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1. INTRODUCTION

The integro-differential equation is one of the most valuable tool that have been used in
solving real world problems .In recent times, integro-differential equations have gained a lots
of significance because of their several applications in different fields. The fixed point theo-
rem (FPT) and measure of noncompactness (MNC) are very important in solving Integro-
differential Equation. Kuratowski [12] first defined the idea of MNC in 1930. In 1955, the
Schauder’s fixed point theorem was modified by G. Darbo [13] with the help of Kuratowski’s
MNC. There are many new research projects related to the applications of FPT on inte-
gral equatins, differential equations and integro-differential equations has been established by
several mathematicians ( see [11, 14, 15, 16, 17, 18, 19, 21, 23, 24, 25, 27, 28, 29, 30] ).

Fractional calculus deals with the investigation and applications of derivatives and integrals
of arbitrary order. It is a very important topic having interconnections with different types of
problems of function theory, integral and differential equations, and other branches of analysis.
It has been continually developed , stimulated by ideas and results in several fields of math-
ematical analysis. Fractioanl integro-differential equations are widely used to describe many
important phenomena in various fields such as physics, biophysics, chemistry, biology, control
theory, economy and so on; see [2, 3, 4, 6, 7, 8, 9, 10, 32, 33, 34]. Das et al. [35] and Arab
et al. [36] used a measure of noncompactness for the infinite systems of integral equations.
Banas and Lecko [37], Rzepka and Sadarangani [38] discussed the solvability of infinite systems
of integral equations with the help of measure of noncompactness. Aghajani and Haghighi [39]
using the techniques of measures of noncompactness and Darbo fixed point theorem, proved
the existence results for solutions of systems of nonlinear equations in Banach spaces, and dis-
cussed the existence of solutions for a general system of nonlinear functional integral equations.
Surang Sitho, Sotiris K Ntouyas and Jessada Triboon [40] proved the existence results for initial
value problems for hybrid fractional integro-differential equations. Ahmed Bragdi, Assia Friour
and Assia Guezane Lakoud [41] discussed the existence of solutions for boundary value problem
of nonlinear sequential fractional integro-differential equations with the help of Krasnoselskii
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The main goal of this work is to obtain the existence of a solution of the integro-differential
equation (1.1) containing Riemann-Liouville (RL) fractional derivative and integral by using
an extended version of Darbo’s FPT

Un) —Z¢ K(n,U(n))

° GO Um) =Q(n,U(n) , n €T =10, L] a1

U) =0,
where D¢ is the RL fractional derivative of order £ , 0 < & < 1; Z¢ is the RL fractional integral
of order ( , ¢ > 0 ; G is a function from 7" x R to R\{0} and Q, K are functions from 7" x R to

R. Also from the Lemma 5.4 ;| the above integro-differential equation (1.1) is equivalent to the
following fractional integral equation (FIFE)

G(n,U(n)) /77 e—1 1 /77 -
Z/{ = T 1A - _— —
0 =" J, "7 QUG5 ) (=8 R(3.UG) ) 3
(1.2)
Finally at the end , we discuss about the solvability of the following IDFE
1 u(n) ~I7 1/17(;7) L{(n)

o t = T=10,L

Un) +1 24y 1 E 0,2 (13)
19+n
U0) =0,

2. PRELIMINARIES

Assume , (G, || . ||) be a real Banach space and B(6,eq) = {t € G:||t — 0 ||< eo} .
Let ,

e X is the collection of all non-empty bounded subsets of G and Yy is the collection of
all non-empty relatively compact subsets of G |

e 3 and Conv®}3 denote the closure and the convex closure of 8 respectively, where B C G.

o R = (—00,00),
and

e RT =10,00).

Now , We consider the following fundamental theorems and definitions which are useful for
the generalization of Darbo’s Fixed point theorem :

Definition 2.1. [5] A map W : Xg — R* is known as a MNC in G. If it holds the axioms
given below,

g_qsl — W(sp) < W (P1).

