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Abstract

Despite the fact that the impact of air pollution on respiratory diseases is receiving more and more attention and
that the level of pollution will undoubtedly have an impact, there aren’t enough studies on how air pollution affects the
spread of viral respiratory diseases in heterogeneous populations. For different air pollution levels, including patients
who visited the clinic, asymptomatic patients who did not visit the clinic, and symptomatic patients who did not visit the
clinic, respectively, the respiratory disease models SIyIs1,S and SI,I,151,SP are constructed in this study. Theoretical
analysis demonstrates that when the air pollution level is high, the thresholds that determine the existence and stability
of the equilibria of the system are closely related to the daily emissions of air pollutants and the inhalation of pollutants
by humans, and the system will undergo fold bifurcation at disease-free equilibrium under certain condition. When
the air pollution level is low, the basic reproduction number of the system and the global stability of the equilibria
are obtained. Air pollution causes complex dynamical behavior in the spread of viral respiratory diseases, as it can
be shown by comparing the two models. Finally, the sensitivity analysis and numerical simulation results show that
regardless of the level of air pollution, the change in the proportion of symptomatic infected patients can significantly
impact the peak number of patients with viral respiratory diseases. This effect is more pronounced when the level of air
pollution is high, and the total number of patients is strongly correlated with daily air pollution emissions, pollutant
inhalation, and the proportion of asymptomatic infected patients. Hence, reducing daily emissions of air pollutants
and human pollutant inhalation, raising visitor awareness, lowering infection rates, improving cure rates, and boosting
immunity, can successfully prevent and control the spread of disease.

Keywords:Air pollution;Asymptomatic infection;Clinic visit;Viral respiratory disease;Fold bifurcation

1 Introduction

Under the current global trend of increasing air pollution, there are widespread epidemics of emerging infectious
diseases and even the reappearance of once-controlled infectious diseases. Numerous studies in medicine and public health
have shown how air pollution has a significant impact on the occurrence of respiratory diseases[17, 18, 19, 20]. Carugnol[1]

used Poisson regression models and Bayesian random effects meta-analysis to confirm the relationship between airborne
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PMy and NOs concentrations and respiratory illness in haze-polluted areas in Italy. In [2], by using time series analysis,
Tolbert et al. demonstrated that the presence of patients with respiratory tract infections was substantially linked with
CO,NO3 and Os. Using the Cox proportional hazards model, Dong et al.[3] discovered a strong association between
PMjiy, NOy concentrations and death from respiratory illnesses.

The effect of air pollution on the infection transmission of respiratory diseases is a topic that many academics are
dedicated to researching [29]-[34]. Air pollution, in particular pollutants like NOy and PMs 5, can erode the respiratory
system’s defenses. As a result, people may become more susceptible to respiratory illnesses, including the flu, pneumonia,
and bronchitis. In addition, air pollution can cause inflammatory responses in the respiratory system, increasing infection
susceptibility. Inflammation can impair the immune system’s performance, making it more difficult for the body to
fight against infection. Air pollution can also make some infections that spread through the air worse, like tuberculosis.
Infections can travel through the air for extended lengths of time when carried by pollutants, increasing the risk of
transmission. According to the study findings of Chowdhury et al [34], aqueous extract of PMs 5 contains elements that
have an impact on cell viability. The invasion of inhaled xenobiotics, such as allergens, may worsen several respiratory
diseases due to the decrease in cell viability induced by these components.

In recent years, many researchers have been examining the effects of PMs 5 on the spread of respiratory diseases
and human health using the modeling concepts of infectious disease models. Chen et al.[5] presented a system with an
air pollution state-dependent control approach described by the air quality index (AQI), and the results of this model
highlighted the significance of proper threshold values of air pollution concentrations to initiate interventions. In [6], Tang
et al. developed a mathematical model of AQI trends and respiratory infection dynamics. Meanwhile, some academics
have included viral populations or contaminated compartments to examine the dynamics of these models’ transmission.
Cai et al.[7] constructed a model of tuberculosis in which the transmission rate is a continuous periodic function, and
the results showed that a lower level of environmental pollution can effectively inhibit the transmission of tuberculosis.
In a recent study, Shi et al.[8] treated air pollutant concentrations as a separate compartment and gave thresholds for
PM, 5 emissions and pathogenicity. However, the heterogeneity of the population is not taken into account in the above
literature.

In biological populations, heterogeneity is a common phenomenon in which different things react differently depending
on particular features, such as an individual’s own physical qualities, way of life, frequency of social interaction, etc. When
people contract diseases, these heterogeneities may cause them to exhibit a variety of characteristics[4]. When patients
seek medical assistance, they can be isolated as soon as possible to lessen the likelihood of the disease spreading. Hsu et
al.[12] modeled the patients who visited the clinic by dividing them into those with asymptomatic infections, and those
with symptomatic infections, and the results elucidated the effect of asymptomatic infections on disease transmission.
However, due to their robust immunity, some individuals with respiratory diseases, such as those with acute upper
respiratory infections and bronchitis with moderate symptoms, will recover on their own[10, 11]. Despite the fact that
these patients may decide not to seek medical assistance, they are still contagious and could spread the illness to healthy
individuals[21]. Bao et al.[13] considered the impact of non-visiting patients on the spread of respiratory diseases based on
Hsu’s study[12] and showed that the number of non-visiting patients had a substantial impact on the initial spread of the
epidemic. To examine the effect of individual heterogeneity in the transmission of viral respiratory diseases, mathematical

models must thus be developed.
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Air pollution, non-visiting patients and the presence or absence of patient symptoms are the factors considered in the
aforementioned literature that affect disease transmission, but few models have integrated the effect of air pollution on the
transmission kinetics of viral respiratory diseases in heterogeneous populations. It should be emphasized that susceptible
individuals have heightened airway reactivity while breathing in air pollutants, which causes enhanced airway reactivity
to breathed-in aeroallergens[15]. This, however, does not always result in the development of allergic respiratory disease.
Allergic respiratory disease can occur only when the concentration of air pollutants inhaled by humans is above the critical
threshold for making susceptible people sick[14].

Taking into account the sensitivity of different people to air pollutants, awareness of consultation and presence of
symptoms, we divide the patients into three groups: those with allergic respiratory diseases brought on by inhaling air
pollutants, those with respiratory viral infections brought on by the effects of air pollution and those with respiratory
viral infections without the effects of air pollution(specifically, patients with consultation, symptomatic patients without
consultation, and asymptomatic patients without consultation). According to the level of air pollution, the transmission
dynamics of two different viral respiratory diseases are modeled. On the one hand, by ignoring the effects of air pollution
and only taking into account patients who were present at the clinic, asymptomatic infected patients who were not
present at the clinic, and symptomatic infected patients, a four-dimensional model is developed to study the transmission
dynamics of viral respiratory diseases at low air pollution levels, and on the other hand, a six-dimensional model is built to
describe the transmission dynamics of viral respiratory diseases at high air pollution levels by considering the air pollution
concentration as a separate compartment. The impact of air pollution on the transmission of viral respiratory infections
in heterogeneous populations can be determined by comparing the dynamics results of these two models.

This article has the following structure. In Section 2.1, the SI,I;1,S viral respiratory disease transmission dynamics
are modeled, and the boundedness of solutions is given. In Section 2.2, the basic reproduction number and the existence
of equilibria of the model are obtained. In Sections 2.3 and 2.4, the local stability and global stability of the equilibria
of the model are studied. In Section 3.1, the SI,I;1,1,SP respiratory disease transmission model is developed, and
the boundedness of solutions is given. In Section 3.2, the existence of disease-free equilibrium, boundary equilibria, and
endemic equilibrium of the model is investigated, and the local stability and global stability of disease-free equilibrium and
boundary equilibria are given. In Section 3.3, the case in which the system may undergo fold bifurcation at disease-free
equilibrium is analyzed. In Section 4, the sensitivity analysis of the number of patients, threshold conditions, and the
basic reproduction number on the parameters is presented. In Section 5, numerical simulations are carried out. Finally,

the results and discussion of this paper are given.
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2 Model (1)

T 6.l
—K4)(1—K3)ﬁ151v

Figure 1: the schematic diagram to the S1,I1,S model

This section focuses solely on viral respiratory infections, individual heterogeneity, and the impacts of air pollution at
low levels. It ignores the effects of air pollution and does not take into account the allergic respiratory diseases brought on
by exposure to air pollution. Susceptible individuals (S) become infectious with viral respiratory disease through contact
with patients with viral respiratory disease (I,,) (specifically, patients with consultation (I},); symptomatic patients without
consultation (I,); and asymptomatic patients without consultation (I,)). The SIj,I,1,S multi-cluster infectious disease

model shown below is created based on the schematic diagram in Figure 1.

ds
E = As - HOS - ﬂls(]h + Is + Ia) + 5h]h + 5315 + 5(1.[(17

dl,
7: = K3615(I}L + I + Ia) - 6h[h - //ULI}H
(1)

dls

dt = K4(1 - KS)BIS([h + I + Ia) - 5513 - ,U/s]sa

dl,

dt = (1 - K4)(1 - KS)BIS([h + I + Ia) —6alq — //Lalay

where A; is the recruitment rate of susceptible persons, pg is the natural mortality rate of susceptible persons, iy, tis, fiq
are the total morality rate of I ,I; and I, respectively,S; is the infection rate of viral patients to persons who are
not affected by air pollution, dp,ds,0, are the cure rate of I, ,I; and I, respectively, the combination of K;(i=3,4)
represents the proportion of susceptible persons transformed into different types of patients. It’s reasonable to assume
that po < min{un, ps, f1q }- All parameters are nonnegative constants.

