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7
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9
10 ABSTRACT. In the paper, we investigate the Cauchy problem of the time-space nonlocal diffusion equation
11 which describes the tempered Lévy flight. The time derivative is defined in the Caputo sense and the spatial
12 derivative is taken as a generalization of the fractional Laplacian. First, representations and asymptotic
s behaviors for fundamental solutions of the nonlocal diffusion equation are considered. Then, we use the
— fundamental solution to obtain the representation formula of solutions of the Cauchy problem. In the last, the
“ quantitative decay rates for solutions are proved by employing the Fourier analysis technique.
15
16
17 1. Introduction

18
o LetneN, e (0,1)and P={x € R": |x[ = 1}. Z(R") denotes the o-algebra of Borel sets of R" and
0 % (IP) means the c-algebra of Borel sets included in IP. Let vg be the rotationally invariant Lévy measure
5, of the 2[3-stable distribution and let tg be the measure on the unit sphere IP given by

2 Hp(Q) = 2BV ((1,)9), Q€ B(P).

23

>4 Then the following relation holds [36].

25 _ = 128 n
26 VB (G) = HG(Sy)s dsliﬁ (dy)7 Ge '%(R )7
il PJo

% where I is defined by

* 1, seG

29 ’ ’

=~ I =

30 G(S) 0, S ¢ G.

" Inthis paper, we consider the Cauchy problem for the nonlocal diffusion equation
32

3 (1.1) 0%u(t,x) = APVu(t,x)+ f(t,x), t>0,xR",
3 (1.2) u(0,x) = up(x), x€R".

35

36 Here o € (0,1], B € (0,1), y> 0, d* denotes the Caputo fractional differential operator defined by [19]
57 0/ being the classical differential operator d /dt and

90) = G =v(0)0) = g (=900 —vO)ds. 1>0
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1 for o € (0,1), where J¢ is the Riemann-Liouville fractional integral operator of order a > 0 defined by
2 [19] J being the identity operator and

3 Lo 1
Jiv(t) = t—s)" d
* 0 = Fy ) 9 (s
s fora > 0. Also, ABY is a generalization of the fractional Laplacian defined by
T3 AP = [ (vt y) (=)~ 2(0) Vg fldy), xER"BE (0,1),720,
Rr ’

E where vg , is a Lévy density given by [31]
10

o (14 Vp,(G) = /IP /0 la(sy)s ' "Pe Pdspg(dy), G € B(R").
12

. We note that

1 (15) Vg o(dy) = vp(dy) = Cly| ™" *Pdy

% for some C > 0. Whenn =1,

7 (1.6) Vy(dy) = |y| """ ePay.

18 Substituting (1.4) to (1.3), we obtain
19

2E (1.7) ABDy(x) = / pg(dy) / (v(x+sy) +v(x —sy) — 2v(x))s "2 ¥ ds.

o1 P 0

2E We remark that AP0 = —C(—A)P for some C > 0, where (—/\ )P means the fractional Laplacian. Also,
23 A0 denotes the Laplacian. Then the equation (1.1) generalizes the following Caputo-Riesz time-space
24 fractional diffusion equation

2% (1.8) o%u(t,x) = —(—2)Pu(t,x) + f(t,x), t>0, x€R".

o7 In particular, if & = 1, B = 1 and y = 0, then the equation (1.1) stands for the classical heat equation. In
o this paper, we study the representation and the asymptotic behavior of solutions of the Cauchy problem
o9 (1.1)-(1.2).

30  Asa generalization of the Brownian random walk, the continuous time random walk (CTRW in short)
31 18 a stochastic process, which is given by the incorporation of the waiting time probability density function
32 (PDF in short) y(z) and the jump length PDF w(x) [15, 28]. It is well known that the basic formula of a
33 decoupled CTRW process in the Fourier-Laplace space has the following representation [14, 15]

34 .
o 1—y(s) 1

35 (19) (S7 é) = A ~ )

= O

5 where ii(s, &) denotes the Fourier-Laplace transform of the PDF u(z,x) of being at position x at time ¢,
s W(s) stands for the Laplace transform of y(z) and ®@(§) means the Fourier transform of @(x).

59 Setting the long-tailed waiting time PDF y/(¢) with the asymptotic behavior

40 (1.10) y(r) ~ 1T,

41
.» the corresponding Laplace space asymptotics is of the form

4 (1.11) W(s) ~1-s"

PN
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1 Also, we take the jump length PDF @(x) such that

Ag(le D(E) = e D),

4 where (g , is defined by

5

L) Gpl8) = [ (1—cos(&y)vp,,(a).

" 1In fact, it follows from [22, Lemma 6.9] that the function Cp y is negative definite. By the negative

% definiteness of Cﬁ,y’ e‘gﬁﬂ@ is a positive definite function. Then, by the Bochner theorem, @(x) becomes
ek PDF. We have

1 (1.14) e 78 5185 (), E—0.
2. Combining the estimate (1.14) with (1.9) and (1.11), we obtain

13 el

— 2 s

14 (1.15) u(s,8) = %

s 5%+ 8p.y(8)

16 in the (s,&) — (0,0) diffusion limit. Using the inverse Laplace transform and Lemma 2.2, we obtain (1.1)
17 with f = 0. Here we note that the CTRW is not the only stochastic process that can lead to the time-space
18 fractional diffusion equation (see [3, 29]).

19 Studying the corresponding equation instead of the random walk gives various of advantages [28].
20 When a € (0,1), B = 1 and y = 0, the equation (1.1) corresponds to a time fractional diffusion equation
21 which models the anomalous diffusion process, whose MSD is finite and jump length PDF follows the
22 Gaussian pdf. In the case of o = 1, B = 1 and y = 0, the equation (1.1) means a calssical diffusion equation
23 which describes the Brownian random walk. If & =1, B € (0,1) and y = 0, then the equation (1.1)
24 reduces to a space fractional diffusion equation, which captures the Lévy process with the infinite mean
25 square displacement (MSD in short). If o € (0,1), B € (0,1) and y = 0, then the equation (1.1) becomes
26 a time-space fractional diffusion equation, which describes the Lévy flight with the diverging MSD.
27 However, from the view point of physics, velocity of propagation of massive particles should be finite,
28 in other words, the divergence of MSD violates physical principles. In order to develop the stochastic
29 processes with non-diverging MSDs in which very long displacement events can occur, Mantegna and
30 Stanley [26] introduced the truncated Lévy flight which looks like a Lévy process in a short time and
31 behaves like a Brownian random walk in a long time. Koponen [21] proposed the tempered Lévy flight
32 which has the analytical expression of the characteristic function and has the same stochastic property as
33 the truncated Lévy flight. Also, the tempered Lévy flight has shown applicability in many fields such as
34 finance, plasma physics, fluid mechanics and so on (see e.g.[5, 6, 7, 32]).

