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GLOBAL STRONG SOLUTIONS TO THE 3D COMPRESSIBLE
NAVIER-STOKES-KORTEWEG EQUATIONS WITH LARGE INITIAL DATA

YANGHAI YU, ZHAOYANG QIU, AND WEIJIE TANG

ABSTRACT. In this paper, we consider the Cauchy problem for the compressible Navier—Stokes—Korteweg
equations in R3 and construct the global strong solutions to the equations with a class of large initial
data satisfying some special conditions.
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1. Introduction

-
= |

E In this paper, we investigate the Cauchy problem for the Navier—Stokes—Korteweg (NSK for short)
16 system which was first rigorously derived by Dunn—Serrin in [11]. From a physical viewpoint, it
17 allows to describe the motion of compressible fluids with capillarity effect of material [1, 3, 12]. The

18 conservation of mass and of momentum writes:
19

- a;p +div(pu) =0,

= 3y (pu) + div(pu @ u) — div(20(p)Du) — V (A (p)divi) + VP(p) = divKK,
2 U ) )0 = (0, ),
23 lim (u(t,x),p(t,x)) = (0,1).

|x[—eo
24

25 Here u = u(t,x) = (u1(t,x),u2(t,x),u3(t,x)) € R* denotes the velocity field and p = p(t,x) € R*
26 is the density. The density-dependent functions p(p) and A(p) (the shear and bulk viscosity coeffi-
27 cients of the flow) are supposed to be smooth enough and to fulfill the standard strong parabolicity
28 assumption:

29 u>0 and 2u+2A>0.

30 The strain tensor Du = (Vu+Vu)/2 is the symmetric part of the velocity gradient. The barotropic
81 assumption means that the pressure P(p) depends only upon the density p of fluid and the function
82 P is suitably smooth in what follows. The Korteweg tensor divK allows to describe the variation of
33 density at the interfaces between two phases, generally a mixture liquid-vapor, which can be written
34 as follows:

35 /
3 (1.2) divK =V <pK(p)Ap + W\sz) —div(k(p)Vp®Vp),
37

45 Where the regular function k(p) denotes the capillary coefficient.
5o There have been huge amount of literature on the study of NSK by many physicists and mathe-

4o Maticians due to its physical importance, complexity, rich phenomena and mathematical challenges.

41 2020 Mathematics Subject Classification. 35Q35; 35A01.
42 Key words and phrases. Navier—Stokes—Kortewe equations; Large solutions.
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1 Bresch-Desjardins-Lin [2] proved the existence of global weak solution and then Haspot [19] im-
2> proved their result. Hattori-Li [13, 14] obtained the local existence and global existence of classical
"3 solutions to the Cauchy problem for the initial data belong to H**!(R?) x H*(R¢) with s > [d /2] + 3.
"4 Danchin-Desjardins [10] improved this result by working with small initial data in the framework
‘5 of critical Besov spaces. Hou-Peng-Zhu [20] showed the global well-posedness of classical solu-
6 tions to the 3D compressible fluid models of Korteweg type when the initial total energy is small
7 and improved the results obtained by Hattori-Li [13, 14]. Kotschote [22] proved the local existence
‘g of strong solutions in a bounded domain. Haspot [17] considered the cases where the viscosity co-
g efficients u(p),A(p) and the pressure P(p) linearly depends on the density for System (1.1)-(1.2)
10 with x(p) = g, and obtained global solutions with suitable small initial data in the L? framework.
11 Subsequently, Haspot [18] continued to investigate the Cauchy problem for System (1.1)-(1.2) with
12 (1(p),A(p),P(p)) = (up,0,p), and established global existence under the setting of slightly subcrit-
13 ical LP type initial data, where the specific choice of the pressure is crucial since it provides a gain of
14 integrability on the effective velocity. Following the assumptions on the viscosity coefficients of [18],
15 Yu-Wu [27] established the global well-posedness of strong solutions to 2D NSK with nonvacuum
16 and general pressure laws in the framework of Sobolev spaces. Chikami-Kobayashi [9] obtained glob-
17 al solutions to NSK under linear stability conditions in critical Besov spaces and the optimal decay
18 rates of the global solutions in the L?>(R?)-framework. Kobayashi-Tsuda [21] proved the existence
19 of global L? solutions for the NSK around a constant state and obtained parabolic type decay rate
20 of the solutions. Murata-Shibata [25] proved that NSK admits a unique, global strong solutions for
21 small initial data in R? with 3 < d < 7 by the maximal L”-L9 regularity and L”-L9 decay properties
22 of solutions to the linearized equations. For results on non-local capillary terms and convergence to
23 various models, we refer to the works by Charve and Haspot [5, 6, 7, 15]

