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5
9 ABSTRACT. Motivated essentially by the success of the applications of the Mittag-Leffler function
o0 and its generalizations in Science and Engineering and k-Calculus, we propose here a unification of
— certain k-generalizations of Mittag-Leffler function including k-generalization of Saxena-Nishimoto’s
m function, Bessel Maitland function, Dotsenko function, Elliptic function, etc. We obtain the order and
12 type, asymptotic estimate, a differential equation, Eigen function property and double series relation for
13 the proposed unification. As a specialization, a generalized k-Konhauser polynomial is considered for
14 which the series inequality relations and inverse series relations are obtained.
15
16 1. Introduction
17
5 In 1903, the Swedish mathematician Gosta Mittag-Leffler introduced the function [10]:
19 ad 7"
— (1.1 Eq(z) = -

°! Where zis a complex variable and a € C, R(a) > 0.

2% Recently, Dave and Nathwani [12, 13] introduced the generalization in the form:

2 (12 £ R [(V)n)* "

- 1.2) apan@S7) ,§0r<an+ B) [(A)un] n’

% wherein the parameters o, 3, 7, A € C with R(a,,7,A) > 0,8, u >0, re NU{—1,0} and s €
27

=L NuU{0}.

28 By assigning the appropriate value to the parameters in the function (1.2) gives the particular cases as

2% follows([12, Eq.(1.10), Eq.(1.9), Eq.(1.8) p.381]):
30

- .0 . )

ar (13) Eqpan(@1.0)=Eg3(2),
32

. 7.1 . _ 5

3 (14) Egpan@l,0)=Eqg(2),
34

a5 L1 . _

35 (1.5) Eypa(21,0) =Eqp(2),
36

a7 1,1

38 bl b

39 1,1

< (1.7) Elllﬂ(z,l,O)—exp(z)

40 T

a1 2020 Mathematics Subject Classification. 33B15, 33E12, 33C47, 33E99.
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In 2012, G. A. Dorrego and R. A. Cerutti [4] given k-generalization of the generalized Mittag-Leffler

1
» function of (1.4) as follows:
3 o0
— (Y)n.k 7"
1.8 E} =)
%( ) cap?) = Z‘;)Fk(om—I—B)n!’
E where k € R; a, 3,y € C; R(a,B) > 0. The function (1.3) is generalized by K. S. Gehlot [5] in the
7 for
— V4 S nq ko2
o (19) GELap@ = X 1 OmH;)

—_

0

E Here, (), and I are the Pochhammer k-symbols and k-Gamma function which are introduced by R.

12 Djaz and E. Pariguan [3]. The Pochhammer k-symbols is defined by
13

4 (1.10) (X)nk = x(x+k)(x +2k)...(x+ (n— 1)k),

 wherexeC, ke R, neNT.

'° With the help of the Pochhammer k-symbol, R. Diaz and E. Pariguan [3] has introduced k-Gamma
7 function for k > 0 as follows:

18

19 ! F—1
1) T (x) = lim M, x€C\KZ".
20 n—yoo (X)nk

21? For R(x) > 0, Euler integral form of the k-Gamma function [3] is given by

23 < ‘
o (1.12) Tk (x) :/ff*‘ ek
0

25

% The k-generalization of the Stirling’s formula [3] for large z is given by
27
z+1 =

2 (1.13) Ti(z+1) ~ (27)F (ko) 7 25 €.
9
20 The following properties[22] follow from (1.11) and (1.12)

3 Ii(z+k) = 2Zk(2),

32

PE 1—‘k (k) = la

il (Z)n,k = D (Z ha nk) )

35 [i(2)

23 Dmi = D@k

C’i n—m.k (k_z_nk)m7k’

38 7+ jk—k

39 (Z)mmk = m" H <J> ‘
— j=1 m nk

40
‘E When k = 1, these identities get reduced to the corresponding properties of the Gamma function and
42 the Pochhammer symbol [19].
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The generalized k-Write function due to K. Gehlot et al.[6] is defined by

{ I(!II Fk(a,- + OC,'I’l) }

where z€ C, k>0, o, B; € R\ {0} and a;+on, bj+Bjn € C\kZ™ for1 <i<gand 1< j<r.In
15 j=1

the notations
o i)

16 the series converges for all z € C if A> —1. If A = —1 then the converges absolutely for |z| < 6 and if
17 |z| = &, then R(u) > 1/2.

18
g Fork>0, aeCand x| < o Diaz at el.[3] showed that

1.14 pk (ai, &i)1,45 z} _ ¥
(19 ! ’{(bj,ﬁj)l,,; L

jele~]o]a]s]o]m]~

—_
o

=
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. =~

20 (e}
21 (1.15) Z Dk _ (1 o) 1.

