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Abstract
Given an m-isometric Hilbert space operator A € B(H), A% 4(I) =
Z;ﬁ:o(_l)j ( 7;1 ) A* AJ = 0, with polar decomposition A = U|A|, the Aluthge

transform A = |A|2U|A|2 preserves almost all the spectral properties of A.
However, the m-isometric property of an operator neither implies nor is im-
plied by the m-isometric property of its Aluthge transform. The operator A
has an |A|-adjoint A, A* = [A]* = U*|A| [4, Definition 1.1]. If A;, i = 1,2, dou-
bly commute and A; (resp., A;) is strict m;-isometric, then 2_1\1_4/2 (resp., A1.As)
is strict (my + mg — 1)-isometric. The converse fails for products A; As, Ay Ay
and Aj;As, but has a positive answer for tensor products A; ® Ao, A ® 1212,
A1 ® Ay (and their Hilbert-Schmidt class identifications with the elementary
operators L, Ras, LAlRA; and L4, Ray); if S® T, where S ® T stands for
either of the three tensor products above, is strict m-isometric, then there exist
scalars ¢ and d, |ed| = 1, and positive integers my and mq, m = my + my — 1,
such that ¢S is strict mq-isometric and dT is strict ms-isometric.

1. Introduction

Let B(H) denote the algebra of operators, i.e. bounded linear transformations, on an
infinite dimensional complex Hilbert space H into itself. A generalisation of isometric
operators A € B(H) is obtained by calling A m-isometric, A € m-isometric, if

AT A (1) = (T = La-Ra)™(1) = 3 (~1)7 < " ) A9 — 0,
=0

where L+, R4 € B(B(H)) are, respectively, the operator La«(X) = A*X of left
multiplication by A* and the operator R4(X) = X A of right multiplication by A.
Motivated by the work of W. Helton, the concept of m-isometric operators was intro-
duced bt J. Agler [1], and a study of the structure of the class of m-isometric opera-
tors was initiated by Agler and Stankus in [2]. This class of operators has since been
studied by a large number of authors, amongst them [3, 5, 8, 9, 11, 13, 14, 16, 18, 21].

If an A € B(H) has the polar decomposition A = U|A|, then the Aluthge transform A
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2 Duggal, Kim

of A is the operator A = |A]%U\A\% € B(H) [17]. The Aluthge transforms preserve,
often improve upon, many a spectral property of the operator. However, as Botelho
and Jamison [10] point out in their study of elementary operators and Aluthge trans-
forms, the m-isometric property of an operator neither implies nor is implied by the
m-isometric property of its Aluthge transform. For example, if A; € B(¢?) is the
operator A1z = Aj(x1,22,23, 24, ) = (0, %a:l, 219, %xg, 21y, - ~), then A; is not 1-
isometric (i.e., isometric) and Ay, Az = (0,21, x9,x3, 24, ), is 1-isometric. Again,

the operator Ay € B(£?), Asx = (0,a121,a2w2,a3x3,---) and a; = eieﬂ',/%, is
2-isometric but Az = (0, et ]alaglé, ei92|a2a3|%, ei93|a3a4|%, . ) is not 2-isometric.
Not all is, however, lost. In both the considered examples, the operator |A;|,i = 1,2,

and an

is invertible, hence defines an equivalent norm || - [\ 4,, [| Bll|a,] = H|Al|%B‘
|A;|-adjoint operator (in the terminology of [4, Definition 1.1]) [A;]* = U/|A4;|. It
is seen that A; € (1,]A;|)-isometric (i.e., ‘|A1]%A1x’ = H|A1|%.’L’H for all x € £?),

[A1] € (1,]A1|"Y)-isometric, Ay € (2,|As|)-isometric and [As] € 2-isometric. We
prove in the following that such phenomena are typical of m-isometric operators.