Tt is evident that the right hand of system (1) is continuous with respect to the variables, satisfying the existence of the
solutions. It is easy to get that the solutions of system (1) with respect to the initial value S(0) > 0,1, > 0,1, > 0,1, >0

are positive for all ¢ > 0, and they are all uniformly bounded on

D:{(Safhajsala)€R3_IOSS+I;L+IS+I :NS AS}.

Ho

2.1 The basic reproduction number and equilibria of the system (1)

By a straightforward calculation, we can obtain the disease-free equilibrium of system (1), which is given by Ej =

(4£,0,0,0).
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1 System (1) has three infected compartments I, Is and I,. According to the definition and calculation method of Van

> Den Driessche and Watmough[16], we get the basic reproduction number of system (1) is given by

_ BA K K4(1-K3) (1-K4)(1-K3)
’ Ro = :Lo [lth,+35h + s+ds + Tha+0a ]
4 Denote
— _BiAsKs BrAsKa(1—K3) Bi1As(1—K4)(1—Ks3)
’ Ron = otugen os = =i tsy) o floa = 110 (Ha+0a) :
6 Here, each element has its own biological significance. The threshold R indicates the average number of second-

7 generation infections caused by a patient in a susceptible population during its infectious period. Ry, shows the number
s of second-generation infections in the susceptible population caused by the patient attending the clinic during its period
o of illness. Ry, represents the transmission from a symptomatic patient who was not seen during its period of illness. Ry,
10 represents the transmission from an asymptomatic patient who was not seen during its period of illness.

u Next, the existence of equilibria of system (1) is given.
2 Theorem 2.1 For system (1), we have:

(1)When Ry <1, system (1) has only one disease-free equilibrium Ej = (%, 0,0,0).

-
w

u  (2)When Ro > 1, system (1) has a unique endemic equilibrium Ef = (S*, I}, I, I*) except for Ej, here

hr*s»"a

S — _As x _ As(Ro—1)Ron _ As(Ro—1)Ros As(Ro—1)Roa

5 ~ wmoRo’>"h T Ro (HhROh+HsR05+NaROa)7IS T Ro (,u'hROh+H.5ROb+,u'(LROa))Ia " Ro(pnRon+psRos+paRoa)

_ (ert0n) In+(ps+0s) Is+(at+0a )I
B1(In+1s+1,)

16 Proof By adding the second, third and fourth equations of system (1), we can obtain S =

7 Substituting the above equation into system (1) yields
1 CrIj; + CaI), = 0,
1 where Cy = ﬁl 0 (uhROh + psRos + paRoq), C2 = %ﬁ)l)
2 In additwn to the disease-free equilibrium Ej§ = (—5 0,0,0), when the aforementioned equation is solved, there are
” S* A I* = As(Ro—1)Ron I* = As(Ro—1)Ros I* = As(Ro—1)Roa
T poRo>"h T Ro(pnRon+isRos+paRoa)’ S~ Ro(pnRon+psRos+iaRoa)’ @ — Ro(pnRon+is Ros+iaRoa)
2 Denote Ef = (S*, I}, I}, 1Y), then if and only if Ry > 1, there are S* > 0,1} > 0,1} > 0,1} > 0, that is, the endemic

s equilibrium B exists.

N

» 2.2 Stability of disease-free equilibrium £
»  2.2.1 Local stability

2% First, we prove the local stability of the disease-free equilibrium. As a result, the following is the outcome.

x» Theorem 2.2 For system (1), if Ry < 1, the disease-free equilibrium E§ is locally asymptotically stable; it is unstable

s when Ry > 1.
2 Proof The corresponding characteristic equation is

% det(N — J(ES)) = (A + po) (A3 + b1 A% + ba X + b3),
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where

by = (s + 0n) + (s + 00) + (pta + 0a) — 2222,

bo = (ptn + 0n) (125 + 85) + (1tn + 0n) (e + 0a) + (s + 65) (tta + 8a) — 222 (pn + 81)(1 = Kg) + (s +65)(1 — Ka(1 -
K3)) + (ka4 6a)(1 = (1 = Ka)(1 — K3))],

bs = (ptn + On) (s +65) (Ha + 6a) — 252 (K (11 + 05) (0 + 0a) + Ka(1 = K3) (1 + 0n) (Ha + 6a) + (1 = Ka) (1= K3) (ur, +
6n)(ps + 6s))-

And by > 0, (un + 61) (ps + 85) (pta + 0a)(1 — Ro) > 0,Rg < 1. by > 0 is equal to (un + 61)(1 — Ron) + (s + 65)(1 —
Ros) + (o +904)(1 — Roa) > 0. If Ry < 1, then obuviously there are Rop, < 1, Ros < 1, Ros < 1. When bg > 0, i.e., Ry < 1,
the computation reveals that by > 0,b1by — bg > 0.

According to the Routh-Hurwitz criterion, if Ry < 1, then the real part of all eigenvalues of Ej are negative. As a

result, E§ is locally asymptotically stable.

2.2.2 Global stability

The global stability of the disease-free equilibrium is given below.
Theorem 2.3 If Ry < 1, then the disease-free equilibrium Ef is globally asymptotically stable.

Proof We construct a Lyapunov function as follows

_ In@®) I (t) Ia(t)
V) = e T it T ite.

Calculating the derivative of V(t) along the solutions of system (1) yields

o1 odn . 1od 1 dl
dt B ,u’h+5h dt Ms+5s dt /~La+5a dt
1
- KB STy + I+ 1) — (5 I Ka(l — K3)B1S(Iy + I + L) — (64 + 1)1,
uh+5h[ 3B1S(In + Is + 1) (h+/~th)h]+us+5s[ a( 3)B1S(In + Is + 1o) — (65 + ps) ]
1
+M s (1 - Ky)(1 = K3)B1SUn + Is + 1) — (00 + tta)la]
< I(Ro—1).

Therefore,when Ry < 1, we have % < 0. And % = 0 if and only if I, = 0,1 = 0,1, = 0. The disease-free

equilibrium Ef is globally asymptotically stable according to the LaSalle invariant set principle.
2.3 Stability of endemic equilibrium E7
2.3.1 Local stability

Theorem 2.4 For system (1), if Ry > 1, the endemic equilibrium E5 is locally asymptotically stable.

Proof The characteristic equation of Jacobian matriz of ET is

)\4 + Cl>\3 + 62)\2 + 03)\ +cq = 0,

6
29 Aug 2023 19:42:44 PDT

230720-QiLongxing Version 2 - Submitted to Rocky Mountain J. Math.



10

11

12

13

14

15

where

(tn + 0n)(Ros + Roa) n (s + 05)(Ron + Roa) . (tta + 90)(Ron + Ros)

= I*
c1 o + Bl + R R + R >0,
C2 = %Z[(p’h + 6h)(R03 + ROa) + (,us + 53)(R0h + ROa) + (ﬂa + 5&)(R0h + ROS)] + 611: [,uh + ps + pa + 5h(1 - KS)

+6S(1 - K4(1 - K3)) + 611(1 - (1 - K4>(1 - K3))] + (/’Lh + 6h)(,us + 65) + (Mh + 6h)(Ua + 6a) + (Ms + 68)(/'6@ + 6a)

—532,2 (o 4 6n) (1 — K3) + (s + 05) (1 — Ka(1 — K3)) + (pta + 6a)(1 — (1 — Ky4)(1 — K3))],
= %W%+MWVW9+WHWM%+%H%M+@mMMJ—ﬁﬁw%wma—&%um+m

(1 - K4(1 - KS)) + (Na + 5a)(1 - (1 - K4)(1 - K3))]} + BlI:[KS(:us + 53)(.“(1 + 5a) + K4(1 - KS)US(H& + 5(1)
+(1 = Ka)(1 = K3)pta(pts + 0s) + Kapn(pa + 6a) + Ka(1 — K3)(pn + 0n) (e + 6a) + (1 — Ka)(1 — K)o (pn + 6n)
+Kspn(ps + 0s) + Ka(1 — K3)ps(pn + 6n) + (1 — Ka)(1 — K3)(n + 61) (s + 5],

Cy = ﬁlAs(uh + 5h)(,ufs + 53)(#(1 + 6(1)(R0 - 1)'

When Ro > 1, there is naturally ¢4 > 0. To prove that ¢ > 0,c3 > 0, we simply prove that (up + 0r) (s +ds) + (pn +
n)(tta~+0a) + (pts +0s) (Ha +0a) — S [(1n +0n) (1= K3) 4 (pts +05) (1 — K4 (1= K3)) + (pta +0a) (1 — (1= K4)(1 - K3))] > 0.

oRo
Let

C1 C3 0 0

C1 C3 0
C1 C3 1 Cy C4 0

Hy=c,Hy = JHs =11 ¢y ¢y, Ha=

1 Co 0 Cc1 C3 0

0 ¢ c3
0 1 ¢ ¢4

When Ry > 1, it is easy to get that Hy = ¢y > 0,Hy = c1co —c3 > 0, H3 = c3Hy — cfc‘gx > 0,Hy = Hszcqy > 0.
According to the Routh-Hurwitz criterion, if Ry > 1, then the real part of all eigenvalues of EY are negative. Therefore,

EY is locally asymptotically stable.