22

ZE This may be regarded as the k-binomial series. It is noteworthy that the radius of convergence of this
24 series can be enlarged or diminished by choosing k smaller or larger; unlike in the classical theory of
25 radius of convergence of the binomial series which is fixed. This motivated us to study k-extension of
26 certain Special functions[24].

2z The Mittag-Leffler function along with its various generalizations plays an important role in the fields
28 such as Complex Analysis, and Mathematical Physics. It has applications in the modeling of anomalous
29 diffusion, non-Markovian processes, and other phenomena that are not well described by exponential
30 decay. Moreover, the Mittag-Leffler function and its generalization also appears in the solution of
31 fractional differential equations, which are used to describe processes with memory and long-range
32 correlations.

33 In view of k-calculus[3, 22, 23] and importance of generalizations of Mittag-Leffler function [11, 12,
34 14,16, 17, 18, 21], we introduce here the generalized k-Mittag-Leffler function which is denoted and
35 defined by

36

- 7,0 7. _ .- [(’}/)Sn,k]s 4

z% (1.16) El 5 u(@kss,r) ,;)Fk(aﬁﬁ) (Dymal il

39 wherein the parameters o, 8, v, A € C with R(a,B,7,A) > 0,6, u, k>0, r € NU{—-1,0} and

40 s € NU{0}. We shall refer to this function as kgml.
4

42 Note 1.1. Eaﬁl“(z;l;s,r) E;’Bl”( Z;8,7).
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The proposed kgml can be viewed as a special case of the k-Wright function(1.14), when the

1
‘2 parameters ¢; = ¥, 0; = 6k,by =B, =a,bj=A,B;=pkforalli=1,2,...,sand j =2,3,...,q.
'3 The function in (1.16), besides containing the above cited k-generalizations, also includes the k-
4 generalization of exponential function, Bessel-Maitland function [7, Eq.(1.7.8), p.19], Dotsenko
5 function [7, Eq.(1.8.9), p.24], a particular form (m = 2) of extension of Mittag-Leffler function due to
6 Saxena and Nishimoto [25] and Elliptic function [9, Eq.(1), p.211].

7 The reducibility of the kgml to the above mentioned functions is tabulated below.

5

9 Table - 1

10

1 Function ro|s o B |yl 6| A | u Z

= k-Exponential (1.17) | 0 | 1| k | k |k - - ek

14 k-Mittag-Leffler (1.18) | 0 | 1 | « ko |k - - |2k

% k-Wiman (1.19) 01| « B |k N s

E Dorrego and 011 o B |y - - Z

18 Cerutti (1.8)

;% K. S. Gehlot (1.9) 01| «a B |y -z

21 k-Bessel-Maitland (1.20) | 0 | 0 | uk |v+4k| - - - |z

22

s k- Dotsenko (1.21) 1|1 |wk/v| ¢ |a b |lw/v| z

24 k-Saxena- 1|1 ask | B |y Br| o | z

25 Nishimoto (1.22)

= k-Elliptic (1.23 11| &k k|1 N 2

e -Elliptic (1.23) - > > 7

28

29 The purpose of consideration of the parameters '’ and s’ is now clear from the above table (Table-1).

50 Also, the parameter 's’ is special; as is seen in subsection 2.5.
51 The explicit forms of the functions mentioned in this table are as stated below.

32
33

34 (1.17)

35

36
37
38

39

40

T (1.18)
42

(1) k-Exponential function:

exp(z;k) = _
p(z:k) n;)l“k(nk—kk)

(2) k-Mittag-Leffler function:

Eq(z:k)
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(3) k-generalization of Wiman’s function:

oo

(1.19) Eqp(zk) =) =0

= om+[3) M) >0

(4) k-Bessel-Maitland function
e 1 )I’l Zl’l

1.20 I (z:k)
(1.20) nzork v+,unk+k)

[efe|~]ofo]s]e]n]-

(5) k-Dotsenko function:
10 [i(c) = Ti(a+nk) Fk(b—k%nk) 7"

o (1.21 Ri(a,b;c,0;v;z;k -,

:;( ) 2R )= Ti(a) Tx(b) EO Ti(c + 2nk) n!

13 (6) k-generalization of a particular form (m = 2) of extension of Mittag-Leffler function due to
14 Saxena and Nishimoto given by

15 it n

= Knk <

. (122) Eyxl(@s Bioiak] = ¥ )

17 =0 T ( Oﬂlnlﬂ‘ﬁl)rk(O‘Z”k‘*'ﬁZ)”'7

18 (7) k-Elliptic function:

19

e 1 1. 2
2 (123) Kb =2oR| 27T
21 1;
22

23 2. Main Results

24
-5 In this section, we prove the convergence criteria, differential equation, Eigen function property, double

o5 series representation and the inverse series relation.