(Conv) =W ().
(AB+(1-A)P) <AW(P)+(1-A)W
(Vll Zf l GXG7q3l mhml-‘rl le fOTl— 172737

((,B1> fOT A S [O, 1] .
4, ... and im W (B;) = 0 then (2, B #

l—00

The family kerW is known as the kernel of measure W. Since W (Bs) < W (B,) for any [,
17 $854033 #2451 ag¥ppr = 0- Then Foe = (12, Py € ker V.
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Theorem 2.2. ( [Shauder|[1] ) Let V' be a nonempty , bounded , closed and convex subset

(NBCCS) of a Banach space G. Then H :' V — V has at least one fized point provided that H
1§ a compact, continuous mapping.

Theorem 2.3. (/Darbo/[13]) Let V be a NBCCS of a Banach Space G and let H : V. — V.
Assume that we have a constant M € [0,1) such that

W(HZ)< M W(Z), ZCV.
Then H has a fixed point in V' provided that H is a continuous mapping.
Definition 2.4. Let A : R® — R™ be a function whih satisfy :

/ I

A(Sy, Sgy eeveen. .s) < maz{sy, sy, ........ Sp}-

This class of functions is denoted by A.
For example ,

Definition 2.5. Let §,«,v : Rt — RT be functions which satisfy:
(1) The family of § is denoted by § where § is nondecreasing and continuous satisfying
F0)=0<F(s); s eRT.

(2) The family of all v is denoted by & where a is continuous , a(0) = 0 and is bounded by
s (a(s) <s); s e R

(3) The family of all 1 is denoted by ¢ where 1 is a nondecreasing continuous mapping .

Definition 2.6. [20] Let g : RT — R™ be a nondecreasing and upper semicontinuous operator
. Then , the following conditions are equivalent

(1) lim, s g"(s') = 0 for every s’ > 0.
(2) g(s') < s for every s > 0.
Definition 2.7. [42] Let A be the family of all operators X : Rt — (1,00) such that:

(A1) A is increasing and continuous ;
(Ag) lim ts =0 4ff lim A(¢s) =1 V{t;} C (0,00).
S—00 5—00

Definition 2.8. ® denotes the family of all operators ¢ : [1,00) — [1,00) so that:

(¢1) ¢ is non-decreasing and continuous ;
(¢2) lim ¢™(s') =1 for all s € [1,00),
n—oo

Definition 2.9. 7 denotes the family of all nondecreasing operators v : RT™ — Rt such that

limy o0 (s/) =0 for every s > 0.

For example , v(s') =X, X e (0,1), s € R*.

3. NEw GENERALIZED DARBO’S FIXED POINT THEOREMS

In the article [31], Deb et al. discussed about the following types of new fixed point theorems
17 SEJ 583410 sz sps of noncompactness -
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Theorem 3.1. [31] Let H : V — V be a continuous mapping where V is a nonempty, bounded,
closed and convex subset of G such that
EWW(H™Z))) < F[a(Mm1(2)), BMm1(2)), 8 M 1(2),4(Mm(Z)], (3.1)
where
Mp1(2) = max{W(2),W(HZ),--- ,W(H"'Z)},
for each 0+ Z CV, where W is an arbitrary MNC, (U,®) e T, §e Z, Ec A, ae A,
BeAand ¥ :RY — R, Then there is at least one fized point for H in V.

Motivated by the above mentioned work, we have established the following types of new
fixed point theorems.

Theorem 3.2. Suppose V' be a NBCCS of a Banach space G and H : V — V' be a continuous
mapping with
SIW(H?Z) + v (W(H?Z))] < a[§{(Op-12) + $(0p-12)}] (3.2)
where
Op1(Z2)=A (W(Z), W(HZ), ... , W(Hp_lZ))

for each Z C V, where W is an arbitrary MNC and § € F,a € & ,0 € ¢ and A € A. Then
H has at least one fized point in V.

Proof. Take Zy =V, Z,, = conv(HrZ,), for ¢ =0,1,2,....
Evidently, {Z,},en is a NBCCS such that
Z0221 2 QZqQ"'QZq+p-

If N € N be an integer such that W (Zy) = 0, then Zy is relatively compact and by Schauder
Theorem we can say that H has a fixed point.