Recall that A € B(H) is said to be strict m-isometric if A 4(I) = 0 and
ARTL) #0. If A; € B(H), i = 1,2, commute, [A;, Ag] = A1 Ay — AyA; = 0, and
A; € my-isometric, then A;As € (m; + mg — 1)-isometric [7]. A; and Ay doubly
commute if [A;, As] = 0 = [A], As]. For doubly commuting strict m;-isometric
operators A;, “the product property” extends to their Aluthge transforms A; and
|A;|-adjoints A; = |A;|U; (see definition below). The converse, namely “does AjAs
(or, fllflg, or, A Ag) strict m-isometric imply the existence of positive integers m;
such that m —mj +mg — 1 and A; (resp., lel ,or, A;), or some multiple thereof, is
strict m;-isometric fails, even for doubly commuting A; and As. An exception here
is the tensor product A; ® Ay (and its Hilbert-Schmidt class identification with the
elementary opetrator La, Rayz). It is seen that if (S, T) is either of the pairs (A1, A2)
or (Al,Ag) or (A, A2) and S ® T is strict m-isometric, then there exist scalars ¢
and d, |ed| = 1, and positive integers m;, m = mj + mg — 1, such that ¢S is strict
ma-isometric and dT is strict mo-isometric.

2. Results.

Let P > 0 be a positive operator in B(#H). Given an operator A € B(H) with adjoint
A*, an operator A* is a P-adjoint of A if

<Al’,y>p = <PA$7y> = <an-’4*y> = <$,A*y>P
for all z,y € H [4]. Equivalently, A* is a P-adjoint of A if and only if
PA* = A*P (<= AP = PA).

Not every A € B(#H) has a P-adjoint: A has a P-adjoint if and only if the operator
equation XP = PA has a solution and a necessary and sufficient condition for this
to happen, guaranteed by the following theorem, is that A*P(H) C P(H).

Theorem 2.1 [12] Given operators A,B € B(H), the following conditions are
equivalent:
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m-isometric operators 3

(i) BH) C A(H).

(ii) There exists a positive scalar ¢ such that BB* < cAA*.

(111) There exists an operator C € B(H) such that AC = B.

Furthermore, if one of these conditions is satisfied, then there exists a unique
operator D € B(H) such that AD = B, D(H) C A*(H), D71(0) = B7(0) and
|ID||? = inf{c > 0 : BB* < cAA*}.

If an operator A € B(H) is m-isometric, then it is necessarily left invertible, hence
has a polar decomposition A = UP, where U is isometric and P > 0 is invertible.
Thus an m-isometric operator A always has a unique P(= |A|)-adjoint, namely the
operator A defined by

A*=[A]* =P 'A*P=U*P (<= A= PU).

The Aluthge transform A (i.e., the operator A= P%UP%) of the m-isometric oper-

ator A = UP is related to A via P AP™3 = A. Henceforth, given an operator T
with polar decomposition T = Up|T|, T* = [T|* = U;|T| shall denote the |T'|-adjoint
of T.

Remark 2.2 For a given operator A = UP, the operator B = PU has been called

the Duggal transform of A [17]. It is a well known fact [6] that 0,(A) = 0x(A) =
ox(A) for most of the distinguished parts of the spectrum o : in particular, the equality
holds for o, = o, the spectrum, and o,, the approximate point spectrum.

The following technical lemma is important to our deliberations below.

Lemma 2.3 If A € B(H) has the polar decomposition A = UP, Aluthge transform
A and P-adjoint A*, then:

{A € m —isometricy = {A € m — isometric}
— {A € (m, P?) —isometric,0 ¢ o,(A)} A
A {A € (m, P) —isometric,0 ¢ g,(A)},
{A € m — isometric} <= {A € (m, P) — isometric, 0 ¢ o,(A)
and 3
{A € (m, P) —isometric} <= {A € m —isometric,0 ¢ o,(A)}.