35 In [32], the tempered Lévy flight, for which the waiting time has the Poisson PDF and the jump
36 length follows the univariate tempered Lévy distribution, was described by the equation (1.1) of the case:
37 o = 1. Cartea and del-Castillo-Negrete [7] used the CTRW model to derive a fractional diffusion equation
38 capturing the tempered Lévy flight, for which the waiting time has the Mittag-Leffler PDF and the jump
39 length follows the univariate tempered Lévy distribution with drift component and Brownian motion
40 component. We remark that the transition from the superdiffusion to the subdiffusion, which is the most
41 important property of the tempered Lévy flight discussed in [7], is due to the tempered Lévy density.
42 On the other hand, there are also cases of characteristic crossover from subdiffusion to normal diffusion
43 which can be described by the tempered waiting time PDF [33, 35, 43]. When drift term and Brownian
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1 motion term are ignored, the fractional diffusion equation presented in [7] corresponds to the equation
2 (1.1) in one dimensional space. The equation (1.1) captures the random walk, for which the waiting time
'3 PDF has the asymptotic behavior (1.10) and the jump length follows the symmetric multivariate tempered
4 Lévy distribution developed in [31]. It follows from (1.1), (1.6) and (1.13) that the MSD M,(z) of the
5 tempered Lévy flight for the equation (1.1) in one dimensional space satisfies the following relation:

. 9%(s,€)

Mz(s) = — s_(l—HX)CHy(O) _ Cs—(l-i—oc) /R ‘y‘l—ZBe—yydy‘

9&2 ’ £ B,
Then the MSD M, (t) of the tempered Lévy flight is written as follows:

jo]e|~]e

i1 (1.16) My () :cﬂ/ ' e ay.

12 R

13 In this paper, we consider the multidimensional nonlocal diffusion equation describing the tempered Lévy
14 flight.

15  Eidelman and Kochubei [10] obtained the various estimates for fundamental solutions of the time
16 fractional diffusion equation corresponding to the equation (1.1) of the case: a € (0,1), =1,y=0.
17 Kochubei [20] considered the representation of solutions and the asymptotic behavior for time nonlocal
1g diffusion equations involving distributed order derivative. Kemppainen, Siljander, Vergara and Zacher
19 [17] proved the optimal decay estimates for solutions of general time nonlocal diffusion equations by
oo employing Fourier analysis method and energy method. In [38], Sin considered the long time behavior
o1 for the time nonlocal diffusion equation with the generalized Caputo-type differential operator. In [39],
o> the well-posedness and the long-time behavior of Dirichlet problems for multi-term time-fractional wave
o3 equations were established by proving a new property of the multivariate Mittag-Leffler functions.

o2  When o = 1, the fundamental solution of the equation (1.1) is the same as the transition density of the
o5 corresponding Lévy process. In [4], Blumenthal and Getoor established the following estimate for the
o6 transition density for the Lévy process corresponding to the equation (1.1) of the case: o« =1, € (0,1),

ZZ Y=0.
2% (1.17) u(t,x) ~ min{¢ 26 ¢|x| 2P 1.

3E Watanabe [44] investigated the asymptotic result for the Lévy process whose Lévy density is of the
31 form v(dsdy) = s~1=2Bdsu(dy). In [16, 41], Kaleta and Sztonyk obtained the asymptotic estimates for
32 transition density and its derivatives of the tempered Lévy flight.

33 Chen, Meerschaert and Nane [8] established the probabilistic representations for solutions of the
34 equation (1.8). Allen, Caffarelli and Vasseur [1] studied the Holder regularity for the nonlocal diffusion
35 equation with the Caputo fractional derivative and a generalization of the fractional Laplacian. In [25],
36 Mainardi, Pagnini and Saxena expressed the fundamental solutions of the Cauchy problem for the time-
37 space fractional diffusion equation in terms of Fox H functions. In [18], Kemppainen, Siljander and
38 Zacher used the Fox H-function and the Fourier analysis technique to prove the asymptotic behavior
39 results for fundamental solutions of the equation (1.8). By employing the Laplace transform, Cheng,
40 Li and Yamamoto [9] obtained the long-time behavior result for the time-space fractional diffusion-
41 reaction equation including (1.8). Liemert and Kienle [23] established the representation formula of the
42 fundamental solution of the one-dimensional fractional diffusion equation with the tempered Riemann-
43 Liouville derivative in space and the Caputo derivative in time. In [37], the existence of solutions

21 Apr 2023 00:23:50 PDT
221222-Chung Version 3 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION
REPRESENTATION OF SOLUTIONS AND ASYMPTOTIC BEHAVIOR FOR NONLOCAL DIFFUSION ... 5

1 of nonlocal diffusion equations involving the generalized Caputo-type derivative and the generalized
2 fractional Laplacian was studied.

This paper is organized as follows. In Section 2, we introduce necessary concepts and lemmata for
obtaining the main results of the paper. In Section 3, with the help of the asymptotic behavior result for the
transition density of the tempered Lévy flight investigated in [41], we establish the representation formulas
of fundamental solutions and the asymptotic behavior results for the time space nonlocal diffusion equation
(1.1). Also, based on the asymptotic results, the MSD of the tempered Lévy flight is estimated. In Section
4, we prove the representation formulas of classical solutions of the Cauchy problem (1.1)-(1.2). In
Section 5, we use the Fourier analysis method to obtain the L?-decay estimates for solutions.

.
[Blefe[~|ofa]r]e]

-

1 2. Preliminaries

12
15 Throughout this paper, N, R and C will stand for the sets of natural, real and complex numbers respectively.

72 C > 0 expresses the universal positive constant that can be different at different places. Also, a S b
5 denotes a < Cb for some constant C > 0 and a = b means a > Cb for some constant C > 0. In addition,
6 Wewritea~bifaShSa.

— Letge L] (R)be afunction such that [;° e *0'g(t)ds < oo for some sy € R. The Laplace transform .

17 loc
;g 1s defined by [30]

19 ZLg(s) =&(s) :/ e g(t)dt, Re(s) > so.
20 0

21 Letv € L'(R"). The Fourier transform .7 is defined by [2]

22 .

5 FoE) =78 = [ vweSdx, £ e R
24

- and .7 ™ is defined by [2]

ZE ar* _ 1 ix€ n
= Fv(&) = on) /Rn v(x)e™edx, &R

z% If v€ L'(R") and ¥ € L' (R"), then .#*.#v = v, which implies that .7 * is the inverse of the Fourier
5, transform Z on {ve L'(R")|v € L'(R")}.
. Let a,b € C and Re(a) > 0. The two parameter Mittag-Leffler function E, 5 is defined by [19]

32 Eo(2) i 7/ C

o »2)=) =——, zeC.