2.3.2 Global stability

By building a Lyapunov function, we analyze the global stability of the endemic equilibrium FEj in this section under

a particular set of circumstances. The conclusion is given below.

Theorem 2.5 Assume that § = 0p, = ds = 0. If Ry > 1, then the endemic equilibrium E5 is globally asymptotically
stable.

Proof For convenience, we note I, = I, I = Iy, I, = I3, K3 = p1, K4(1 — K3) = p2, (1 — K4)(1 — K3) = p3.
Substituting EY into system (1) yields
3
As = poS™ = i8Iy + Y 0L =0, 5
i=1 then pibs _ 1

2 uits T 5
pib1S™Iy = (wi +0)I7 (i = 1,2,3),
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1 And fori=1,2,3, there is

dl;
—= = pifSL, — (i + )1
o piB1STy — (pi + )1
pzdl
- i J I@ - I’i
(pi + )(MJF(;S )
pif
= OG- X LS+ Y 1)~ 1
S — p;+0 :
J#i J#i
S p,Jl
= (/1,,:+5)[(S NI+ S(= Z ZM
i !
S P L —TF I, I
= (i 2 1y s STl LI L Ly
3 Firstly, let V1(t) = w, then the derivative of V1(t) along system (1) is
dv; . ’
= (8=~ oS = AiSL+ > on)
i=1
= —(uo+ B1L,)(S = 8%)? = (B1S* = 8)(S — §*)(1, — I).
3
. Secondly, let Vo(t) = S*(51.5* — 0) ; ,“1+5(Ii —Ir—IfIn Il—i), we have
Ki(1-K3) | (1-K4)(1—K3)
68*—6—5150—5—1_6[”’”+5+ T S T ]>0
1 T Ry - | Ki(-Ky) | (I-K)(-Ky) ’
uh-&-é fs+0 a0
s so Va(t) is a positive definite function on D.
6 The derivative of Va(t) along system (1) is
vy > I S AL LI L L
— = =)y (1—-2% NI L A
at “(B1S ; -I-S; P (Ij* Iz*)]}

(B1S* = 0)(S — S*)(I, — I¥) + S5*(B,.5* — 6) ZZw”,

i=1 j#i

LI
7 wherewu—pffHS S (T*_T*) We have

pibul; Li—I; pibL LI L pib (L) I I

2
Jo iy I L (D 2
pj+6 I i+ I )(I;f 1;) (u3+5)11(1* 1;)

wij + wji = (

8 Finally, we construct a Lyapunov function V(t) = Vi(t) + Va(t), from the above analysis, we know that V(t) is a

©

positive definite function on D. And the total derivative of V (t) along system (1) is
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3
O (ot AL)S = S = (BiS" = 0)(S — S (L, — [}) + (515" = )(S — S*) (L, — ;) + S (515" =) 3 3wy

. i=1 jAi
= —(po+BL)(S—S5) -85 (BS -0 > Tl (L- )
e W+ O LI L
If Ry > 1, we get 47 < 0, and 47 = 0 if and only if S = S*, }—; = {T’ the maximum invariant set is {E}}. According

to LaSalle invariant set principle, the endemic equilibrium ET is globally asymptotically stable.

3 Model (2)

3.1 Model Formulation and boundedness of solutions

Q(S+Ip+lv) ,UOS oplp > %”plp

K1(1-Ko)pSPBI,+Ks3(1—p)SPp11,
- - pindn

P, ___S_P__>

- fs—;Ih
=Ko)pSPBI,+K4(1—K3)(1—p)SPB11,

cP A,

Figure 2: the schematic diagram of the S1I,I,1,1,SP model

When the level of air pollution is high, on the one hand, some susceptible individuals (KopSP) in S become allergic
respiratory disease patients (I,) by inhaling air pollutants; on the other hand, susceptible persons ((1 — Ko)pSP) in S
who inhaled air pollutants but did not experience allergic reactions may become infected with viral respiratory disease
patients by interacting with viral respiratory disease patients (I,) (especially divided into (Ij)for patients who have
visited, symptomatic patients without consultation(ls) and the asymptomatic patients without consultation (1,)), while
susceptible people ((1 — p)SP) in S who are not affected by air pollution may also contract a viral respiratory illness
through contact with sufferers I,. Based on the schematic diagram depicted in Figure 2, the following SI,I;1s1,SP

infectious disease model is established.
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ds

of =N = 1oS — KopSP — (1= Ko)pSPB(In + Is + Ia) = (1 = p)SPR(In + I + L) + Gp Iy + Ol + 8oL + Sala,

e = KopSP 61y — i1y,

e~ K1~ Ko)pSPB(I+ T, + 1) + Ko(1 = p)SPA (T + I, + L) — Sl — T, @)
ddlts = Ks(1 - K1)(1 — Ko)pSPB(In + Is + Io) + Ka(1 — K3)(1 — p)SPB1(In + Is + Ia) — 0s1s — pusls,

dd[t“ =(1—-Ko)(1—-K1)(1— Ko)pSPB(In+ Is + Ia) + (1 — K4)(1 — K3)(1 = p)SPB1(In + Is + Ia) — 6ala — pala,

% =Py—cP—q(S+ I, +In+Is+ 1),

where P represents air pollutant concentration, Ay is the recruitment rate of susceptible persons, pg is the natural mortality
rate of susceptible persons, p is the conversion rate of susceptible persons become individuals affected by air pollution,
Ip, [y Us, ba are the total morality rate of I,, I, , Iy and I, respectively, 8 is the infection rate of viral patients to
individuals affected by air pollution, 8; is the infection rate of viral patients to persons who are not affected by air
pollution, dy, dy, s, d, are the cure rate of I, Iy, I, and I, respectively, the combination of K;(i=0,1,2,3,4) represents the
proportion of susceptible persons transformed into different types of patients, Py is the daily emission of air pollutants,
c is the clearance rate of air pollutants, ¢ is the inhalation rate for air pollutants per person. It’s reasonable to assume
that po < min{ppy, pn, ts, tha b All parameters are nonnegative constants. It is evident that the right hand of system (2)

is continuous with respect to the variables, satisfying the existence of the solutions.

Theorem 3.1 The solutions of system (2) with respect to the initial value S(0) > 0,1, > 0,1, > 0,1, > 0,1, > 0,P(0) >0

are positive for all t > 0. All solutions of system (2) are uniformly bounded on

Q={(S.1,,In,1,1,,P) RS : 0< S+ L, + I + I, + [, =N <2 0<p< o}

— “07

Proof Let N(t) = S(t) + L, (t) + In(t) + Is(t) + Io(t), the derivative of N(t) along the solution of system (2) is

AN (1) dS(t) dL(t) dIn(t) dL,(t) dI.(t)
dt dt + dt + dt * dt * dt
= As— 10S(t) = pplp(t) — pndn(t) — psls(t) — pala(t)

< Ag — po(S(E) + Ip(t) + In(t) + Ls(t) + 1,(1))

= As - MON(t)

Thus, we get N(t) < % - (% — N(0))e Hot for all t > 0. Therefore, limi_oosupN(t) <

e

From the sizth equation of system (2)

PG By — eP(t) — q(S(t) + I(t) + Lu(t) + L(t) + L(t)) < Py — cP(t),

there is P(t) < Lo — (Lo — P(0))e™ for allt > 0. So, limy_oosupP(t) < £o.

To sum up, the positive invariant set of system (2) is

Q={(S I, In, I, I,,P) RS :0< S+ I, + I, + [+, =N < Qg,ogpg Ly,
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3.2 Existence and stability of equilibria

3.2.1 Existence and stability of disease-free equilibrium

Theorem 3.2 For system (2), there exists a disease-free equilibrium Ey = (Sp,0,0,0,0,0) if ¢ = q1, here Sop = A— = %,

Q= LRJSDO'

Theorem 3.3 For system (2), if ¢ = q1, R1= %(% — 1) < 1, the disease-free equilibrium Eqy is locally asymptoti-
(KpT0p

cally stable.