24 To motivate our results, we briefly review some examples of large initial data generating global
25 strong solutions. Lei-Lin-Zhou [23] obtained the global well-posedness for incompressible Navier-
26 Stokes equation in energy space with a class of large initial data which includes the Beltrami flow.
27 When the Korteweg tensor divK is neglected, System (1.1) reduces to the classical compressible
s Navier-Stokes (CNS) equations. Charve-Danchin [4] and Chen-Miao-Zhang [8] constructed global
29 solutions of CNS equations with such kind of the highly oscillating initial data. Recently, Li et al. [24]
30 constructed global smooth solutions to 3D CNS equations with a class of special initial data, where
31 the initial velocity ug in B,L, can be arbitrarily large while the initial density po — 1 is small in H>,
32 Following the assumptions on the viscosity coefficients of [18], Zhai-Li [31] proved global solutions
33 to System (1.1) without smallness condition imposed on the vertical component of the incompressible
34 part of the velocity by using the weighted Chemin-Lerner-norm technique. Zhang [30] constructed
35 a class of global large solutions to the compressible NSK system with constant viscosity coefficients
36 in critical Besov spaces. Recently, by assuming p(p) = up? and A(p) = (A —2u)p? + 2P and
37 introducing “the effective velocity” which was successfully used in Haspot’s works [16, 18], Yu-Li-
38 Wu [28] constructed global smooth solutions to NSK with a class of special initial data, where the
30 initial velocity in L*(R3) can be arbitrarily large while the initial data po — 1 is small in H3(R3).
40 Subsequently, Yu-Yang-Wu [29] proved that both large initial data (pg — 1,u) in L?(IR?) can generate
41 global classical solutions to NSK with the above assumption. We should mention that the special
42 choice of A(p) in [28, 29] makes both the new density and velocity equations parabolic. Question
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1 appears: For general smooth functions @ (p) and A(p), does NSK possess global solutions with both
o large initial data (pp — 1,u0)? In this paper, we shall construct the global strong solutions to NSK
3 with a class of large initial data. Here the “large” means that both the L*-norm of initial velocity ug
"2 and the L'-norm of initial data py — 1 can be arbitrarily large (see Remark 1.4), or both the L>-norm
5 of initial data (pg — 1,ug) can be arbitrarily large (see Remark 1.5). Our main idea is splitting the
6 linearized equations from NSK and exploring the damping effect of the linearized system with initial
7 data whose Fourier frequency is supported in the small annulus.

% 1.1. Reformulation of System. The main difficulties in the study of the compressible fluid flows
o when dealing with vacuum is that the momentum equation loses its parabolic regularizing effect, that
. is why in the present paper we suppose that the initial data pg is a small perturbation of an equilibrium
— state p = 1 (just for convenience). In this paper, we take the specific choice on the coefficient (assume

12
3 that u, A, K are positive constant)

14 (1.3) u(p)=up>, A(p)=4Ap> and K(p)=x.
% We obtain from (1.2) that

- divK = kpVAp.

1s Due to the momentum equations (1.1),, one has

E p (Qu+u-Vu— pp(Au+ Vdivi) — 4uVp -Du) — Ap*Vdivu — 24 pVpdivu+ VP(p) = kpVAp,
20
o1 hence, as long as p does not vanish, which reduces to

22 Ou+u-Vu—pupAu— (1 + l)deivu —4uVp -Du—2AVpdivu+p~'VP(p) = kVAp.
23 ~

r Denoting p := p — 1, we can reformulate system (1.1) equivalently as follows

25 o,p +divu = —div(pu),

% Qu+u-Vu— pAu— (p+ 1) Vdivu — kVAP +Vp =S(p,u) + K(p)Vp,

27 (14 ~ ~

Y (Bo10)li=0 = (Po. uo),

29 lim (p(t,x),u(t,x)) = (0,0),

— |x[ o0

30

o here and in what follows, for notational simplicity, we denote

32 P(1 - - - - -

% K(s)=1-— i—:;s) and  S(p,u) =4uVp -Du+2AVpdivu+ upAu+ (p+A)pVdivu.

34

35
36

In this paper, we assume that P'(1) = 1 without loss of generality.
The investigation with the linearization of (1.4) is given by

- %0 +divU =0,
:g (1.5) U — UAU — ([.L -l—l)VdiVU —kVA®+ V0O =0,
39 (0,U)]=0 = (O, up).

