, %), we have

I;f’u(u) > M1||;L||2 W ( “Ek> fffT u/(t)|2u2(t)dt fkgT(e (t) +C’€|u(t)]p)dt

Mi|Jull3 kT
> — 7k — [N Celu(t)|Pdt

M|l (3:5)
1|jw kT
> — ok —Cllull S5 lu(t)[2dt

kT kT

M [|ul|?
2 4 = _CQP 2HUHEk7

where C, is a positive number. Since p > 2, we conclude that there exists p > 0 such that

I7"(u) > 0 for any p € J and u € Ej, with 0 < ||u||g, < p. In particular, for ||u||g, = p we
have I;7"(u) > ¢ > 0. Fix p € J and n € F(k) By the definition of Fgc), In(1)|| > p. By the
continuity, we deduce that there exists t,, € (0,1) such that ||n(t,)

| = p. Therefore, for any
uweJd,

P> inf IPM(n(t,) > ¢ > 0.
nEF(k)

The proof is completed. [
Lemma 3.4. For any i € J and 16\y?w? < M, each bounded Palais-Smale sequence of the

functional I;f’“ admits a convergent subsequence.

Proof. Let p € J and {u,} be a bounded PS sequence of I;”*, namely {u,} and {I;”"(un)}
are bounded, (I} “MY (uy) — 0 in H , where H is the dual space of H = Ej,. Subject to a

subsequence, we can assume that there exists © € Ej such that

Up = u in By
u, > u in  LP(R),

U, > u a.e in R.
From (V3) and (V3), for €* € (0, %), there exists C'ex > 0 such that
lg(u®)] < €' ut)] + Ce-fu() P, u € By, (3.6)
hence,
| [ 9 () (wn(t) = u(t)) ]

< M g (un ()] lun(t) — u(t)|dt (3.7)

< € flunll [un =l , + CerllunlP lun — ull,,
[—kT,kT) [—ET,ET) [ kT,kT] 7kT kT
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It follows that
f e 9(n () (un (t) — u(t))dt — 0. (3.8)

Similarly, we have

MLV () (8) (un(t) — u(t))dt — 0 as 1 — oo, (3.9)

fffT[(u;L)Q(t)u(t)(un(t) —u(t)) + (un(t))2u/ (t)(u;l(t) —u (t))]dt -0 as n— oo (3.10)
and

/7

S VO () (6) — u(t)) + (02 (O (1) — o ()]t >0 a5 m 00, (3.11)
We have from (2.2) and (3.8)-(3.11) that

0 (") (wa) uat) = ()

= [ <—u”<t>+v<t>u (1) = X ) (1)) ) — pg (1)), (1) —u<t>) dt
2y (” ”"Ek) L i (0) P (1)) oty () (1) — w(8)) + () (1) — ()t

= 2 ((un(t) — u(t)) + 220 “:;”Ek) L) 2(0) (i (8) = u(£))? + (n ()2 (1) — o (1))t
2y (” "”Ek)f e e (0P () Ly (8) — ' (8 + (1) — (D2 + o(1)

> 2\ ("“"Ek) JEL L 2(0) () — (0))? + (a(0))2 (1) — o (1))t

+00 = 2210 (P ) il =l + o(0),

(3.12)
and then
[l n”
(01— 210 (088 ) s, ) =l 0. (3.13)
Since |1’ <”ZL > I nHE < 8w? and 16Aw?y? < Mj, we obtain that ||u, — uH%k — 0 as
n — oo.

The proof is completed. [

Lemma 3.5. Let 16\y?w? < M;. For almost every u € J, there exists u* € Ej\{0} such
that (I7") (ut) = 0 and I (ut) = cgf).

Proof. By Lemma 1.3, for almost every u € J, there exists a bounded sequence {uh} C Ej
such that

ITH ) = ey (I7H) (uh) — 0.

From Lemma 3.4, we can suppose that there exists u# € Ej, such that ul, — u* in Ej,. Then the

assertion follows from Lemma 3.3. [
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According to Lemma 3.5, there exists sequences {u,} C J with g, — 17 and {u,} C Ej as

n — oo such that
W, n k W, n\/
LM () = e, (L) (un) — 0.