27
— 2.1. Convergence.
28

29 Theorem 2.1. Let EK(oc,B,yJL) >0,R(at/k+rp—s8+1)>0, §,u,k >0, rec NU{—1,0} and
30 s e NU{0}, then Eaﬁ s u\@kis,r) is an entire function of order p = 1/(R(et/k+rit —s6 + 1)) and

2 twe = (819 [p (1@ ()"

® Proof. Let us take
34

5 L [(Donsl’

36 ! Li(an+B) [(A)unil” n!

o _ e (y+ nk)]* [Ce(A))"

38 [Tk(7))* Ti(an+ B) [T(A + unk)]” I'(n+1)
® in (1.16) so that

40

:1? Eg’ﬁ;wzksr Zunz
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1 Now using the k-Stirling’s asymptotic formula (1.13), we get
2 { 37 e (rHOm=/k (3 4 Sk — 1)K (k(y 4 Sk — 1))71/2}8
= YT [V2m e (@ B0 (an + B — 1) (e B0/ (k(an+ B — 1)1/
0 [ 27 e AN/ — DMK (k(A — 1))—1/2] '
% X ( T ef(/l+unk71)/k(;t -l—lmk— 1)(l+unk)/k (k(l-l—link— 1))71/2)r
B y !
0 (V27 e~ (r-/k(k(y— 1))~1/2 (y— 1)Y*]" (/2m e nnt1/2)
0 [0 (Snk) YOI (14 (= 1)/ 8k) 7O 4172 ()12
13 21 [(y— D)7 (k(y—1))~12]" e-(emtB=D/k (am)(entB)/k (14 (B — 1)/ an)(@n+tP)/k
" ) (1+ (y— 1)/8nk) /2 [(A — 1)M* (k(A —1)1/2]"
% (o) =172 (k(1+ (B — 1)/ o)) =1/ [(unk)AHumR/E(L 4 (A — 1)/ k) A-tumk) /K]
7 « !
5 [e—yn (unk)*l/z(k(l + (A — 1)/”nk))71/2]’ e /2"
19

20 Hence, if R is radius of convergence of the series of E(’;’% P (z;k;s,7), then with the use of Cauchy-
21 Hadamard formula,

22

=< 1 . )

Z% 7 = Jimsup {/ul

or o/k+ri—sé+1(§p)s8

Zi — lim sup e ( ) ns6—a/k—ru—1
26 n—yoo aa/k(uk)rﬂ

27

e — limsu eEK(a/k+r,u—56+l)(5k)s6 nf)?(xﬁfa/kfrufl)
o o oo R(o/k) 7

29 " {R(e)} (k)

30 = 0,

31
5> when R(o/k+ru —sd+ 1) > 0. Therefore, the function (1.16) turns out to be an entire function. In

33 order to determine its order, we use the result [1, 13] which states that if f(z) = ¥ a,Z" is an entire
34 : o n=0
- function then the order p(f) of f is given by

36 _ logM(r; f) .. n logn
2 PUY = TSP e 2P g1/
38

39 By choosing f(z) = Eg’% A #(z;k;s, r), this particularizes to

40 9. 9 9.

“ Ve " L n logn

“ P =P (Eapaul@kis.r)) = imsupso Ty

16 Feb 2023 02:45:19 PST
221014-Nathwani Version 2 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

GENERALIZED k-MITTAG-LEFFLER FUNCTION AND ITS PROPERTIES

1 Here,

2 tog(iL) = tog| PP I ) I )

% |tn] [k (y+ 8nk)]* [Te (1))

. (V27 e @B a4 — 1)/ B (k(on-+ B — 1)) 12]

— ~ 1

5 o8 [ 27 e~ (rHdnk=1)/k (y 4 §nk — 1)(r+nk) [k (k(y+ Snk — 1))—1/2} s

Y r
) (V2 e Brunk D/ pnke — 1) PR k(A -+ punk — 1)) 71/2)

=~ % -

2 [V2m e A=D/k(Q — 1)A/K (k(2 —1))~1/2]

10

" < 2ne—W—UMaxy—1»—V2(y—1yﬂ]s( 27 e 1)

2

13

E = log (277:) (k(')/— 1))fs/2 (,y_ l)sy/k eSon—an/k—prn—n (OCI’L—|—B _ 1)(Om+[3)/k
15

16

7 x(k(on+ B —1))" Y2 (A + unk — 1) FHHRE (A + punk — 1))~/ p'+1/2
18

9 Ak —r/2 s(y+8nk) [k —s/2
o —log|(A — 1)k (k(A —1))7/2 (y+ Snk — 1)S0HOR/E (k(y 4 Snk — 1))~/
% = log(27) +R((sy)/k)log|y — 1| —s/2log|k| —s/2log |y —1|