40
" Introducing the new unknowns

42 p:=p—0 and w:=u-U,
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then System (1.4) can be rewritten as follows
0,9 +divw = —div((¢ +O)(w+U)),
(1.6) ow — UAw — (A + p)Vdivw — kVA9 + Vo = K(p)Vo + K(p)VO + F; + F, + F3,
(9, w)li=0 = (0,0),
where
Fi=-w-Vw+S(¢9,w),
Fr=-U-Vw—w-VU+S(¢,U)+S(0,w),
F3=-U-VU+S(0,U).

44
=[3]ele|~]ofa]a|e]|r]-~

12 1.2. Statement of Main Result. Our main goal is to establish the global strong solutions to (1.1) for
13 a class of large initial data. Throughout the paper, when no vacuum is considered, we focus on the
12 new system (1.6) since it is equivalent to the original system (1.1) under the assumptions (1.3). The
15 main result of our paper reads as follows:

g Theorem 1.1. Let u,k > 0and v:=p+A/2 > 0. Assume that (®y,Uy) satisfies

E Uy = (dha,—01a,0) with supp@), suppa C €,

19

o where a is scalar functions and

21 Gi={EeR [E —&|<e, 0<e< 1, 1<|E[<3), ifvi<x,
2 17 = G =EcRIE -E|<e, 0<ex ], A— < |E| < —2— ifv:>x
23 2 .= - |61 2] > ¢, 7m _m ) )

24
- there exists a sufficiently small positive constant € = €y(U, K, €) such that if

© (18)  (I1®oll2: + 100,al 1 0,2+ ellll lall 2 ) exp (C (1o, all +100]2) ) < e,
27

2E then system (1.6) has a unique global strong solution (w,¢) in R x (0,e0) satisfying that for any
20 0<T <o

o (19) weL™(0.71:H"), Vwe LX(0,T]:H"),

31 (1.

- ¢ € L=([0,T];H?), V¢ € L*([0,T];H?).

33 Remark 1.1. We can also have a version of Theorem 1.1 for any smooth functions w(p) and A(p).
34 Just for a clear presentation, we choose to work in the special case (p) = up? and A(p) = Ap? and
35 the divergence-free initial data in the present paper. Furthermore, the solution obtained in Theorem

86 1.1 indeed possess more high regularity and can be smooth.
37
ss Remark 1.2. We should mention that, Theorem 1.1 is different from our previous one in [29]. On the

a9 one hand, we do not require the strong restriction on the coefficient K # A2. On the other hand, to
40 “kill” the third-order derivative term VAp in [29], we have to assume the algebraic relation A ((2/.L —
s A)p+ p_ll(p)) = K, here we drop this special relation and prove Theorem 1.1 holds for general
42 smooth functions L(p) and A(p).
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1 Remark 1.3. Compared with the previous result in [29] where the initial data both can be arbitrarily
2 large in L?, Theorem 1.1 also allows that, both initial velocity with |ug||z= > 1 and density with
3 |lpoll1 > 1, generates a unique global solution to the 3D compressible Navier-Stokes—Korteweg
‘4 equations. We refer to Remark 1.4 below for the new construction of initial data.

> Remark 1.4. Theorem 1.1 implies that some initial data with |Uol|= > 1 and ||@pl|;1 > 1 can
6 . . . . 2 . 2

generate a unique global solution to (1.6). We just consider the case v- < K since the case v= > K
" can be done by the construction in [29]. This kind of initial data can be constructed as follows. We
% set

10 Q) = era and Up = (dha,—d1a,0)

"owithl1 < p<2,0<e<1and
12

13

5 &) e (logloey ) (&) FE),

% here two even functions ¢ € €5’ (R?) and ¥ € 65’ (R) both taking values in [0,1] such that

6 ’ \ '

% SUPP(PC{gh:(gl,éz): ‘51_52|§8<<179§|§h|2§8},

E 7 — e 17 5

v pe=1 for Gefla-tl<s glal <),

21

2 m 8 29 _ , 17 17
"9 S <3 = I

z% supp WC{53 5 =153] _8} and Y(&) =1, |&P € [18’16}

o, By simple calculations, one has

5 [oGes~e and [ §Eag~1.

26

27 which in turn gives that
28

1 1
~ ~ 1\2 1 1\2
- (G0l =~ = (toglog ;) and ol ~ 2 ~e* (togiog )
?Z Equivalently,

32 1 1

~ 1 1\2 1\ 2
% @01 ~ P <loglog8> and ||@pl,2~¢€ o <10glog )
34

SE Also, by Hausdorff-Young’s inequality, we have

36 bl
37 ~ 1\ z
- 180l[zr 2 (@0l 2. Z | loglog—

38 Lp-1 €

39 and (for more details see [24])

40 1

1\ 2
At 0ol = <loglog )
42
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By the classical interpolation inequality ||®]|7, < ||®0||i1"’||®0||i§”‘” for p € (1,2), we have

p—1
Lp 1) 2(-2
1@l 2 € y <10g10g8> " 4o as £—0"

Furthermore, we have

1
, | 12
LHsof(l.s)z(ez%Jrsi 5+e%) <loglog8> exp (C<loglog8> )

E Therefore, choosing € small enough, we deduce that the 3D compressible Navier—Stokes—Korteweg
10 equations (1.6) has a unique global solution.