The Pohozaev identity is important for many problems and in this section we also use this

identity to obtain ||uy| g, < w@.

Lemma 3.6. Let 16\y?w? < M. If u € E}, is a weak solution of (HSy), then the following
Pohozaev type identity holds

LTl ()] + 22 ( ) ( ()2 u())? + 206G (u(t)) — (V(£) + 1V (1)) [u(®)?

(3.14)
2/ (” ) 5T ! ()12 () 2de) (o (1)[2 — [u(®)|2)]dt = 0.

Proof. The proof is standard, thus we only sketch the proof here briefly. From the fact that
(w2()) u(t) = 2((u' (t)2u(t) + u” (t)u?(t)), the problem (HSy) can be rewritten as

!/

(' (0)u(t) +u" (OuP (1)) = pg(u(t)) — hi(t)

—u” (1) + V(tyu(t) — 22 (L2

(3.15)
U k / 7"
+ 20 (L) (55 1 () PP @)t [ (2) + ()] = 0.
Integrating by parts in [—kT, kT|, we obtain that
"( B)de =t o' () 2dt
Jor @) (1) : - =3 [y 16/ ®) (3.16)
_ —1 f ’2dt

here we used the periodic boundary condition which yields that

Fer VOut) e (0)dt = 5tV (ud @)y — 5[5 VOlu()Pdt — § [50V (0))u(t)Pdt

= L V@) Pdt — L [TV () [u(t) | 2dt
(3.17)
and
JEL glu(®) (b (1)) dt = tG(u(t)|FE, — [FL Glu(t))dt = — [FL. G u(t))dt. (3.18)
We have from (3.16) that
e [ )+ )] (' (#)dt = & [5G [0 (0 = Ju)?] at, (3.19)
and
JEr @) u(@) (b (0)dt =2 [5 (0 (1))?ult) + " () () (t (£))dt
= t(u' () 2u?(1) *z%;T = [her( (£)u(t) |t (3.20)
= — [T (@ (£)2[u(t)Pdt.
10
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Multiplying (3.15) by tu (t) and integrating in [—kT, KT}, by (3.16)-(3.20) we get (3.14). O

As we will now assume (V1) then (3.14) reduces to

%(fZTH/ (2 + 200 (” 'Ek) (o ()2 u®)]? + 2uCu(t)) — ofu(t)?

2 <||u||Ek) (SR ()2 u(t) | 2dt) (o (£)[% —

u(t)|?)]dt = 0.

(k)

Lemma 3.7. Let u, be a critical point of I;”"" at level ¢, . Then for w > 0 sufficiently
large, there exists \g = Ao(w) with 16\gy?@? < M;j such that for any A € [0, \g), there is a

subsequence {uy,} subject to ||uy|/ g, < o for all n € N.

Proof. We can obtain from (2.5), (V1), (3.1) and (3.14) that
5 [ [ (6) Pt
lu nII /
<44 [| o+ o (2 ) ()P a0

< + (250 ("“"“Ek) T ) P2 ) [ @ — )| dt

< ) 4 Gmtpad ( ') S,

We estimate the right hand side of (3.21). By the min —max definition of the mountain pass

(3.21)

level, Lemma 3.2 and (3.3), we have

c,(ji) < max oI;” """ (0¢)

< max g {Mze — i [FT G(06(1))d } + max pAg( £ )0 522)
< max o {232 — 5¢, 02 f B 62()dt + Cy b+ max g (£7)0"
= C3 + R(w).
If 6% > 202, then () = 0. Thus, we have that
R(w) < 43wt
By the definition of v, we have also that
uun |2 ,
o (1) [T 0t < 43
and
[ n|| 6
=1l lunll%, < 16w
Then we have
LR s ()[2dt < Cs + 2032w (3.23)

11
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On the other hand, by (3.2) and (3.6), we have that

Miflunll2, < [FT [l ()12 + aud (1) + 40 ( - ””Ek) ol (8)] s (1) 2t

"Um” kT / /

— PLylotunto)unte) - 2507 (M2 ) T )Pl (6) P o (£) [ 6) Pl

” \un\l
el 4 Colult, o+ 2 (T g,

,k KT [—kT,kT]
< €* ||unHE +C4||un||p + 32\y3w?.
[ KT, kT)
(3.24)