:% “ = I'(aj+D)

35 Lemma 2.1. Let k > 0,a > 0 and j € N. The following relations hold.

36 ;

= d’E 71(—kta) a—i

37 2.1 adf = —kt JEa7a7j+] (—kl‘a), t>0,

;% (2.2) O Eq ) (—kt?) = —kE, 1 (—kt®), 1 >0,

— 1

0 23 Eji(—t)~——, t>0

4T ( ) a,l( ) 1 —|—l" =

AE Proof. The proof of the relation (2.1) can be found in [34]. The relation (2.2) was proved in [19]. In [42],
43 we can see the proof the relation (2.3). ]
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Leta > —1 and b € C. The Wright function W, ;, is defined by [19]

o

e @)=Y - C

3 (4 Wap(z) = = <€

o “ =T (aj+b)

E Let r € (0,1). The functions F, and M, are special cases of the Wright function defined by [24]
6 - .

5 (—z)

7 (2.5) Fr(z2) =W_ro(—2) =) - <, z€C,

- ) =) JZ’I JT(=r))

9 - —z)/

° M) =Wy y(—5)= Y 9 zeC.

AT (=rj+1—7)

% The functions F, and M, are related through

i (26) F.(z) = rzM,(z), z € C.

14 By the relation I'(z)['(1 — z) = m/sin(nz), the following equality holds.

B 1 . T(rj+1)

16 (2.7) F(z) = p Y (—1)/” szsin(rnj), zeC.
17 J=1 ’

E Also, the following relations hold [24].
19

—

- t 1 ) —r L—r

20 (2.8) M,(—) N TR T e
— r 2n(l—r)

2 o

22 (2.9) / M,(t)dt =1,

23 dO

n W, (2

24 (2.10) ab(t) _ wasb(t), 1 ER.

o6 Substituting (1.4) to (1.13), we obtain the equivalent representation of Cﬁﬁf
27 o0

— (2.11) gy (E) :2/uﬁ(dy)/ s 2BV (1 — cos(sy€) )ds.
28 ’ P 0

? Lemma 2.2. [40, Lemma 2.1] Let B €(0,1) and y > 0. Then the following relation holds.
30

s (212) APDY(x) = T (~Lp 4 (E) FV(E))(x), v € 7 (RY),

32 where . (R") stands for the Schwartz space of rapidly decaying smooth functions.
33

From now on, we will regard ABY) a5 the pseudo-differential operator given by (2.12). In other words,
5 AB-Y) makes sense for functions v € L' (R") such that Cpyv e LN (RY).

% Lemma 2.3. [40, Lemma 2.2] Let B € (0,1), y > 0 and k = (1,0,...,0) € R". Then (g , is rotationally
37 invariant. That is, {g (&) = Cg o (|&|Kx) for & € R".

38
s Let 8g (&) = ppy(|E]) for § € R". For B € (0,1),7 >0 and r > 0, we obtain

:% (2.13) pp (1) = 2/1P>'uﬁ (dy)/o s 172B (1 — cos(syir))ds

%(2.14) =277 /P g (dy) /O w172~ (1 — cos(wyy ) )dw.
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For convenience of notations, we denote
Ki= [ ug(dy) [ s'2Peras,
P 0
K, = 2/;1[; (dy)/ w172 (1 = cos(wyr ) )dw,
P 0

K3 :cos(l)/Py%,ulg(dy) /<1 s 2P e gs,
N 77

jele|~]ofals|o]mn]|~

K4 :2/uﬁ(dy)/ w172 e (1 — cos(wyy ) )dw.
P 0
10

11 Lemma 24. Let B € (0,1) and y > 0. Then the following inequalities hold.

2 pp.y(r) < min{K, 2 Kar*PY, r>0,

8 2

" pﬁy(r)> Kire, r<y,

5 | K, r>y.

16

- Proof. We can prove the desired result as in the proof of [40, Lemma 2.3]. U

% 3. Fundamental solution of nonlocal diffusion equation

2E In this section, we consider the fundamental solution of the equation (1.1).
21
> 3.1. Fundamental solution of space nonlocal diffusion equation. In this subsection, we discuss the

>3 space nonlocal diffusion equation of the form
24 du(t,x)
dt

26 which is corresponding to the equation (1.1) when oc =1, 8 € (0,1), 7> 0 and f = 0. Then the fundamental

27_solution A, g , of the equation (3.1) is represented by
28

= 1
29 (3.2) Ay py(t,x) = 7}1/ =B8N cos(xE)dE.
30 4 (2m)* Jrn

31 By Lemma 2.4, we have
32 e e LYRY), >0

(D) _ ABDy(rx), 1> 0.0 R,

33 and thus (3.2) makes sense as a convergent integral. Setting ¥ = 0 in (3.2), we obtain the fundamental
% solution of the equation (1.8). Similar to Lemma 2.3, we can prove that A g ,(t,x) = A} g ,(t, |x| k) for
% ¢>0andx € R", where ¥ = (1,0,...,0) € R".

% Similar to the fundamental solution of the classical heat equation, the fundamental solution A g ,(t,x)
37 of the space nonlocal diffusion equation (3.1) is exponentially decreasing with respect to the spatial

38 variable x.
39
10 Lemma 3.1. Let my > n+ 2 and my > n. Then the following relation holds.

o py ey < T min{LE BT e @)
42 (3. 1LBy\LX) S . "
E A min{ 1T Y, e (1,00)
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Proof. The upper estimate of A; g, (t,x) is presented in [41, Corollary 11] as follows:

34 Agy(t,x) S

c3lx

n n _ el cqlx]
t_i(min{l,tH?\x\_zﬁ_"e_”'x'}+e Vi in (1+ Vi )>, t € (1,00)

a
2
: i1 e re 1)
.
il

° for some ¢; ,C2,¢3,¢4 > 0. Meanwhile, if m > 0, then e < x™” for x > 0. Then we have
7

) L A \
10 Substituting (3.5) to (3.4), we obtain the desired result. Il

11
12 Since {g , is negative definite, it follows from the Bochner theorem that A; g ,(f,x) > 0 and the

13 following relation holds.

“G36) e = [ A1y {e,%)cos(E)dx = Ay 5,(1.6).
E Moreover,
% /RnAlﬁﬁ’V(t’x)dx =1, t>0.

E Remark 3.1. By using the formula (3.3), we can estimate the MSD of the tempered Lévy flight for the

20 equation (3.1). Fort € (0,1] and my > n+2, we obtain
21

< n+2f

22 2B oo (n+2B)(n+2) 0
s Ma(t) = A Ix|%Ay gy (t,x)dx g/o 1B dr n2b Mgy g 2m 2B
- n t m

24

il +2B)(n+2 +2B)(n+2

o5 If my >n+2, then % — % <1 and when m; —n+2, % — % — 1. Also, fort > 1 and
o6 Mo >n, we have

zz t% © mp—n

28 My(t) :/ |x|2A17ﬁ7y(t,x)dx§/ t*irnﬂd}’—l—/l g <y,

—_ R 0 12

29

50 Remark 3.2. From (3.3), we can easily obtain

st t 2, te(0,1],

32 Al.,ﬁ,’)/(tvo) 5 n

. 172, t€(1,00).