@|~[ofofs]e]n]~

11
—~ Remark 1.5. Theorem 1.1 also implies that some initial data with ||Uy||;2 > 1 and ||@||;2 > 1 can
15 generatea unique global solution to (1.6). We set

14

1
A _1 1)2 .. .
B Oa ad U= (da-da0) with a6 = (loglog ;) pl& &)U

g here two even functions ¢ € €5’ (R?) and § € 65’ (R) are defined as above.

. Following the above argument, then one has
— 1

19 ~ —~ . 1 1 2
o (8ol ~ 1ol ~ a1 ~ ! (logtoe )

2 and

22 .
Sl N4
2] 602 ~ 162 ~ lal ~ (1ogtog ; )

24 €

25 Furthermore, we have

26 1 1 1
o7 LHS of (1.8) = €2 loglogg exp Cloglogg .

zi Therefore, choosing € small enough, we deduce that the 3D compressible Navier—Stokes—Korteweg
o equations (1.6) has a unique global solution.

:Z Remark 1.6. We also emphasize that Theorem 1.1 holds for the case Kk = 0, that is, divK = 0. As
32 mentioned above, (1.1) with kK = 0 becomes the CNS equations, thus Theorem 1.1 with minor modifi-
33 cations holds for the 3D compressible Navier-Stokes equations.

** Remark 1.7. When assuming that K # 0 and P'(1) = 0, we still can explore the damping effect
. for the O-equation by following this present method. However, we will encounter some difficulties.
° Particularly, to establish the desired a prior bounds, we have no way to cancel the term divw in the
% ¢-equation. Thus, we have to leave it as an interesting problem and consider it in the future.

39 1.3. Organization of the Paper. The rest of this paper is organized as follows: In Section 2, we
40 establish the key exponential decay in time for (U,®) which will play a crucial role in the proof of
41 our main theorem. In Section 3, we obtain the global-in-time a priori estimates which are sufficient
42 to prove Theorem 1.1.
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1 2. Preliminaries

— 2.1. Notation. Firstly, we introduce some notations and conventions which will be used throughout

% this paper. a ~ b means C~'b < a < Cb for some positive harmless constants C. We will use the
—- simplified notation [|fi,--, fullx = [lfillx + -+ + [lfullx for some Banach space X. (f,g) denotes
-~ the inner product in L*(R?), namely, (f,g) = [gs f - gdx. The Fourier transform of f with respect
~ to the space variable is given by Ff(E) = f(E) = [pse ™S f(x)dx. Let @ = (0, 00,03) € N> be a
. multi-index and D% = 9!l / onfl 8;2‘2 8;%3 with |ot| = a; + o + a3. For m € N, the norms of the integer
-, order Sobolev space H™(R?) and W™= (R?) are defined by || f||m(r3) = I/ ]| m g3y + 1/ ]l 12(r3) and

10 £ lymes 3y = Loi<m [V Il = (g3) -

22, Exponential decay. Setting
12

13 W.:=divU with Wy=divU; =0,

E then we deduce from (1.5) that
15

; @t—‘rW:O,
17 (2.1) W; —2VAW — kA’@ +A® = 0,
18 (@,W)’t:() = (@0,0).

19 o~
oo Next, motivated the idea from [8], we shall give the explicit expression of (W,0).

ZZ Lemma 2.1. Assume that (®,W) solves (2.1), for & € € given by (1.7), we have
22

— N et — ) eM\ ~

= @(5,0:(“ M_i_ >®o<&>,
(e = el + 12 [ S Y aye)
- (6.0) = (kIEr +12P) | =5 | &l

2E where A4 are given by (2.5) below.

29
s Proof. Applying the operator A to (2.1); gives

31 (2.2) (A®), = —AW.
% From (2.2) and (2.1);, we get

” 03 {@n —2V(A®), + KA20 — A® = 0,
35 Wy —2v(AW), + KA’W — AW = 0.
z% Taking the Fourier transform of (2.3); and (2.3),, we have

3 Oy +2vIE[O; + (kIE[* +E[)O =0,
i Wit +2V[E[PW, + (K| E[* + €)W =0,
20 24)

T 6(6,0=00(&), ©(£0=0
2 W(E.0) =0, W(£.0) = (xI&[' +|5P)Bo ().
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1 Straightforward calculations give two roots of the corresponding characteristic equations as follows

% (2.5) Ae = —VIE[* Lil¢|a(E),
Twhere

PR 1 2

; \/1 — K)|E]Z, if v*<Kk,
s alé):=<1, if v2=x,
7 VIV2—K)E2-1, if vZ>«k.