So, we can take W(Z,) > 0 for all ¢ € NU {0}.

Since W is monotone, hence the sequence W(Z,) is nonnegative and nonincreasing, and we
deduce that W(Z,) + ¢(W(Z,)) = a when n — oo , where a > 0 is a real number.

Now we cliam that a = 0. For this purpose from the equation (3.2) , we have

S[W(Zq—s-p) + w(W(Zq-&-p))] =SW(H?Z,) + @Z)(W(szq))]

WHP Z,) + 6V (H22,)
S{(Op—lzq) + 7vMOp—lzq)H
{(OprZq) + Qﬁ(Opleq)}
W(Z,) +0(W(Z,)) (33)

—_— o —

for g =0,1,2,..., where
Op-1(Zy) = AW (Zg), W(Zg11), -+ s W(Zg1p1)}
< e {W(Z,), W(Zysr), -+ W (Zysp )} < W(Z,). (3.49)
Now, considering the equation (3.3), we get
T §V(Z1,) + 0V (Zy))] < i §OV(Z,)) +0(W(Z,))}
= §(a) < 3(a) .

Which is a contradiction .

Thus a = 0. Hence , lim,cW(Z,) +9(W(Z,)) = 0 implies lim,—,ocW(Z,) = 0 . Therefore
we infer W (Z,) — 0 as ¢ — oo. Therefore, by Definition 2.1 (vii), Ze = (1,2, Z; is nonempty,
convex and closed . Also, the set Z,, under the operator H is invariant and Z,, € kerW. Thus

17 ,slg% Sgypaagrg shgereyp( Theorem 2.2), H has at least one fixed point in V. g
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Corollary 3.3. Suppose V be a NBCCS of G and H : V — V be a continuous mapping with
SW(H?Z) + (W (H?Z))] < a[§{(Op-12Z) + ¢(Op-12)}] (3.5)
where
O, 1(2) = max{W(2),W(HZ),......,W(H""'Z)}

for each Z C V and W be an arbitrary MNC and § € §, o € & and 1) € 1p. Then there
exists at least one fized point for H in V.

Proof. Putting A(ty,ts, ....... ,tp) = max{ty, ta, ....... .t,} in the equation (3.2) of the Theorem
(3.2) , we can get the above result . O

Corollary 3.4. Suppose V' be a NBCCS of G and H :' V — V be a continuous mapping with
SW(HPZ) + (W (HPZ))] < af§{(O0p-12) + ¢(Op-12)}] (3.6)
where
OWKZ):%UV@)+W%HZ%% ...... +W(EZ))

for each Z C V and W be an arbitrary MNC and § € §, o € & and 1) € 1p. Then there

exists at least one fixed point for H in V.

Proof. Putting A(ty, s, ....... ) = %{tl +ia+ . +t,} in the equation (3.2) of the Theorem
(3.2) , we can get the above result . d

Corollary 3.5. Suppose V' be a NBCCS of G and H :' V — V be a continuous mapping with
W(H?Z) < a(Op-17) (3.7)
where
Op1(Z2)=AW(Z),W(HZ),...... JW(HPZ))

for each Z C V and W be an arbitrary MNC ,a € & and A € A. Then there exists at least
one fized point for H in V.

Proof. Putting §(t) =t : ¢¥(t) = 0 in the equation (3.2) of the Theorem (3.2) , we can get the
above result . g

Corollary 3.6. Suppose V be a NBCCS of G and H :' V — V be a continuous mapping with
W(HZ)<MW(Z) , Melo,1) (3.8)

for each Z C'V and W be an arbitrary MINC . Then there exists at least one fixed point
for H in V.