We have from (3.23) and (3.24) that

(M1 = )l[unllh, < Callug[?, — +32272w*
[0 2kT) (325)
< C5(Cs + 20)\72w4)5 + 3202w

Choose @ > 0 with @? > Cg(C3 + %Ml)% + C7M; and 16M\y?w? < M, where Cg = % and
C? - ﬁ

From (3.25) since 16A\y?w? < M; we have

r
2

Up, 6(C3 YW > =t < CelCz + 7y 7M.
[unll%, < Co(Cs + 20M\y?w?)2 16" < Cg(Cs + M) 2 + Cr M

Thus, by setting \g < M;/16v%w?, we obtain the conclusion. [

sHn

Consequently, let w be defined as in Lemma 3.7, and wuy,, be a critical point for 1,7 at

(k)

level cy,,. Then from Lemma 3.7 we may assume that
luk, |, < -
Hence

I (ug,) = 303 (ur, ) + [Fpp [Ny, (0P g, (01 = 1nG g, (8)) + (hi(t), up, (1))t (3.26)

Since pn, — 1, we can show that {u,} is a PS sequence of Ij. Indeed, the boundedness of {uy, }
implies that {Ij(ug, )} is bounded. Also

(Illc(ukn)’ U) ((I]?”un)/(ukn)vv) + ( f f kTg Ukn Udt v € Ej. (3.27)

Thus I, (up,) — 0, and then uy, is a bounded PS sequence of I. By Lemma 3.4 {uy, } has a

convergent subsequence. We may assume that uj, — ug. Consequently I, ,; (ug) = 0. According

to Lemma 3.3, it follows that Ij(ug) = lim Ip(ug,) = lim 17" (ug,) > ¢ > 0 and uy is a
n—oo n—oo

solution of (HSy).

Lemma 3.8. Let {ug}ren be the sequence given by Lemma 3.7. Then there exists a solution

u of (HS) such that u;, — u in C}_(R,R") as k — +oo.
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Proof. Let us start with showing boundedness of the sequences {c}ren. Obviously there

exists a u; € Ey with w;(£7) = 0 such that

c1 < I(ur) = giélrfl max 4¢o,1)11(9(%))- (3.28)

For every k € N, let

ui(t) for |t|<T
ug(t) = (3.29)
0 for T < |t| <ET
and g, : [0,1] — E} be a curve given by
gk (s) = sty
Therefore, from (3.28) and (3.29),
cr < max 4e(o,1)/k(9k () = max 4e(0.1111(91(¢)) = Mo (3.30)

independently of k € N.
By (2.6) and Lemma 3.7, we have the existence of a constant Dy (independent of k) with

HukHLffT,T] < yw:= Dy for every k€ N. (3.31)

Now we will obtain some estimates for u, (t).
By (HSk), we have that for ¢t € [—kT, kT,

(uy, () = V (£)up(t) + A (1) () — glur(t)), uy (1))

, ) , (3.32)
= (1422 (1)) (1) = V()ur(t) + 2M(uy, (1)) *up(t) — glun(t)), wy (8)) = 0.
This implies that there is a constant Cy > 0 being independent of k such that
(1+2xD3) [*F wr g, ()Pt
< V(i lun(0)2d)? ([ 5 (g ()20 + 5 [2 (i (6)Pur()dt
L laCu () Pdt)2 Pdt) 2] (2 g (1) Pde)2
(3.33)

< Voo + ([0, 1g(ur(t)2dt) 2 ) (5L (i () 2dt) 2
+Co (M F iy (0)18de)z (J*0 g, (1) dt) 7
< Vo + (J*7, 19 (un(t)2dt) 2] (5T (up

Therefore, (3.31), (3.33) and assumption (V3) imply that there are d; > 0 and D; > 0 being
independent of k£ such that
lugllpz . <di (3.34)