Proof The corresponding characteristic equation is
det( A — J(Ep)) = (A + pin + 0n) (A + s + 8s) (A + pra + 02) (A3 + a1 A2 + a2\ + a3),

where

a1 = c+ po + pp + 0p > 0, az = cuo + (¢ + po)(pp + 6,) > 0, as = cuo(pp + 0,) + AsKopg(l — z—g’)

Obuviously, A\ = —(un + 0p) < 0, 2 = —(us + 05) < 0, A3 = — (g + d4) < 0, the remaining characteristic roots are
given by A3+ a1 A2 +asA+az = 0. When cuo(pp +6,) + As Kopg(1 — z—g) > 0, that As#pq)(% —1) < 1, we have az > 0.

cpo(pp+op
— _PoKop (pp _ _AsKopg  Ep—Ho _ 1 ;
Denote Ry = a8 (ug 1). Thus, Ry = Solunten) Fuo when q = q1. Here, o represents the average life span of
the population, ﬁ represents the average period of infection of allergic respiratory disease patients, p, — pio represents
p p

the case fatality rate for allergic respiratory disease. In fact, Ry represents the number of disease-related fatalities in the
new generation of patients with allergic respiratory diseases.

And we have ayaz — az = cuo(c+ po) + (¢ + po) (pp + 0p) (€ + pro + pp + 0p) + As Kopq(”—” —1)>0.

According to Routh-Hurwitz criterion, the real part of all eigenvalues of Fy are negative when Ry < 1. Therefore, Ej

1s locally asymptotically stable.

Lemma 3.1 There is no periodic solution for system (2).

Proof Let X = (S,1,,11,1s,1,, P). By constructing a Dulac function G = m = SLIU’ we have
Oplp+0nln+dsls+dala
G4 =& — 2 = F9F — (1= Ko)pBP — (1= p)py P + it :
Gﬂ _ KopP _ (Sptpp)lp
dt I, SI, ’

G = [\ (1 - Ko)pPB + Ky(1 — p)Pp, — Cotiindl,
G4 = Ky(1 — K1)(1 — Ko)pPB + K4(1 — K3)(1 — p) Py — %7

GYs = (1 - Kp)(1— K1)(1 — Ko)pPB + (1 — Ky)(1 — K3)(1 — p)Ppy — Lethalle
GdP — P cP _ ¢(Stlptly)

S, ST, SI,

Further, there are

dGX 0 dsS 0 dr, 0 dly, 0 dIg 0 dl, 0 dP
@~ 5%a )+8I (G Hafh(GdtHaIs(GdtHaTa(G )+8P(G )
1 .1 4,1 +5I + 051 + 0o1, 1
= —grlg T (G + )+ (@G p1n) (s + La) + (s + 1) (T + 1)

+(8a + pa)(In + 1)) + ] < 0.

Thus, there is no periodic solution for system (2).
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1 Meanwhile, €2 is the positive invariant set of system (2), the following theorem can be deduced from Poincaré —

> Bendizson theorem [28].

LoRop (e 1) < 1, the disease-free equilibrium Eq is globally asymptoti-

s Theorem 3.4 For system (2), if g = q1, R1= ooy (i

4 cally stable.

PoKop (Mo . i S .
c(urp-&-ép)(u]u ) < 1, disease-free equilibrium Eq is locally

s Proof According to Theorem 3.3, when ¢ = q1 and Ri=
s asymptotically stable. Further, we know that there is no periodic solution for system (2) from Lemma 3.1. Hence, all
7 tragectories in region ) approach Ey, ast — oo. That is, Eq is globally asymptotically stable.

s 3.2.2 Existence and stability of boundary equilibria

o Theorem 3.5 For system (2), we have:

ww  (1)There is a unique boundary equilibrium Ey = (S, 1;1,0,0,0, P{") when 0 < q < q1,where

As—ppl’ Po—qAs+ — I —Ay—
ST — Hp pl,Pl* — Kol 0o—q q(iu’P HU) pl I* _ A22AI/Z1 > O

1 o cio pl T

-

> (2)There is a unique boundary equilibrium Ey = (S3,1,5,0,0,0, P5) if ¢ = q1 and Ry= (;(];0,,]-(5-061:,) (Z—;’ — 1) > 1,where

Sy = Lol A, pu soPbmalotaly o)y Polup—po)Fa=l) e _ —Az _ As(p 1) 5,

- - cpo cpp Ry P2 T A Hp

u 10 moR1’

u  (3)There is a unique boundary equilibrium E3 = (S3,1,3,0,0,0, P3) if ¢ = g3 and Ry= C(Zoﬁo(f:) (% — 1) > 1,where

As—pp I woPo—qAs+q(pp—po)l, —A
. plps x P p3 Tk __ 2
S3 - Ho ’P3 - cpo 7Ip3 T 24, > 0.

15

-
o

(4) There are two boundary equilibria E3; = (531, 1531,0,0,0, P3;), and E3s = (S32, 1;32,0,0,0, P3y), if @1 < q < g3 and

_ PyKop Hp
17 Ry= 7{5(“}7_‘_5}7>(H0 1) > 1,where

As—pply poPo—qAs+q(pp—po)l, As—ppl; poPo—qAs+q(pp—po)l,
*x P p31 * P p31 * P p32 * P p32
18 S31 = wo Py = cho ;539 = o Py = cio

* _ —Ax—VA, * _ —Ax+VA,
19 Ip31 =—39a1, > Ip32 =—394, > 0.

» Here, q3 = m{c(ﬂpﬂLép)(Qﬂp*ﬂo)JFKOPMpPO*Q\/Cﬂp(NP + 0p) (1p — pro)[c(pp + 6p) + KopFol} > 0, Ay = *‘1#1}(% -

n 1) <0, Ay = qA (22 — 1) — i, Py — LoUrte) gy = A (P — 22e), Ay = AF — 44, 45,

» Proof Let the right side of system (2) be zero, we can obtain that

N

s (1)If I, =0,then P=0,I, + I, + 1, =0, and S = % = %, that is the disease-free equilibrium Eqy of system (2).

w  (2p+1s+1, =0 or P =0 if at least one of Iy, I, and I, is zero. The disease-free equilibrium is now reached, assuming

25 Ip =5 0¢
2% Therefore, we consider the case I + I; + 1, =0 and I, # 0, P # 0 in the following.
2 We have S = AS;’;"I’ZP =L OPoqusthJ(“f“O)Ip, these two expressions are substituted into the first equation of the
s system (2) to produce
fIp) = A2 + Asly 4+ Az = 0, (3)
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where

A= —qup(2 —1) <0, Ay = qA (22 — 1) — pu, Py — L0t Ay = £ (P — 222), Ay = A3 — 44, A,

To take the existence of the boundary equilibrium E* = (S*, I;,0,0,0, P*), then S*, P* must be positive, and the roots

I} of the quadratic equation (3) must also be positive. Therefore, the quadratic equation (3) has no real roots if Ay < 0.
The quadratic equation (3) has one real root 133 = ETAf when Ay = 0. The quadratic equation (3) has two different real

roots I = %I/Zl if Ap > 0.

From what has been discussed above,we can draw the following conclusion:

(i)When Az > 0, that is 0 < q < qi1, from the relationship between roots and coefficients of a quadratic equation,

I;lI;Q = ﬁ—f < 0, we have I = 7‘422/1\/51 >0> 1, = 7‘4;;;/51, hence, there is a unique boundary equilibrium
= (87,131,0,0,0, Py), if Ay > 0, Ay — %y > 0, 1oPo — qAs + q(pp — o) Iy > 0, here Ity = =222Y5 - And we
know Ay > 0,As — pplyy > 0, o Py — qAs + q(pp — ,uO)I;1 > 0 are always true from 0 < q < q1. As a result, system

(2) has a single boundary equilibrium Fy when 0 < ¢ < q.

(ii) When Az = 0, that is ¢ = q1, we have

2pp c p+0p c p+0p) cpo(pp+6p o
Ay = Ay (2 —1)—puy Py— L0Uert0) — (4, — 1) Py— L0lertOn) — (1 — i) Ry[1 — 20Ut ) = (1, — pg) Po(1 — 41).

The two scenarios below are discussed:

(a)If As < 0, that is Ry < 1, equation (3) has no positive roots and there is only a disease-free equilibrium FEy.

(b)If Az > 0, that is Ry > 1, there is a unique positive root I}, = _TA? = 27(1 - %) for equation (3). At
g * As—pply poPo—qAs+q(pp—po)l, Po(pp—pio)(R1—1
this time, S5 = —— 2 = MOR1 Py = 22 . ez = 0(“”0;:)1)%(1 =D We get Ay — ppl o >

0, Po(ptp — po)(R1 — 1) > 0 from ¢ = q1 and Ry > 1, hence, system (2) has one boundary equilibrium Es.

(i4i) When Az < 0, that is ¢ > q1, there are two positive roots I, = %I/Zl for equation (3) if As > 0,A1 > 0. From

o Po Hp CﬂO(Np+5p) _ .
Az >0, one has ¢ > H§- [2%_”0 + KopPo(2up—uo)] = qo; we have

Ay = A} — 4A A3 = N2q% — 20 [, Py + eto)Citeio) g 4 )y Py 4 0l t0)12 - Due to A2 > 0,20, [, Py +
ltpt0p) ity o)y, [y Po + o (pp+6p)

op Rop 12 >0, equation Ay > 0 has two positive roots g3 and q4,

1
0<gs< 4 Kop{C(up + 6p) (21p — pro) + KopppPo — 2\/%(up + 6p) (p — po)lc(pp + 6p) + KopFol} = gs,

1
q= m{c(ﬂp + 0p) (2p — po) + Koppp Po + 2\/0/%(:“17 + 0p) (kp — o) [e(pp + 0p) + KopPol} = qa.