°® we should mention that o(§) may not be real if v> > k, which is the reason why we require that

=

7 Thus, the solution of (2.4) has the form

2 2o O(E.1) = () + By (E)eH,

. W(E,1) = Ar(§)e™ " +Ba(&)e".

14

15 Using the initial conditions, we obtain

o A A A

= A= S} d B = ®

1 K|€I4+|€|2A K|§I4+|§IZA
Ay = — C) d B,= 0.

— Plugglng the above into (2.6) yields the desired results of Lemma 2.1.

2? Applying the operator curl to (1.5),, we also have

23 drcurlU — pAcurlU = 0,

24 which gives that
25
6 27 curlU = eHAcurll).

2Z Due to the basic vector identity

28 AU = VdivU — curleurlU = VW — e**Acurlcurll,

29
30 this gives
:1 (28) U = _(_A>—1VW+ (—A)_le“’Acurlcuron — —<—A)_1VW+€‘L”AUO.

32
. Therefore, we deduce

?z Lemma 2.2. Let A, be given by (2.5). Assume that (U,®) solves (1.5) with divUy = 0, for § € €
35 given by (1.7), we have

% R et oAt — R

7 (29) 0(t.&) = ~(xlg[*+1) <M> VOO(8) +V(1,6).
?ﬁ

89 ~ Apert — QM

w0 (2.10) 0t,&) = ( x )%(é),

" Ay —A_

ﬁg here and in what follows we denote V (t,x) := e*'Up(x).
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By restricting the Fourier frequency to the annulus given by (1.7), we can obtain

Lemma 2.3. Let A+ be given by (2.5) and & € € be given by (1.7). Then
)L+t _ elfl

A — A

Ayt — A ettt
Ay — A

¢ <C(1+t)e™ 0,

where C and cy are two positive constants which depend on K and v.

Proof. Straightforward calculations yields

sin (1]€]a(£))
2l6]e(S)

[efe|~]ofo]s]e]n]-

—_
o

ek+z _ e/l_t

A — A

2 2
» — VIS, <te VIEF < Creot,

12
E Due to (2.5), one has
14 AP = V&[T + (&P (6).

15
— Thus
16

= e if vV2< kand & € €, then |A_|> = |E* + k|E]* < C(x);
5 e if V2> kand & € 6, then [A_|2 = (2v2 —k)|E|* — |E]> < C(k, V).

19 In summary, in either case above, we obtain
20

Ayt At
21 —e

7L+el*t — Mt
A — A

e

A — A

< )e’Lt

+1A-]

22
28 < o VER 4 cpeviIEP
24 -

25 < C(1+1)e™ "

% This ends the proof of Lemma 2.3.
27 We should emphasize that, although the ®-equation has no dissipation, we still can explore the
8 damping effect for the ®-equation. Based on the above Lemma, we can establish the exponential

?°_ decay in time for (U, ®) which will play a crucial role in the proof of Theorem 1.1.
30

?Z Lemma 2.4. Under the assumptions of Theorem 1.1, for all m € N, there exists positive constants
32 C,co, Up such that
33

" IV"U | < C|| Ul < C(1+1) (e +eH0") @, all 1,
3 IV"0| 1= < Cl|®]] 1 < C(1+1)e (|||,
= IV"U |2 < Cl|U| 2 < C(1+1) (e +e7 )@, all 2,
s IV"®]2 < C[|©] 2 < C(1+1)e O] 2.

% \where

40 ; 2
o _ vzﬂ_,(a if v->K,
,LL()— . 2
M, if vo<k.

42
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Proof. Due to (2.9), then using the fact ||f]|;~= < C H/fH .1 and the support condition of (@0,30), by

1
E Lemma 2.3 we have

3 ~ ~

Y IV"U |~ S IE"U (2,8)]] 1 S U @,8)]]

= At At

5 e + —e —~ 2, A~

5 e~ —u|&lt

6 S\ 9 e G,
7 1

B (2.11) S (1+1) (e +e7H")]|@0, al| 1.