[0,2k7]
and
4 kT " / _
”“k”Lﬁizm < AT lug (B)2dt + f or [uR () 2dt) < y(dy + w)? = D. (3.35)
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Indeed, from the definition of |luk||g,, (2.5) and (V3), we have ffZT lg(ur(t))|?dt < +oo.
By (3.31) and the Arzela-Ascoli theorem, we obtain that a subsequence of {ux}ren (again

we call it {uy}ren) which converges in C} (R, R") to a solution u of (HS) satisfying

loc
L2 ()2 + V() [u(t)2ldt < oc. (3.36)
Indeed,

Sl @) + V(@) ()Pt
= limysoo [S5plup (O + V(Dlui () Pldt
The proof is finished. [
Lemma 3.9. The function u determined by Lemma 3.8 is the desired homoclinic solution of
(HS).
Proof. The proof will be divided into three steps.
Step 1: We prove that u(t) — 0, as t — +oo.

From ||uk||2Ek < D, we have
S () + [ () P)dt < Timyo [fug][, < oo
This implies
limj oo s ()] + ' (t)|2]dt = 0. (3.37)

Now (3.37) show that

lim macx g fu(t)] < 2 Jim ([l () + [ (0)P)dt) 2 =

_]*)
Hence our claim holds.

Step 2: We next show that u'(£) — 0, as t — o0.
If
JIT W @)2dt — 0, as j— +oo, (3.38)

then u'(t) — 0, as t — +oo.
We obtain from (HS) that

S @R = [ = V() + Mu(#) u(t) + glu(t) Pdt.

1"

Since g(0) = 0 and u(t) — 0, as t — +o00, (3.38) follows. Here use the fact that (u?(¢)) u(t) =
2((u'(1)*u(t) + " (t)u(2)).

14

7 Mar 2024 07:38:52 PST
220822-Liang Version 4 - Submitted to Rocky Mountain J. Math.



Step 3: We show that u #Z 0 when h(t) = 0. Let Y : [0,+00) — [0, +00) be defined as follows :
Y (0) =0 and

Y(s) = max te[O,T},0<\u\§5% for s> 0.

Then Y is continuous and nondecreasing, Y'(s) > 0 for s > 0 and Y (s) — +00 as s — +o0. It

is easy to verify this fact applying (V). By the definition of ¥ we obtain

2 (Il gy Mk, = [k CaCun (1)), un(8) (3.39)

for every k € N. Since I, (ug)uy, = 0, (2.4) gives

S (g Cun (), ur()dt = [Fr g, (O + V() ug (8] + 4l (8) [ ug (£)[2]dt. (3.40)
By (2.3), (3.39) and (3.40), we have

Y ([lukl e

e el = MilluelZ,,

and hence
Y ([Jukllre,, ) = M. (3.41)

[0,2kT)7 —

Consequently the properties of Y imply there is a x > 0(being independent of k), such that

]| Lee (3.42)

> K
[0,2kT] —

To complete the proof, observe that by the T'—periodicity of G, whenever u(t) is a 2kT —periodic
solution of (HS), so is u(t + jT') for all j € Z. Hence by replacing uy(t) earlier if necessary by
ug(t+ 77T for some j € [—k, k]NZ we can assume that the maximum of uy(¢) occurs in [T, T.

If w = 0 then using the subsequence from Lemma 3.7 we have

lukllLge, p oy = WX tef—] Uk (t)] = 0,

which contradicts (3.51). O
Proof of Theorem 3.1: The result follows from Lemma 3.9. O

4 Existence result (II)

In the present section we assume that g and h in (HS) satisfy the following conditions:
(Hy) g is odd with respect to u, i.e., for any u € R", g(t, —u) = —g(t,u);

(H3) there is a constant 6 > 4 such that for every ¢t € R and u € R™\{0}

0 < 0G(t,u) < (g(t,u),u),
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(H3) h : R — R" is a continuous and bounded function and (fR]h(t)|2dt)% < 323, where
0 <o < M;—2G* with G* := sup{G(t,u) : t € [0,T],|u| = 1} and M; being the number defined

in (2.5).
Theorem 4.1. If conditions (Gp) and (Hz) — (Hs) are true, then system (HS) possesses a
nontrivial homoclinic solution u € W1H2(R,R") such that u()(t) = 0(i = 0,1) as t — =+oo.