Proof. Since A = PU,

{A € m —isometric} <= A% 4(I) =0

m

= Y (-1) ( 7;” >A*jAj =0

j=0

— U* —1)/ m)PA*j_lAj1P+I U=0
S (:

j=1
= ) (-1 ( 7;” > AT A =0, 0¢ o,(A)
=0
< {A € m — isometric}
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4 Duggal, Kim

“ : m % A%i— i
P Z(—1)J< ; >UAJ 'p2A-lu+ 1| P=0,

S
j=1
0¢ 04(A)
— %(1)2' < T ) AYIP2AT =0, 0 ¢ 0,(A)
= AR AP =0, 0¢ 0q(A)
= PTIAR L(PP)PT3 =0, 0 ¢ 0,(A)
= i(—w‘ < T ) (P%U*P%)jp (P%Upé)j =0,

J=0

— AT (P)=0.
For the two way implication, we have:

m

{A € m —isometric} <= AL 4(I) =0<+= Z(—l)j < ;

> A AT =0

UP: A9 1pAI-1piy +1=0

— P2 Z(—l)] T )U*Péfl*j_lelj_lpéUﬂLI P3 =0,
j=1
0 ¢ 0a(A)
— >y ( " >A*]’PAJ’ =0, 0¢ 0a(A)
=0
<= AEL* A(P) =0,0¢ Ua(A)'

If A € m-isometric, then
A%*,A(I) — 0

= PIAR A(DIP? =0, 0¢ 0,(A) = 0,(A)
= AT A(P)=0, 0¢0,(A).

This completes the proof. O

Observe that if the operator A in the first part of Lemma 2.3 is invertible, then
U in the polar decomposition A = UP is unitary, all the implications in the proof
of the first set of implications are two way implications, hence the items in the
statement of the lemma are equivalences. In the general case, A € m-isometric
implies (PA%}A(I)P =0 =>) A*A, 4(I)A = 0. Such operators A have been
called 1-quasi m-isometric and have been considered, amongst other papers, in [15].
A € m-isometric is said to be strictly m-isometric, denoted A € strict m-isometric
if

AT 4(I) =0 and AL (1) #0.
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It is well known, see [15, Lemma 4.1], that if A, B € B(#H) commute, [A4,B] =
AB — BA =0, A € my-isometric and B € mg-isometric, then AB € (my + mg — 1)-
isometric. Indeed:

Proposition 2.4 (a.) Given [A, B] =0, any two of the following three implications
implies the other.

(i) AB € (m1 + mgy — 1)-isometric.

(i1) A € my-isometric.

(i1i) B € ma-isometric.

(b.) Again, , given [A, B] =0,

(i) AB € strict (m1 + mg — 1)-isometric if and only if AEEJBI(A%}:;(I) # 0;

(i1) if A € my-isometric and B € ma-isometric, then AB € strict (my+mga—1)-
isometric implies A € strict mqy-isometric and B € strict mo-isometric. Further-
more, AB € strict (m1 + mgo — 1)-isometric and A € strict my isometric (similarly,
AB € strict (mq + ma — 1)-isometric and B € strict ma isometric) implies B €
strict mo-isometric (resp., A € strict mq-isometric).

Does a similar result hold for products of Aluthge transforms and P-adjoints? More
precisely, if [A, B] = 0, then does A is mi-isometric and B is mo-isometric (resp., A
is my-isometric and B is mo-isometric) imply AB is my + my — l-isometric (resp.,
AB is mj + mg — 1-isometric)? The problem here is that of ensuring a reasonable
relationship between the polar forms U|A|, V|B| and W|AB| of A, B and AB,
respectively. Assuming merely that [A, B] = 0 is not enough to conclude |AB| =
|A||B|, or [U,|B|] = [V, |A]] = 0; additional hypotheses are required.

The following terminology will come in handy in the statement of our result.
Given a non-negative operator P € B(H), P > 0, P generates a new semi-inner
product (.,.)p on ‘H deined by

(x,y)p = (Pz,y) for every z,y € H.