Proof. Putting p =1 a(t) = Mt , M € [0,1) in the equation (3.7) of the Corollary (3.5) ,
we can get the above result which is known as Darbo’s F"PT. O

Theorem 3.7. Suppose V be a NBCCS of G and H : V — V' a continuous mapping such that
S(W(H?Z)) < 6(0p-1(Z)) — (Op-1(2)), (3.9)
where
Op—l(Z) = A(W(Z), W(HZ)7 ) W(HP_IZ>)7

for each O # Z C V, where W be an arbitrary MNC , A € A and functions 6, : Rt — R*,
such that § is increasing and continuous and p is decreasing and lower semicontinuous on RY.
17 égpo,zté@ fl(:)4%n:,(£i¢($D)T> 0 fort > 0.Then there exists at least one fized point for H in V.
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Proof. Take Zy =V, Z,, = conv(HPZ,), for ¢ =0,1,2,....
Evidently, {Z,},en is a NBCCS such that

Z02Z12"'22q2"'2Zq+p

If for an integer ¢y € N one has W (Z,,) = 0, then Z,, is relatively compact and by Schauder
Theorem we can say that H has a fixed point .

So, we can take W(Z,) > 0 for all ¢ € NU {0}.

Since W is monotone, hence the sequence W (Z,) is nonnegative and nonincreasing, and we
deduce that W(Z,) — a; when ¢ — oo , where a; > 0 is a real number.

Now we cliam that a; = 0. For this purpose from 3.9 we have

(W (Zg4p)) = 6(W(conv(H? Z,)))

(W(H"Z,))

(Op-1(Zg)) = 1(Op-1(Zn))

(W(Zg)) = (W(Zy))) (3.10)

o
)
o

IAINA

for g =0,1,2,..., where

Op*1<Zq> = A(W(Zq>> W(Zqﬂ)v T W<Zq+p71>}
< max{W(Zq), W(Zgs1), -+ s W(Zg4p1}
<W(Z,).

Then from (3.10), we get
lim 6(W(Zg+p)) < lim 6[W(Z,)] = lim p[(W(Z,)].

q—00 q—00 q—00
This yields 6(ay) < d0(a;) — pu(ay). Consequently p(a;) = 0 so a; = 0. Therefore we infer
W(Z,) — 0 as ¢ — oo. Therefore, by Definition 2.1 (vii), Zo = (1,2, Z, is nonempty, convex
and closed. Also, the set Z,, under the operator H is invariant and Z,, € kerW. Thus , the
proof is complete by using Theorem 2.2. O

Theorem 3.8. Suppose V' be a NBCCS of G and the mapping H : V — V be continuous so
that satisfies in the following condition

W(H?Z) < v(0p-1(2))
where
Op-1(Z) = AW(2),W(HZ),--- ,\W(H"'Z)),
for each ) # Z C V, where W is an arbitrary MNC , A € A and v € 5. Then there exists at
least one fixed point for H in V.

Proof. Just like the proof of the previous theorem, we consider the sequences {Z,} by induction,
where Zy =V, Z,4, = conv(H?PZ,), for ¢ = 0,1,.... Also, we can take W(Z,) > 0 for all
qg=0,1,.... In addition, according to our assumptions, for m =0,1,... ,p—1 and each r € N
one has

W (Zmirp) =W (Zm+(r—1)p+p) =W (com) (Hp (ZmJ“(T_l)p)))
= W(Hp (Zm+(r—1)p))
<Y (Op-1 (Zmsr—1p)) »

17 $88'%023 21:45:42 pDT
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Op—l (Zm—i-(r—l)p) =A (W (Zm—l—(r—l)p) 7W (Zm+(r—l)p+1) )t 7W (Zm+rp—1))
< mazx{W (Zm—l-(r—l)p) W (Zm+(r—1)p+1) oo s Wi Zimgrp-1)}
<W (Zer(rfl)p) .

Hence, by using the mathematical induction method, we obtain

W(Zpgrp) < AW (Zg(r—1)p))
< Vz(W(Zer(er)p))
< A (W(Zn))-

Now, from the fact that v" (W (Z,,)) — 0, as r — oo, we conclude that W (Z,,4,,) — 0 as
r — oo. On the other hand, for each ¢ € N, by the division algorithm, we can write n = km+p,
where p = 0,1,...,m — 1. This shows that W(Z,) — 0 as ¢ — oo. By Definition 2.1 (vii),
Lo = ﬂ;io Z, is a nonempty, convex and closed subset of Z. Also, the set Z, under the

operator H is invariant and Z,, € kerW. Thus , the proof is complete by using Theorem
2.2. O

Theorem 3.9. Suppose V' be a NBBCS of G and H : V — V a continuous mapping such that

oW (P Z))) < —20r1(2)) (3.11)

where
Op—l(Z) - A(W(Z)a W(HZ)7 U 7W(Hp_1Z>}a

for each O # Z C V, where W be an arbitrary MNC A € A, A € A and functions ¢,0 : Rt —
R*, such that ¢ is increasing and continuous and o is decreasing and lower semicontinuous on
R*. Also, 0(0) =0 and o(t) > 0 fort > 0. Then there exists at least one fived point for H in
V.