33
34 By [18, Lemma 3.3], the above relation shows a transition from superdiffusion to normal diffusion.

35
s Now we discuss the LP-estimate of the fundamental solution A; g ,.

36
87 Theorem 3.1. Let € (0,1) and vy > 0. Then, for any p € [1,00],
38

n 1
3 ) e (0,1],
o 141yt )lr@e) S PP
— 2070 e (1),
“
42 Proof. Setting m; =n+ 2 and my = nin (3.3), from [18, Lemma 3.3] and [18, Lemma 5.1], we obtain

43 the desired result. O

A
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Lemma 3.2. Let f € (0,1), 1 > % > 0and p > 1. Then the following inequality holds.
141,89 (8, )z (wey < A1y () Lp @y, > 0.

Proof. Tt follows from Theorem 3.1 that A; g ., (t,-),A; g 4, (¢,-) € LP(R"). Also,

Gpn() = Gpn(®) =2 [ mlay) [ 5712 = e o) (1 —cos(svE)ds = [ (1-cos(En))via(dy)

where

[efe[~|ofa|a]o]o]-

vi2(G) =2 /P 1 (dy) /0 Ig(sy)s™' (e P —e M)ds, Ge BR").
10 By the Lévy-Khintchine formula, for # > 0, #({g ,, (§) — £ 4, (§)) is negative definite and the function

¢ &nE)=%1 ) s 4 characteristic function of an infinitely divisible distribution. In particular, the
"2 function V (¢,x) defined by
13

— 1 _ _

% V(t,x) = 2n) /Rne "(6p () =Cpn (5))cos(x§)d§, t>0,xeR"
E is also a probability density function. Using the relation

- e B0 (&) — o158 (8) ,1(8p ()= Cpiy, (é))7 >0

18
19 and Young’s inequality for convolution, for # > 0, we obtain

;i [A1B.3 &) o ®ey S NALEy (&) o @) IV () ey = [A1gy (&) | o ()
v O

ZE Since Cﬁ7y(~)e_cﬁv7(')’ € L'(R") for t > 0, we have

24

— 0A; g ,(t,x) 1

25 (3.7 Ludl A A —Lp (&)t d

2? ( ) 8t (275)” RA Cﬁ,y(é)e COS(X&) 57

zz which implies that dA; g ,(t,x)/dt is continuous with respect to ¢ and x. In particular, for any # > 0,
28 Ay g (t,x)/0t is uniformly continuous on R”.

2% Lemma 3.3. Let B € (0,1) and y > 0. Then the following relation holds.

a1 JdA t,x

3 (3.8) fim 2AL8%) < oo, x€R"\ {0}.

32 1—0 ot

33 Proof. Similar to [16, Theorem 3], we can prove the result. O
34

35 3.2. Fundamental solution of time-space nonlocal diffusion equation. In this subsection, we study the
36 equation (1.1) when a € (0,1),8 € (0,1) and ¥y > 0. Let Ay g and B g, denote the fundamental
37 solutions of the equation (1.1) corresponding to the initial and forcing condition.

sg  First of all, we consider the fundamental solution Ay g . Applying the Fourier transform with respect
39 to the space variable x in the equation (1.1) with f = 0, we obtain

“© (3.9) o al1.§) = ~Gp &)1, §), 1>0.E €R"

#1

. The solution of the equation (3.9) with the condition (0, &) = 1 has the form:
4 (3.10) (t,6) = Ea1 (=8 4 (8)1%)-
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Taking the Laplace transform, we obtain

h

2 o0 go-1

5 G / Eqi(—Cg (E)%)edt = —> |
- o P 5%+ Gg (&)
"5 On the other hand, it is well known that

° 3.12) e ™ :/ e M0(t,7)dt, T,5>0,

7 0

E where

©

_aj L(jo+1)

(=1)/ "1/t ——sin(jmat), 1,7 >0.
J:

8-
e

o (3.13) 0(t,7) =

11
1> It follows from (2.7) that

5 614 005 = R (5) = Woao( - ). 1

1

J

E Define the function ¢(z,7) by
16

t
E (315) (P(LT) :Jtliae(nf) = MA (f —s)fae(s,f)ds, t,T > O
% Then we have
. o poo o0 o—1
20 t,7)e B8 dre " dt :/ P P R ( S L
5 J, [ oo A s+ 5 ()
22 From [24, formula (F.52)], we obtain
23 1 T 1 T
21(316) ¢<I,T):ﬁMa<ﬁ) :tfawfohlf(x(—t*a), I,T>0.
%1t follows from the uniqueness of the Laplace transform and (3.11) that
26
27 (3.17) (1,8) = Ea1 (=g, (E)1%) = / o(1,v)e B11)dT, 1>0,E €R”.
<l : 0
28
29 From (3.3) and (3.16), for 7 > 0 and x € R", we deduce
= ) - -
. (it x) = —— / 0(t,7) / e 8/8)7 cos(Ex)dEdT — / 01, 7)Ay g (1,x)dc
3t (2m)" Jo R 0 P
32 1 [=

T (o)
?E :t—a A MO‘(ta)Alﬁﬂ(T’x)dT:/o Ma(S)Al,BJ(SIavx)dS'

34 Therefore the fundamental solution of the equation (1.1) corresponding to the initial data is represented by
35

3 (3.18) A py(t,X) :/ Mo(s)Ay g o(st%,x)ds, t >0,x € R".

J— O //

% It follows from A g ,,(s,x) > 0 that Ay g (¢,x) > 0. By the relation (2.9), we obtain

89 / Ay g y(t,x)dx = / My, (s)/ Ay g o(st%,x)dxds = / My(s)ds=1, t>0.
40 R” 0 R" 0

E Also, similar to Lemma 2.3, we can prove that Ay g ,(t,x) = Ay g 4(t, |x|k) for £ > 0 and x € R", where
42 k=(1,0,...,0) e R".
43 We consider the asymptotic behavior of the fundamental solution Ay g ,(Z,x).

21 Apr 2023 00:23:50 PDT
221222-Chung Version 3 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION
REPRESENTATION OF SOLUTIONS AND ASYMPTOTIC BEHAVIOR FOR NONLOCAL DIFFUSION ... 11

1 Theorem 3.2. Let a € (0,1),8 € (0,1), y>0my >n+2p, my >nand mz > 0. Then the fundamental
2 solution Ay g  of the equation (1.1) satisfies the following relations.
3 If|x| <1, then

Agpy(t,x) St 2P x4 1.
If |x| > 1, then

Ay pylt,%) S 1| 7 10y TR [

1o In particular, if |x| > 1 and t=%|x|* > 1, then

11 5
A y(1,2) S 1% x| g0 O | T2 st 2,

2

13

12 Proof. By using (3.3) and the asymptotic behavior of My, we obtain the desired result. In particular, (2.8)
;5 and the relation Mg (s) — 1/I'(1 — ) as s — 0 are very crucial.