9 Thanks to similar argument, we obtain the rest of the estimates and end the proof of Lemma 2.4.
10

11 Lemma 2.5. Under the assumptions of Theorem 1.1, we have

12 e PN
13 IU-VU|ls < Cee ™' [al| 1 |lal] 2 + C(1+1)e " |@, @p|l 11 |®p | 2-

14 Proof. Direct calculations show that

15

e U-VU=V-VV4+V-VU-V)+(U-V)-VU,

17 V-wwli=vig v+ v2,vi = (VI 1+ v2)o v —Vv2(9; — V!,
= VoWV =VIgV2 vV = (V4 VARV 4 V(9 — )V,
20 V-VV3 =0.

21
o Note that Uy = (dha, —d1a,0) and V = e**Uy, using Holder’s inequality yields

23 VYV <[ (VI VRV, (VI + V)RV s + [V — )V, V(9 — 32)V2| 5
24

e < WV V3 |ps=l|iV, V2 s + 1191 — 02) (VL V) [[yse [V, V2 s

- _ 24 _ 24

26 <C|||& - &le M ace)|| 4 |le = ag)||

Z% < Cee M|l 1 lall 2,

2E where we have used the condition (1.7) in the last step.
30 By Lemmas 2.2-2.4, we have

31 _ N
- V- VU =V) g+ I(U=V) - VU gz < C(1+1)e™ " [al| 1]|®o]l 2,

33 where we have used that
34

i 4 ) eMr _ e/Lt o

& Y IV -Vl <c| [ S—=5—]Vou|| <c+niey,.
53 i=0 + = = 12

:% Thus, we end the proof of Lemma 2.5.

i% 3. Proof of Theorem 1.1

E By the standard local well-posedness theory (see [22, 13, 14] for example), we can obtain that there
42 exists a unique strong solution to (1.6) on some time interval [0,7*), where T* is the lifespan of
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1 solution. We shall prove T* = oo, which is enough to prove Theorem 1.1. For the sake of implicity,
> we will introduce the following notations

% AR = w5 + 19 (@)lI7 and - B(r) = [Vw(@)ll7n + Vo)
"5 and define

5 F::sup{te[O,T*): sup A(T)§n<<1},

7 7€[0,]

8 which together with Sobolev’s inequality imply that

9

— 1

0 (3.12) sup (971 < Cn < 5.

11 7€(0,1]

E Using Lemma 2.4 tells us that
13

= ~ 1
14 (3.13) sup [|®(7)||z= < C||®p]|;1 < Ce < —.
. (0,1 4

E We should notice that & and 1 are two small enough positive constants which will be determined
17_later on. Thus we have

18 - 1
o G19) sup [[p(7)][z- < -
= 7€[0,1]

20
o, We recall the following composition estimate (see [26]):
> Letm € N. Assume that f € H"NL” and F € Wm+2’°° with F(0) = 0, we have, for some constant

22 loc
EE C(M) depending on M = SUP<,12 jr|<| £/, |[F®)(2)]| = that
Z% 1E () gm < CM) 1S

s Combing this composition estimate, we emphasize that this fact shall be used in the sequel: for
o, P€[l,olandm e N

28 IK(P)lr <Clipllr  and  [IK(p)]lgm < Cllp]lm-

29
5 Step 1: Estimation of ||¢] ;.
o Taking the inner product of Egs.(1.6); with ¢ yields

32 1d . .

— 315 5 1911z + (divw. 0) = —(w-V9,0) — (9divw, 9)

34 (3.16) +(®w+9U,V9)

8 (3.17) —(@divU +U - VO, ¢).

z% By Holder’s inequality and Lemma 2.4, we obtain

. 1

2 GAS S (Il 19012 + 1011Vl ) 166 < A2 (1)B0),

39

0 GA6)] < (10l=llwll 2 + [Ul1=116],2) V912 11T, 8] 1A(),

. = L
2 (BAD[ S 1OdivU +U - VOl|2[[9] 2 S (O] 2| U] 1A (7).
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1 Thus
a8 D01 + (divw,0) <A 0)B() + 0. 8] 4AM) + 101,21 T A% (1)
Z Applying —A to both sides of Eqgs.(1.6);, taking the inner product with —A¢ yields

5

6 (3.19) ;inmni2 + (Adivw,AQ) =1, + - + 14,

% where

s A(w-V§),A9) — (A(gdivw), Ad),

10

I = —(A(

L=—(AU-V9),A9),

o I = —(A(w- VO),A9) — (A(Odivw),AQ) — (A(9divU)),Ag),
Is = —(A(@divU + U - VO), Ad).

- Integrating by parts, we can rewrite first three terms as follows

16 I = (dw-V9,0A9) + (w- Vi, 0,A9) + (dipdivw, diAP) + (9 didivw, d;Ad),
v L =—-2(U-Vd;9,Ad) — (AU -V ,A¢) — (U - VAP, A9),
18

— ;= —(8,-(8,»w -VO+w- V&,-@),Aq)) + (8,»(®divw), 8,-A¢> — <A(¢diVU),A¢>.