If h(t) = 0 and g(t,-) is an odd function for any ¢t € R, we will show that the system (HS)

has infinitely many subharmonic solutions.

Theorem 4.2. If h(t) = 0 and the conditions (Gg) and (H;) — (H3) are satisfied then the
system (HS) possesses infinitely many subharmonic solutions.

To make the paper self contained we include the proofs. In order to prove Theorem 4.1 and
Theorem 4.2, we have to introduce some necessary preliminaries which were partly motivated
by the ideas in [14].

Proposition 4.3. For every t € [0, T] the following inequalities hold:

G(t,u) < G(t, “)ul®, if 0<|ul <1 (4.1)

" Jul

and
G(t,u) > G(t, i)|u|9, it |ul > 1. (4.2)

Ju
Proof. Let O :(0,00) — (0,00) be defined as follows:
O(\) = G(t, \"tu, )N,
By (H2), we have

0'(\) =X"10GH N u) — (g(t, A Mu), A1) < 0.

This shows that the function G(t, \"*u)\’ is nonincreasing. Hence (4.1) and (4.2) follow. [
Proposition 4.4. Let ¢ := inf{G(t,u) : t € [0,T], |u|> = 1}, 7 € R\{0} and u € Ej\{0}.

Then
kT

MGt Tu)dt > o7 [ u(t)|Pdt — 20k T (4.3)
Proof. Fix 7 € R\{0} and u € E;\{0}. Set
O ={t € [-kT,kT] : |Tu| < 1}

and

Qp = {t € [-kT,kT) : |Tu| > 1}.
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By (4.2), we get

kT

Gt ru)dt > fq Gt,Tu)dt > fo G(t |Tul’dt

7 |Tu\)
> Lfﬁ |Tul’dt
> Lf o |Tul?dt — Lf |7ul|?dt
> u7|? f—kT |ul?dt — 20kT.
This complete the proof. [
Let hy : R — R™ be a 2kT —periodic extension of h|_j7 7] on R. From (H3) it follows that

1l 2 < . (4.4)

_kT,kT) 2y

Lemma 4.5. If g, G and h satisfy (Gp) and (Hz) — (Hs), then for every k € N the system
(HSy) possesses a 2kT —periodic solution.

Proof. It is clear that I;(0) = 0. We show that I}, satisfies the PS condition. Assume that
{ukn }nen in Ej is a sequence such that {Ix(ug,)}nen is bounded and I,;(ukn) —0asn — +oo.

Then there exists a constant do > 0 such that
]Ik(ulm)| < do, I,;(u;m)u;m —0 as n — +oo. (4.5)

We first prove that {ugy, }nen is bounded.
From (Gyp) and (4.5), we have

do + 0(1) > 102 (up (1)) + A [5L Ju, (8) 2w, (0t — [FL (hio(t), wpn (£))dt — [FL Gt wgn (£))dt

(4.6)
and / )
o(l[urnllz) = Ty(ukn) e = O3 (urn (1)) + 4N [0 [, (8) 23, ()dt o
(a0, g (D)t — [E L (9(, ugn(£)), g (£))d.
From (Hz), (2.6), (4.6) and (4.7), we get
dof + o(1) + o([|ugnllm,) > L5202 (ugn (L)) + N0 — 4) [5L Juy, (6)2u2, ()dt
+ 5T (9t n (£)), wkn (£)) — OG(E, wpn (£))]dt
(4.8)

(1= 0) T (i (t), ugn (2))dt
> M0y, 1%, — (0 - 1)

Il o, tinll e

Now (4.8) shows that {ugy tnen is bounded in Ej. Hence we can extract a subsequence (again
we call it {ugy, Jnen) such that {uk, }nen converges to uy in Ey(weakly). This implies ugy, — ug
uniformly on [—kT, kT]. Hence

(T (k) = Ty (k) (g — ) = 0 and gy — gl 0.
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A similar argument as in (3.7)-(3.11) guarantees that ||ug, — uk| g, — 0.

We now show that there exist constants p, @ > 0 independent of k such that every I, satisfies
the assumption (G7) of Lemma 1.1 with these constants. Assume that ||u|| L er S 1
From (3.1) we have

MGt u))dt < MG, ) dt < G* [ u)|Pdt < G [Tl lu(t)Pdt < Glull%, .