;s First, we consider the case of |x| < 1. It follows from (3.3) that

17

o Aapy(tx)

T 2Bm

E . O(|x‘ nﬁZ[lf o n o n

20 < / ()st%x M ds+ [ 28 Mo(s)(st®) Bds+ [ Me(s)(st%) 3ds

ZT 1=%x |n+2ﬁ o

> 2Bmy

2 £ x| 12 Bmy N3 1 e

3 = ta]x\f"”/ My (s)sds+ (ta\x\"“ﬁ ta> / 2pmy Mo (s)ds + (fata)ff/ My (s)ds
27 0 1=%x| n+2p o

25 ] |

26

ZZ Setting m; = n+2f3, we obtain the desired result.

28 Next, we study the case of |x| > 1. By (3.3), we obtain
29

37 Aqp, y(t x)

oo

t a‘x‘z —n n
e N/ Ma(o)st s+ [ M) s [ M) (sr%) s
oy
- 1 —Q my—n
31 St [ Ma(s)sds ot o2
0

35 t—a

t—a‘x‘Z

Ma(s)s T Flds+ (1 %x2r®) 2 / Mo (s)ds.
x|

36
5, Theorefore, for [x[ > 1,

38

m-n—n
b A py(t,%) S 1|7 107 x| 72 g |,

40
v It follows from the asymptotic behavior of M, that the function

42 m “
e r 3/r My (s)ds

21 Apr 2023 00:23:50 PDT
221222-Chung Version 3 - Submitted to Rocky Mountain J. Math.



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION
REPRESENTATION OF SOLUTIONS AND ASYMPTOTIC BEHAVIOR FOR NONLOCAL DIFFUSION ... 12

has a maximum value in [I,0). Then, we have that for |x|? > %,

Aa 1.2 11 2 ) ) [ Ma(s)ds
X
< T 4T 2y (Y xP) M sup [ P M (s)ds
r>1Jr

St(x|x|fm] +ta+$a|x|fm272 +tm3a|x’fn72m3‘

O

jefe[~]ofa|s]e]o]-

-
o

Remark 3.3. From Theorem 3.2, we can obtain the MSD of the tempered Lévy flight for the equation

" (1.1)witha € (0,1). Fort € (0,1), m; > n+2 and my > n, we have
12

18 Mz(;):/Rn |x|2Aaﬁ’,,(t,x)dx
14

Q
o 12 Ll my—n
E 5/ (tar—n—zﬁ+r—n+1)rn+ldr+/a (tar_ml +ta+Tar—m2—2+tm3ar—n—2m3)rn+ldr
16 0 2
17 Sta(z—ﬁ)+ta+ta(g+1)+ta(%+z)+t¢x+ta
18
o n—mj
9 §ta( 5 +2).

zilfml >n+2, thena(%—f—Z) < o and when my — n+2, (x(%—kZ) — q.
o Fort > 1, my >n+2 and my > n, we have

N a

23 1 12 my—n

27 Mz(l‘) ’S/ (tar7n72ﬁ —|—Vﬁn—|— 1)rﬂ+ldr+/ (tocrfml _i_tochTarfmsz_'_rfn)rnJrldr
- 0 1

25 ©° —

2? + /oc (l‘al"_ml _f_toc—i-%ar—mz—Z +tzn3ar—n—ZM3)rn+1dr

- 12

27 1 - t%
o —n— _ _ mr ey e —

28 5/ (t%r " 2B 4 ”—I—l)r"“dr—i—/ <tar L 2) r’”“dr—i—/ rdr
2? 0 1 1
— had my—n

30 + /a (tm3arfn72m3)rn+ldr 5 ta+2Ta'

. %

31
nmy—n my—n

3?Ifmg>n,thena+ 5 a > o and when my — n, o + 5— O — L.

:% Remark 3.4. Ifn=1 < 2B, then it follows from (3.18) and (3.3) that

o oo [7a n oo n

Z 0 Aupy(0)= /O Ma(s)Ay g (st®,0)ds < /O Ma(s)(st®) Bds+ | Mo(s)(st%) " 3ds
_a

L & g t 2, 1e(0,1],

) <iHerig!h

39 172, t€(1,00).

40 . o e . o
" By [18, Lemma 3.3], the above estimate shows a transition from superdiffusive dynamics to subdiffusive
— dynamics.

42

43 Now we obtain the L”-decay estimate for the fundamental solution A, g (7, x).
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Theorem 3.3. Ler a € (0,1), B € (0,1) and y > 0. Then,

|
2 an 1

B A e 0,1],
7(3.19) [Acpy (s ) Lr@ny S a1

-~ 172070 e (1,00)
5

s for p € [1,p(n,B)), where

7

- T AR n> 2B’

8 (3.20) p(n,B):=qn—2P

9 oo, otherwise.

10

Ifl = n < 2, then the estimate (3.19) holds for all p € [1,9].

E Remark 3.5. By [18, Lemma 5.1], the relation (3.19) shows a transition from superdiffusion to subdiffu-
13 sion.

14
.5 Proof. I p € [1,p(n,B)), then the integral

e / My (s)s —25! %)ds

17

18 is finite. Using Theorem 3.1, for p € [1,p(n,B)), we have

9 1 o

20 [Aa.B,y(t; )Lr@ny < A Mtx(s)HAl,ﬁ,y(Sta?')HLP(R")dS"f’/l Mo (5)[|A1 g5 (5%, )| o (rryds
21 &

22 %oc — (-1 e —1(1-1y

2E 5/0 M (s)(st®) 26> ds—l—/L M (s)(st*) 2" "0 )ds

Zi oan % n 1 l on 1 0 n 1

% <t BF-p) [1 Ma(S)s_ﬁ(l_ﬁ)dsqtt_T(l_ﬁ)/l My(s)s 2"~ 7)ds,
26 0 &

27_which implies (3.19). O
28

29 Next we consider the fundamental solution By, g , of the equation (1.1) when & € (0,1),8 € (0,1) and
s0 ¥ > 0. Applying the Fourier transform with respect to the space variable x and the Laplace transform with
31 respect to the time variable ¢ in the equation (1.1) with f(z,x) = 6(¢)0(x), we obtain

32 s 1

- (3.21) u(s,§) = ——.

33 %+ Cﬁ,y(é)

2% Inverting the Laplace transform in (3.21), we have

3% (3.22) (1,8) = 1" Eg.a (=85 4 (E)1%).