Proof. Just like the proof of Theorem 3.7, we define sequence {Z,} by induction. Moreover,
from (3.11) we have

AW (Zg1p))) = AMp(W (conv(HZ,))))
(W (HZ,)))

AMp(Op-1(Z,
< S 512
where
Op-1(Zy) = AW (Zy), W(HZy), -, W(H" Zy)),
for ¢ = 0,1,2,.... Since the sequence {W(Z,)} is nonnegative and nonincreasing, we deduce

17 @eag %%q)zﬁ @_Wél%q. — 00, where ay > 0 is a real number. On the other hand, considering
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Equation (3.12), we get

Alplaz)) = lim A(p(W(Zgsp)))
Mp(Op-1(Zy)))

= O 00y (Z)

3 Apla))

= @iy 0(0,1(Z))
3 Apla))

= @i 00,1 (Z))
3 A(pla))

Ap(o(limg00 Op-1(Z,))))’
where
Op—l(Zq) = A(W(Zq)a W<Zq+1)a T vW(Zqup—l))
< maa:{W(Zq), W(Zq-‘rl)a T W(ZQ-HD—l)}
<W(Z,) = ay (as ¢ — 00).
This yields A(p(az)) < %. Consequently A(p(o(az))) = 1 then ¢(o(az)) = 0 and

o(az) = 0 so ag = 0. Therefore we infer W(Z,) — 0 as ¢ — oco. Now, considering that
Zyi1 C Z,, therefore, by Definition 2.1 (vii), Z = ﬂf;io Z, is nonempty , convex and closed
. Also , the set Z,, under the operator H is invariant and Z,, € kerW. Thus , the proof is
complete by using Theorem 2.2 . O

4. MEASURE OF NONCOMPACTNESS ON C([0, L]) :

Assume that the space G = C(T) is the collection of all real valued continuous operators
on T'=10, L]. Then , G is a Banach space with the norm

| € ||l=sup{|E(s)|:s €T}, € €q.

Let Q(# () € G be bounded. For £ € C(T') with @ > 0, the modulus of the continuity of £ is
denote by 5(&,w) i.e.,

B(E, @) =sup{|E(s1) — E(s2)| : 81,82 € T, |s2 — 51| < w}.
In addition, we define
B(Q, @) =sup{B(€, @) : € € O} F(Q) = lim 5(2, ).

where , the function fy is known as a MNC in G and the Hausdorft MNC £ is define as
£(9) = L5(Q) (see [3]).

5. SOLVABILITY OF INTEGRO-DIFFERENTIAL EQUATION
In this portion , first we consider the following notations and definitions ( see [22, 26] ) :

Definition 5.1. The Riemann-Liouville (RL) fractional derivative of order & > 0 of continuous
fuction ) : RT — R is defined as

D¢ §(s) = ﬁ <d;'i)"/os<s gy dt,  n—l<é<n, (5.0)

where , n =[] + 1 ,[&] is the integral part of a real number & , whenever the right-hand side is
17 goeilgzt—zqd'ksf giﬁquﬁl g%* , where the gamma function T is defined as T'(§) = fooo e %55 1ds.
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9

Definition 5.2. The RL fractional integral of order ¢ > 0 of continuous fuction $) : Rt — R
15 defined by

I¢ $(s) = % /05(5 —1)7I9(t) dt (5.2)

whenever the right-hand side is point-wise defined on RT.

Lemma 5.3. [22] Let € > 0. Then forU € C[0, J] NL[0, J] we have
n Infé Uu (n—1) 0

79¢ uty) =utn) - Y0 T L0

=1

fe—ivn " (5:3)

wheren —1 < & < n.

