SOME RESULTS ON (m,n,C)-ISOSYMMETRIC COMMUTING d- TUPLES OF
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ABSTRACT. The study of the d-tuples of commuting operators is currently booming topics. In the
current paper, closely related to the problem of generalizing the class of m-isometric c.t.o. and
n-symmetric c.t.o., we introduce a new class of d-tuples of commuting operators. Specially, we
introduce the class of (m, n, C)-isosymmetric c.t.o. and we show a variety of results which improve
and extend some works related to (m, C)-isometric and n-complex symmmetric c.t.o.

1. Introduction and preliminaries

We set below the notations used throughout this paper. Let B(H) be the algebra of bounded
linear operators on a separable complex Hilbert space H. We use the notations N the set of natural
numbers, Z. the set of nonnegative integers, R the set of real numbers and C the set of complex
numbers. Recall from [18] that a conjugation on H is a map C' : H — H which is antilinear,
involutive (C? = I5). Moreover C' satisfies the following properties

(Cx | Cy) =(y|z) forall x,y € H,
CTC € B(H) for every T € B(H),

(CTC) =CT"C  for allr €N,

(cTC)” = o1

(
See [2] for more properties of conjugation operators.

Recall that an operator 7' € B(H) is said to be:

(1) n-complex symmetric for some conjugation C' [13, 14] if

3 (-1)’“(2) Tk CTHC = 0,
0<k<n

(ii) (m, C)-isometric for some conjugation C' [12] if

> (-1)F (7]’;‘) T kT RC = 0,

0<k<m
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(iii) (m,n,C)-isosymmetic for some conjugation C' [11] if 7, (7, C') = 0 where

Yo T,C) = > (—1)’“(2)?%’6( 3 (—1)’“<Z>T*m"“CTW"“C>CT’“C

0<k<n 0<k<m
k k
0<k<m 0<k<n

It should be noted that the class of (m,n,C)-isosymmetric operators contains (m, C')-isometric
and n-complex symmetric operators.

For d € N, let T = (Ty,--- ,Ty) € B(H)? := B(H) x ... x B(H) with T; : H — H be a tuple of

(.

~
d-times

commuting bounded linear operators that is [Ti, TJ} =T,1T;,—T;T,=0. Let v = (71, ,7a) € Zi
and set || := Z v; and ! = H v!. Further, define T7 := 77" - - - T)* where T% =T - - - T;
1<j<d 1<k<d

v —times

Several variables operator theory is a relevant part of functional analysis. Due to the importance
of this field, the interest in studying tuples of operators has grown considerably in the recent few
years, see for instance [1, 3, 4, 5, 6, 9, 10, 15, 16, 19, 20, 21, 22, 24, 28] and the references therein.

Let T = (T3, -+ ,Ty) € B(H)? be a commuting d-tuples of operators (abbreviated c.t.o.), we set
®,(T) = Z (—1)"d (Z‘) (T + -+ Tj)k(Tl +- 4 Td)H
0<k<n
_ m—k m k *
w1 = Y (33 o)
0.<k<m |v|=k
a(T,C)= Y (-1 (Z) (Tr +---+T) (T +---+T)""C,
0<k<n
Bu(T,C) = S (—m () (S M paeme
Y k f}/'
0.<k<m |v|=Fk
and
A n(T) = D (=)™ k( )(T* to T U (T (T 4+ Ty)" "
0<k<n
m k m *
= T P, .
(k>( o)
0<k<m [v|= k
A d-tuples of commuting operators T = (T}, --- ,T,) is said to be

(i) n-symmetric c.t.o. if ,(T) =0 ([9, 10, 19]),
(i) m-isometric c.t.o. if ¥, (T) =0 ([22, 24, 20]),
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(iii) m-complex symmetric c.t.o. if o, (T,C) =0 ([10]),
(iv) (m, C)-isometric c.t.o. if 5,,(T,C) =0 ([27])
(v) (m,n)-isosymmetric c.t.o. if A, ,(T) =0 ([16, 17, 28]).

It should be noted that the class of (m,n)-isosymmetric c.t.o. contains m-isometric c.t.o and
n-symmetric c.t.o.