37 Meanwhile,

:E ) oo o 1

39 / / 0(t,7)e b7 dre " dt = / AN FACILY ) . —
40 0 JO 0 s+ Cﬁﬂ(g)
AZ It follows from the uniqueness of the Laplace transform that

42 o0

o (1, 8) = 197 B o(— L (E)1%) = /0 0(t,7)e 81747, 1>0,E € R,
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From (3.3) and (3.14), for t > 0 and x € R”, we obtain

|
2 oo )
b u(t,x) = o(t,t / e &) cos(Ex)d d’L':/ 6(t,7)A T,x)dT
o (19 = s, 000 [ (E0dedr= [ 01,5)41,(70)
4
. 1 o T o
0 -1 /0 Fa(5 ) A p (e )z = 1! /0 Fa()Ay p.y(st%,x)ds.
% Then the fundamental solution By, g ,(t,x) is represented by
i (3.23) By g y(t,x) = tafl/ Fo(s)Ay g o(st% x)ds 1 >0,x € R".
) ? 0 K K
g It follows from A g ,(s,x) > O that Ay g ,(f,x) > 0,2 > 0,x € R". Also, since A %p(t,7)=0(t,7),t,T>
110, we have
12 11—« n
(324 A —B R"™.
. (3.24) 9 a.py(1,%) apy(t;x), 1>0,x€
12 Meanwhile, from (2.1), we obtain
5 (3.25)
IR _ 1 9Eq (=Cpy(E)%) 1 dAgp,(1,8)

E Ba.ﬁg/(taé) =" lEava(_Cﬁﬁ/(‘S)ta) - CB Y(é) ot T Cﬁ’}/(g) ot

% Also, we can easily see that By g , = A gy when a = 1.
—  Similar to Lemma 2.3, we can use the representation formula (3.23) to prove that By g ,(t,x) =
—Baﬁy(t |x|x) for z > 0 and x € R”", where x = (1,0,...,0) € R".

2> Theorem 3.4. Let o € (0,1),8 € (0,1), y>0m; >n+2pB, my > nand mz > 0. Then the fundamental
23 solution By g  of the equation (1.1) satisfies the following relations.
o If |x| <1, then

25 Bop yt,) S 20l 2P @ o
26 If |x| > 1, then
7 B 1,%) S 12 a7 20 S ey a2 g,

z% In particular, if |x| > 1 and t=%|x|> > 1, then

30 Ba,ﬁ,y<t,x) 5 t206—1 |x|—m1 _{_IZOH-WOC—I ‘x‘—mz—Z +ta+in3a—l ’x’—n—2m3‘

o Proof. By employing the estimate (3.3) and the asymptotic behavior of Fy, as in the proof of Theorem 3.2,
%2 we can obtain the desired result. In particular, the boundedness of Fy(s)/s and the relation Fy(s)/s —
® I'(1+ o)sin(mex) as s — 0 are very important in the proof. O
34

35 Now we present the LP-decay estimate for the fundamental solution By, g ,(t,x).
3 Theorem 3.5. Let o € (0,1), B € (0,1) and y > 0. Then,

37 an 1

- gl <4 (1)
= (3.26) Bo gyt )lr@wny S an

" AR, e (1,0
40

2 forp e [1,p(n,2B)), where p(n,2p) is given by (3.20). If n < 4, then the estimate (3.26) holds for all
22 PE 1,09
43 Proof. Similar to Theorem 3.3, we can prove the desired result. O
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4. Representation formula of solutions

In this section, we establish a representation formula for solutions of (1.1)-(1.2).

Definition 4.1. We call u € C([0,0) x R") a classical solution of the Cauchy problem (1.1)-(1.2) if

5 (P1) F*((Cpy(-)i(t,-))(x) is a continuous function of x for any t > 0,

6 (P2) for any x € R", Jtl_au(t,x) is continuously differentiable with respect to t > 0,

7 (P3) u(t,x) satisfies the equation (1.1) for any (t,x) € (0,00) X R" and the initial condition (1.2) for any
8 xeR"

ofafe|m]-

9
—  For the next theorem, we make the following assumption.
. (H):there exists a function g satisfying

12 (41) (1+8p4())g() € L'(R")
'3 such that
=42 F(6.8)] < 8(8)-

E Theorem 4.1. Let o € (0,1],8 € (0,1) and y > 0. Let ug € C(R")NL'(R") be a function such that
17 iig € L'(R"). Let f € C([0,%0) x R") be a function satisfying f(t,-) € L'(R") for all t > 0 and the
18 condition (H). Then the function

19 !

o 43 ()= [ Aapltx=y)u®dy+ [ [ Bapylt—sx—y)f(.y)dyds
21 is a classical solution of the Cauchy problem (1.1)-(1.2).

22

>3 Remark 4.1. In order to guarantee the condition (P1), we give the conditions (H), ug € L'(R") and
os fip € LY (R") in Theorem 4.1. In fact, unlike the equation (1.1) involving the nonlocal operator ABY),
o5 in the case of the classical heat equation with the local operator /\, the condition ug € C(R") NL*(R")
-6 1S sufficient for the convolution of uy with the fundamental solution to be a classical solution of the

o7 homogeneous equation.

28 Remark 4.2. The definition of the Caputo fractional derivative where the fractional integral applies to
29 the integer-order derivative is more common than the definition used in the present paper. However, the
30 more common definition needs a stronger regularity for functions. So, in order to prove that the function
31 given by the formula (4.3) satisfies the Cauchy problem (1.1)-(1.2) in Theorem 4.1, we should use the
32 definition of the Caputo fractional derivative where the integer-order derivative applies to the fractional
33 integral. If we employ the more common definition, we can never prove the result in Theorem 4.1.

34
- Proof. Case of ox = 1:

e First, we prove that the function (4.3) satisfies the condition (P1). Using (3.6) and (4.2), for # > 0 and
p & € R", we have

1 1(E)0,8)] < G ()5 EM (&) + G (&) [ & 8O F(5,8) s
o < Hao(E)] +£(8)(1 —e B0,

AE Then it follows from (4.1) that {g ,(-)ii(z,-) € L' (R") for any 7 > 0. By the Riemann-Lebesgue lemma,
43 F*((Lp,y(-)i(t,-))(x) is a continuous function of x for any 7 > 0.
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Next, we show that the function (4.3) satisfies (P2). Since the function

]

= A1 p.o(t,%)

D ot

5 is a bounded continuous function of x for any ¢ > 0 and ug € L' (R"),
6

- JdA t,x—-

0 Lt ) e L),
8 t

E which implies that the function

-
o

aAl,ﬁ7}/<tax_y)
/n Tuo(y)dy

o~ is a continuous function of x for any ¢ > 0. Meanwhile, we can easily use the conditions (4.1) and (4.2) to
., prove the estimate

-

1

S (44) F(3) = F0)] < Cle—yl", 120
16
;7 forr e (0,min{1,2B}). Let

18 !