28 —R((an+B)/k) +R((an+ B)/k)log|an| —1/2log|on|

24 +R((an+B)/k)log|l+ (B —1)/an| —1/2logk

2 —1/2log |1+ B/an|—R(unr) +R(r(A + unk) /k)log |unk|

= —r/2log|unk| — r/2logk +R(r(A + unk) /k)log |1+ (A — 1)/ unk|

v —r/2log|1+ (A —1)/unk| —n+ (n+1/2)logn+ R(sén)

29 —R(s(y+ Onk)/k)log|Snk| — R(s(y+ dnk)/k)log|1+ (y—1)/6nk]|

80 +s/2logk+s/2log|onk| +s/2log|1+ (y—1)/6nk|

= “R(rA k) log|A — 1| +r/2logk + r/2log|A — 1].

33 Hence,

. T Clog(1/lml)) )

® > —,}grolosup( nlogn =R(a/k+ru—sdé+1).

36 Thus the order of kgml is

° 1

3 (2.1)

z P = Rajktru—s6+1)
40 The type o of the kgml is given by [8]

41 ) L.
o 22 o(Eg;ﬁM(z;k;s,r)) ~ep Jlim sup (n\unl”/"> :
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1 where

=l = | [Culy+8n)]* [D(A)) |

s [Te(V))* Tk(an+B) Te(A +un)]" T(n+1)

% { 27 e~ (r+mk=D/k (y 4 Sk — 1)VHO0/E (k(y+ Snk — 1))—1/2] s

s T Ve @ 0k (an+ p— D@ Bk (k(an+ p— 1)1/

! r

8 [ 27 e~ A=D/k(Q, —1)A/k (k()t_l))—l/z}

E X ( o e—(l+ﬂnk—1)/k(;t + punk — 1)()L+unk)/k (k(A + pnk — 1))—1/2)’

10

1" 1

11

E X [ 21 e~ (r=1) /k(k( ))71/2 (y—1 )}'/k]s (\/275 e nn+1/2)

% [ —on (Snk) (7+6nk) /k(l —|—’Y/5nk) (y+0nk)/k k_1/2 (5nk) 1/2}

B [am [ 7R Ry ) T e @B (am) @B (1 (B 1) fam) @k
o . (14 (y—1)/8nk) /2 [(A—= DME (kA — 1))/

18 (an)=172 (k(1+ (B — 1)/ an)) =12 [(unk) Rk k(1 4 A / k) Atunk) /]
R 1

20 [e*lm (/.Lnk)*l/z(k(l +7L//,Lnk))*1/2]r e~ /2]

21
> On substituting this on the right hand side of (2.2) and then using (2.1), we get

23 KY) p

24 lim sup (n |un|p/") = < (6];)/k) > R(a/ktru—ss+1)p
25 i {R(o)} ) (k)

26 « 1im pXd—a/k—ru—1p+1_

o n—oo
2E This gives ;
29, Y ks = L (8k)*°

30 (2.3) o(Eq, BA ﬂ(z,k,s,r)) T p {cﬁ(a)}{%(a/k)} (k)™ ’

31
5, For every positive €, the asymptotic estimate [8]

S
Z% Egﬁ/lu(z;k;s,r)‘<exp((6+8) 12|P), |z| > r0>0
35 holds with p, o as in (2.1), (2.3) for |z| > ro(€), and for sufficiently large ry(€).

z% 2.2. Differential Equation. Let us take

% a/k= A
:g _x’ Xx‘uru_p7 dZ_ ) - Y
40 ! m

_ a— b ik )
1(24) H |:<9k+ +J >:| _ kAS.a,b,m)’
42 j=0 a
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1 a-l b+ _]k " (a,b:m)
— (2.5 0k+ ———k =40
)[R
3
7 a—1 b ik m )
- (2.6) H [(_9k+ b+ Jk —k)} _ k®§a,b,m)’
1 a
J— ]:0
6
~ and
— — 8,7,— Asr B
8 (2.7) p ' D @R kYE# >kY§°‘ﬁ D — Ko,y
9 —5 7 K . . .
1o Here the operators k@ﬁ,f ot ), kYg” A ), kYE.a"B 1) in (2.7) are not commutative with the operator D.

;1 In these notations, we now derive the differential equation satisfied by (1.16).