Lemma 5.4. [40] Suppose that 0 < & < 1 and functions Q,G, K satisfy the equation (1.1) .
Then the unique solution of the fractional integro-differential equation (1.1) is given by

Utn) = % / -3 Q(3.U(3) ) 43
T ﬁ / =3 K(3.UB) ) d3, neT (5.4)

Proof. Applying the Riemann-Liouville fractional integral of order £ to both sides of (1.1) and
using Lemma 5.3 , we have

U(n) —IC/C(H,U(H))] 0T e [U(n) —I°K(n.U(n))
G(n,U(n)) I'(€) G(n,U(n)) n=0
=Z° Q(n, U(n)).
Since , U(0) = 0,/K(0,0) = 0 and G(0,0) # 0 , it follows that

uin) = 25 [T -3 03U a3
g | =T R(UG)) 43 neT 5.5)
Thus (5.4) holds. The proof is completed. O

Now, we discuss how our results can be applied to find the solution of an integro-differential
equation (/DE) in the C([0, L]) space.
Take the following IDE :

o [U(n) —Z¢ Y(n,U(n))
G(n,U(n))
Uu) =0,
where D¢ is the Riemann-Liouville (RL) fractional derivative of order &, 0 < & < 1, I¢ is

the Riemann-Liouville (RL) fractional integral of order ¢, ¢ > 0. Also from the Lemma 5.4,
we can say that the above integro-differential equation (5.6) is equivalent to the following (FIF)

} =Qm,Um), neT=10,1] (5.6)

ue = 2G5 o 3.u03) a3
B
c g | =37 VUG ) B 6.7

17 Sep 2023 21:45:42 PDT
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Let

X, ={UEG  ||U|L< b}
Assume that

(I) G: T x R — R\{0} be continuous and 3 constant G; > 0 satisfying

G, U) =G, U' ()| < G U(n) —U'(n)],

forne T and U,U" € R.
Also,

~

g = sup g(n70)

neT

(I) @ : T x R — R be continuous and 3 constant Q; > 0 satisfying

1Q(n,U(n)) — Qn,U'(n)] < Q1 |U(n) —U'(n)],

forn e T and U,U" € R.
Also,

Q(n,0) = 0.
(III) £ : T x R — R be continuous and 3 constant IC; > 0 satisfying
K, U(n)) = Ko, U ()| < K [U(n) = U (n)],

forn e T and U, U € R.
Also,

ICO% O) =

(IV) 3 a positive number by such that

(Giby+G) Qi . Ko o
ey CtT

SRR (5.8)

Theorem 5.5. There exists a solution of equation (5.7) in G whenever conditions (1)-(1V) are
satisfied .

Proof. We take the operator F : G — G which is defined as given below :

(Fud)(n) = W / -3 Q(3.UB) ) d3 + o [ =3 kue) a.

0

17 ‘S)g%pz@)s E_e_rgs,_}yf gﬁl}. prove that the operator F maps from X, into X;,. Let U € X,.
230508-DasAnupam Version 3 - Submitted to Rocky Mountain J. Math.
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Now ,we have ,

((FU)())|

G UMW) [ e L
S‘ ORI ACRE QV&“@”dﬂ+’M@L/ (1-3)" K(3,U(3)) d3

0

0

1

_77 91 B
*r@xé (n— 31 (K( 3.U(3)) — K( 3.0)] + [K( 3.0)]) d3

GU) [ ; 1 .
< Haté<n—w£ Qﬂ0d3+f@lé<n—a< K1) d3

_ Gi) +G) QW) K ()
- ()¢

()¢
LGwroou o K

- r'e+1) L(¢C+1) m

[—(n—=3)*]g +

[~(n—3)];

(G (U) + G)Q1(U)
e R TR Sy

Hence || U ||< by gives

(g1bo+§’;) Q1 by ¢ K1 bo 16 <

I L
(G1 by + Q) Qe Ky ¢
ST Tery “trerp st

Due to the assumption (IV) , F maps X3, to Xy,.
Step (2): Now , we will show that F is continuous on X;,. Let @ > 0 and U,U; € X, such
that | U — U, ||[< @ , for all n € [0, L].
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Now ,we have ,

|((FU)(n) = (FUh)(n)]