E V(t,x) ::/0 RnALB’y(t—S,x—y)f(s,y)dde-
20

5, For 6 >0, we have

22 v(t+8,x) —v(t,x)

23 )

24 1 rt+o

% N 5/t L ALp (08 —5,x=y)(f(s,y) = f(5,0))dyds
% [

> -1-—/ f(s,x)ds

- 8 t

28 1

20 + 3/0 /IRn(Al’ﬁ’Y(t+ 6 —s,x—y) —Ay gyt —s5,x—y))f(s,y)dyds.
30

31 We can use (4.4) and (3.3) to prove that the first integral converges to O when 6 — 0. From (3.8), we
32 obtain
33

an J ! ! JA ) r—s,x—y
34 (%/0 /nALB,y(f—S,x—y)f(s,y)dyds:f(t,x)+/o /n 1,1377((% )f(s,y)dyds.

35
36 Therefore, we have

37 dul(t, dA t,x— tr 0A f—s,x—
LA Gy P VI Y e L P
- ot n ot 0 Jrn ot

39

. Inthe last, we deduce that the function (4.3) satisfies the condition (P3). By the conditions (4.2) and

41 (4.1), for any 7 > 0, we obtain

42

3 G 6) [ € BrO s, B e L' ().
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Then, from the uniqueness of the Fourier transform and (4.5), we deduce

s Awu(r,x)=ﬂ*(—cﬁ,y<5>eCﬁvv@’ﬁo(é)—cﬁ,y(é) /Ote%v I f(s,8)d )
5 0 X — 0 — 5, X —

7 ~ Ju(t,x)

B - ot _f(tax)'

— For any € > 0, there exists a 6 > 0 such that |ug(y) — up(x)| < € for all x,y € R” satisfying the relation
o x—y| < 8. Using (3.3), for 0 < r < §%F and x € R", we have

At =)0y ()| = | [ Avpfe.3-3) ) - ()

- R»

14

15 S/ Al,ﬁ,y(tax_)’)|”0(Y)_“0(x)|dy+/ Ay gy (t,x—y)|uo(y) —uo(x)|dy
E [x—y|<8 [x—y|>é

a Se [ Aupylex—ydy s w0 [ eyl Py

— |x—y|<8 yeR” [x—y[>6

19 which implies that liﬁ(l) lu(t,x) —up(x)| = 0 for any x € R".
t—

2 Caseof ot € (0,1):

21— First, we prove that the function (4.3) satisfies the condition (P1). Using (3.17), (3.25), (4.2) and (2.3),
o forany r > 0 and £ € R", we have

24

"|9Ea,1(—Cp,(5) (1 —5)%)

1G] < Gl E B (G NN (E)]+ z (s, E)lds
7 < (&) |+ £(E)(1 — Ea (G (€0,

28
29 Then it follows from (4.1) and Riemann-Lebesgue lemma that .7*(({g ,(-)éi(t,-))(x) is a continuous

0 function of x for any ¢ > 0.
51 Next, we show that the function (4.3) satisfies the condition (P2). Using the relation (3.16) and the
5> asymptotic behavior of My, we can deduce
33 t 1 T
" limJ'~%¢(r,7) =lim [ (t—s) —Ma< a)ds:O, 7> 0.
s

o 1—0 —0Jo s*
35

56 Also, from the formula (3.16) and the asymptotic behavior of the Wright function given by [24, formula
57 (E3)], we can obtain the asymptotic behavior of J/~%¢(¢,7) when T — 0 or T — co. Then

38

:g le_aAoc,ﬁ,y(tax> = /0 Jtl_aq)(taT)Al,ﬁ,y(77x)df-
40

., Employing (3.14) and (2.10), we have

42 20(t,7) 1 T T T
s (40) o -l (7“) +araW-a- “( t"‘)
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1 By the formulas (2.4), (2.5), (2.6) and the asymptotic behavior of the Wright function (see [24, formula
2 (E.3), p. 238]), we can easily obtain

3

4 . d0(r,T)

E(4.7) lim == =0, >0,

6 . d0(t, 1)

L(4'8) rlgrolo 5 =0, t>0,

8 . 00(t,1)

— 4. 1 =

i( 9) lim — 0, >0,

10 20(t

(4.10) }Lm(ggf)zo, 7>0.

2

13 Then

14

= d d 20(t
5 (4.11) 0%¢(t,7) = =—J "% (1,7) = —J>2%0(1,7) = J* 2@ (’T), t,7>0.
16 ot Jt dt

17
s By (4.7), (4.9) and (4.11), J,I*aAaﬁ’y(t,x) is continuously differentiable with respect to r > 0. Using

19 (3.3), we deduce

20

21 (4.12) 0% Agp(t,x) = /Om 9%9(t,7)A, g,(T,x)dT.
22

% Then the function J%Aq py(t,x) is a continuous function of x. By (4.12) and Theorem 3.1, we have

2% 0% Aq.p4(t,-) € L'(R™) fort > 0. Also, it follows from the boundedness of ug that 9%A g (t,x—)ug(-) €
e L' (R") for ¢t > 0. From (3.24), we deduce

27

- t

28 8;"// By g y(t —s5,x—y)f(s,y)dyds

o 0 JRr

29

= 9 [t

0 = [ Bl sx— ) f(5.)dvds
31 dt Jo Jee

32 :—// Ag gyt —5,x=y)f(s,y)dyds.

33 dat Jo Jre

2% As in the proof of Theorem 4.1, we can use (4.1), (4.2), (3.3) and Lemma 2.4 to obtain the following
. relation.

37

. J [ 4 dA t—s5,x—y
38 8t/o /nAa,ﬁ,y(t—s,x—y)f(s,y)dyds:f(z,x)+/0 / aﬁJ(az )f(S,y)dyds.

39

40 Therefore, we have
41

42 t aA ) t—s,x—y
@1 e = [ 3plx vy g0+ [ [ PRI gy
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In the last, we deduce that the function (4.3) satisfies the condition (P3). Using the uniqueness of the
Fourier transform, from (3.9), (3.10), (3.17), (3.24), (2.2) and (4.13), we deduce

APy, x)
=7 (97 (Ea,1 (_Cﬁ,y(é)ta))ﬁ0< </ 81‘ a1 (=8 y(E)(t —s)%f(s,é)ds) (x)
_/ 806 t T) 5\*( gﬁy(é)f i ) ()C)df—{—/ / Mﬂ‘* (e_gﬁ"y(&)faf(s,é)) (X)dfds

—/ %o ( tT/AlﬁyTx y)uo(y dydT+// a(l) S’T RnAl.lm,(”C,x—y)f(s,y)dyd’rds

1
2
3
4
5
6
7
)
9
T

A,
12 —/ 0 Agpy(t:x —y)uo(y dy+//n [sy(atsx y)f(sy)dyds
S 3%u(tx) — £(t.%).

14
15 As in the case of o = 1, we can use the asymptotic behavior of A g (,x) presented in Theorem 3.2 to
16 prove that lir% lu(t,x) —uo(x)| = 0 for any x € R". O
— 1—

17

18 5. Decay behavior of solutions

19
-~ In this section, we consider the asymptotic behavior of solutions of the nonlocal diffusion equation (1.1)

20
21 -~ with the initial condition (1.2).