Over the past few years, various aspects of the problem of generalizing the class of m-isometric
c.t.o. and n-symmetric c.t.o. have appeared in the literature. For example, (m, C')-isometric c.t.o.
[27] and n-complex symmmetric c.t.o. [10] and (m, n)-isosymmetric c.t.o. [28] have been studied in
Hilbert spaces. In the current paper, closely related to this problem of generalization, we introduce
a new class of operators, and we investigate numerous properties of this class. Specifically, we
introduce the class of (m, n, C')-isosymmetric c.t.o. and extend some classical theorems on (m, C)-
isometric and n-complex symmmetric c.t.o. to the class of (m,n,C)-isosymmetric c.t.o. Our
results provide a natural extension of many known ones in the literature and, in particular, of
those obtained in the works [1, 6, 9, 10, 16, 19, 27, 28].

2. (m, n,C)-ISOSYMMETRIC COMMUTING TUPLES OF OPERATORS
This section deals with the study of the class of (m, n, C)-isosymmetric c.t.o.

Definition 2.1. A commuting tuple T = (7},--- ,Ty) is said to be an (m,n; C)-isosymmetric
c.t.o. if there exists a conjugation C' such that Q,,,(T,C) = 0, where

O n(T.C) = 3 1y (1) (17 0 1) (L. OO + o+ 1)
0<k<n
(2.1) = M;m(— ( )(;l:k ~ T, (T C)C’T”C)

Here are a few straightforward yet important observations.
Remark 2.2. (1) When d = 1, Definition 2.1 goes back to [11, Definition 3.1].
(2) Qm,o(T,C) = Bm(T, C) and Qom(T, C) = an(T, C).

Example 2.3. (i) If T = (T3,---,7y) is an (m,C)-isometric c.t.o., then T is an (m,n,C)-
isosymmetric c.t.o. for any n € N.

(ii) f T = (T1,---,Ty) is an n-complex symmetric c.t.o., then T is an (m,n, C)-isosymmetric
c.t.o. for any m € N.

Remark 2.4. We point out the following special cases:

(2.2) Q1 (T,C)= > TiCT.C -1,
1<k<d

(2.3) Q,1(T.C) = Y (CTuC -T3),
1<k<d
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(2.4) Q1,4(T,C) (ZTk)< > T;CZ}G—I)—( > T;‘C’TjC—]> (gom)

1<j<d 1<j<d

or

(25) Qu(T.C)= ) (T,: > (TJ?“—CTjC)(CTkC> - > (17 - CTy0).
1<k<d 1<j<d 1<j<d

In the following example we give a tuple of c.t.o. which is (m,n, C')-isosymmetric but neither
(m, C')-isometric nor n-complex symmetric c.t.o.

Example 2.5. (1) Let C be a conjugation on C? defined by C(zy,22) = (Tz,71). Consider

T = (T3, T») such that
L1
ﬂ:ﬂ:(? 1)
7

Direct computation shows that T is a (1, 1, C')-isosymmetric but is not (1, C')-isometric tuples and
not l-complex symmetric

From Example 2.5 we observe that the class of (m, n, C')-isosymmetric c.t.o is significantly large
than the class of (m, C')-isometric and n-complex symmetric c.t.o.

Remark 2.6. Let (T3,---,Ty) € B(H)? and let C be a conjugation on H.

(1) Since the operators 71, , - - - , T, are commuting,then every permutation of an (m, n, C')-isosymmetric
c.t.o. is also an (m, n, C')-isosymmetric c.t.o.

(2) T = (T4, ,Ty) is an (m, n, C)-isosymmetric c.t.o. if and only if CTC := (C’TlC, e ,CTdC)
is an (m,n, C')-isosymmetric c.t.o.

(3) Under some conditions, the classes of (m,n)-isosymmetric c.t.o and (m,n, C)-isosymmetric
c.t.o. coincide. In fact, if T;C = CTj for all j = 1,2,--- ,d, then T is an (m,n, C)- isosymmetric
c.t.o. if and only if T is an (m,n)-isosymmetric c.t.o.