—kT [u(®)]
(4.9)
By (2.1), (2.4), (4.4) and (4.9), we obtain
L) > S0l — Gl — hellzs, e,
> gMilulg, — GHllully, — % llulle, (4.10)

1
2
> 5(My — 0 = 2G")||ull, + §llullE, — 2 llul s,
Note that (Hz) implies (M; — o —2G*) > 0. Set

_ 1 _ M170'72G*2
p_ v a = 27 .

From (2.4), if ||u||g, = p (note (2.6) and the definition of p yields ||u||r~ < 1), then (4.10) gives

Ii(z) > a.

It remains to prove that for every k € N there exists e, € Ej such that ||ex| s, > p and
Ii(er) < 0. By (2.1), (2.3), (4.3) and (4.4), we have that for every ¢ € R\{0} and u € F;\{0},

1
Tn(sw) < gMalsPllull, + 55 ullrz 4 Ml flullg,

(4.11)
F2kT — ofs]? 27 Ju(t)|?dt <0
provided ¢ > 0 is large enough since § > 4. Take @ € Ej such that a(+7) = 0. Now (4.11)
implies that there exists ( € R\{0} such that ||(a|z, > p and I;(¢a) < 0.
Set
e1(t) = Cau(t) (4.12)

and

er(t) =

et), for [t <T,
{ (4.13)

0, for T < |t| <kT,
for k > 0. Then e, € Ek, |lex||r, = |leillr, > p and Ii(ex) = I1(e1) < O for every k € N. Thus
the conditions (G1) and (G2) of Lemma 1.1 are satisfied. It follows that I} possesses a critical

value ¢, given by
cr, = inf max ge0117k(n(s)), (4.14)

nel
where
Iy ={neC([0,1], Ex)|n(0) =0 and n(1) = ex}.
18
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Hence, for every k € N, there is a uy € Ej, such that
Ik(uk) = Ck, I,;(uk) = 0. (4.15)

The function uy is a desired classical 2kT—periodic solution of (HSg). Since ¢ > 0, uy is a
nontrivial solution even if hy(t) =0. O

Using an argument as in Lemma 3.8 and Lemma 3.9, we have the next Lemmas.

Lemma 4.6. Let {uy}ren be the sequence given by (4.15). Then there exists a solution u of
(HS) and a subsequence of {uy}ren (again we call it {ug }ren) such that uy — v in C} (R, R")

as k — +o0.

Lemma 4.7.  The function v determined by Lemma 4.6 is the desired homoclinic solution of
(HS).
Proof of theorem 4.1. The result follows from Lemma 4.7.
Proof of theorem 4.2. The condition (H;) implies that I}, is even. We know I}, € C*(E, R),
I1(0) = 0 and I satisfies the PS condition. In order to prove Theorem 4.2 by using the Symmetric
Mountain Pass Lemma, we shall show that both (G3) and (G4) are true. From the proof of
Theorem 4.1, (G1) is true, so is (G3).

Consider the condition (Gy4). Let E}, C Ej, be a finite dimensional subspace. By (Hz), there

exist some constants oy > 0, as > 0 such that
G(t,ut) > a|u®)]’ — as, u € Ep. (4.17)
Then choosing ug € Ej, with ug # 0 arbitrarily, we have by (2.2) and (3.51) that

Ii(suo) = S ®k(uo) +s* [0y [ug () 2uo(t)2dt — [ G(t, puo(t))dt

Mo |l g [| 5, + 6% 5L [ (8) |2 uo(8)[2dE — ans? [ [uo(t)|Pdt + 2kasT < 0,
(4.18)

provided ¢ > 0 is large enough and 6 > 4. By Lemma 1.2, I} possesses an unbounded sequence

IN

of critical values. This means that, for any positive integer k, system (HSk) possesses infinitely
many solutions. Note that when A(t) = 0, system (HSy) becomes (HS). Consequently, system
(HS) possesses infinitely many 2T —periodic (i.e. subharmonics) solutions. The proof is com-

plete.
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