2 Theorem 2.2. Let o /k =y, 1,0 €N, theny = Eg% A (z;k;s,r) satisfies the equation

13
T 50
14 () (B5D) é Bys) | _
E(ZS) kT,‘ ij Q—le ‘LLr” kAm y—O.
g Proof. We have
o N S
19 = Ti(an+B) [(A)uni]” n!
& _ g (e
21 -
- Fk(ﬁ)n:() (B)%,k ( )un,k]r”'
. I S P
o T(B) 22 (B) gt [(A)yuns]” !
oo son N S 67 SN
2 _ L5 I 5 o (e L
o Ce(B) =t ()™ (B)use (B2, ... (A
28 1
o X
29 runf( A r[( Atk r A+(u—Dk r
. W (5, ) (B
o 5-1
. 1 ) 555}1 { H [()%W()n7k]s}
?i _ Z m=0 Zn
33 Le(B) =y x % v (=1 o p-loo '
n ’ IT(EL8), 0 p 4 TR, 4 ¢
34 =0 % i=0  H
35
35 Now take
R =, <y+mk> ’ ’“(B +jk) ul </1+ik> s8
o =A,, =B, =C, and
8 T(B) nLIo 8 )k ,H) X ok i=0 M)k Xt

39
0 then the kgml (1.16) takes the form

41 . o
o (2.9) y= ;
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1 Now,
2 o A, p”
— Oy — 07
% = Bun Cy 1!
_ N n
B D
. = B, C, (n—1)
Z Further,
% B gy i Ap p" ﬁ <9k+ B+ jk —k) o
" o Alpt A + jk
o = Z nP ' nk + Pt —k) 7
- = B,C,(n—1) 0 X
I — i A” pn Zn
15 = Bu-1Cy (n—1)!
16 Finally,
17
— ) ) m A, p" pol A+ik d
E ! J n;lB"_l C, (}’l— 1)' -0 H
20 A B[ vk N\
o =) n P ' {( oy 2 —k)}f
2? —l B, Cn (n— 1). -0 u
2? _ i A” pn Zn‘
on nz]Bn,ICh,l(n——lﬂ
25 Thus,
2 (LAr) ~(2.B:1) 2 A P
27 (2.10) X ey =) =
e = BnCyn!
o9 On the other hand,
I; i o Aot 5—1 + mk s
— (8,755 _ An P Y n
) Wiy = § e T (e )| -
32
: s ()]
33 n n
0 = _— nk + Z
3% ,,;)Bn C,n! WLIO o

= —_— Z N

36 = Bn Gy 1!
37
% that is,
:E < A anrl
40 (2.11 A(BJ’ZS) — n+1 .n—i—l‘
;( ) Pz iy ’1;)73”@”! Z
g On comparing (2.10) and (2.11), we get (2.8). O
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1 2.3. Eigen function property.

— Theorem 23. Let a/k=x,u,0 € Nthen Ea BA 'u(z,k s,r) is an eigen function with respect to the

% operator Qe.y. That is,
= x)
5 Qe:x (EZ;,;?;W(CZ;/C?SJ)> = CEaﬁ aulGzkis,r).
6
"2 Proof. We first note that
8 5
% w o= Egﬁ A ”(Cz;k;s,r)
10 _ Z Lp)‘zn
" =0 B, C, n!
12 Now in view of (2.5),
13 oo n 1
e (.B:1) Aq (Ep)" 25 < B+ jk .
14 g w = 0k+—"——k| 7
5 J nX:%) B, C, n! JI:!) X
16 =] X— 1 .
= A (Cp)" < B+ jk ) n
17 = Z H nk+ _k Z
18 2=0 Bn Canl 5 X
EZ = ii‘f&ngﬁj*z"
20 = B, 1C,n! '
21
. Next
. (wAsr) (Bi) (= A+ ik g
23 (AT YR = 27 0k + —k 7"
! J B,_1C, n!
2i n=0Pn—1%n 1 5 u
25 oo u—1 . r
o A, (Ep)" [( A+ik )]
= e nk + —k 7"
z% ,;)Bn,1 C,n! i—0 U
2? — - An (Cp)n Zn
2E n—0 B, 1 Cy—q n!
30 Further, from (2.6),
31 6.,7,— A Bl
?; k®l(n Y5—5) le(ll, r) kYEXﬁ ) w
Pi _ = An (Cp)n ®(57Y;*S) Zn
3 Byt Gt ! "
35
% = A (Cp) H K v+ jk )} -
36 = ERELAS ] A Ok + —— —k 7"
?i nz::()Bﬂfl Cn,1 n! ]I:!) 5
38 o n 5—-1 —S
. Ay (Ep) K v+ Jjk )]
= —_— nk+-——-—k "
i% ,1;)an1 Cn,1 n! j[!) o
LE _ i An—l (Cp)n Zn
42 “ B, 1 Cin! T
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Finally,

0,7,5:%,B: 1,4, - 0,7~ A ,B:1
kgg;gsxﬁu Ny = » 1Dk®}(ny 5) le(u r) kTgxﬁ )
< A n ,n—I
n—0 B, 1 Gy n!

oo

An—1 Cn pn—l n—1

Z
=B, 1Cpy (n—1)!

AnCn-Hpn
— X
= BnCyn!

AC”"
- CZBCn'

- CEa’,;s,,l.#(CZ;k;S,r).