In the following lemmas, we state some immediate consequences of Definition 2.1.

Lemma 2.7. Let T = (T}, ,Ty) be a c.t.o., The following characterizations hold.
(i) T is a (1,n, C)-isosymmetric c.t.o. if and only if
(2.6) Y T;a,(T,C)CT;C — 0, (T,C) =0
1<j<d
(ii) T is a (2, n, C')-isosmmetric c.t.o. if and only if
27) 0n(T,C) =2 > Tia,(,T,C)CT;C + Y T7%a,(T,C)CTC
1<j<d 1<j<d

+2 > TiTioa(T,C)CT/TC = 0.

1<j<k<d
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Lemma 2.8. Let T = (T4,--- ,Ty) be c.t.o., the following hold.

(i) T is an (m, 1, C)-isosymmetric c.t.o. if and only if

(2.8) ( > T,;‘)Bm(T,C) —ﬁm(T,C)< > CTkC) = 0.

1<k<d 1<k<d

(ii) T is an (m, 2, C)-isosymmetric c.t.o. if and only if

(2.9) Bm(T,C)< > Cch>2 - 2( > T,j) 5m(T,0)( > CTkC’)

1<k<d 1<k<d 1<k<d
2
+< > T,:) B (T, C) = 0.
1<k<d

Example 2.9. Let T € B(H) be an (m,n,C)-isosymmetry single operator, d € N and A\ =

(AL, -, M) € (R || ||2) with || A2 = Z )\? = 1. Then T = (T1,---,Ty) where T; = \;T for
1<j<d

j=1,---,dis an (m,n,C)-isosymmetric c.t.o.

In fact, it is obvious that T;T}, = T} T} for all 1 < j, k < d. From the multinomial expansion, we

get for any natural number ¢

1:(A§+~--+A3>q: 3 ( g )HW

71’... 7/yp

Y+y2++Ya=4 1<i<d
q
= Z —,|)\7|2
—
[vl=q
Thus, we have
o) = ¥ (1) (S drer)
0<j<m Iv=j
, | .
= Z (—1)m (m)(z j_' H /\?VJR*VCRMC)
0<j<m J =i 1 1<i<d
— Y~y (m)T*jOTjO.
0<j<m J
Qun, n(T.C) = > (—1)”"“(2)(Tf+---+Tj)kﬁm(T,C)C(T1+---+Td)nkC
0<k<n
(EA (T (S ero
1<j<d 0<k<n 0<j<m J
= 0.

Hence, T is an (m, n, C')-isosymmetric c.t.o.
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The following theorem will be required later.

Theorem 2.10. Let T = (Ty,---,Ty) € B(H)? be a commuting tuple of operators and C' be a
congugation on H. The followmg statements hold:

1<j<d
1<5<d 1<5<d

Proof. According to [27, Proposition 1] we have
Bri1 (T, C) = > T*B,(T,C) (CT,C) = B (T, C).

1<i<d
From this we have

Qm—i—l n(Ta O))

= () e T B (RO)C(T o+ 1)
0<k<n

n d

= Y -yt k) (T3 + -+ T3)" [ S T%6, (T, C) (CT,.C) — Bu(T,C)
0<k<n 1=1
C(T+---+T)""C

(CT,0)

(=) (Z) (T{ 4+ 4 T3) B (T.C)O(Ty + -+ Tp)"C

b 30 (1)@ e 1) (R O)C(E 4+ 1)

g

Corollary 2.11. If T = (Ty,--- ,Ty) € B(H)? is an (m,n, C)-isosymmetric c.t.o., then T is an
(m/;n', C)-isosymmetric c.t.o. for alln' > n and m' > m.