The semi-norm induced by this semi-inner product is a norm whenever P is injective
and an equivalent norm whenever P is invertible. Choose P > 0 to be such that

2| = (Pa,z) = ||P2al?, € A,

defines an equivalent norm on H. For an operator T' € B(#) such that T € (1, P)-
isometric,

1
So-17 () TP =0 1Tl = el
j=0

i.e., P defines an equivalent norm such that 7T is isometric in this equivalent norm.
Generalising this concept, we say in the following that ”an operator T' € B(H) is m-
isometric in an equivalent norm on H if there exists a positive operator P € B(H)
defining an equivalent norm such that 7' € (m, P)-isometric”. Translated to this
terminology, Lemma 2.3 says that 7 A € m-isometric implies A is m-isometric in
the equivalent norm |[.|[; 4" .

Theorem 2.5 Let A,B € B(H) be doubly commuting operators (thus: [A, B] =
[A, B*] = 0) with polar decompositions A = UP and B = V@, let AB denote the
Aluthge transform of AB and let [AB]* denote the |AB|-adjoint of AB.
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6 Duggal, Kim

(i) If A € my-isometric and B € my-isometric (resp., A € mi-isometric and
B € my-isometric), then AB € (my +ms — 1)-isometric (resp., AB € (mq +mg—1)-
isometric).

(i) If A € mq-isometric and B € mgy-isometric, then AB € (mq + mg — 1)-
isometric, and AB € (mq 4+ mg — 1)-isometric in an equivalent norm.

Proof. The hypotheses A € (m1, P)-isometric and B € (ma, Q)-isometric (similarly,
A € my-isometric and B € mg-isometric) imply 0,(A) and o,(B) are contained in
OD; in particular, A and B are left invertible, hence U,V are isometries and P, Q)
are positive invertible in the polar decomposition for A and B. This, combined with
the doubly commuting property of A and B, implies:

[A,Q=[B,P|=[PQ=0=[UQ|=[V.P|=[U,V]=[UV"]

and
AB=UPVQ =UVPQ =VUPQ = BA,

so that

AB =W|AB| =UV|A||B|,[A,B] = [A,B*] = 0 = [A, B] = [A, BY],

AB = AB,[AB] = AB.
where A, B are the Aluthge transforms of A, B, respectively, A* and B* are the
|Al-adjoint of A and the \B| adjoint of B, respectively. Let m = mj + mg — 1.

(i) Since AB = AB = BA and [AB] = [A]|B] = [B][4], the proof of (i) is a
straightforward consequence of Proposition 2.4(a).

(ii) Since, for an operator T' € B(H), T € m-isometric implies 7 € m-isometric
(by Lemma 2.3), the hypothesis that A € mj-isometric and B € ma-isometric
implies A € mg-isometric and B € me-isometric, and hence ,by Proposition 2.4,
AB € (my + mg — 1)-isometric. To complete the proof of (ii), let m = my +mg — 1.
Keeping in view the commutativity properties of P, @, V,U etc., a straightforward
argument proves that

my
A € m; — isometric <= Z(—l)j < 731 )A*jAj =0

j=0
1 A m 1
— P2 Z(—1)3< . >A*JP—1AJ Pz =0
Jj=0 J

«— Ac (m,P!) - isometric,

similarly
B € mg — isometric <= B € (m, Q! — isometric

and

zggﬁ%ﬂZE(P_lQ_ )=~ LypRap)"(P7'Q7Y)
= (I=LzLgRiRp)"(P7'Q7)
= (LaRilp 5+ Dj ) (P7'Q™)

i( ) Laera)™ 855 (8% 4P ).

Jj=0
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m-isometric operators 7

Since Ag*jA(Plefl) = Q! (Aé‘*A(P’l))7 and since AL _(P~1) = 0 for all

A* A
J Z mi,

m —-1n-1

mi1—1
i m m—j Am—j —1AJ -1
= (—-1) < j > (LA*RA) JAB*’% (Q A%*A(P ))

j=0

mi1—1 m ]

j m—j aj —1 am—j (-1
= Y (-1y ( . ) (LaRy)" ™ o0 5 (P ATL@7).