< \%/ (n— 3% Q(3.U(3) ) d3

Gtk [T e
I'(€) /O(n 3) Q(S,ul(s))ds‘

L
g [ -3 k) a3

_ L)/On (n—3)1 K(3,U(3)) dB]

I'(¢
G(n,U(n)) — G(n,Ur(n))| [” S

< F(f) /0 (77 - 3)5 Q( 3,“(3) ) d3
g(nvul(

N n) /” (n—3)5"1Q( 3,U(3) ) — Q( 3,4(3) )| d3

()

I -
+F(C)/0 (n—3)"" IK(3,U(3) ) — K(3,4(3) )| d3

Gu) ~th(n)| [ e .
< DL [T = 3)7 (Q(3.U(3) )~ 2 3.0)] + |( 3.0)) a3

(901, 2:() = 51,0 +16. 0D [" e .
+ =5 | =3 euz) w3 3

4 1)/077 (n— 3 KiUG) ) — th(3) 43

()

GilU(n) — U (n)| Q1 (U) (Gi(th) +G) QU3) ) — Us(3)] KilU(3) ) — Uh(3)]
= T(E+ 1) Lf + T(E+ 1) Lf + T+ 1) L.

Hence , ||U-U,||[<w gives,

g1(?ﬂ) Ql(u> (91(7/{1) + G) Q1(?ﬂ)
rery C T TEaD R v

|((FU)(n) = (FUh)(n)]| <

ie. As w — 0 we get |(FU)(n) — (FU)(n)| — 0.
Then, F is continuous on X, .
Step (3): An estimate of F with respect to fy. Taking U(# () C X,,. Let @w > 0 be

17 %ré)l;t%%agilzcﬁg(ﬂ'ng% € U and my,m2 € [0, L] such as |ny — n1| < w with 1y > ny.
230508-DasAnupam Version 3 - Submitted to Rocky Mountain J. Math.
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We have,

[(FU)(n2) — (FU)(m)|

. Q(m,u(ng)) 2 . 1 N2 »
_’ r(g)_/o (2 = 3)*" Q(3,U(3) ) d3 + W/o (2 — 3)71 K( 3,U(3) ) d3

Gm,U(m)) ™ . 1 m B
B F(g)_/o (= 3)"" Q(3.UB) ) d3 - m/() (m - 3)571 K(3,U(3) ) d3)

< [Tl [ -3 o)) a3 - T [T -5 ersus) ) a3

L'(€)

e 3T KGBUE) B g [T -3 K(3uG)

< Ji(m2,m) + Ja(n2,m) (5.9)
where

J1(n2,m)

- ‘W/O% (2 —3)"" Q(3.U(3)) d3

N W / (m = 3)" Q(3.U(3)) d3|

S|g(772 U(nz)) — G(m, 771’/ 31 9(3,U(3) )| d3

+ w ( /O -3 Q(3UG) ) d3 - /0 Y- 3 o(3,uU3)) dSD
1G(n2,U(n2)) — G2, U(m))| + |G (2, U(n1)) — G (1, U(m))| 3) !

. na / 1Q(3.U(3) )| d3

L 1Gm.Um)) - m )| +16(m, 0) ‘/ 357 1Q( 3,U(3) )| d3

+ / " -3 Q(3,U(3)) d3 - / (=3 Q(3.uU(3) ) d3))

< G1|U(n2) —UI(‘?(E;] + Bg(bo, @) /772 (o — 3)51 (|Q( 3,U(3) ) — Q( 3,0)| + |Q( 3,0)|) d3

0
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230508-DasAnupam Version 3 - Submitted to Rocky Mountain J. Math.
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N Gi Hulg?gll +G (/?72 (s — 3)5 (1O 3.U(3) ) — Q( 3,0)| +|Q( 3,0)]) d3

+/0m (2= 3)" = (= 3) ] (1Q(3.U(3) ) - ( 3,0)| +1Q( 3,0))) d3)