Proposition 2.12. Let T = (11, -+ ,Ty) be a c. t.o. which is a (2,n,C)-isosymmetric c.t.o. for
some conjugation C'. Then the following hold:

!
(212) Y k—;T*“fan(T, C)CT'C = (1 — k)oy, (T, C) + k( > Tra,(T, (J)(JTjO), VkeN.
1<j<d

=k
1 K
(2.13) lim Y ST, (T, C)CTC = Q1,(T,C).

k—o0
=k V"
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Proof. We agree (2.12) by induction on k. For k = 0,1 it is obvious. Assume that (2.12) is true

for k. Direct calculation gives

v EE Dy, (1.0)c1e

|
ik

|
= Z Uf—i_—l)k;T*"/an (T, C) cCT'C

l...
i dg=h1 U

. kl
D S L R LI VRO WeiYer ule
U LT

I ( —1)!
1<r<d Ny Ly =k 1 (v =1)

can (T, C)CT - Tt -Td”T,,C)

!
= Z TJ*( Z k—iT*”’an (T, C)CT"*C) CT;C  (since C* = Iy).

1<j<d |v|=k

By taking into account that T is a (2, n, C')-isosymmetric c.t.o., the induction hypothesis and (2.7)

we may write

s> EE D, (1.0)cme

J/

i 7
=y T*( > ‘T*Van(T C)C’T”C) CT,C
1<r<d |v|=k v
= > T;((1 — k), (T,C) +k Y T;an(T,C)OTjC>OTjC
1<j<d 1<j<d
- k) Y Tran(T,.C)CT,C+k > TiTja,(T,C)CT,T,C
1<5<d \ 1<5,r<d |
K
- k) > T (T C)CTC+k( Y TP (T C’)CT20+2< > Tj*TT*an(T,C)CI}TTC’>)
1<r<d N 1<r<d 1<j<r<d
M
- k) > Tra,(T CTC+k(—an(TC’I+2 > Tra,(T C)CTC)
1<r<d 1<5<d
= —kay,(T,0) +(k+1)( > T:an(T,O)CTrC).

1<r<d
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Therefore, (2.12) holds for k£ + 1. From identity (2.12) we get

k—00

lim Z 7,T%,L(T c)oT'C —a, (T, C) + ( > T:an(T,C)OTrO)
1<r<d

Iv|=k <r<

= éan(trv(j)-

g

Theorem 2.13. Let T = (1y,--- ,Ty) be a c.t.o. and C be a conjugation on H. Then the following
hold:

(2.14) Z T*Wan T,C)CTC = ( )an (T, ),

lv|= k) 0<j<k

for every integer k > 1.

(i) T is an (m,n, C)-isosymmetric c.t.o. if and only if

(2.15) > k—iT%n(T, C)CTC = Y G) Qin(T,C); VkeN.

=k 0<j<m-1

(ii) If T is an (m,n,C)-isosymmetric c.t.o., then

1 k!
(2.16) Qm-1,n(T,C) = lim —— T, (T,C)CTC.
k—oo ( kl)|g%;77'

Proof. We argue (2.14) by induction. For k£ = 1 it is obvious that (2.14) is true. Now assume that
(2.14) is true for k. We shall deduce it at step n + 1. By taking into account (2.1) and (2.14), we
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get
*y Y
> B'T a,(T,C)CT'C

[v|=k+1
= Qup1a(T,C) = > (-1 k“) le*'Yan(T C)CTC
0<j<k A
1oy (R 1 J
- om0 - ¥ (T S (Do)
0<j<k J 0<r<j "
= 0n(T.0) = 3 0T 0) T (—1)“”(“1) @
0<r<k r<j<k J "
= Qunin(T,0) = Y Qu(T.C) ( > (= J(kﬂ)(“l_T»
0<r<j r<j<k r J=r
k+1 Mk +1—
= Qua(T.C) - Y ( + )QM(T,C’)( > (_1)k+1—g( + r>)
0<r<k " r<j<k J=r
(1. = Y (k+1)Qm(T70)(_1+ S (- r(k+1—9>>
0<r<k " 0<r<k+1—j r

J/

-~

=0
- > (")enmro.
o<j<he1 N

(i) If T is an (m,n,C)-isosymmetric c.t.o., then Qy,(T,C) = 0 for all k > m ( by Corollary
2.11). Hence (2.15) follows from (2.14). However, if (2.15) holds for all k > 1. Then Qy,(T,C) =
0 for k > m by (2.14), therefore T is an (m,n,C)-isosymmetric c.t.o.