5=0
But then m — j > mq +mge — 1 — (m1 — 1) = mg, and hence, since Até* B(Q_l) =0
for all t > mo, ’

m -1 -1\ __

equivalently, AB is m-isometric in the equivalent norm ||| p-1g-1. O

Remark 2.6 If A, B are the doubly commuting operators of Theorem 2.5 such that
A is my-isometric and B is mg-isometric, then Proposition 2.4 implies that AB is
strict (mq + mg — 1)-isometric if and only if

A (Agfg(f)) = ap ) (Aj’j LU )) # 0;

AB € strict (m1 +mg — 1)-isometric implies A € strict m;-isometric and B € strict
(mg — 1)-isometric. A similar statement holds for operator A, B and AB.

Let H®Hdenote the completion, endowed with a reasonable uniform cross norm,
of the algebraic tensor product of H with itself. Given operators S,T € B(H), let
S ® T denote the tensor product of S and T'. Define A, B € B(H®H) by

A=S®ITand B=1IQT.

Then A, B doubly commute and 04(AB) = 0,(SQT) = 04(5)0a(T) = 04(A)0a(B);
if S and T have the polar decompositions S = Ug|S| and T' = Up|T|, then AB has
the polar decomposition AB = (Us ® Ur) (|S| ® |T|). It is straightforward to see
that

A € strict mq — isometric <= S ® I € strict m; — isometric

<= S € strict m; — isometric
and

B € strict mo — isometric <= I ® T € strict my — isometric

<= T € strict my — isometric

If welet S® I =Aand I ® T = B, then (as already observed) A € mj-isometric,
B € mg-isometric and AB € strict (m; + mg — 1)-isometric implies A (hence S) in
strict mq-isometric and B (hence T') in strict ma-isometric . The reverse implications
fail; thus (i) A strict mq-isometric and B strict mo-isometric does not imply AB strict
(mq + mg — 1)-isometric (even for commuting A and B), and (ii), given commuting
A and B, AB strict m-isometric does not imply the existence of positive integers
mi,mg < m, m = myq + mo — 1, such that A, or some multiple of A, is strict
m1-isometric and B, or some multiple thereof, is strict mo-isometric.
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8 Duggal, Kim

Example 2.7 (i). Let A;, By € B(#H) be such that A;, By € strict m-isometric.
Then the operators A = A1®1, B = 1@ By and AB are strict m-isometric operators
(in B(H @ H)). Evidently, m = m + m — 1 if and only m = 1.

(ii). Let A;, By € B(H) be two commuting (Hilbert space) isometries and let
By € B(H) be the operator By = I + V, where V' is the Volterra integral operator
(and T is the identity of B(H)). Define Ay, A and B by Ay = By', A = A; @ Ay
and B = By @ By. Then [A, B] = 0 and the operator AB = A;B; @ I is 1-isometric.
However, neither of the operators A and B, or a multiple thereof, is 1-isometric.
Even double commutativity fails to be sufficient. Choose, for example, A, B to be
commuting unitaries and choose Bs to be a normal invertible operator such that no
multiple of By is 1-isometric, i.e,, no multiple of By is unitary. Let Ay = B, 1 Then
A=A Ay and B = By ® By doubly commute, AB is 1-isometric, and no multiple
of A or B is 1l-isometric.

For tensor products, “the converse problem (ii)” has a positive answer. The following
theorem, indeed a more general version, is proved in [20] using techniques from
algebraic geometry. We give here a more transparent proof which uses little more
than some basic operator theory.

Theorem 2.8 If S ® T € strict m-isometric, then there exist non-zero scalars c
and d, |cd| = 1, and positive integers m; < m,i = 1,2, satisfying m = mq + mg — 1
such that dS € strict mi-isometric and cI' € strict mg-isometric.