I
|2[@[s[=]3]e]e]~]o]a]s]e]|r]|-~

-
(é)]

OJ

-
(o]

""" The above theorems may be specialized to yield the corresponding properties of the special cases

% stated in Table - 1.

20 2.4. Double series representation. As in Theorem 2.1, take
21

2? u _ [(Y)5n,k]s
23 ! Ti(an+B) [(A)unil” n!
# and put
Zi
5,
2% ELE @k r) = Zun Jnk 2"

27

28
5 Which is valid under the condition R(at/k+rp —s6+1) > 0.

%0 Theorem 2.4. The function
31

32 780 ... ~ (=1) VSt .

— E ,k, , = i J s . E ’k’ s )
5 aprn@hnr) = L P B AR Febia 0D
34

55 Proof. Here introducing the function (1.16) in the integrand of the integral (1.12) and applying this
~_ integral to the identity exp(z;k) exp(—z;k) = 1, one gets the integral

63

87 e k

38 /tpfl e & exp(—xt;k) exp(xt;k) Eg’ﬁ A“(ztk;k;s,r)dt
39

‘E o

41 (2.12) / T P! Eg’ﬁ Mi(zr";k;s,r) dr.

42 0
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1 Here substituting the corresponding series representations for exp(—axz;k) and exp(xz; k) on the left
> hand side, one gets

3 w

—_— &

4 Lhs. = /e % P71 exp(—xt;k) exp(xt;k) E a/3 A u(ztk;k;s,r) dr
5

6 . -

e B / (—1)’ 1t i x/t]

E J Fk(zk +k) =0 [v(jk+k)

9

o (2.13) ><E§B M(zz ks, r) dr.

" Here, the series in integrand of the above integral converges, we have
12

—_— oo

13

k
s Lhs — z+]/ G o+ j—1
14 S Z;)JZ Tu( zk+k rk Jk—ch /
15
E E;% A H(ztk;k;s r)dr
S St
o & 5Tl zk+k Fk(Jk+k)
z% X/we—’,f P+t i [(V)6nil* (z*)" dr
o 0 a0 Tk(on+B) [(A)ungl” n!
- B i o (1) x[+jiu Zn/me’:tp+i+j+nk1 dr
24 5 S Tilik+k) Te(jk+k) & Jo
25 o oo i o
o =y Yy CU Y L T i k)
27 i=0 j=0 Fk(lk+k> Fk(Jk+k) =0
. = . . x un" (P +i+ j)nk Di(p +i+
30 :
31 Sh s S (=1 i+j * V.8.p+it]
31 (2.14) = (p+i+j - - X EDD 2 k;s,r).
o ZOJZ;) (b Tk T TG0 apau (GKsT)
SiLikewise,
fa o
35 _tk
%6 rh.s. = /e £ P I{EZB;W(Ztk;k;S,V)} dt
3Z 0
38 oo &
3E = Zbun z”/e’f PHR=1 gy
. DR
i = Y u, Ti(p+nk) "
42 n—0
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= Z”n nkrk 4
5,
(2.15) = Ti(p) Eg’ﬁ’;“(z;k;s,r).
Consequently, from (2.14) and (2.15), (2.12) yields
- —D)Ti(p+i+j)
EYOP (zkis,r) = (1)) .
apin@E5r) = L BT+ DTG K)

X E;’ ﬁ”jﬂiﬂ (z:k;s,7)

- (—1) * 7,80+t
i j E e ’ka 9 .
)} P) ATk Tk &) Cebam @RsT)

‘

l:]:()

44 4
[@[R[=]3]e]e|~]o]a]s]|e]|r]|-

O

—
»

The above theorems may be specialized to yield the corresponding properties of the special cases

— stated in Table - 1.
16

E 2.5. The generalized k-Konhauser polynomial. For o,0,1 >0, m,0,u,p,s € N, r € NU{0}, and
18 n* = [n/m] denotes the integral part of 7', the generalized Konhauser polynomial [13]
19

73 BEPAR (e py - D@ BN (] o
2 " (1) S T(oj+B+1) [(A)u] it

?2 admits a k-generalization by means of the kgml as follows.

8 Taking a,B,A,k >0, 8(=m),n,u,r,s € N,y = a negative integer: —nk, n* = [n/m] the greatest
2% integer part, replacing B by B + 1, and z by a real variable x” and denoting the polynomial thus
Z% obtained by Bfg’ﬁ’l’”)(xp;k;s, r), we get

" & — k)i | xP

- Eoic'[likﬁxu(xp;k;s,r) = [< nk) j,k] X _

5 S SoTe(oj+B+1) [(A)uni] J!

29

30 1S [Sn

T - T BPA (7 s ),

o - Li(an+B+1) ™

50 say, where

33 [n/m] —nk). o 1 xPi
" (2.16) B}(gﬁ,x,u)(xp;k;s,r) _ Fk(O‘:Z—Fﬁ;l—l) y .[( nk)mji] x .
o ko (n!) i=o T(aj+p+1) [(A)uja]” J!