(i) If T is an (m, n, C')-isosymmetric c.t.o., we have by (2.15),
k!l . k k
> 7‘T T, (T, C)CTC = Z <j) Qin(T,C) + (m B 1) Qpn-1,(T,C).
=k 0<j<m—2
If we put this equation in the form
% > k'T*’Yan(T C)CTC = > i
(m—l) lyl=k v 0<j<m—2 (m—l)

then, we find that

(f) Qj,n (T7 C) + mel,n (Ta C)a

1

QO 1n(T C) = lim k

k—>oo

Z T”an T,C)CTC.
M w7

To establish our next result, we require the following lemma. which is quoted from [§].
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Lemma 2.14. ([8]) Let (e;),>0 and (hj);>0 be sequences of real numbers and let (¢, ;) >0 be a
double sequence of real numbers. Then

(2.17) > er< > e ) > by ( > cm-er).

0<r<k 0<j<r 0<j<r i<r<k

The following Corollary gives a description of an (m,n, C')-isosymmetric c.t.o.

Corollary 2.15. Let T = (11, -+ ,Ty) be c.t.o. and C be a conjugation on H. Then T is an
(m,n,C)-isosymmetric c.t.o. if and only if

(2.18)
Syremoere= 3 (3 () () (Z5metraere)

Proof. Suppose that T is an (m,n, C)-isosymmetric c.t.o. According to (2.15), (2.1) and (2.17),
we my write

K B k
> ST(T,0)CTC = Y (j,)Qj,n(T,c)

il 0<j<m-1
k r(J )
- 2 Oz () Zhrmacre)
0<5<m—1 0<r<j |v|=
. ] |
2 (5 r () remacre
0<r<m-—1 r<j<m-—1 [v|=r

So, (2.18) is now verified.
Now assume that (2.18) holds. According to [22, Lemma 2.3] and Corollary 2.15 it follows that
T>w (T, C’) CT7C is a polynomial in j of degree < m — 1, that is,

/yl
Iv|=3

1l
Z %T*van(T, C)CT”C =o(T,C,n) + 1 (T,C;n)j+ -+ + Y1 (T, C, n)]’m—l.

IvI=J
As an application of the identities
Z (_]‘>m_](m)]qzo fOI'q:O,l,"' , M
0<j<m J
(see [23, Lemma 3.3]), it is not hard to see that
. 1
S o (M) (S Lra (T 0)oTe) = 0
. J !
0<j<m =3
This yields that T is an (m,n, C)-isosymmetric c.t.o. g

We give the following theorem, which is one of the most important results of this section.
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Theorem 2.16. Let T = (1y,--- ,Ty) be an (m,n,C)-isosymmetric c.t.o. and satisfies the fol-
lowing condition

!
(2.19) sup ' Z ET*'YO%(T,C)C'TVCH < 00.
=
then
(2.20) > T;0,(T,C)(CT;C) — ay(T,C) =0
1<j<m

i.e., T is a (1,n,C)-isosymmetric c.t.o.

Proof. by referring to the assumption that we have T is an (m,n,C)-isosymmetric c.t.o. and
(2.15) we can see that

> k—iT*mn(T,(J)CTVJ = > (j) Q;.(T,0)

|7p4;7' 0<j<m—1

for every k € N. To do this, there exist operators 1; (T, C, n) for j =0,1,--- ,m — 1 which may
be written

(2.21) > T (T,C)(CTIC) = > (T, Con)k.

1<i<n 0<j<m—1

In that case, (2.19) tells us that

M = sup
k

!
' > %T*”an(T,C)OTVCH < o0.
=k "

Then we have

0< sup{H Z wj(T,C,n)ij k=12, .. } < M.
0<j<m—1
Since k is arbitrary, we have 1); (T, C, n) =0forj=1,---,m—1. Hence
> Ta,(T,C)(CTC) = o (T,C) =0
1<j<m
Since k is arbitrary, letting kK = 1 we have a desired equality. U
It has been proven in [27] that the class of (m, C)-isometric c.t.o. is norm closed in B(H)¢. So

here we would like to prove that this property remains valid for the class of (m,n, C)-isometric
c.t.o.