Proof. The operator S ® T being m-isometric, 04(S ® T') = 04(5)04(T) is a subset
of the boundary of the unit disc (i.e., a subset of the unit circle) in the comples
plane C. There exist non-zero scalar ¢ € 04(S5) and d € 0,(T") such that |ed| = 1.
Let {en} be a sequence of unit vectors in H such that lim,_,c||(S — cl)ey|| = 0; let
x € H. The S ® T is m-isometric implies

0= D ersor(Ton) =Y (17 (7 ) (8" a TS @ Ty
=0

m

= 0 Z(—l)j < 77 > (S*Q@T*)" (S RT)" e, ® x, e, @ )
=0

— (0= Z(_l)j < T]n ) <S*(m_j)5m_j€n7€n><T*(m_j)Tm_j-T,33>.
=0

Taking limits as n — oo,

Il

. m s . s
PU](.)HT”%WHhmHyn%AF
0 j n—oo

J

I
NE

17 () eyl

<.
Il
o

for all x € H. Hence, upon letting ¢I" = T7,

- i ™ *(m—j) rm—j m
OZZ(_1)3<j>T1( J)T ! = Tl*,Tl(I)7

J=0
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m-isometric operators 9

i.e., 11 is m-isometric. A similar argument shows that S; = dS is m-isometric.

Let m; and ms be the smallest positive integers such that S; is mq-isometric and
T} is me-isometric. Necessarily mi, ms < m and m > mj +mg — 1. (Observe that if
m1+meo—1> 1, .57 is strict mq-isometric and 77 is strict mo-isometric, then S; ® T
is strictly (mj + mg — 1)-isometric, hence S; ® T} is not (strictly) m; +mo—1>m
isometric.) We need to prove m = mj + mg — 1 and that

—1 —1
ANglorsierT @ 1) # 0 # Nidre 1o, IS I).
Suppose that mq + me — 1 < m. Since
Aswersser(I @ I) = Asrers s10m (1 @ 1)
= {Ligr; Rigr, Dsiersier + Diers 1om (I @ 1),

S ® T is strict m-isometric implies

0 # A?@T*,S@T(I ® )

m—1
= e (M) e Reen )™ AT M e (9 )
§=0

2—1

S m—1 I 1
= (1) ( i ) (Lrors Rror )™ ™ Dgre ren Dsior bior © 1)
=0

(since A§®Tf7I®T1(I ®@I) =0 for all j > mg)
=0

for the reason that 0 < j < mo — 1 implies m —j —1 > m —mg > m; — 1 and
A%{@I,Slo@I(I@ IN=0forallt >my. O

If either of the hypotheses S € mi-isometric and T' € mg-isometricor S ® T' € m-
isometric is satisfied, then the polar(decompositions A = S ® I = UP and B =
1 ®T =VQ satisfy all the properties listed in the proof of Theorem 2.5, hence the
polar) decomposition S ® T' = (Us ® Ur) (|S| @ |T'|) satisfies

SeT=EGenIeD),[SeT =8 T

(where [S ® T|* is the |S ® T'|-adjoint of S ® T', §* is the |S|-adjoint of S and T* is
the |T'|-adjoint of T"). We note here that if [S ® T is left invertible (in particular, if
[S ® T is m-isometric), then S and T are left invertible. This follows from the fact
that S® T = (Us ® Ur)(|S| @ |T|) implies [S @ T] = (|S| @ |T|)(Us ® Ur), hence
0a(S®T) =04(S)oa(T).

Theorem 2.5 translates to:

Theorem 2.9 (i) If S®T € strict m-isometric, then there exist non-zero scalars
c and d, |cd| = 1, and positive integers m; < m,i = 1,2, such that m = my + mz —
1,¢S € strict my-isometric and d1I' € strict mo-isometric.