We calculate the size of q1,q2,q3, and q4 in the following.

Assume q1 > g3, that is

M,O\I:O < m{c(/‘p + 0p) (2p1p — p10) + KopppPo — 2+/chp (1 + 0p) (1p — p0)[e(pp + 0p) + KopPo},
[KopPo(pp — po) — cpo(pp + 8,)]% < 0, this contradicts the fact that the squared term is non-negative, so g1 < qs.

Assume q3 > qq, that is

2KopppPo(pp — o) + depip(pp + 6p) (p — po) + 2(2pp — UO)\/CM;D(Mp + 0p) (pp — po)[e(pp + 0p) + KopFo] < 0. By

po < min{ iy, th, fs, fa }, we know that this is a contradiction. so g2 < qa.
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Suppose g2 < q1, that is C&pﬁ(’é’))(% —1)>1, Ry > 1. Therefore, g2 < q1 if and only if Ry > 1.

Suppose g2 < qs, that is (Ry —1)(Ry — (x—g —1))>0,Ry >1orRy < Z—g —1<0. So, g2 < q3 if and only if Ry > 1.

From the above analysis, we can know that q1 < q3,q2 < q4, g2 < q1 if and only if Ry > 1, and when g2 > q1, one

has q3 < q2 < qs. The existence of the boundary equilibria is discussed below in two cases.

(c)if ¢ > qi, A2 > 0,A1 = 0, then equation (3) has only one positive root I3 = ETAE' According to q = q3, R1 > 1,
we get Ns — pplys > 0, 0P — qAs + q(pp — MO)I;S > 0, hence, there is only one boundary equilibrium E3 for
system (2).

(d)If ¢ > q1, A2 > 0, A1 > 0, there are two positive roots I3, = 7‘422%(&, and Ijs0 = %fm, (Iyg1 > Ipse). We
can acquire As — piplysy > 0, o Po — qAs +q(pp — o) Iygy > 0, As — ppligs > 0, 0 Po — qAs + q(pp — p10) Lp30 > 0

from q1 < ¢ < g3, and Ry > 1, so system (2) has two coexisting boundary equilibria E31 and Ess.

In the following, the conditions for determining the local asymptotic stability of the boundary equilibria of system
(2) are given.

For convenience, let the arbitrary boundary equilibrium be E* = (5*,I*,0,0,0, P*), accordingly, the Jacobian matrix

b p7
of system (2) at boundary equilibrium E* is

—po—KopP™* Sp Sp—(d+e) ds—(d+e) 0o —(d+e) —KopS*
KopP™ —pp—0p 0 0 0 KopS™

J(E*) = 0 0 —pp—0n+(d14-e1) di+er di+er 0

0 0 da+e2 —ps—0s+(da+e2) da+e2 0 ’
0 0 ds+e3 dz+e3 —ta—0q+(ds+es) 0
—q —q —q —q —q —c

where
d= (1—Ko)ppS*P*,dy = Kid,dy = K3(1 — Ky)d,ds = (1 — K2)(1 — Ky)d,d = dy + d2 + d3,
e=(1—p)p1S*P* e; = Kse,ea = K4(1 — K3)e,es = (1 — K4)(1 — K3)e,e = e1 + ea + es.

The corresponding characteristic equation is
det(/\I — J(E*)) = ()\3 =+ ]\41)\2 + MQ)\ + Mg)()\3 —+ D1>\2 + DQ)\ —+ Dg),

where

My = ¢+ po+ pp+90p + KopP*, My = cpo+ (¢ o) (pp +6p) + cKopP* + Koppy P*, M3 = cpo(pp +90p) + cKoppp P* —
KopgS™(kp — po),

Dy = (pn + 6n) + (s + 0s) + (o + 0a) — (d + ),

Dy = (pn + 0n)(ps + 05) + (n + 0n)(pa + 0a) + (tts + 05)(pa + 0a) — [(pn + 0n)(d2 + ds + €2 + €3) + (15 + 05)(d1 +
d3 +e1 + e3) + (pta + 0a)(di + da + €1 + €2)],

Dy = (pun + 0n) (s + 65) (o + 00)[1 — (Bter 4 dadea . dodea))

h+6n Js+0s fa+da
It is clear that M; > 0, My > 0, My My — M3 > 0. If M3 > 0, we get f'(I;) < 0. Hence, when M3 > 0, that is

f’(I;) < 0, the real parts of the eigenvalues of the equation A\* + M;\? + My + Mz = 0 are all negative according to the
Routh-Hurwitz criterion.

Dy > 0,Dy > 0, and DDy — D3 > 0 can be calculated directly by D3 > 0. Denote Ry = 3;13 + zZif;z + 331‘;3.

Thus, D3 > 0 if and only if Ry < 1. According to the Routh-Hurwitz criterion, the real parts of the eigenvalues of the
equation A* + D1 A% + Dy + D3 = 0 are all negative when Ry < 1.
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In summary, the local stability theorem for boundary equilibria is given below.
Theorem 3.6 The boundary equilibrium E* is locally asymptotically stable if and only if Ry < 1, f'(1;) < 0.

Note: It is obvious that the boundary equilibria F3 and Fso are not locally asymptotically stable based on the boundary
equilibria’ existence and stability requirements f’ (I, ) < 0. On the contrary, the boundary equilibria E;, Es and E3; are

locally asymptotically stable when the existence and stability conditions are satisfied.

Theorem 3.7 The boundary equilibrium E* is globally asymptotically stable if and only if Ry < 1, f’(I;) < 0, subject to
the corresponding existence conditions of Theorem 3.5.
Proof We construct a Lyapunov function

@) I, (t) Io(t)
V<t) B M}j+5h + Ks+0s T Hatda

Calculating the total derivative of the solution of V(t) along system (2) yields

o dh 1 dL 1 d,
dt B :u'h+6h dt /145+§s dt Na+6a dt
1

= ot o [Kl(l — KQ)pSPB(Ih + I + Ia) + Kg(l —p)SP,Bl(Ih + I+ Ia) — (5h + ,Uh)Ih] +

_KO)pSP/B(Ih +1Is + Ia) + K4(1 - KB)(l _p)Spﬁl(Ih +1Is+ Ia) - (5s + Ns)ls] +

[Ko(1 — Kq)(1

s + 0
[(1—K2)(1 - Kq)(1

Ha + Oa
_KO)pSP5<Ih + 1+ Ia) + (1 - K4)(1 - K?))(l - p)SPBI (Ih + I + Ia) - (5a + ,ua)Ia]

di+e | datex  d3tes
pn+0n ps+ s pa+6a
= I,(Ry—1).

IA

_1)

Hence, % < 0 if Ry < 1. Meanwhile, ‘Z—‘tf =0 if and only if I, = 0,1, = 0,1, = 0, the maximum invariant set is
{E*}. If the boundary equilibrium E* at this time salisfies the conditions specified for existence in Theorem 3.5, then ,

according to LaSalle invariant set principle, E* is globally asymptotically stable.

3.2.3 Existence of epidemic equilibrium

Theorem 3.8 For system (2), there is only one endemic equilibrium Ey = (Si, Iy, Iy, iy, Ing, PY) if and only if g5 <

_ HoPo _ PoQ1
q<qs, here as A (ip—po) 13,7 qs il T (R )R

Proof From the third, fourth, and fifth equations of the system (2), eliminating I, Is, and Iy in turn, we get

K Cs(1n+6n) Co(pn+0n)
I3y = op = In, I, = I
4 <] C C s 4s hsta hs
P th:ILSthusfés +uaf5a Ch('us-i_dg) Ch(‘ua—i_éa)

where
Cn = [Ki(1 = Ko)pB + K3(1 — p)B1](pp + 6p), Cs = [Kao(1 — K1)(1 — Ko)pB + K4(1 — K3)(1 — p)B1](ptp + 0p),
Co=[(1-K2)(1 - K1)(1 - Ko)pp+ (1 - K4)(1 = K3)(1 —p)B1](ptp + 6p)-

From the first and second equations of system (2), we have

S _ As—#:DI;4_#h1h—HsIs—lla1a P = (l‘p+5p)I;4
- Ho [ KopS

In the sizth equation of the system (2), substituting the aforementioned expressions for S, I, I,, and P results in
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9 2g(As—pp I3, )Q1 | q(As—ppli)Q2  (q15,—Po)Q1 q(As—ppIry)? | (g1}, —Po)(As—ppI7y)
q/il (% - QQ)Ih + [_ Mg n + H]c)) = - p4uo ]Ih + [ ;Lgp He = 1o e ] =0,

s (Bn+6n) Ca(pin+6n) _ s (pn+0n) a(pn+dn)
2 where Qu=pin + s G oGRS, Qe = 14 GRS + GRS Po— alpa > 0. A = iy I, > 0.
3 The above quadratic equation with respect to I, is written as
BoI? + By, + By = 0, (4)
+  where
— 4@ — 4 s Ca(pn+0n) o Ca (pn+8n) = _2a(Asmpplp) O

® By = %% (uo Q) = 70[(;70 -+ (% -z, <uﬁ+5h> + (L - 1)0;(uz+5h)] >0, B = - M: S+

qAs—ppl;)Q2  (gI;4—Po)Q By = a(As—npI}a)® + (qlp4—Po)(As—pplyy) A _ Lal(As—pyp p4)Qz+Q11p4] PoQ1}? > 0.
g Ho Ho 0= ud Ho w2
7 Solving the equation (4) gives I}, = 7312%{’3 Ity = %fm. The following three scenarios are covered.