Theorem 2.17. Let (Tq = (Thg,- -~ ,qu))q be a sequence of an (m,n,C)-isosymmetric c.t.o. for

some congugation C' such that T, — T := (T\,---,Ty) as ¢ — oo in the strong topology of
B(H)?. Then T is an (m,n,C)-isosymmetric c.t.o. where |T|* =37, ., IT5]1*.
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Proof. We consider (T, = (Tig,- - ,qu))q be a sequence of an (m,n, C)-isosymmetric c.t.o. for
which
IT, =T = > Ty — TjlI> — 0 as ¢ — oc.
1<5<d

We note in particular that

Ty =Tl — 0 (¢ —>00) foral j=1,2---,d,
We will furthermore see that

IT,) =T} — 0 (¢ —>o0) forallj=1,2,---,d

which ensures that
HT;’ — T — 0 (¢ — ).

However

)| =0

i || (T~ 1) = i || (7, T)

1<j<d 1<j<d

and

T | 3 (€T,0 - CT0)| -

1<j<d

Depending on these properties we want to show that Q,,,(T) = 0. Given that Q,,,(T,,C) =0
and ||C]| = 1, it will be with us

[ Qmn(T, O
= HQm,n(Tqu) - Qm,n(T C)H

— 1 X ot () S e aenie- ¥ () X e oeriel

0<k<m ly|=k 7 0<k<m ly|=k v
m—k [T k *7 B m—k (1T k *’7 v
0<k<m |v|=k gk 0<k<m |v|=k v
m—k [T k! *y ¥ m—k [T k! *y ¥
H > (-1 h Y =Ty a(T,C)CTC — Y (1) h Y =T, (T, C)CTC|
0<k<m lvI=k v 0<k<m |v|=Fk v
m k' m k! . .
0<k<m lv|=k v 0<k<m lv|=k v
m k' m k! . .
< ¥ (V)X Hmieonm - ¥ (7)) S S - e
0<k<m ly|=Fk v 0<k<m ly|=Fk v
By taking ¢ — oo we get Q,,,(T,C) =0. . O
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3. PERTURBATION BY A NILPOTENT OPERATOR

Perturbation theory has long been a very useful tool in operator theory and has been developed
by several authors. A considerable amount of research has been done on the perturbation of m-
isometric operators and n-symmetric operators in single and multivariable operators on a Hilbert
space, principally by T. Bermudez et al.[7], Mecheri et al.[25], Cho et al.[10], Duggal et al.[16],
C. Gu [22], Rabaouiet al. [26] and Sid Ahmed et al.[27]. In the following main theorem, we will
combine these results and we devote much effort to extend them for (m,n, C'))-isosymmetric c.t.o.

The following proposition will be required later.
Proposition 3.1. Let T = (T3,--- ,Ty) , N = (Ny,--- , Ng) be two c.t.o for which [Tj,NZ} =
[C’TjC, Nﬂ =0 for all j,i € {1,---,d } and C be a conjugation on H. Then, for a positive

integers m and n, the following identity holds:
(3.22)

Q. n(T+N, C) = Z Z (:) (67771 k:) (T+N)"N"Qy (T, C)oy(N, C)T"N”
3=0 |Bl+|y|+k=m T
m!

Bk

Proof. We prove by two-dimensional induction principle on (m,n) € N2, We first check that it is
true for (m,n) = (1,1). In fact,

21: 2 C) (ﬁi k) (T +N)" N7A 1(T, C)ay(N, C)T'N”

5=0 |8+ |+h=1

m
where aj (N, C) =0 4 'ZQqand( >:
(N0 i B,k

1 d
¥ {z (T + N?) Qs (T, C)ay(N, C)N
j=0 Li=1
d
£ N Qi y(T. C)ay(N. O)T,+ Opay (T, Chay(N, o>}
=1

d d
= Y (T} + N;) Qoa(T, C)ap(N, C)N; + Y (T} + N;) Qoo(T, C)au (N, C)N
i=1

i=1

d
+) N7 Qoi (T, C)ag(N, C)T; + Y Ny Qoo(T, C)auy (N, C)T;
i=1 =1

+Q1,1 (T7 C)QO(N7 C) + QLO(T7 C)Oél(N, C)
Since QQO(T, C) = I and ao(N, C) =1, we get