19
20 By Holder’s inequality, the facts |[f] 6 < || V[l 2, [[flz= < ||Vl 1 and VO] < ||©)]| =, we obtain
21

. 1
o S (V0N VWl + 1wl 929 o+ 19 - [ Vdivwll,2 ) [VAQ |2 S A3 (1)B(),
23 . -
2 Bl S (VU + AU+ iU 1= ) [V9 2 S [T 1A G),

25 13| S IOl (1YWl 1A 2 + 1wl 2 1A |2 + | divwll 1 [VAG | 2 ) + [|divU [y |91 72

26 ~ ~
- SIU.O[A®R) + O] 1 B(2),

28 1] S |OdivU +U - VO| 2 || A || 2 S [|O] 12[|U || 1A ().

z% Inserting the above into (3.19) yields

3T 1d . 1 =~ ~ ~ 1
320 55IIA¢II,§ + (Adivw,Ag) S (A2 (1) + 1O 11) B(t) + |U, Bl 1A(2) + [|O]| 2| U || 121 A2 (7).

33 Step 2: Estimation of ||w||;1.
34 Due to (1.6);, that is, —divw = dy¢ +div((¢ + ®)(w+U)), then integrating by parts yields
35

1d, 1d, _
36 55HV¢||L2+<VA¢7W>:EaHW)HLz—@@dIVW)

37 .

o = (A¢,div((¢ +O)(w+U)))

o = — (VAQ,pw) + (A, U -V +w-VO+ ¢divU + Odivw + OdivU + U - VO)

0 < [IVAQ | 21|91 s Wl 3 + 1A 12 (11T, |1 19, w, VY, V|2 + | ©divU, U - VO 12 )

w B21)  SA2(0)B()+|U,8|LA) + 0] 2| Ul 1A2 ().



Submitted to Rocky Mountain Journal of Mathematics - NOT THE PUBLISHED VERSION

3D COMPRESSIBLE NAVIER-STOKES-KORTEWEG EQUATIONS

Doting Eqgs.(1.6), with w — Aw gives
I+ 9w+ (a4 2) vl
(3.22) —(k+1)(VAp,w) + (V,w) + k(VAP,Aw) := iJ,-,
i=1
where

w-Vw,w) + (w- Vw,Aw) + (S(¢,w),w) — (S(9,w),Aw),
U-Vw,w) —(w-VU,w) + (U -Vw,Aw) + (w- VU, Aw)

—
—
+<S( U),w) = (S(¢,U),Aw) +(S(®,w), w) — (S(®,w),Aw),
—(U-VU,w)+ <U VU, Aw) + (S(@) v), >—<S(® U) Aw),
(P

44444
alale|s]=]s]e|e|~]o]a|s|e]|r]|-~

J4—(

1 L .
. Taking similar arguments as for I} — I3, we obtain

" A S AZ(0)B(),

o 2] S 10.8]11AG) + [8]1B().

151 S (V- VU 1 + 102101 ) A% o).

22 For the term J4, we rewrite it as

- Js = (K(B)Vo,w) + (K(P)V:d,dw) + (AK(P)Ve, dw)
23 =

26 +(K(P)VO,w) + (K(p)V,®,0w) + (:K(p) VO, dw) .

2E By the Holder inequality, €-Young inequality (€ shall be fixed later) and Lemma 2.4, we have

o a1| S K@) =176, 920 2w, Vil 2 + 1K (B) g V9ol
2. < 19,0]-4(0) + V9, 0112 V20 |21 VWl

. S AFOB() + (18] + 812 ) A1) +B(),

55 azl S K@) 2101w, Vvl 2 + 1K) 1 10y V]2

= S 18]A() + 181l 11243 ()

< (I8l + 013 ) A() + 181,

40 then we can deduce that

41 ~ ~ 1
7 (3.3) | <C (H®HL1 + H@H%2>A(t) +C[8)2, + (CAZ(t)+8)B(t).

Vo, w> +(K(p)VO w> p)Vo, Aw> p)VO Aw>.

13
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Gathering the above estimations together, we deduce that

s

2 1d

B S W+ min () [Vl — (k4 1)(VAG, w) + (V. w) + K(VAQ, Aw)
4 ~ ~ - 1

B < (110,81 + 11012 ) Al0) +C (U - VU g2 + 0] 21Tl ) A3 (1)
2624 +CI1®I + (A (1) +CI®]| +¢) Br).

8 Performing (3.18) + k x (3.20) + (kK + 1) x (3.21) + (3.24) yields

9

0 1d

o 53 (w3 + 19132 + (<4 DI V6|2 + K 46]2) +min (1, v) [Vl 3
2 < (10,8l +11012 ) AW +C (JU-VU g2 +1©]200111 ) A2 1)

1

N -~ 1 -~

14 (3.25) +C[8)2, + (cm(t) +C|8], +s) B(1).