(gl 6(“7’@) +ﬁg(b07w)) QlHZ/{H ng

<
- re+1)

i LIS QN (g, — )3 = = m))

(G BU, @) + Balbo, @) QU ¢ | (G U +6) QU /¢ ¢

where

Bg(bo, @) = sup {|G(n2,U) — G, U)| : |ne —m| <, m,m €T, | U< o},
and ,

BU, @) =sup{|U(n2) —Um)| < @5 —m| <@y, m €T}

Again ,
Jo(n2,m)

— L " _ 2)¢-1 _L " _ -1
_‘F(g)/o (2 = 3)° K(3.U(3)) d3 F(C)/o (m —3)" K(3,U(3)) d3

1 m . 72 »
m(/o (2 —3)" |K(3,U(3) )] d3+/ (o —3)IK( 3.U(3) )| d3

m

IN

- [7 =3k uG)) 03)

IN

Lot e B
F<C)</m (n2—3)" (IK(3,U(3) ) — K(3,0)]+[K(3,0)]) d3

w7 =37 = = 37 (KC3.3)) - (3,0 + 1K 3,0 d3)

< F%'LZ;{!) ((772 — )+ (5 — 5 — (2 — m)c))
K|l
< s (ng—nf)
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As w — 0, then 75 — 1 , so we get

(gl B(L{,w) +59(b0’w)) QlHUH 776
T(E+1) 2

lim \71 (7727 771) —
w—0

and ,
lim J2(n2,m) — 0
w—0

Hence, from the equation (5.9) , we get

(FU) () — (FU) ()| < G PH=) + Polbom)) U] e

LE+1)
ie
B(FU, =) < 9 U r+<? g+(b10§ D QN e fsince,n € T = [0, LI
Since |[U|| < by , we get
B(M,W) < (gl ﬂ(u,W) +ﬂg(bo,@)) Q1||b0” Ig

reE+1)
By uniform continuty of G on T' X [—bg, by] , we have zlﬂn_n)o Bg(bo,w) — 0 as w — 0 . Taking
supycs and @w — 0, we get

G1 Q1 by LE

Bo(F U) < T(e+ 1)

o(0)

Thus B
Bo(F U) <M y(0)

_ 3 ;
Where,M:M<l<Smce,<glb0+g>gl L§+F}C1 LC<1>

I(€+1) IE+1) Cc+1) =

From Corollary 3.6 , F has a fixed point for in U C X,
i,e the equation (5.7) has a solution in G.
Thus , we can say that the equation (5.6) has a solution in G.

O
Now , we take an example to illustrate the theorem 5.5.
Example 5.6. Taking the following I DE:
(
1 U

o Un) — 17 17177 _ U(n)

) Un) +1 21+ (5.10)
19 +n
Uu0) =0,

forn € [0,1] =T,

which is a particular case of equation (5.6).

Here,
1 1
g_ g 9 C - ?7
U
Ko un) = 20
17 Sep 2023 21:45:42 PDT +n
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Un) +1
U — .
G(n.Ut) = 3
_ Ul
Qn.(n)) = 51
and
L=1
Also, it is obvious that I, G and Q are contineous satisfying
u-u
K U)K t()] < LA
u-u
90n.u(n) ~ Gln.tt )| < L
and
u-u
100 u(n) — (.t )] < AL
1 1 1
Therefore |, 1 = 7 G = 19 Q= o7
And
G =sup G(n,0)
nerT
1
19
Now , putting these values , the inequality of assumption (IV) becomes ,
—(%Jrl%) X o1 %+—11L7 17 <1
L(z+1) Iz +1)

by + 1 <17P(§)—1
19x21 xD(8) = 17T(%)
) —1) x 19 x 21 x I'(8)

= phy < —1
0= 17 T(%)

(17 T(8) —1) x 19 x 21 x T(§)] — 17 ['(§)
17T(%) :

However, assumption (IV) is also satisfied for by =

Thus , we have achieved all of the assumptions from (/) to (/V) in Theorem 5.5 .
From Theorem 5.5 , we can say that The equation (5.10) have solutions in G = C(T').
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