) - _ As—ppl”
= ¢, then equation (4) has only one positive root I}, = Bg‘g;/zh = 51’3 2t

s (1)When By < 0,that is g < #%

Ag—pp Iy —pupIp—psls—pal, ANg—ppIX,—Q1 I} . . . . e
0 but § = = —Hripd “Mo} ! ! = e ’;‘O @ulisz _ 0 ot this time. Therefore, there is no endemic equilibrium.
. . . » As
v (2)When By = 0, that is ¢ = g5, there is a unique positive root I} = —g—; = # if By < 0. And By < 0 if and
; poPoQ1 — —ql*, ; ; Py ;
1 only if ¢ > oG T (R Lo (0 @2 3G = 17 - Py > 0 if and only if ¢ < T, = 4o after calculation, we get
12 q7 < q5 < gg satisfying By < 0, however, S = %th =0, there is no endemic equilibrium.

3 (3)When By > 0,that is q > g5, the sufficient condition for the existence of positive roots of the equation (4) is B <

14 0,Ap > 0. Here are two scenarios.
. o . o PyQ - . . . .
15 (i) When By < 0,A, =0, that is ¢ > q7,q = Q11;4+(A2—Lplg4)Q2 = qs, satisfying q5 < qs < qg, there is a unique
- Ag—ppl? . , . As
16 positive root I} 5 = %I"“, but there is no endemic equilibrium for S = MP+QII“‘2 =0.
17 (ii) When By < 0,A;, > 0, we have q € (g5,9s) U(gs, gs) from q < qg, the equation (4) has two different positive
q[As—(pp—p0)I 4] —po Po As—ppl;
18 roots I}, = q(él_uoé‘;) e = 7le rd
ok As QiIy PoQ1—q[Q11,,+Q2(As—pply,)] .
19 (a)When q € (gs5,qs), we get S;* = W =0,5; = —— 1 EQIJ14_M02Q2) Pepill 5 0, thus, there is
20 a unique endemic equilibrium Ey = (S}, Iy, Iy, 134, 15y, PY), here Iy = Iy, I3y = %I*@ =
Ca(pn+0n)
& Cr(a+0.) Lha-
A, - . Ag—ppT*
2 (b)When q € (gs,qs), we have S;* = ‘LP+QII’“‘2 0,55 = Focs q[izgfjﬁz(z) telpl . Hence, there
23 is no endemic equilibrium.
2 In conclusion, the unique endemic equilibrium Ey = (57, Iy, I}y, I3y, 154, Py) exists when g5 < q < gs.
. As—(pp—po)lpy As—(pp—po) Iy * As—(pp—po)lpy
> P < P . — P

25 Assume g5 > g3, that is VT RN < R; < VTR Y e Denote R} Aetrp Loy t2y Ao Ty

As—(pp—po) I . . . . . .
w R = As+upl;fji2:/ofigjplg4' It is easy to derive R} < 1,R{* > 1 by calculation, therefore, g5 > g3 if and only if
» R} <Ry <R
2 The following Theorem 3.9 can be condensed by combining Theorem 3.2, Theorem 3.5 and Theorem 3.8.

20 Theorem 3.9 . For system (2), we have:

o (1If g3 < ¢5 < q < gs, that is Rf < Ry < R}*, the endemic equilibrium E4 does not coexist with the disease-free

31 equilibrium, nor with boundary equilibria.
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(2)If g3 > q5,q5 < q < gs, that is Ry < R} <1 or Ry > Ry* > 1.

(i) When Ry < R} < 1, the endemic equilibrium E, does not coexist with the disease-free equilibrium, nor with
boundary equilibria.
(i) When Ry > R;* > 1, there are four cases as follows.
(a)If g3 < g3, then the endemic equilibrium E4 coexists with the boundary equilibria Esq, Ess.
(b)If gs > g3, and g5 < q < g3, then the endemic equilibrium Ey coexists with the boundary equilibria Esq, E3s.
(c)If gs > q3, and g3 < q < gs, then the endemic E4 does not coexist with either the disease-free equilibrium
or boundary equilibria.

(d)If gs > g3, and q = g3, then only the boundary equilibrium Es exists.

> 1.

As—(pp—r0)lps A= (up—p0) Iy
where R} = £ <1, R* = L
L7 Astpp a2 /Acnp I, ’ M Astppliy—2/Nopp T,

Table 1: Existence of equilibria of system (2)

q Ry Equilibrium
0<qg<q - (BE)E;
q=q - (DFE)Ey
R >1 (DFE)Ey and (BE)E»
@1 <qg<gs Ry >1 (BE)Es31, E32
q=qs Ry >1 (BE)E3
45 <q<gs R} < Ry < R}* (EE)E4
R <Ri<1 (EE)E,4

g5 < q<qs < g3 Ry > RT* >1 (EE)E4 and (BE)E317E32

gs < q<q3 <qs Ry > RT* >1 (EE)E4 and (BE)E?,]_,E?,Q

g5 < q=4q3 < (g Ry > RT* >1 (BE)Eg and (EE)E4
g3 < q <gs Ry > RT* > 1 (EE)E4

Boundary equilibrium(BE), endemic equilibrium(EE), and disease-free equilibrium (DFE), respectively, are denoted.
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Figure 3: Existence of equilibria in system (2).

According to the results of the analysis of Tabel 1 and Theorem 3.9 above, the existence of equilibria of system (2)

is influenced by the threshold Ry = C(Z()I-(s-o(sp ) (% — 1) and individual inhalation of air pollutants ¢q. In other words, by

adjusting threshold R; and human pollutant inhalation ¢, the equilibrium of system can be controlled so that, to the
greatest extent possible, only disease-free equilibrium exist in the system, minimizing the harm caused by air pollution

and achieving the goal of stopping the epidemic of respiratory diseases.

3.3 Bifurcation analysis
Theorem 3.10 When g = q1,R1 =1 and o # 0, system (2) occurs fold bifurcation at disease-free equilibrium Ejy.
Disease-free equilibrium Ej exists if and only if ¢ = g1, When a3 = 0, i.e., Ry = 1, the characteristic equation
corresponding to Ej is
A+ pn + 0n) (N + s + 65) A+ pa + 8a) (A2 + a1 X + az) = 0,

where a; > 0,as > 0,a? — 4ap > 0. Thus the characteristic equation has five negative characteristic roots and one zero

characteristic root.
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1 Let X1 = =1, Xs =1y, X4 =1, X5 =1,, X¢ = P, system (2) can be deformed as
dX As As A
dtl = — Kop(X1 + ;)XG — (1= Ko)p(X1 + ;)XGB(XZ’» + X4+ X5) - (1-p) (X1 + ?)XGBI(XS + X4+ X5)
0 0 0
=+ 6pX2 + 5hX3 + §SX4 + 6aX5 - l‘LOXla
dX As
o =Kop(X1 + T2) Xe — (up + 6,) X,
t o
dXs As A
- =K1(1 - Ko)p(X1 + M—)Xe,é’(Xg + X4+ X5) + K3(1 — p) (X1 + M—)X@ﬂl(Xg + Xa+ X5) — (pn + 0n) X5,
0 0
dX4 AS As 5
. ~He( = KD = Kop(Xa + Z2)X6B(Xa + Xa+ X5) + Ka(1 = Ka)(1 = p)(X1 + 22) X1 (Xs + Xa + X5) (5)
0 0
- (Me + 55)X47
dXs As A
ar =(1 - K2)(1 - K1)(1 — Ko)p(X1 + /T)Xe‘ﬁ(X:a + X4+ X5) + (1= Ka)(1 - K3)(1 = p) (X1 + ;)X651(X3
0 0
+ X4 + XS) - (Nu + 6&)X57
dXg
ditﬁ =—cXe—q(X1+ Xo+ X3+ Xu+ X5),
2 Let Fy (X1, Xo, X3, X4, X5, X6) = 95 (k = 1,2,3,4,5, 6). Taking the partial derivatives of Fy (X1, Xo, X3, X4, X5, X¢)(k =

s 1,2,3,4,5,6) separately, we can obtain the matrix H = ((gf; )ij) e substituting the origin into H gives
1<i,j<6