Step 3: Estimation of } ;<1 (D%W, D%V ¢).

; Next, we will find the dissipation of ¢ via the estimation of the crossing term ¥4 <1 (D%W,D*V ).

s To achieve this goal, performing direct calculations gives

19

20 (3.26) & Y (D%W,DV) + k[|A|17,: + IVOI3: — |divw|7, +v Y (D*Vw,DYAg) :=

21 la|<1 la|<1
22 where
23

25 la]<1 la|<1 la|<1
% +(S(0,w), Vo) + Y (D*iS(9,w), D%, Vo),
27 0<|e|<1

29 o<1 o<1 LTS

50 — Y (D*V(w-VO),DW)— Y (D*V(¢divU),D%Ww)+ Y (D*(®divw),D*divw)
s |af<1 o<1 o<1

% + ), (D?S(9,U),D*V¢)+(S(®,w),Ve)+ Y, (D*“S(®,w),D*,V9),

il la|<1 0<la|<1

— Ky=— Y (D*(U-VU),D*V¢)~ Y (DUV(@divU),D%W)~ ¥ (DV(U-V®),D%)
o o<1 o<1 o<1

5 + ), (D*S(8,U),DV9),

. l]<1

2 Ki=(K(p)VO,V9)+(K(p)V.Ve)+ ), (D*(K(p)V®),D*V¢)

a0 0<|a\<1

a + ) (P)V9),D*V§).

4 0<|(x\<1

24 K, = Z (D%(w-V9),D%divw) + Z (D (¢divw), D*divw) — Z (D%(w-Vw),DV9)

28 Ky=— Y (D*V(U-V¢),D*W)— Y (D*(U-Vw),D*V¢)— Y (D*(w-VU),D*V¢)

14
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1 By Holder’s inequality, we get

2.3 Ki| SA2()B(),

3

4 (3:28) [Ka| S [U, Ol 1 A2) +[|©]] 11 B(2),

5 - 1

— 329 K3 S (U - VU2 + O] 2| U] L1)A> (7).

~ Taking similar arguments as for J4, we obtain

’ ~ ~ 1

£ (3.30) 1Ks <€ (18111 +1©12: ) A(r) + CIBIZ + (CA2 (1) +€) B().
9

10 Putting (3.27)-(3.30) together with (3.26) implies

" d :

> 3 L (D“w.DV) + kA3 + V9l — lldivwlf +v ) (D*Vw, DAG)
2 a1 o<1

13 | - PPN

" S (A0 + 181l +€) B+ (10,811, + 0] ) A()

15 ~ 1 ~

= @a + (1 VUl + 1012181, ) A2+ 18]

E Step 4: Closure of The A Priori Estimates.
18 Now, we need to close the above all estimates from Step 1-Step 3.
19 Fundamental observations give that for some suitable positive constant y

20
o 19172 + IwllZ +7{Aw, Vo) = Ar),
— Y . .

2 SIVOlIZ2 +min (g, v) [ VwlE — v Vdivwl|7, — yv(Aw, VAQ) ~ B().
23

ot Performing y x (3.31) + (3.25), then integrating the resulting in time yields

& AW+ [ B6asS [ (426)+ 18l +e) Bs)as

26

27 ~ 1

g + [ (18I + (10 VU o + 111101243 5) )
el P

* (3.32) + [ (18.01 +11©13:) Als)ds.

?Z Taking 1 and € small enough and absorbing the first term of RHS of (3.32), then for all ¢ € [0,I7,
32 from (3.32), using Gronwall’s inequality and Lemmas 2.4-2.5, we obtain that

33 t . N PN

s AOC [ (I8 + 1011 +U-U s dsexp (€ [ (18,0111 + ©]:)ds)
35 ~ ~ ~

- < (1102 + 1180, a1 1©0ll2 + €@l al 2 ) exp (€ (180, + 1@0]1%: ) )

7 .(333) <Cg,

9% where we have used the smallness condition (1.8) in the last step.
o Choosing 1 = 2Cégp, thus we can get

a1 sup A(7) < g

42 7€(0,¢]

for +<T.
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Hence, if [ < T*, due to the continuity of the solutions, we can obtain that there exists 0 < € < 1
such that

sup A(t)<n for t<I'+e<T",
7€(0,]

which is contradiction with the definition of I". Thus, we can conclude I' = 7* and

sup A(7) <C <o forall re(0,T"),

7€[0,1]

which implies that 7* = +4-co. This completes the proof of Theorem 1.1.
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