1
Z Z C) (5 i k:> (T +N)"N"Q, 1-(T, C)a;(N, O)T'N* = A+ B

J=01B|+|y|+k=1
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where
d

d

A= "(T7 + N) Ao (T, O)N; + > N Qo (T, C)T;
=1 i=1

and

B = Ql,l(T, C) + QLO(T, C)al(N, C’).
We will using Theorem 2.10 to calculate B

B = Q11(T, C) + Qio(T, )y (N, C)
d d
= {Z E*Qo,l (rI‘7 C)CEC — Q()’l (T, C)} + {Z j“Z*CT'ZO — ]} Qa1 (N, C)
i=1 =1
d
ST Qo (T, €) (N, €)] OTC — (0o, (T, €) + an (N, ©))

d
= ) 1791 (T+N, C)CT,C - Qo1 (T +N, C)

i=1

Therefore

d d d
A+ B = <Z (T7 + N;) Qo (T, C)N; + Z N; Qo1 (T, O)T; + ZT:QOJ(T + N, C)CTiC>
=1 =1 =1
—Q01(T+N, C)
d
— Z (T} + N7) Qo1 (T+N, C)C(T; 4+ N;) C — Q01 (T+N, C)

=1

So the identity (3.22) holds for (m,n) = (1,1). Assume that (3.22) holds for (m, 1) and prove it
for (m + 1,1). Thanks to the Theorem 2.10, we get

Qm+1, l(T + N, O))
= ) (T +N)Qu(T+N, O)C(T; + Ni)C = Q1 (T+N, C)

1<i<d

=1 J=0 |8+ |y |+k=m

— d (TF + N;) {Z > (1) (573 k) (T+N)"N7Q; 1 (T, C)oy(N, C)TVNB}

C (T, + N;) C

2B () menam e o

5=0 |8+ +h=m

- 21: 3 <1> (6? k) (T +N)* N 4,0,(N, C)T"N,

5= (Bl +irlh=m
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where
d

A = ST +N7) Qo 5(T, C)C(Ti+ Ni)C = Q1 45(T, C)

=1
= ZTQ;“] C)CT;C — Qp1-4(T, C)

d
+3 (T + N) Qi 1y (T, C)CNC+ZNQ“]( C)CN;C
=1 =1
d

= Q1 15(T, C) + > (T + N;) Qi 15(T, C)C’NC+ZN Qi1 (T, C)CT,C

i=1 =1

Therefore
Qm+1 (T +N,

)
= Z > <>(5 k) (T +N)* N*'Quy,1-5(T, C)a;(N, C)T'N?

3=0 |B|+|v|+k=m
1
D3NP
J=0 |8+ [+k=m

G)
oy ()
)

1

J

d
oo k) > (T + NP (T + N )NQy 1(T, C)ay(N, C)T'CN,CN?
Vs =1

—_

J=0 |8+ [+k=m

S

J=0 |8|+|y|+k=m+1

m+1

d
(5 k:) > (T+ NP NINQp (T, C)ay(N, C)CT,CT'N?
» Vs i—1
(5 75k

) (T+N)" N1Q, 1_;(T, C)a;(N, C)T'N?

Now assume that (3.22)
Theorem 2.10, we get

Qm, n+1(T+N, C))
= Y (T +N)Qua(T+N, C) = > Qun(T+N, O)C(Ti+ N,) C

olds for (m,n) and we prove that holds for (m,n + 1). By using the

lsi<d 1<i<d
= Y (TT+N)> > <n> (5 m k:) (T+N)’N"Q; , ;(T, C)oy (N, C)T'N”
1<i<d 5=0 |81+l k=m N/ NT

-y i > <?) (B:L k) (T+ NP NQ; ,, (T, C)a;(N, O)T'NC(T; + N;) C

1<i<d j=0 |B|+y+k=m

- ¥ (anl k) (T +N)” N7 4,(N, C)T'N’