22 Theorem 5.1. Let ot € (0,1], B € (0,1) and y > 0. Suppose that uy € L' (R")NL*(R") and f = 0. Then
23 u represented by (4.3) satisfies the following relations.
24 Caseof a = 1:

2i

26 _n

o t %, te(0,1],
L e, M2y S 94

28 174, te(1,0)

?° Case of a € (0,1):
1i[fnz4orn:3:4[3, then

oL _a
32 H”(ta')HLZ(R") St2, 1€(0,00),

B otherwise,

‘?i

35 gt e 0,1),
% (e, )l 2y S

. t_amll'l{lsZ}’ te (1a°°)‘
37

:g Proof. Case of ox = 1:

39 Using Theorem 3.1 and Young’s inequality for convolution [12], for ¢ € (0, 1], we obtain
40 _n

0 [t Mz < 1AL 8 )2y 110l 21 ey S 7% [[u0]l 1 (-

42 Similar to the case of 7 € (0,1], we can prove the result when ¢ > 1.

43 Caseof a € (0,1):
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1 First, we consider the case of n < 4. Using Theorem 3.3 and Young’s inequality for convolution,
2

B £ ol gy 1€ (0,1],

; Jeutt, Mle2ger < et )2 ol ey S8 g 5

o t 4 Hu()”Ll(Rn), t € (1,0).

° By Plancherel Theorem and (2.3), for t > 0, we have

7

8 _ ~ -

- @)t Yy = 100 B = [ Aare. &) Pl E) Pt

10 3 io(§) P

6D = [ Ear G APl &P 5 [

12 ’

13 Forn >4 andt > 0, from (5.1) and Hardy-Littlewood-Sobolev theorem [13], we deduce

14

= 4420 |§[*F 12

15 w(t,) o <fza/ €| —24 24 +fza/ —28 24
E || ( )HLZ(]R ) ~ RY (1+‘§’2la)2“5’ 0(£)| g RA (1+’§’2ﬁta)2||é| 0(€)| 5
7 S (I(=2) ol 72 gy + (=) P uol |7 )

18

o S ol 5y ol )

. [ n+4 (R ) Ln+ ﬁ(]Rn)

20

21 Forn > 2 and t > 0, we obtain

22

23 2 —a |E21® i 2 —a/ &1 B~ 2
= t,- o <t / dé +t —_— d
e [t )2 ey S T +|§|2ra)2||€| 0(8)7dE + . (1+|6|2’3t“)2ua ito(&)|"d&
5 o [ JETOER e JERER

= T e (g )2 wr (1§ P % +|EIP1)?

— _ _1 _B

28 SAUN(=2) " 2uol Z2 gy + 11(=2) ™ 2ol 72 gny)

29

o S (ol gy, ol 5y ).

— Ln+2 (R") n+ sy} (R")

31

32 If n <4 andt > 0, then, we estimate

33 n—1 n—1

34 ! ~ 2 ~ 112 ~ r _an 2 /oo w
34 - - < A _ 4 owe
35 /Rn(1+!€!2t“)2’”°(5)| a8 NHMOHLm(R")/o (1 e =" oz g 1w ™

35

% Therefore, for 48 < n < 4 and t > 0, we deduce

37

38 2 / 1 N 2 —2a/ |E |42 Y 2
t,- S s dé +t —_— d

3 [l )2 ey S - (1+|§|2,a)2"40(5)‘ &+ - (1+|§|23t“)2H§‘ iig(&)|°d&

40 _on _ _

a1 St ||u0||il Rn)"'t 2a||(_A) Bu0||%2(]Rn)

2 <t F uol 21 oy 41 2% |uo]® 2, .

“ e e,
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Also, for 23 < n < 4 and ¢ > 0, we obtain

! - —a &P B
lee(2, ) 1172 g SAHMW\MO(é)IZd§+I /R”(1+|§|2/3fa)2||§‘ Piig (&) P&

_an 2 _ _B 0
N ||”0HL1(R11)+I *I(=A) 2“0HL2(Rn)

_an —
ol + 7l

[efe[~|ofa|a]o]o]~

Combining the previous estimates, we obtain the desired result.

O

-
—_

] The following result shows that the decay rate in Theorem 5.1 is optimal.

" Lemma5.1. Ler a € (0,1), 5 € (0,1) and y > 0. Suppose that uy € L' (R") N L2(R™) with iip(0) # 0 and
" f =0. Then the function u represented by (4.3) satisfies the following relation.
15

N

—

6 (e, Y2y Z 1~ g (0)], 1 € (1,00).
17

g Proof. Letr>0,x € R" and O,(x) = {y € R"||[y —x| < r}. By (2.3), we have
E 2 n 2 _ E o2~ 2d
20 (@) llult, Mzaeny = [, et (=8p(E)F)la0(E) S
" 2 [ sl (§)Pdg
2 ~ oo (14 G (2™

23 n

— r

24 > r*”/ iig(& 2d§>.
. T (" 06

26Tt follows from iip(0) # 0 and Lebesgue differentiation theorem that there exists a ro > 0 such that

27

5 [ Jao(E)PAE 2 aO)F, r e (0.r0)
P 0,(0)

SEThen

31 |0 (0)[*"

oL IR >

32 et Mizry 2 75 +Ppy(r)®)?

33 .
v Setting r = rg, we have

35 IR Coa~

?E ||u(t,)||i2(Rﬂ) z, (1 +pﬁ y(r())ota)Z ZZ 20C|u()(0)|27 1 e (1700)

37 '

3 Taking r = pp o~ (MK K}y g1 2.4, we obtai

98 gr=0pgy ( e ), rom Lemma 2.4, we obtain

39

0 - i 2 K3rd} 2

0 g (0) | (Rintr Karg} ) § »

41 Hu(ta')H[z] R~ Z . - B) a ~ _T"ZO(O)F? re (1700)
o ®) ™ (1+ min{K3y?, Kard } 125 )2

43 O]
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1 6. Conclusion
2
~ The tempered Lévy flights have been widely applied in many areas such as plasma physics, finance

-, and turbulent transport. In this paper, the Cauchy problems for time-space nonlocal diffusion equations
. describing the tempered Lévy flights were investigated. First, we established the asymptotic behavior
. results of fundamental solutions of the nonlocal diffusion equation. The results show that the tempered
~ Lévy flights exhibit a transition from superdiffusive to subdiffusive dynamics. Based on the asymptotic
5 behavior results, the MSD of the tempered Lévy flight was estimated. Second, the representation formula
_of solutions of the Cauchy problem was obtaind by using the fundamental solutions. In the last, the

) . . . . .
0 L~-decay estimate of solutions was deduced by employing the Fourier analysis method.
11
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