36 The presence of parameter 's’ yields the unusual inverse series relations involving the inequalities.
37 In fact, for s = 1 the usual inverse series relations occur whereas for other values of s the inverse
38 inequality relations occur. This is shown in the following theorems.

4— Theorem 2.5. Let f(x,n;k;s) and g(x,n;k;s) be real valued functions, a.,f,A >0,and u,p € N, r €
— NU{0}, then

g (2.17) flx,nskss) < B,(lg’ﬁ’l’”)(xp;k;s,r)
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1 implies
2 T(an+B+1) [(A)ns] ! 2 [(—kimn) ;"
s (2.18) x> B e ) I f(x, jik:s);
° K () L (aj+B+1)
E and
6 Ti(on+B+1)[(A) sl n! mn kmn) ;|
7 (2.19) xPt < clomt B+ 1) [ Y (o) g(x, jik:s),
-’ ksmn (mn!)s Sh(aj+p+1)
8
o9 implies
H e Ire (a,ﬁ,l,u) P. .
= (2.20) g(x,n;k;s) > B, (xPsk;s,7).
11

12 Proof. In order to prove (2.17) implies (2.18), assume that the inequality (2.17) holds. Denote the right
13 hand side of (2.18) by ¢, then

= Tt B ) (Wi 1 (k)]
% ¢" B fesmn (}’I/LI’L‘)Y JZ()Fk(a]+ﬁ+ 1) f(xaj,k,s).

E Now substituting for f(x, j;k;s) from (2.17), we get

8 I(an+B+1) [(l)ﬂmk]rn! mn [(—kmn)Lk]s

19 O < Z .

o ksm (mn!)s =0 Fk(“]"‘ﬁ"‘l)

- XFk(aj+B+1)W”’] (ks

= i)y & Ti(ei+B+1)[(A )/.uk] i!

2 _ Ti(an+B+1) [(A )un,k] n! f«” (=k)*/ (mn!)*

25 Jesmn (mn!)s = kSJ (]1)9 [(mn—])']é

- Lj/m) mi ( \s opi

27 y (=)™ ()" xP i

28 0 [(J—m) Ti(ai+B+1) [(A)uin] !

o - f fn (—1)* (k)™ Ty(an+B+1) [(A)uns]” 1t 27
a1 S 5 ke [(j—mi)) [(mn— )Y Te(ati+B+1) [(A)uie]” it
32

45 In view of the double series relation[27]:

67 mn [j/m] n mn—mi

5 (221 )3 ZA L) =YY A(j+mii),

6{ j=0 i= i=0 j=0

37 we further have

:ﬁ ¢ - imn mi )Sj ksmz Fk(an+ﬁ+1) [()v)/.mk]r n!xpi
39 " = = ksm” [(mn—mi— )]’ Ty(ai+B+1) [(l)ui,k]ri!
40

" o § BB (] s

42 = Jesmn [(mn ml) ] Fk(OCl—f—ﬁ—f—l) [(l)m7k]r i!
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mn_mi - (mn—mi\®
<Ly (M)
=0 J

ol Ti(on+B+1) [(A)ung]” n! 2
xP
< + E(’) ksmr [(mn—mi)!]° Ti(oi+B+1) [(Mui,k]r it

x (I"gi(_nf <m”]_’”’>>

9 Since the inner series on the right hand side vanishes, it follows that ¢, < x”"*, furnishing the inequality
10 (2.18). O

[ [~ ]ofofa]e]n]~

" The proof of (2.19) implies (2.20) is similar and therefore omitted here for the sake of brevity.

12 . . . .
— Towards the converse of these inequality relations, we have the following theorem.
13

14 Theorem 2.6. Let f(x,n;k;s) and g(x,n;k;s) be real valued functions, a,, A,k >0, and u,p €
E N, re NU{0}, then

= s, D@4 B D) [(A)yna] "t S (o)
. Ko () S T(aj+B+1) " 7
19 implies

z% flx,mk;s) < Bﬁlg’ﬁ’l’”)(xp;k;&r)

oo and

23 g(x,mk;s) > Bfl‘i"ﬁ’l’“)(x”;k;s,r)j

% implies

2‘75 < Ty (on +k[jmjl‘ :;31;[1(!?5)“”7](] ”!EZ)FE((;];ﬁn;jf_]l) g(x, jskss).
28

o9 The proof runs parallel to that of Theorem 2.5, hence is omitted.
30 Now, for s = 1, we obtain the inverse series relations for the polynomial (2.16) which is stated as

$1_Theorem 2.7. For o, $,A > 0,m,u,p € N,r e NU{0},
32

.22 Bﬁg’ﬁ’l’”)(xp;k;l,r)zrk(azjl»ﬂl) > Ry X .,
g nt = T+ B+ 1) (A !