—po  Op On Os da *Kopﬁfg
0 —pp—9d, 0 0 0 Kopﬁ—g
H = 0 0  —pn—6n O 0 0 ,
0 0 0  —ps—06s O 0
0 0 0 0  —pa—ba O
-4  —q —q —q —q —c
4 If the eigenvalue of H corresponds to an eigenvector x and the adjoint eigenvector is y, we know from the Center
s Manifold Theorem[27] that
T
: Gla.y) = (Gu(a,y), Galw. ), Gale.y), Gale,y), Gs(a,y), Go(x,y))
7 where
: Gr(z,y) = —KopX1Ys—(1—Ko)phe B(Xa+ Xa+ X5) Y5 — (1-p) 32 b1 (Xa+ X+ X5) Yo — KopXe Y1 — (1— Ko)p5= B(Ya+
o Yi+Y5)Xe— (1 p) 201(Ys + Yy + Ys)Xﬁ,
10 Ga(z,y) = KopX1Ys + KopXeY1,
1 Gs(z,y) = Ki(1— KO)P £ B(X3+ Xy + Xs5)Ye+ K3(1 - p) =1 (X5 +Xa+X5)Ys+ K1 (1 Ko)p 2B(Y3+Yy+Y5)Xe+
2 K3(1—p)gefi(Ys + Ya+ Y5) X,
13 Gy(z, y):K2(1_K1)(1—K0)P B(Xs+ Xa+ X5)Y6 + Kua(1 - K3)(1 p)%ﬂl(X3+X4+X5)Y6+K2(1_Kl)(l_
w Ko)phs B(Ys + Ya + Y5) X + Ka(1 - 3)(1 P)A2B1 (Vs + Ya + Y5) X,
15 G5($7y) = (1= K2)(1 = K1) (1 = Ko)py2 B(Xs + Xa + X5) Y6 + (1 = Ka)(1 = K3)(1 = p) 32 51(X3 + X4 + X5)Ys + (1 -

w6 Ko)(1— K1)(1 = Ko)phsB(Ys + Yy + Y5) X6 + (1 — Ka)(1 — K3)(1 — p) 22 51 (Vs + Ya + Y5) X,
w7 Ge(z,y) =0.
18 At this time, system (5) is
b= Hot 5G(ny) + Cr(r,y,2) + Oflall), (6)
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where

r = (X1, X2, X3, X4, X5, X6)" € R®,y = (Y1,Y2,Y3,Y,,Y5,Y5)" € RC.

It is easy to find that when R; =1 i.e., a3 = 0, the characteristic roots of H are

A1 = 0, M2 =—(pn +0n) <0, A3 = —(ts +0s) <0, g = —(pta +4) <0
—ay— /a2 4 —ay 4 /a2 4
No o= 2a1 L2 0, M = —2 = 2a1 =<0

therefore, system (2) may occur fold bifurcation at disease-free equilibrium Ey. Note that ps = pp, do = Op, iz = ps, 03 =
637#4 = HMa; 64 = 6(1-
The eigenvector corresponding to the eigenvalue A\y; = 0 is p = (p1,02,0,0,0,1) and the adjoint eigenvector is

(j = (q~13 q~27q~37q~47 q~5, 1)7 where

1 |
! (J(u:ﬂ—puo) q(;:—uZo) alpy — uo)A%1 <0 = q(u:@ o) q(;:—#;lo)A“ T uo)Afl =0
B e R A TR OB T e e 5 A Gl <O
Git+1 :ﬁ:; + Aiin Aljlf;ll( =2,3,4),
a? a
AH:%_’_ _71—0—*2 _[_ﬁ_’_a:lﬁaz % %_%]%<0’

[ ;’174_‘11‘12_;’_‘12 72_*]3

Ain :q{uo(c + p +0p — pi = 8i) + polc(dp — ) + pipi + 85 = 8p) + pp(di — kp — )] + ppleni — pp — 0p)
+ i (pp + 0p — i — 5L)]} <0,
Asz =[pd + pp (i + 80))(c = pri — 8) (up + 8p — s — 6:) + /LO{C(#p +0p) (1p — po) + (pi + 6i)[c(pi + 6i) — 6]

— tp(tp + 69) + (1 + 03) g (1t + 0p) + (p1s + 8)(8p = pis = 8)] } > 0,

Ais :N(Q){CUO(NIJ +0p) (e pp + 0p 4 pro — i) + 0i(pp + 0p — pri — i) [c(c + pp + 0p — pi — &) — (pp + 6p) (s + 51’)]}’

:CQ,Ug(HP + 0p)
q(pp — o)

— 0p(ui + 51)}} >0,

Aia {uo(up + 6p)(ttp — 110) + (ptp + 6 — pi — 8:) (g + pap (i + 6:)] + o[ (e + 6:)° — pp(pp + 6p)

Ais =g [0 (i + 6 — pp — 6p)(c — i — 8:) — cpo(pp + Ip)],

3 s
Aje =Ais + cpo(pp + 0p) (i + i)
a(pp — o)

+ i) (i + 6 — pp — 6,,)} >0

{801 4+ 01 = 11— 60) + ol + 83) + 8y s + 85) = (s + 6)%] + oy s

T
We get G(5. ) = (G (5.4), Ga(p, ). G (p.0). Ca(p, D). G (5.0). G (5. )+ where

10

11

12

13

Gr(p, ) = —Kop(p1 + G1) — [(1 = Ko)pB + (1 — p)B1] 4= (s + da + G5),

G2(P,q) = Kop(p1 + ¢1)

G3(p,q) = [K1(1 — Ko)pB + K3(1 — p)B1] 5= (@ + da + ds),

Ga(p,q) = [Ka(1 — K1)(1 — Ko)pB + Ka(1 = K3)(1 = p)A1] 32 (@ + da + Gs),

Gs(p,q) = [(1 — K2)(1 — K1)(1 — Ko)pB + (1 — K4)(1 — K3)(1 —p)p ]Mo (@3 + da + d5),
Ge(p,q) =0
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The following system is produced by limiting the system to a one-dimensional center manifold:
) 1
X =0X?+O0(X]"), X € R, 0 = (3,G(5,)).

When the condition o # 0 is satisfied, the local topological equivalence of system (5) has the following form: X =
€+ 0X?2. That is, system (2) occurs fold bifurcation at disease-free equilibrium Ey when ¢ = ¢;, R; = 1 and o # 0.

4 Sensitivity analysis about the number of infected

Sensitivity indices can be used to determine how much the state variables have changed relatively to the parameters.
They might be either positive or negative for these indicators. The absolute value of the index reveals the intensity of the
connection, and its positive and negative values reveal positive and negative correlations. The PRCC approach is then

used to investigate how the parameters affect various patient categories.

Table 2: Ranges for parameters

Parameters Range Sources Parameters Range Sources
As [1000,5000],[0.00005,0.005] [9, 8] K3 [0.05,0.75]
Ky [0.1,0.7] [22, 23] 140 [0.00003,0.00006],[0.00006,0.005]  [9, 8]
Lh [0.00003,0.00008],[0.00007,0.015] [26] s [0.00004,0.0001],[0.00007,0.015] [26]
La [0.00003,0.00006],]0.00006,0.005] [9] On [1/30,1/3] [22, 24, 25]
s [1/30,1/3] (22, 24, 25] 0q [1/14,1/3] [22, 24]
51 [3e-10,2.5e-8],[0.000005,0.0001] [9] Ko [0.1,0.7]
K [0.1,0.7] K> [0.1,0.7]
Hp [0.00007,0.015] [8] Op [0.05,0.3] [8]
D [0.0001,0.01] 18] B [0.00001,0.001]
Py [0.00001,0.01] 18] c [0.00001,0.01] [8]
q [0.0001,0.01] 18]

Table 2 displays the range of parameter values. The significance of numerous characteristics on various state variables
of system (1) and system (2) is depicted in Figure 4 and Figure 5, respectively.

Combining Figure 4, a significant negative correlation can be seen between the cure rate (dy,ds,0,) and the total
number of patients not seen, the number of symptomatic infected individuals who were not seen and the number of
asymptomatic infections who were not seen, respectively. However, a positive correlation is presented between the number
of patient pairs and infection rate 81, whereas a significant positive correlation is presented between the cure rate (dp, 05, 04 )-
Meanwhile, the total number of patients not seen show a negative correlation with K3, but there is a positive correlation

between the number of patients and the proportion of patients who go to the hospital (K3).
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(a) (b) (c)

Figure 4: The significance analysis diagram of parameters to (a)ly,, (b)Is, (¢)I, of system (1).

Figure 5(a) shows that, to varying degrees, the parameters p, ¢, and ¢ have a substantial correlation with the number
of patients I,,. Combining Figure 5, we find a strong positive correlation between the total number of patients I,, and daily
air pollutant emissions Py, the natural clearance rate of air pollutants ¢, as well as a strong negative correlation between
I, and pollutant inhalation ¢q. This suggests that an increase in daily air pollutant emissions Py and the natural clearance
rate of air pollutants ¢ causes an increase in the overall number of viral respiratory patients I,; especially, an increase
in the inhalation of air pollutants ¢ causes a decrease in the total number of I, because an increase in the conversion
of susceptible people to allergic respiratory disease due to the inhalation of more air pollutants causes an increase in
the conversion of susceptible people to allergic respiratory disease. In addition, Figure 5 (c¢)(d) demonstrate a strong
negative correlation between ¢, and §; and the number of unattended patients, indicating that an increase in the cure
rate of attending patients and symptomatic infected patients will result in a reduction in the overall number of unattended

patients.
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Figure 5: The significance analysis diagram of parameters to (a)lp, ()11, (¢)I, (d)I, of system (2).