[B+|v+k=m
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where

Ay = Y n) Y (T +N7) Quny (T, C)ey(N, C)

J=0 J

N <> Qs 5(T, C)ay(N, €) S C (T3 + N C
- .n <”) { S T Ak (T, C) - Z Qi n (T, C)CTZ-C} o (N, C)
S ()eunr 2 wav o) - 5 v oniel

1<i<d 1<i<d

n

_y 77) Qs ni1-; (T, C)ey (N, C) + 3 G) Qk,n—i (T, C)aj (N, C)

=0
= Qit (T, O)ay(N, O) + 3 (j) Qs nir5(T, C)ay(N, )
j=1

n—

1
i (’;) Q1. (T, C)ayr(N, C) + Q. o(T, C)arnin (N, C)
)=0

J]=

= Qi ni1(T, O)ag(N, O) +j2: ((?) + ( " )> sk, n1-5(T, C)a;(N, C)

j—1
+Qk,O(T7 C)an+1(N7 C)
n+1 n+1
= Z . Qk, n+17j(T7 C)Oéj(N7 C)
=0~/
As a result that
Qu,ni1(T+N, O))
n+1
=2 2 (n ; 1) (6 ) k) (T+N)"N"Qy i1 (T, C)ay(N, C)(N, C)T'N
=0 81+ k=m ~ '
Then for all positive integers m and n we have
Q. a(T+N, O) =% 3 (")( m k) (T+N)*NQy , (T, C)a;(N, C)T'N?
30 g+ rkem /NP
O

Following [22], a tuple N = (Ny,---, Ng) € B(H)? of c.t.o., is said to be g-nilpotent, ¢ > 0, if

N« = Nyt NJ? =0 for all w = (wy, -+ ,wq) € ZL such that |w| = ¢.
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Theorem 3.2. Let T = (11, -+ ,T;) and N = (Ny,--- , Ng) be two c.t.o. for which

[Tj,NJ = [C’TjC’, Nﬂ =0 for all j,i € {1,---,d } and C be a conjugation on H. If T is an
(m,n, C)-isosymmetric c.t.o. and N is a nilpotent c.t.o. of order q, then T + N is an (m + 2q —
2,n+2q—1, C)-isosymmetric c.t.o.

Proof. Under the hypotheses of the theorem we can using the Proposition 3.1, we get that

n+2q—1
+2¢—1 +2¢—2
O m+2q-2, n+2q—1(T+N7 O) = Z Z (n q )(mﬁ ’qu )

=0 |l+h|+k=m+2g-2 J
X (T +N)"NQy, 110-1-4(T, C)a;(N, C)T'N”

o If j > 2q or ¢ < max(|S],|y]), then aj(N, C) =0or N* =0 or N? =0.

e Else if j < 2¢g and ¢ — 1 > max(|8],|y]), then n+2¢—1—j >nand k =m+2q—2 —
1B = |7 =m+(g—1—18])+ (¢—1—|y|) > m. According to Corollary 2.11, we get that
O, nt2-1-3 (T, C) =0

U

From the previous theorem, we derive the next corollary.

Corollary 3.3. Let T = (Ty,...,Ty) € B(H)? be an (m,n, C)-isosymmetric c.t.o. and let N =
(Ny, -+, Ng) € B(H)? be a g-nilpotent c.t.o. Then

TRI+IQN := (I1QI+IRNy, -+, TyRI+IRN;) € B(HRH)? is an (m+2¢—2,n+2¢—1,CRC)-
1sosymmetric c.t.o. where C' is a conjugation on H.

Proof. 1t is evident to see that
(Tho ), (I®N;)] =[(CeO) (R, I)(C&C0),(I®N,)] =0,

for all j,k=1,---,d. Moreover, we infer that T@I=(T7 ® I, --- , Ty, ®I) is an (m,n,C ® C)-
isosymmetric c.t.o. and I @ N = (I RNy, -+, I® Nd) is a nilpotent c.t.o. of order ¢. The result
now follows from Theorem 3.2. [
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