35 ., .
e if and only if

37 xPn _ l“k(om+[3 + 1) [(A)lm’k]r %l’ (—kmn)j’k B(a’ﬁ’l’”)
!

723 = (xPsk;1,r),
38

n! k™ (mn) S Tk(aj+B+1) 7
Siandforn#ml, leN,
40 . (k)
41 —NK) j k (a,BA M)/ p.p. _
1 (2.24) y Tk ple ke 1,r) =0,
42 j:ork(a1+ﬁ+1) / ( )
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1 Proof. The proof of (2.22) implies (2.23) runs as follows.
> Denoting the right hand side of (2.23) by Q,,, and then substituting for
3 B(aﬁl”)( Pik;1,r) from (2.22), we get

o _ M om+ﬁ+1>gflunk} ZF(—km”)Jk BB (4. p 1 )
k

ke (mn (oj+B+1) 7

Ti(an+B+1) [(A)uns]” y* (homn) lifmd] (k)i X"
k™ (mn)!

— This in view of the double series relation (2.21), further takes the form:

12 mn J/m] ( k)j+mi Fk(O!l’l"f‘B + 1) [(A‘)ﬂmk]r xpi

m Q =) )

B S 5k ( mn—j)! (j—mi)! T(ai+B+1) [(A)uie]” it

14
15 v m"zm’ (1) T(an+B+1) [(A)unx]” o
6 = =0 ke (mn—mi— ) j T (ai+B+1) [(A)uix]" i
0 o et (]

19 nt - Sk T(ai+B+1) [(A)uix]” (mn—mi)! il

20 mn—mi ) s

- y Z (—1)/ <mnml>

- j=0 J

= K S Tt B+1) [(A)uin] it

17

z? Here the inner sum in the second term on the right hand side vanishes, consequently, we arrive at

.pn
24 Qp=7"r.

25 To show further that (2.22) also implies (2.24), Denoting the right hand side of (2.24) by A, and then

26 substituting for B(a BAs “)(xp,k, 1,r) from (2.22), we get

27

o n

28 —nk)jk  plapap)

Z% o (—1)) n! Li/m] (—k)mi P

2 - Jj=0 (n=7)! Z Ti(ai+B+1) (A)pix)" (j—mi)!i!

Z% In view of double series formula[27]:

n [j/m] [n/m] n—mi

35

3 (2.25) Z ZAZ] Z ZA i, j+mi), (n#ml),

?z j=0 i=

38 we obtain

i% N WZW!] n! ki P niu‘ 1y (n—mi>
m 5 Ti(ai+B+1) (A)pin)" (n—mi)l il =, j

42 — 0.
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If n # ml, | € N. Thus completing the first part. The proof of converse part runs as follows [2]. In
order to show that both the series (2.23) and the condition (2.24) together imply the series (2.22), we
first note the simplest inverse series relations [20, Eq.(1), p.43]:

" (—nk);k L (—nk);k
0, =Y —L=p o p, =Y —" w,.
,;) kit ,gz) Kt

Here putting

K j! (@.31)
;= BT (X ks 1),
0 E VICTES ERVRCA Y

10 and considering one sided relation that is, the series on the left hand side implies the series on the right
1 side, we get

12

15 (2.26) o, = Z _ ke B (111, ),

I J:Ork(aj+ﬁ+1) /

5 and we obtain
16

ofe|~[ofo]afo]n]~

— aB A, . [(on+B+1) & (—nk)jk
%(2.27) R N e T jzb v o
E Since the condition (2.24) holds, w, = 0 for n # ml, | € N, whereas

> _ v mnk)jx B ..

% wm”_,;)Fk(OU'JrMB"* (xP;k; 1,7).

ZE But since the series (2.23) also holds true,

i B k™ (mn)! xP"

o O = T+ B+ D) (Dt

o7 Consequently, the inverse pair (2.26) and (2.27) assume the form:

28 xP o Ti(an+ B4+ 1)((A) unk)” i’f‘ (—mnk)
29 n! k™ (mn)! Sh(aj+p+1)
30

?Z ngf"B’l’“)(xp;k;l,r),

32 .
g and we obtain

o [n/m]

34 (@.BAL) p. . B I(an+B+1) (—nk)mj i

e B, 9ka 1) — . j

:E n (x I‘) kn n! JZO (I’HJ)‘ mj

® n/m] -

37 _ Li(on+B+1) Z (_”k)Mj,k xP/

® konl A& T+ B+ 1) (W) i

i% subject to the condition (2.24). O
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