5 Numerical simulation

In this section, we investigate alternative values of these parameters in order to examine the influence of parameters
that are more closely connected with the number of patients in each group on disease transmission. Figures 6 through 11
display the findings.

For system (1), we take the initial values S(0) = 80, I;,(0) = 5,I5(0) = 5, and I,(0) = 5. As shown in Figure 6, at
low levels of air pollution, the infection rate (; of viral respiratory diseases is a significant determinant of the spread of
the disease. An increase in (37 results in a marked increase in the peak number of patients I, I,, and I, as well as a
larger final number of patients. In addition, a rise in cure rate §, decreases the peak number of viral respiratory disease
patients, the duration to peak and the overall number, and it has very big impact on patients Iy, (see Figure 7).

For system (2), initial values of S(0) = 70,1,(0) = 3,1;(0) = 3,15(0) = 3,1,(0) = 3, and P(0) = 2 are taken to

investigate the effect of individual parameter changes on disease transmission. Evidently, the final number and peak value
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of I, are not significantly impacted by the shift in daily air pollution emissions Fy. However, when P, fall, so do the
overall number and peak numbers of I, particularly I,, as shown in Figure 8. An increase in air pollution inhalation g,
as indicated in Figure 9, decreases the number of patients with viral respiratory disease but has no effect on the total
number of patients.

@ ®
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Figure 6: Effect of different infection rates §; on the number of patients (a)l,, (b)I}, (¢)Is, (d)I, in model (1)
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Figure 7: Effect of different visit cure rates d;, on the number of patients (a)l,, (b)I, (¢)Is, (d)I, in model (1)
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Figure 8: Effect of different daily air pollution emissions Py on the number of patients (a)l,, (b)I, (¢)Is, (d)1,.
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Figure 9: Effect of different air pollution inhalation levels ¢ on the number of patients (a)lp, (b)Ip, (c)Is, (d)I,.

We provide simulation results in Figures 10 and 11 so that one can more clearly observe how parameters K3 and Ky
affect viral respiratory diseases at various degrees of air pollution. Initial values of S(0) = 80, I,(0) = 5, I,(0) = 3, I,(0) =
1,1,(0) = 8, and P(0) = 2 are selected.

In Figure 10, we choose parameters A; = 0.38, Ko = 0.4, K; = 0.6, Ko = 0.8, K4 = 0.4, uo = 0.008, pt,, = 0.02, pp, =
0.012, us = 0.018, pg = 0.008, 9, = 0.45, 5, = 0.25,, = 0.2;9, = 0.3,p = 0.08,8 = 0.03, 51 = 0.005, Py = 1,¢ = 0.6,q =
0.01, and K3 as shown in the figure. We can see that at lower levels of air pollution, the influence of K3 changes on the
spread of viral respiratory diseases is more pronounced. An increase in K3 causes an increase in the peak in patients
selected for hospitalization Ij, while decreasing the peak in I, I,.

And we choose parameters A; = 0.5, Ko = 0.2, K; = 0.6, Ko = 0.8, K3 = 0.4, up = 0.005, pt,, = 0.02, ptp, = 0.03, ps =
0.04, pgq = 0.02, 9, = 0.25, 6, = 0.35,65 = 0.2,6, = 0.45,p = 0.15, 3 = 0.003, 5; = 0.002, Py = 1,c = 0.2,¢ = 0.01 in Figure
11. The number of hospitalized patients I, and the number of asymptomatic individuals who aren’t hospitalized I, aren’t
significantly impacted by the change in K, in the event that the disease eventually goes extinct, regardless of whether air

pollution levels are high or low. The peak of I,, however, is greatly raised by an increase in Kjy.
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Figure 10: Contrasting the effects of K3 on people with viral respiratory infections in two models, where the dashed line

represents patients in model (1) and the solid line represents patients in model (2).

c
8 T T © T T
K,=0.1
K,=0.3
, K,=0.5
K,=0.7
,,,,, K,=0.1
K,=0.3
,,,,, K,=0.5
N Kimo07
.
5H -
—~a -
3 -
> -
1 -
° .
o 20 30 40 50

Figure 11: Contrasting the effects of K4 on people with viral respiratory infections in two models, where the dashed line

represents patients in model (1) and the solid line represents patients in model (2).

6 Conclusion and discussion

In order to study the effect of air pollution on the transmission of viral respiratory diseases in a heterogeneous
population, this paper takes into account the sensitivity of individuals to air pollutants, their awareness of consultation,

and the presence or absence of symptoms and classifies patients with allergic respiratory diseases caused by inhalation of
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air pollutants and patients with respiratory viral infections (specifically, patients with consultation, symptomatic patients
without consultation, and asymptomatic patients without consultation). When the level of air pollution is low and does
not produce allergic reactions in people, only the effect of individual heterogeneity on the transmission dynamics of viral
respiratory infections is taken into account when constructing the SI,Is1,S model. The differential equation describing
the change in air pollutant concentration is added at higher levels of air pollution, and a SI,I},1,1,SP respiratory disease
model is established to obtain the threshold R; for the equilibrium state of the system. The effects of this threshold and
pollutant inhalation on the kinetics of disease transmission are then examined.

The basic reproduction number Ry, the disease-free equilibrium Ej, and the endemic equilibrium Ej are all derived by
studying the system (1). From the stability analysis results, we can deduce that the endemic equilibrium, which indicates
that viral respiratory diseases are persistently prevalent in the population, is globally asymptotically stable when Ry > 1,
and the disease-free equilibrium, which is where viral respiratory diseases are extinct, is globally asymptotically stable
when Ry < 1.

For system (2), it is demonstrated that when the threshold Ry < 1 and pollutant inhalation ¢ = ¢; are reached, an
equilibrium FEj exists where both viral and allergic respiratory diseases are eliminated. If either Ry > 1,g =¢q; or ¢ < 1
or R; > 1,¢1 < q < g3 holds and the stability condition of boundary equilibrium is satisfied, allergic respiratory disease
will persist and viral respiratory disease will disappear. The existence of the endemic equilibrium is complicated; under
certain conditions, it can coexist with the boundary equilibria (E3; and Ej39) or exist alone. When ¢5 < ¢ < gs, R1 < R}*
or g3 < q < gs, Ry > Rj* there is a unique endemic equilibrium Ej4. In the case of inhalation ¢5 < ¢ < min{gs, ¢s} and
Ry > R}, E4 coexists with Fs3; and FEss.

Sensitivity analysis of system (1) reveals that the number of patients seen and the number of patients not seen have a
relatively high positive correlation with the infection rate 1, the total number of patients not seen has a strong negative
correlation with the cure rate (dy,ds, and d,), and and the number of patients seen and the number of patients not seen
shows a positive and negative correlation with the proportion of patients seen K3, respectively. In other words, when the
infection rate (1 increases, the number of patients seen and the number of patients not seen will increase; the higher the
cure rate is, the lower the number of patients will be.

According to sensitivity analysis of system (2), the number of patients has a strong positive correlation with the air
pollutant inhalation rate ¢; the number of viral patients I, has a strong positive correlation with the natural clearance
rate of pollutants c; the number of I, has a strong negative correlation with both the natural clearance rate ¢ and the
cure rate d,; the number of unattended patients has a strong negative correlation with the cure rate d,; and the number
of unattended patients has a strong negative correlation with the cure rate ¢,.The number of unattended patients has a
strong correlation with the parameters Ky, K3, as well as the cure rates 0y, d5.

Numerical simulation allows us to observe an interesting phenomenon. Although higher levels of air pollution may
trigger an epidemic of allergic respiratory disease, the increase in the proportion of susceptible individuals affected by air
pollution at this time who become asymptomatic with respiratory viral infections (i.e., K5 decreases) does not have a
significant effect on the spread of allergic respiratory disease and viral respiratory disease. The peak number of patients
I, can rise as a result of a increase in the proportion of susceptible people not affected by air pollution who develop into
symptomatic patients not seen (i.e., a increase in K4). At lower air pollution levels, no allergic respiratory disease occurs,

and at this time, the proportion of symptomatic patients with viral respiratory disease decreases, causing the peak number
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of symptomatic patients to increase with a weaker change than at higher air pollution levels. In conclusion, the proportion
of I increases regardless of air pollution level, leading to an increase in the peak number of symptomatic patients, with
the change in the peak number of patients being less pronounced at lower levels of air pollution than at higher levels of
air pollution.

To sum up, the dynamic behavior of the system is more complex when the level of air pollution is high, and there are
more equilibrium states, but due to the variation of pollutant inhalation, the disease-free equilibrium is only a more ideal
state. Combined with the results of numerical simulation, a more realistic and feasible way to control the spread of viral
respiratory diseases is to reduce the amount of pollutant inhalation, by wearing masks, reducing travel in bad weather,
reducing pollutant emissions, and by increasing the natural clearance rate of air pollutants. In the case of low levels of air
pollution, increasing the attendance rate, reducing the infection rate, and increasing the cure rate, can effectively inhibit
the spread of viral respiratory diseases, such as by strengthening outpatient consultation, raising awareness of consultation,

reducing contact with patients, improving medical care, and enhancing immunity.
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