(i1) If [SRT] € strict m-isometric, then there exist non-zero scalars ¢ and d, |cd| = 1,
and positive integers m; < m, i = 1,2, such that m = my +mg — 1, ¢[S] = ¢S s
strict my-isometric and d[T] = dT is strict mg-isometric.
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Proof. Since Siéﬁ“ , respectively [S ® T, is strict m-isometric if and only if Sfé/T =
S®T, respectively [S®T] = [S]® [T7], is strict m-isometric, S® I and I ® T satisfy
the doubly commutative hypothesis and 0,(S @ T) = 0,(S @ T) = 04(A)oa(B) =
0a(S)o4(T), the argument of Theorem 2.8 applies. [

We note here that if S ® T has the polar decomposition S @ T'= W(|S| ® |T)|),
then [S ® T| = (|S| ® |T|)W by our standing hypothesis. Hence [S ® T is left
invertible implies S and T are left invertible, S ® T' = (Us @ Ur) (|S| ® |T'|) and
[S®T]=|S|Us @ |T|Ur = (S| ® |T1) (Us ® Ur).

Extension to multiplication operator £4 p = Lo4Rp. The extension of tensor
products results of Theorems 2.8 and 2.9 to multiplication operators £4 p on the
bimodule Ca2(H), the Hilbert-Schmidt class, is almost automatic. We observe that
"the prime condition” [16]

Eap=0€B(Co(H) = 0 € {A, B} C B(H) UB(H)

says that the operators £4 p induced by A, B € B(#) on Ca(H) are just the tensor
products A ® B* and ”the ultra prime condition”

€a.8ll = ||All2]|Bl|2, || - |2 the Hilbert — Schmidt norm,

ensures that the operator norm of B(Cy(#)) induces a uniform cross norm on the
tensor product H@H. We have:

Theorem 2.10 Let A, B € B(H). If Ea, € B(C2(H)) is strictly m-isometric, then
there exist scalars c,d, |cd| = 1, and positive integers m; < m,i = 1,2, such that
m=mq +my—1,cA € strict mi-isometric and dB* € strict ms-isometric.

Theorem 2.10 generalises [10, Theorem 1.1] (see also [19, Theorem 7]).

Theorem 2.11 Let A, B € B(H), and let (as before) A and A* (etc.) denote the
Aluthge transform and the |A|-adjoint of A, respectively. Let A, B have the polar
decompositions A=UP,B=VQ.

(i) If A € (mq, P)-isometric and B € (m2, Q)-isometric, then 4 g. € (m1+ma—1)-
1sometric.

(i1) If A € my-isometric and B € mg-isometric, then €45+ € (my + ma — 1)-
1sometric.

(i) Ifg[l,é* € strict m-isometric, then there exist scalars c,d, |cd| = 1, and positive
integers m; < m,i = 1,2, such thatm = mi+mo—1,cA € strict (my, P)-isometric.
and dB* € strict (ma, Q)-isometric.

() If Eap+ € strict m-isometric, then there exist scalars c,d, |cd| = 1, and positive
integers m; < m,i = 1,2, such thatm = mi+mg—1,cA € strict (my, P)-isometric.
and dB* € strict (ma, Q)-isometric.

Proof. The proof of the theorem is immediate from Theorems 2.8 and 2.9. The only

details needing attention here are the identifications A@Band & i and [A® B]
and Eq4p+. f A=UP and B=V(Q, then A® B=(U®V)(P®Q), hence

Eap+ = LaRp- = LyLpRy-Rg = LyRy-LpRg
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and

[N

~ 1
Eap+ = (LpRq)? LyRy- (LpRg)
11 11
— LAR3LuRy-LAR3

1 1

1 11 1
= L3LyL3R3Ry-R}
= L;iRp.
= Eipe
Again, since the adjoints A* and B* have the forms A* = U*P and B* = V*Q,
Eap = LpyRy+q = LpRoLyRy-.

The hypothesis £4 5+ € m-isometric implies €4 5+ is left invertible; hence LpRg,
therefore P ® @, is invertible. By definition, [A ® B]|A® B| = |A® B|(A® B), i.e.,
[A®B](P2Q) = (P2Q)(UxV)(P®Q), equivalently, [A® B] = (PR Q)(Ua V).
Conclusion (€4 B]* =Eap-. O

The corresponding author declares on behalf of the authors no conflict of interest.
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